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Abstract

Molodtsov [D. Molodtsov, Global optimization, control, and games, III, Comput. Math. Appl., 37 (1999), 19–31] studied the
concept of soft sets. The concept of soft sets is introduced as a general mathematical tool for dealing with uncertainty. In this
paper, we give some basic relations about different classes of soft sets and soft closure operator. The purpose of this paper is
to introduce soft extremally disconnected spaces via soft sets. Furthermore, some relations of soft sets and soft closure via soft
extremally disconnected spaces have been investigated. c©2017 All rights reserved.
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1. Introduction and preliminaries

The concept of soft sets was first constructed by Molodtsov [16] in 1999 as a general mathematical
tool for dealing with uncertain objects. He successfully applied the soft set theory in several directions
of mathematics, such as smoothness of functions, game theory, operations research, Riemann integration,
Perron integration, probability, theory of measurement, and so on.

Maji et al. [14, 15] presented an application of soft sets in decision making problems that is based on
the reduction of parameters to keep the optimal choice objects. Chen et al. [5] presented a new definition
of soft set parametrization reduction and a comparison of it with attribute reduction in rough set theory.
Pei and Miao [17] showed that soft sets are a class of special information systems. Kong et al. [13]
introduced the notion of normal parameter reduction of soft sets and its use to investigate the problem
of sub-optimal choice and added a parameter set in soft sets. Zou and Xiao [22] discussed the soft data
analysis approach.

The soft set theory has been applied to many different fields (see, for example, [8, 12, 17, 21, 22]).
Recently, in 2011, Shabir and Naz [18] constituted the study of soft topological spaces. They defined a soft
topology on the collection of soft sets over X. Consequently, they defined basic notions of soft topological
spaces such as soft open and soft closed sets, soft subspace, soft closure, soft neighbourhood of a point,
soft separation axioms, soft regular spaces and soft normal spaces and established several properties for
them.
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The main purpose of this paper is to introduce soft extremally disconnected topological spaces which
are defined over an initial universe with a fixed set of parameters. In Section 2, we give known basic
notions and results concerning the theory of soft sets and soft topological spaces. In Section 3, we give
some basic relations about different classes of soft sets and soft closure operator. In Section 4, we introduce
soft extremally disconnected spaces and we investigate some relations of soft sets and soft closure via the
new soft space.

2. Soft set theory

Definition 2.1 ([16]). Let X be an initial universe and E be a set of parameters. Let P(X) denote the power
set of X and A be a nonempty subset of E. A pair (F,A) is called a soft set over X, where F is a mapping
given by F : A→ P(X). In other words, a soft set over X is a parametrized family of subsets of the universe
X. For a particular e ∈ A, F(e) may be considered the set of e-approximate elements of the soft set (F,A)
and if e /∈ A, then F(e) = φ̃. The family of all these soft sets over the universal set X is denoted by SS(X)A.
Clearly, a soft set is not a set.

Definition 2.2 ([14]). For two soft sets (F,A) and (G,B) over a common universe X, we say that (F,A) is
a soft subset of (G,B) (we write (F,A)⊆̃(G,B)) if A ⊆ B, and if for all e ∈ A, F(e) and G(e) are identical
approximations. We also say that these two soft sets are soft equal if (F,A) is a soft subset of (G,B) and
(G,B) is a soft subset of (F,A).

Definition 2.3 ([14]). A soft set (F,A) over X is said to be:

1. A null soft set, denoted by φ̃ if for all ε ∈ A, F(ε) = φ.
2. An absolute soft set, denoted by Ã if for all ε ∈ A, F(ε) = X.

Definition 2.4 ([14]). The complement of a soft set (F,A) is denoted by (F,A)c and is defined by (F,A)c =
(Fc,A) where Fc : A→ P(X) is a mapping given by Fc(ε) = X \ F(ε) for all ε ∈ A.

Definition 2.5 ([14]). The soft union of two soft sets (F,A) and (G,B) over the common universe X is the
soft set (H,C), where C = A∪B, denoted by (H,C) = (F,A) ∪̃ (G,B), and is defined as for all e ∈ C,

H(e) =


F(e), if e ∈ A \B,
G(e), if e ∈ B \A,
F(e)∪G(e), if e ∈ A∩B.

