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Abstract
In this paper, hydro-thermally performance of a circular concentric heat pipe is evaluated using the analytical least square

method (LSM) and the accuracy of results is examined by fourth order Runge-kutta numerical method. In described problem,
the pipe walls are permitted to carry different and opposite slip velocities of nanouids and they are either preserved at constant
heat flux of outer wall with the inner wall insulated or vice versa. For this study, five distinct types of nanoparticles: Ag, Cu,
Cuo, Al2O3 and TiO2 are considered in the water base fluid and the results of velocity profiles and Nusselt numbers in different
slip conditions were presented and discussed. As a main result, by decreasing the distance between the pipes, more heat will
transfer to nanofluids from the wall under the heat flux, so it makes larger Nusselt number. c©2017 All rights reserved.
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1. Introduction

Nowadays, heat pipes, simple devices used to transfer the heat from one place to the other, find
numerous applications such as in solar energy, air conditioning systems, and waste heat recovery to save
energy and prevent global warming. Heat pipes applications can be divided into three main categories:
separation of heat source and sink, temperature equalization, and temperature control. Due to their
extremely high thermal conductivity, heat pipes can efficiently transport heat from a concentrated source
to a remotely mounted sink. This property can enable dense packing of electronics, for example, without
undue regard for heat sink space requirements.

Nanofluids are another most important topics of heat transfer enhancement due to their high applica-
tion in industry and technology to facilitate the heat transfer phenomena [31]. Rana et al. [35] investigated
the flow and heat transfer of a nanofluid over a nonlinearly stretching sheet by numerical solution. After
that, Rashidi et al. [36] considered the nanofluid flow over a stretching porous plate and analyzed it
by analytical method. Also, magnetohydrodynamic squeezing flow of a viscous fluid between parallel
disks was analyzed by Domairry and Aziz [9]. The nanouid slip flow within circular concentric pipes has
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been theoretically investigated in the presence of thermal conditions of either constant heat flux at the
outer wall and the inner wall insulated or vice versa by Turkyilmazoglu [39]. In another study, Turkyil-
mazoglu [38] solved momentum and energy equations of nanofluids analytically to deduce the flow and
heat transport phenomena in two theoretical cases, single phase and multi-phase. When the nanoparti-
cles are uniformly distributed across the condensate boundary layer called it single phase and when the
concentration of nanoparticles through the film is allowed to vary from the wall to the outer edge of the
condensate film in the light of modified Buongiorno’s nanofluid model named multi-phase. Solution of
particle’s motion in different fluids media has been considered by the authors widely [8, 22, 24, 25].

Comparison of the single and two-phase modeling for the nanofluids has been considered by the
researchers. For instance, Haghshenas Fard et al. [20] compared the results of the single phase and two-
phase numerical methods for nanofluids in a circular tube. They reported that for Cu-water the average
relative error between experimental data and CFD results based on single-phase model was 16% while
for two-phase model was 8%. In another numerical study, Gktepe et al. [19] compared these two models
for nanofluid convection at the entrance of a uniformly heated tube which found the same results and
confirmed the accuracy of two-phase modeling. Mohyud-Din et al. [33] in an analytical study, considered
the three dimensional heat and mass transfer with magnetic effects for the flow of a nanofluid between
two parallel plates in a rotating system. As one of their main outcomes, thermophoresis and Brownian
motion parameters are directly related to heat transfer but are inversely related to concentration profile.
Also they found that the higher Coriolis forces decrease the temperature boundary layer thickness. Three-
dimensional flow of nanofluids under the radiation (due to solar or etc.) has been analyzed by Hayat et
al. [29] and Khan et al. [30]. They also computed and examined the effects of different parameters on
the velocity, temperature, skin friction coefficient, and Nusselt number of nanofluid flow. Other works of
nanofluids flow and heat transfer analysis can be found in [1, 10, 13, 15, 17, 26, 28].