Definition 2.6 ([7]). The soft intersection of two soft sets (F,A) and (G,B) over a common universe X is the
soft set (H,C) where C = A∩B, denoted by (H,C) = (F,A) ∩̃ (G,B), and is defined as H(e) = F(e)∩G(e)
for all e ∈ C.

Definition 2.7 ([18]). The soft difference of two soft sets (F,A) and (G,A) over X is the soft set (H,A),
denoted by (H,A) = (F,A)\̃(G,A), and is defined as H(e) = F(e) \G(e) for all e ∈ E.

Definition 2.8 ([6]). A soft set (F,A) over X is said to be a soft point if there exists exactly one α ∈ A, such
that F(α) = {x} for some x ∈ X and F(β) = φ, for all β ∈ A \ {α}. It will be denoted by xα. A soft point xα
belongs to a soft set (F,A) if x ∈ F(α) and it is denoted by xα ∈ (F,A). Two soft points xα, yβ are said to
be equal if α = β and F(α) = F(β) . Thus xα 6= yβ if and only if α 6= β or F(α) 6= F(β).

Definition 2.9 ([18]). Let τ be the collection of soft sets over X, then τ is said to be a soft topology on X if
it satises the following axioms

1. φ̃, X̃ belong to τ.
2. The union of any number of soft sets in τ belongs to τ.
3. The intersection of any two soft sets in τ belongs to τ.
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The triple (X, τ,A) is said to be a soft topological space (or soft space) over X. Every member of τ
is called a soft open set in X. The complement of any soft open set in X is called a soft closed set in X.
Arbitrary soft union of soft open sets is soft open and finite soft intersection of soft closed sets is soft
closed.

Definition 2.10. Let (X, τ,A) be a soft topological space and let (F,A) be a soft set over X. Then

1. The soft closure of (F,A) is the soft set defined by

s̃cl(F,A) = ∩̃{(G,A) : (G,A) is a soft closed set and (G,A)⊆̃(F,A)}.

Clearly s̃cl(F,A) is the smallest soft closed set over X which contains (F,A) [18].
2. The soft interior of (F,A) is the soft set defined by

s̃int(F,A) = ∪̃{(G,A) : (G,A) is a soft open set and (F,A)⊆̃(G,A)}.

Thus s̃int(F,A) is the largest soft open set contained in (F,A) [9].

Lemma 2.11 ([9]). Let (F,A) be any soft subset of a soft topological space (X, τ,A). Then

s̃cl(F,A) = X\̃s̃int(X\̃(F,A)) and s̃int(F,A) = X\̃s̃cl(X\̃(F,A)).

Lemma 2.12 ([20]). Let (X, τ,A) be a soft topological space. Then for every soft open set (U,A) and every soft
subset (F,A) of X, we have s̃cl(F,A) ∩̃ (U,A) ⊆̃ s̃cl((F,A) ∩̃ (U,A)).

Definition 2.13. A soft subset (F,A) of a soft topological space (X, τ,A) is said to be:

1. soft regular-open if (F,A) = s̃int(s̃cl(F,A)) [19];
2. soft α-open if (F,A) ⊆̃ s̃int(s̃cl(s̃int(F,A))) [1];
3. soft semiopen if (F,A) ⊆̃ s̃cl(s̃int(F,A)) [4];
4. soft preopen if (F,A) ⊆̃ s̃int(s̃cl(F,A)) [10];
5. soft b-open if (F,A) ⊆̃ s̃cl(s̃int(F,A)) ∪̃ s̃int(s̃cl(F,A)) [2];
6. soft β-open if (F,A) ⊆̃ s̃cl(s̃int(s̃cl(F,A))) [3].

Definition 2.14. The complement of a soft regular-open (resp. soft α-open, soft semiopen, soft preopen,
soft b-open and soft β-open) set is said to be soft regular-closed [19] (resp. soft α-closed [1], soft semi-
closed [4], soft preclosed [10], soft b-closed [2] and soft β-closed [3]).

Definition 2.15. For any soft topological space (X, τ,A), we denote the family of all soft regular-open
(resp. soft α-open, soft semiopen, soft preopen, soft b-open, soft β-open, soft regular-closed, soft closed,
soft semiclosed, soft preclosed, soft b-closed and soft β-closed) sets of a soft space X by SRO(X) (resp.
SαO(X), SPO(X), SSO(X), SBO(X), SβO(X), SRC(X), SC(X), SPC(X), SSC(X), SBC(X) and SβC(X)).

Definition 2.16. Let (X, τ,A) be a soft topological space and let (F,A) ∈ SS(X)A. Then the soft α-closure
[1] (resp. soft preclosure [10], soft semiclosure [4], soft b-closure [2] and soft β-closure [3]) of (F,A) is the
soft intersection of all soft α-closed (resp. soft preclosed, soft semiclosed, soft b-closed and soft β-closed)
sets of (X, τ,A) containing (F,A) and is denoted by s̃αcl(F,A) (resp. s̃pcl(F,A), s̃scl(F,A), s̃bcl(F,A) and
s̃βcl(F,A)).

Definition 2.17. Let (X, τ,A) be a soft topological space and let (F,A) ∈ SS(X)A. Then the soft α-interior
[1] (resp. soft preinterior [10], soft semiinterior [4], soft b-interior [2] and soft β-interior [3]) of (F,A) is
the soft union of all soft α-open (resp. soft preopen, soft semiopen, soft b-open and soft β-open) sets
of X contained in (F,A) and is denoted by s̃αint(F,A) (resp. s̃pint(F,A), s̃sint(F,A), s̃bint(F,A) and
s̃βint(F,A)).
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Theorem 2.18. Let (F,A) be any soft subset of a soft topological space (X, τ,A). Then the following statements
hold:

1. s̃pcl(F,A) = (F,A) ∪̃ s̃cl(s̃int(F,A)) [10].
2. s̃scl(F,A) = (F,A) ∪̃ s̃int(s̃cl(F,A)) [4].
3. s̃bcl(F,A) = s̃pcl(F,A) ∩̃ s̃scl(F,A) [2].
4. s̃βcl(F,A) = (F,A) ∪̃ s̃int(s̃cl(s̃int(F,A))) [3].

Theorem 2.19 ([20]). For any soft subset (F,A) of a soft topological space (X, τ,A), then (F,A) ∈̃ SβO(X) if and
only if s̃cl(F,A) ∈̃ SRC(X).

Some examples of soft topological spaces are as follows.

Example 2.20. Consider the space X = {a1,a2,a3} and A = {e1, e2} with the topology

τ = {φ̃, X̃, (F1,A), (F2,A), (F3,A), (F4,A), (F5,A), (F6,A), (F7,A)},

where (F1,A), (F2,A), (F3,A), (F4,A), (F5,A), (F6,A) and (F7,A) are soft sets over X, defined as follows:
F1(e1) = {a1,a2}, F1(e2) = {a1,a2},
F2(e1) = {a2}, F2(e2) = {a1,a3},
F3(e1) ={a2,a3}, F3(e2) = {a1},
F4(e1) = {a2}, F4(e2) = {a1},
F5(e1) = {a1,a2}, F5(e2) = X,
F6(e1) = X, F6(e2) = {a1,a2},
F7(e1) = {a2,a3}, F7(e2) = {a1,a3}.

Then τ defines a soft topology on X. Hence (X, τ,A) is a soft topological space over X. The soft sets (G1,A)
and (G2,A) in (X, τ,A) are defined as follows:

G1(e1) = {a2,a3}, G1(e2) = {a1,a2},
G2(e1) = φ, G2(e2) = {a1}.

Then the two soft sets (G1,A) and (G2,A) are not soft open since (G1,A) /∈ τ and (G2,A) /∈ τ.

Example 2.21. Let X = {a1,a2,a3,a4} and A = {e1, e2} with the topology τ = {φ̃, X̃, (F1,A), (F2,A), (F3,A)}
where (F1,A), (F2,A) and (F3,A) are soft sets over X, which is defined as follows:

F1(e1) = {a1,a3}, F1(e2) = φ,
F2(e1) = {a4}, F2(e2) = {a4},
F3(e1) ={a1,a3,a4}, F3(e2) = {a4}.

Then τ defines a soft topology on X and hence (X, τ,A) is a soft topological space over X. The soft sets
(G1,A) and (G2,A) in (X, τ,A) are defined as follows:

G1(e1) = {a2,a3}, G1(e2) = {a3},
G2(e1) = {a2,a4}, G2(e2) = {a1,a4}.