Ozisik [34] introduced some simple and accurate approximation techniques for solving nonlinear dif-
ferential equations called the weighted residual methods such as collocation, Galerkin and least square
method (LSM) for heat transfer problems. Stern and Rasmussen [37] used collocation method for solving
a third order linear differential equation. Vaferi et al. [40] have studied the feasibility of applying of
orthogonal collocation method to solve diffusivity equation in the radial transient flow system. Recently
Hatami and Ganji [27] used LSM for heat transfer study through porous fins also they used this accu-
rate method for fully wet circular porous fin [23], semi-spherical porous fins [21], and straight solid and
porous fins [18]. Gao and Duan [14] developed and analyzed least-squares approximations for the in-
compressible magneto-hydrodynamic equations. Ghasemi et al. [16] found that LSM is more appropriate
than other analytical methods for solving the nonlinear heat transfer equations. Bhatti et al. [4–6] used
different numerical and analytical methods for analysis the nanofluids treatment in various geometries.
Bovand et al. [7] applied the Eulerian-Lagrangian model for particles transport study in a duct to in-
vestigate the effect of trap and reflect boundary conditions. Laein et al. [32] in an experimental study,
investigated the free convection of nanofluids in horizontal and vertical plates while Akbarzadeh et al.
[3] focused on the pumping power of nanofluids in a wavy channel. There are more valuable studies in
the nanofluids criteria have done by Ellahi et al. [2, 11, 12] to investigate the effects of aggregations, size
and shapes of nanoparticles. Based on above short review, the aim of present paper is to extend the work
by Turkyilmazoglu [39] for a concentric heated pipe where the walls are permitted to carry different and
opposite slip velocities using analytical LSM method.

2. Problem description

Consider the hydro-dynamically and thermally fully developed water-based nanofluids flowing
through circular concentric heat pipe as displayed in Fig. 1. As shown in this figure, the r-axis is con-
sidered normal to the pipe walls and the x-axis is aligned horizontally, the inner and outer pipe radii
named as ri and ro, respectively and the walls of the pipe are permitted to carry different and opposite
slip velocities of nanofluids and they are either preserved at constant heat flux q of outer wall with the
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inner wall insulated, or the outer wall at adiabatic wall condition while inner wall subjected to a constant
wall heat flux q. The motion is due to a constant pressure gradient with respect to x-coordinate.

Figure 1: Schematic of the problem [39].

Figure 2: u∗ profile for cu-water nanofluid in different
nanoparticles volume fraction and λ1 = λ2 = 0.03, R = 0.4.

Figure 3: u∗ profile for cu-water nanofluid in different R and
λ1 = λ2 = 0.05, φ = 0.03.

Table 1: Physical properties of base fluid and nanoparticles [39].

ρ( kg
m3 ) Cp(

J
kgK ) k( WmK ) β× 105(K−1)

Water 997.1 4179 0.601 21
Cu 8933 385 401 1.67
CuO 6320 531.8 76.5 1.80
Ag 10500 235 429 1.89
Al2O3 3970 765 40 0.85
TiO2 4250 686.2 8.9538 0.9

Figure 4: u∗ profile for cu-water nanofluid in different λ and
R = 0.3, φ = 0.02.

Figure 5: u∗ profile for cu-water nanofluid in different λ2
and R = 0.5, φ = 0.04.
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Figure 6: Temperature profile when λ1 = λ2 = 0.04, φ = 0.03, Cu for (a) constant outer heat flux α = −β = −1 and (b) constant
inner heat flux α = β = R.

Figure 7: Temperature profile when R = 0.6, φ = 0.05, Al2O3 for (a) constant outer heat flux α = −β = −1 and (b) constant inner
heat flux α = β = R.

Figure 8: Temperature profile when λ1 = 0.03, φ = 0.02, R = 0.5, TiO2 for (a) constant outer heat flux α = −β = −1 and (b)
constant inner heat flux α = β = R.

It is assumed that nanoparticles concentration is distributed equally and the nanofluid layer is de-
veloped in accordance with a single phase model. The fluid is a water based nanofluid containing five
different types of nanoparticles: Ag, Cu, Cuo, Al2O3, and TiO2, whose thermo physical properties are
outlined in Table 1. Together with the energy equation, the full mathematical model including the bound-
ary conditions is given in the motion through the annulus by the single phase system [39]
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where u is the velocity along the r-direction, T is the local temperature and p is the pressure. λ1 and
λ2 are the slip velocity factors, the subscript nf stands for the nanofluid property, and additionally the
nanofluid properties appearing in Eq. (2.1) are respectively [39],

µnf = (1 −ϕ)−2.5µf,
ρnf = (1 −ϕ) ρf +ϕρs,

knf = kf
ks + 2kf − 2ϕ (kf − ks)

ks + 2kf +ϕ (kf − ks)
,

with φ the solid volume fraction or concentration, ρf and ρs the densities of the pure fluid and nanopar-
ticle, kf and ks are the thermal conductivities of the base fluid and nanoparticle, respectively, and cp is
the heat capacitance.

Figure 9: Nusselt numbers when R = 0.2, φ = 0.03 for constant outer heat flux α = −β = −1.

Figure 10: Nusselt numbers for Ag when λ1 = λ2 = 0.05 for constant outer heat flux α = −β = −1.