Then the two soft sets (G1,A) and (G2,A) are not soft open since (G1,A) /∈ τ and (G2,A) /∈ τ.

Example 2.22. Let X = {a1,a2,a3,a4}, A = {e1, e2} and τ = {φ̃, X̃, (F1,A), (F2,A), (F3,A)} where (F1,A),
(F2,A) and (F3,A) are soft sets over X, which is defined as follows:

F1(e1) = {a1}, F1(e2) = {a2},
F2(e1) = {a1,a2}, F2(e2) = {a2},
F3(e1) = {a1}, F3(e2) = {a1,a2}.

Then τ defines a soft topology on X and hence (X, τ,A) is a soft topological space over X.

Example 2.23. Let X = {a1,a2}, A = {e1, e2} and τ = {φ̃, X̃, (F1,A), (F2,A), (F3,A)} where (F1,A), (F2,A)
and (F3,A) are soft sets over X, which is defined as follows:

F1(e1) = X, F1(e2) = {a2},
F2(e1) = {a1}, F2(e2) = X,
F3(e1) ={a1}, F3(e2) = {a2}.

Then τ defines a soft topology on X and hence (X, τ,A) is a soft topological space over X.
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3. Relations on s̃cl operator

In this section, we obtain more relations on the notion of s̃cl operator.

Lemma 3.1. Let (F,A) and (K,A) be any soft subsets of a soft topological space (X, τ,A). If (F,A) ∩̃ (K,A) = φ̃,
then s̃int(F,A) ∩̃ s̃cl(K,A) = φ̃ and s̃cl(F,A) ∩̃ s̃int(K,A) = φ̃.

Proof. It is obvious.

Remark 3.2. Let (F,A) be any soft subset of a soft topological space (X, τ,A). Then

1. s̃int(F,A) ⊆̃ s̃αint(F,A) ⊆̃ s̃pint(F,A) ⊆̃ s̃bint(F,A) ⊆̃ s̃βint(F,A) ⊆̃ (F,A).
2. s̃int(F,A) ⊆̃ s̃αint(F,A) ⊆̃ s̃sint(F,A) ⊆̃ s̃bint(F,A) ⊆̃ s̃βint(F,A) ⊆̃ (F,A).
3. (F,A) ⊆̃ s̃βcl(F,A) ⊆̃ s̃bcl(F,A) ⊆̃ s̃pcl(F,A) ⊆̃ s̃αcl(F,A) ⊆̃ s̃cl(F,A).
4. (F,A) ⊆̃ s̃βcl(F,A) ⊆̃ s̃bcl(F,A) ⊆̃ s̃scl(F,A) ⊆̃ s̃αcl(F,A) ⊆̃ s̃cl(F,A).

Lemma 3.3. If (F,A) is any soft β-open subset of a soft topological space (X, τ,A), then s̃cl(F,A) = s̃αcl(F,A).

Proof. Let (F,A) ∈̃ SβO(X) and xα /̃∈ s̃αcl(F,A), then there exists a soft α-open set (U,A) containing xα
such that (F,A) ∩̃ (U,A) = φ̃. So by using Lemma 3.1, we have

s̃cl(s̃int(s̃cl(F,A))) ∩̃ s̃int(s̃cl(s̃int(U,A))) = φ̃.

Since (F,A) is soft β-open, then (F,A) ∩̃ s̃int(s̃cl(s̃int(U,A))) = φ̃. Since (U,A) is soft α-open set con-
taining xα, then xα ∈̃ s̃int(s̃cl(s̃int(U,A))) and s̃int(s̃cl(s̃int(U,A))) is soft open set. So xα /̃∈ s̃cl(F,A).
Hence s̃cl(F,A) ⊆̃ s̃αcl(F,A). But s̃αcl(F,A) ⊆̃ s̃cl(F,A) in general. Thus, s̃cl(F,A) = s̃αcl(F,A).

Lemma 3.4. If (F,A) is any soft preopen subset of a soft topological space (X, τ,A), then s̃cl(F,A) = s̃αcl(F,A).

Proof. This is shown in Lemma 3.3 by the fact that every soft preopen set is soft β-open.

Lemma 3.5 ([11]). For any soft subset (F,A) of a soft space (X, τ,A), we have

(F,A) ∈̃ SSO(X) if and only if s̃cl(F,A) = s̃cl(s̃int(F,A)).

Lemma 3.6. If (F,A) is any soft semiopen subset of a soft topological space (X, τ,A), then s̃cl(F,A) = s̃pcl(F,A).

Proof. By (1) of Theorem 2.18 and Lemma 3.5, we have

s̃pcl(F,A) = (F,A) ∪̃ s̃cl(s̃int(F,A)) = (F,A) ∪̃ s̃cl(F,A) = s̃cl(F,A).

Therefore, s̃cl(F,A) = s̃pcl(F,A).

By using (3) of Remark 3.2 with Lemma 3.6, we have the following corollary.

Corollary 3.7. For each soft semiopen set (F,A) in (X, τ,A), we have

s̃cl(F,A) = s̃αcl(F,A) = s̃pcl(F,A).

Lemma 3.8. Let (F,A) be a soft subset of a soft space (X, τ,A). Then the following statements hold:

1. s̃scl(F,A) = s̃bcl(F,A) = s̃βcl(F,A) for each (F,A) ∈̃ SSO(X).
2. s̃sint(F,A) = s̃bint(F,A) = s̃βint(F,A) for each (F,A) ∈̃ SSC(X).

Proof.

(1): Let (F,A) ∈̃ SSO(X), then by applying Lemma 3.5 and (1), (2) and (3) of Theorem 2.18, we obtain that
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s̃bcl(F,A) = s̃pcl(F,A)∩̃s̃scl(F,A)
= [(F,A)∪̃s̃cl(s̃int(F,A))]∩̃[(F,A)∪̃s̃int(s̃cl(F,A))]
= (F,A)∪̃[s̃cl(s̃int(F,A))∩̃s̃int(s̃cl(F,A))]
= (F,A)∪̃[s̃cl(F,A)∩̃s̃int(s̃cl(F,A))]
= (F,A)∪̃s̃int(s̃cl(F,A)) = s̃scl(F,A).

On the other hand

s̃bcl(F,A) = (F,A)∪̃[s̃cl(s̃int(F,A))∩̃s̃int(s̃cl(F,A))]
= (F,A)∪̃[s̃cl(s̃int(F,A))∩̃s̃int(s̃cl(s̃int(F,A)))]
= (F,A)∪̃s̃int(s̃cl(s̃int(F,A))) = s̃βcl(F,A),

which completes the proof.

(2): It follows immediately by (1).

Lemma 3.9. Let (F,A) be any soft subset of a soft topological space (X, τ,A), then (F,A) ∈̃ SβO(X) if and only if
s̃cl(F,A) = s̃cl(s̃int(s̃cl(F,A))).

Proof. Let (F,A) ∈̃ SβO(X), then (F,A) ⊆̃ s̃cl(s̃int(s̃cl(F,A))) implies that

s̃cl(F,A) ⊆̃ s̃cl(s̃int(s̃cl(F,A))) ⊆̃ s̃cl(F,A).

Therefore, s̃cl(F,A) = s̃cl(s̃int(s̃cl(F,A))).
Conversely, suppose that s̃cl(F,A) = s̃cl(s̃int(s̃cl(F,A))). This implies that

s̃cl(F,A)⊆̃s̃cl(s̃int(s̃cl(F,A))).

Then

(F,A) ⊆̃ s̃cl(F,A) ⊆̃ s̃cl(s̃int(s̃cl(F,A))).

Hence (F,A) ⊆̃ s̃cl(s̃int(s̃cl(F,A))). Therefore, (F,A) ∈̃ SβO(X).

Lemma 3.10. For any soft subset (F,A) of a soft topological space (X, τ,A), then

1. s̃cl(s̃int(s̃cl(s̃int(F,A)))) = s̃cl(s̃int(F,A)).
2. s̃int(s̃cl(s̃int(s̃cl(F,A)))) = s̃int(s̃cl(F,A)).

Proof.

(1): Since s̃int(s̃cl(s̃int(F,A)))⊆̃s̃cl(s̃int(F,A)), then

s̃cl(s̃int(s̃cl(s̃int(F,A)))) ⊆̃ s̃cl(s̃int(F,A)).