Figure 11: Nusselt numbers for TiO2 when λ1 = λ2 = 0.05 for constant outer heat flux α = −β = −1.
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Figure 12: Nusselt numbers for Al2O3 when λ1 = λ2 = 0.05 for constant outer heat flux α = −β = −1.

Figure 13: Nusselt numbers for Cu when λ1 = λ2 = 0.05 for constant outer heat flux α = −β = −1.

Figure 14: Nusselt numbers for CuO when λ1 = λ2 = 0.05 for constant outer heat flux α = −β = −1.

It should be reminded that the effective thermal conductivity of the nanofluid knf approximated as
above is due to Maxwell-Garnett model. It is also noted that the velocity slip given in Eq. (2.1) is due
to both the base fluid and the nanoparticle, which was already explained in [39]. By defining the mean
velocity as (um =

∫ro
ri
rudr) and integrating the energy equation (Eq. (2.1)) a constant mean temperature

gradient will be obtained [39] and by introducing the following transformation

u =
1
µnf

(−px) r
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Eq. (2.1) will be transferred to
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It should be noticed that the energy equation in last equation is combined into a single form such that for
the constant outer heat flux α = −β = −1 and for the constant inner heat flux α = β = R, respectively. In
both thermal conditions the local Nusselt number Nu is given by

Nu =
2 (1 − R)

kf (Tw − Tb)
=
knf
kf

2 (1 − R)

θb
, (2.4)

which Tb is the bulk mean temperature whose dimensionless form is defined by

θb =

∫1
R ηUθdη∫1
R ηUdη

.

To measure the relative effects of velocity slip λ on the rate of heat transfer, Nur is defined

Nur =
knf
kf

θb|λ=0
θb

,

which is normalized by the Nusselt number (Eq. (2.4)) in the absence of slip, that is λ = 0.
It should be noted that the obtained velocity and temperature fields depend upon the concentration

φ of nanofluids, so u∗ is defined as following graph for depicting the figures

u∗ =
(1 −ϕ)

5/2U
2Um

.

3. Least square method (LSM)

For conception the main idea of LSM, a differential operator D is acted on a function u to produce a
function p [34]:

D(u(x)) = p(x),

u ∼= ũ =

n∑
i=1

ciϕi.

Now, when substituted into the differential operator, D, the result of the operations generally is not p(x).
Hence an error or residual will exist:

R(x) = D(ũ(x)) − p(x) 6= 0.

The main concept in WRMs is to force the residual to zero in some average sense over the domain. That
is, ∫

X

R(x)Wi(x) = 0 i = 1, 2, ...,n, (3.1)

where Wi, the number of weight functions, is exactly equal to the number of unknown constants ci in ũ.
If the continuous summation of all the squared residuals is minimized, the rationale behind the name can
be seen. In other words, a minimum of

S =

∫
X

R(x)R(x)dx =

∫
X

R2(x)dx.

In order to achieve a minimum of this scalar function, the derivatives of S with respect to all the unknown
parameters must be zero. That is,

∂S

∂ci
= 2

∫
X

R(x)
∂R

∂ci
dx =0.
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Comparing with Eq. (3.1), the weight functions are seen to be

Wi = 2
∂R

∂ci
.

However, the ”2” coefficient can be dropped, since it cancels out in the equation. Therefore the weight
functions for the Least Squares Method are just the derivatives of the residual with respect to the unknown
constants [34],

Wi =
∂R

∂ci
.

4. Results and discussions

As mentioned before, one of the main goals of this study is finding the solution of governing equation
of hydro-thermally nanofluilds in between concentric pipes. Regarding to BCs and Eqs. (2.3), it is assumed
the following expressions for λ1 = λ2 = 0 :

U (η) = a0 (η− R) (η− 1) + a1(η− R)
2 (η− 1) + a2 (η− R) (η− 1)2 + a3(η− R)

2(η− 1)2

+ a4(η− R)
3(η− 1)2 + a5(η− R)

2(η− 1)3,

θ (η) = − (η−β) + a6η(η−β)
2 + a7η(η−β)

3 + a8η(η−β)
4 + a9η(η−β)

5 + a10η(η−β)
6.

By computing the values of ai, i = 0, 1, ..., 10, the approximate solution of the problem will be obtained.
For example when λ1 = λ2 = 0, R = 0.5, α = −1, and β = 1

U (η) = −0.30209 (η− R) (η− 1) − 0.31379(η− R)2 (η− 1) + 0.55978 (η− R) (η− 1)2

− 0.90590(η− R)2(η− 1)2 + 1.43708(η− R)3(η− 1)2 − 1.18040(η− R)2(η− 1)3.