On the other hand, since s̃int(F,A) ⊆̃ s̃cl(s̃int(F,A)) implies that s̃int(F,A) ⊆̃ s̃int(s̃cl(s̃int(F,A))) and
hence s̃cl(s̃int(F,A)) ⊆̃ s̃cl(s̃int(s̃cl(s̃int(F,A)))). Therefore, s̃cl(s̃int(s̃cl(s̃int(F,A)))) = s̃cl(s̃int(F,A)).

(2): The proof is similar to (1).

Theorem 3.11. Let (F,A) be any soft subset of a soft topological space (X, τ,A). Then

1. (F,A) ∈̃ SβO(X) if and only if s̃cl(F,A) ∈̃ SSO(X).
2. (F,A) ∈̃ SβO(X) if and only if s̃cl(F,A) ∈̃ SβO(X).
3. (F,A) ∈̃ SβO(X) if and only if s̃cl(F,A) ∈̃ SBO(X).
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Proof.

(1): Let (F,A) ∈̃ SβO(X), then by Theorem 2.19, s̃cl(F,A) ∈̃ SRC(X) ⊆̃ SSO(X). So s̃cl(F,A) ∈̃ SSO(X).
Conversely, let s̃cl(F,A) ∈̃ SSO(X). Then by Lemma 3.5, s̃cl(s̃cl(F,A)) = s̃cl(s̃int(s̃cl(F,A))) which implies
that s̃cl(F,A) = s̃cl(s̃int(s̃cl(F,A))) and hence by Lemma 3.9, (F,A) ∈̃ SβO(X).
(2): Let (F,A) ∈̃ SβO(X), then by (1), s̃cl(F,A) ∈̃ SSO(X) ⊆̃ SβO(X). So s̃cl(F,A) ∈̃ SβO(X). Conversely,
let s̃cl(F,A) ∈̃ SβO(X), by (1), s̃cl(s̃cl(F,A)) ∈̃ SSO(X). Since s̃cl(s̃cl(F,A)) = s̃cl(F,A). Then s̃cl(F,A) ∈̃
SSO(X) and hence by (1), (F,A) ∈̃ SβO(X).
(3): Let (F,A) ∈̃ SβO(X), so by (1), s̃cl(F,A) ∈̃ SSO(X) ⊆̃ SBO(X). So s̃cl(F,A) ∈̃ SBO(X). Conversely, let
s̃cl(F,A) ∈̃ SBO(X) ⊆̃ SβO(X), then s̃cl(F,A) ∈̃ SβO(X) and thus by (2), (F,A) ∈̃ SβO(X).

Lemma 3.12. Let (X, τ,A) be any soft topological space and let (F,A) ∈̃ SS(X)A. Then (F,A) ∈̃ SPO(X) if and
only if s̃scl(F,A) = s̃int(s̃cl(F,A)).

Proof. Let (F,A) ∈̃ SPO(X), then (F,A) ⊆̃ s̃int(s̃cl(F,A)) implies that s̃scl(F,A) ⊆̃ s̃scl(s̃int(s̃cl(F,A))).
Since s̃int(s̃cl(F,A)) ∈̃ SRO(X) and SRO(X) ⊆̃ SSC(X) in general, so s̃int(s̃cl(F,A)) ∈̃ SSC(X) and hence

s̃scl(s̃int(s̃cl(F,A))) = s̃int(s̃cl(F,A)).

So s̃scl(F,A) ⊆̃ s̃int(s̃cl(F,A)). On the other hand, by (2) of Theorem 2.18, we have

s̃scl(F,A) = (F,A) ∪̃ s̃int(s̃cl(F,A)).

Hence s̃int(s̃cl(F,A)) ⊆̃ s̃scl(F,A). Therefore, s̃scl(F,A) = s̃int(s̃cl(F,A)).
Conversely, let s̃scl(F,A) = s̃int(s̃sl(F,A)), then s̃scl(F,A) ⊆̃ s̃int(s̃cl(F,A)) and hence

(F,A) ⊆̃ s̃scl(F,A) ⊆̃ s̃int(s̃cl(F,A)),

which implies that (F,A) ⊆̃ s̃int(s̃cl(F,A)). Therefore, (F,A) ∈̃ SPO(X).