These results are compared with the numerical solution of problem which obtained by Maple in the Table
2. As seen in this table, LSM results are in good-excellent with low percentage errors (averagely 0.03%
error) compared to numerical solution.

Table 2: Comparison of LSM results with the numerical solution for λ1 = λ2 = 0, R = 0.5, α = −1, β = 1.

η U(η) U
′
(η)

Numerical LSM (Eq. (2.2)) Error (%) Numerical LSM Error (%)
0.50 0.0 0.0 0.0 0.291010 0.290994 0.00549
0.55 0.012656 0.012664 0.06321 0.216827 0.216810 0.00784
0.60 0.021818 0.021831 0.05958 0.150842 0.150822 0.01325
0.65 0.027845 0.027853 0.02873 0.091126 0.091103 0.02524
0.70 0.031075 0.031015 0.19308 0.036457 0.036412 0.12343
0.75 0.031555 0.031548 0.02218 -0.014365 -0.014351 0.09745
0.80 0.029638 0.029632 0.02024 -0.061864 -0.061832 0.05172
0.85 0.025412 0.025411 0.00393 -0.106751 -0.106717 0.03185
0.90 0.018999 0.019002 0.01579 -0.149437 -0.149401 0.02409
0.95 0.010499 0.010503 0.03810 -0.190257 -0.190210 0.02470
1 0.0 0.0 0.0 -0.229458 -0.229409 0.02135

Fig. 2 shows the u∗ profile to show the effect of nanoparticles volume fraction. As seen, by increasing
the φ, maximum velocity profile reduces due to higher viscosity of nanofluids. Effect of R ( riro ) on the
velocity profile is presented in Fig. 3. Increasing the R (by this assumption that ro is constant) means
that inlet radius increased and so the distance between the pipes reduced which makes larger maximum
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velocity in the profile as confirmed in Fig. 3 for yellow line (R = 0.9). To demonstrate the effect of slip
conditions, Fig. 4 is presented and reveals that larger slip conditions makes flatten the velocity profiles
by bringing the peaks down, the momentum boundary layer thickness is predicted to be much reduced
as reported in [39]. In Fig. 5 the influence of λ2 on u∗ profile is studied separately.

Thermal boundary layers in this study are presented in Figs. 6-8 to show the effect of various param-
eters on it. Fig. 6 demonstrates the radii ratio (R) on the temperature profile for constant outer heat flux
α = −β = −1 and constant inner heat flux α = β = R for Cu-water nanofluid. For example when the
outer wall is in constant heat flux, by increasing the R, the distance between the pipes reduces and more
heat transfers to nanofluids from the wall which makes smaller difference between wall temperature and
nanofluid temperature, i.e., smaller θ.

Fig. 7 confirms that by permitting a small velocity slip, thermal boundary layer thicknesses reduces
for the case of constant heat flux on outer wall. Fig. 8 also confirms the same treatment in different slip
conditions of outer wall.

Figs. 9-14 are related to the Nusselt and normalized Nusselt number to show the effect of nanoparticles
on the heat transfer as well as their volume fraction and other parameters such as R. The first observation
from these figures is that suspended nanoparticles effectively increase the rate of heat transfer from
the wall to the fluid, Fig. 9 shows that the maximum Nusselt numbers (and consequently maximum
heat transfer) occurs for Ag and then Cu nanoparticle due to their larger thermal conductivity among
other nanoparticles and the minimum Nusselt number is recorded for TiO2 because of weak thermal
conductivity. Contour plots of Figs. 10, 11, 12, 13, and 14 are presented to graphically show the effect of
R and φ simultaneously on the Nusslet and normalized Nusselt number for Ag, TiO2, Al2O3, Cu, and
CuO, respectively. By the previous explanations, it is evident that in all nanoparticles increasing the both
R and φ enhances the heat transfer process and make larger Nusselt numbers as seen in the graphs.

5. Conclusion

In this paper, analytical least square method (LSM) is applied to find the hydro-thermally treatment
of nanofluids flow between concentric heat pipes. The pipe walls are permitted to carry different and
opposite slip velocities of nanofluids and they are either preserved at constant heat flux of outer wall
with the inner wall insulated or vice versa. For this study, five distinct types of nanoparticles: Ag, Cu,
Cuo, Al2O3, and TiO2 were suspended in water and the effect of volume fractions, Radii ratio (R) and slip
parameter (λ) on velocity/temperature profiles is discussed as well as Nusselt numbers. As an outcome,
by increasing the R, the distance between the pipes will reduce and more heat will transfer to nanofluids
from the wall under the heat flux, so it makes larger Nusselt number.
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