Lemma 3.13. Let (F,A) and (K,A) be any two subsets of a soft topological space (X, τ,A). Then

s̃int(s̃cl((F,A) ∩̃ (K,A))) ⊆̃ s̃int(s̃cl(F,A)) ∩̃ s̃int(s̃cl(K,A)).

Proof. The proof is obvious and hence it is omitted.

Theorem 3.14. Let (X, τ,A) be a soft topological space. If (F,A) is soft open subset of X and (K,A) is any soft
subset of X, then

s̃int(s̃cl(F,A)) ∩̃ s̃int(s̃cl(K,A)) = s̃int(s̃cl((F,A) ∩̃ (K,A))).

Proof. It is enough to prove s̃int(s̃cl(F,A)) ∩̃ s̃int(s̃cl(K,A)) ⊆̃ s̃int(s̃cl((F,A) ∩̃ (K,A))) since the converse
is similar to Lemma 3.13. Since (F,A) is soft open subset of a soft space X, then by using Lemma 2.12, we
have

s̃int(s̃cl(F,A))∩̃s̃int(s̃cl(K,A))⊆̃s̃int[s̃cl(F,A)∩̃s̃int(s̃cl(K,A))]
⊆̃s̃int(s̃cl[(F,A)∩̃s̃int(s̃cl(K,A))])
⊆̃s̃int(s̃cl[(F,A)∩̃s̃cl(K,A)])
⊆̃s̃int(s̃cl((F,A)∩̃(K,A))).

So s̃int(s̃cl(F,A)) ∩̃ s̃int(s̃cl(K,A)) = s̃int(s̃cl((F,A) ∩̃ (K,A))). This completes the proof.

From Theorem 3.14, we have the following corollary.

Corollary 3.15. If (F,A) and (K,A) are soft open subsets of a soft topological space (X, τ,A), then
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s̃int(s̃cl(F,A)) ∩̃ s̃int(s̃cl(K,A)) = s̃int(s̃cl((F,A) ∩̃ (K,A))).

Proof. It is clear.

Corollary 3.16. If (G,A) and (H,A) are soft closed subsets of a soft topological space (X, τ,A), then

s̃cl(s̃int(G,A)) ∪̃ s̃cl(s̃int(H,A)) = s̃cl(s̃int((G,A) ∪̃ (H,A))).

Proof. The proof is similar to Corollary 3.15 taking (F,A) = X\̃(G,A) and (K,A) = X\̃(F,A).

4. Soft extremally disconnected spaces

In this section, we introduce a new class of soft space called soft extremally disconnected, and we
obtain several characterizations of soft extremally disconnected spaces by utilizing classes of soft sets.

Definition 4.1. A soft topological space (X, τ,A) is said to be soft extremally disconnected if the soft
closure of every soft open set of X is soft open in X, or equivalently, if the soft interior of every soft closed
set of X is soft closed in X.

In the following theorem, a soft extremally disconnected space X is equivalent to every two disjoint
soft open sets of X have disjoint soft closures.

Theorem 4.2. A soft space X is soft extremally disconnected if and only if s̃cl(F,A) ∩̃ s̃cl(K,A) = φ̃ for every soft
open subsets (F,A) and (K,A) of X with (F,A) ∩̃ (K,A) = φ̃.

Proof. Suppose (F,A) and (K,A) are two soft open subsets of a soft extremally disconnected space X such
that (F,A) ∩̃ (K,A) = φ̃. Then by Lemma 3.1, s̃cl(F,A) ∩̃ (K,A) = φ̃ which implies that

s̃int(s̃cl(F,A)) ∩̃ s̃cl(K,A) = φ̃,

and hence s̃cl(F,A) ∩̃ s̃cl(K,A) = φ̃.
Conversely, let (O,A) be any soft open subset of a soft space X, then X\̃(O,A) is soft closed set and

hence s̃int(X\̃(O,A)) is soft open set such that (O,A) ∩̃ s̃int(X\̃(O,A)) = φ̃. Then by hypothesis, we
have s̃cl(O,A) ∩̃ s̃cl(s̃int(X\̃(O,A))) = φ̃ which implies that s̃cl(O,A) ∩̃ s̃cl(X\̃s̃cl(O,A)) = φ̃ and hence
s̃cl(O,A) ∩̃ X\̃s̃int(s̃cl(O,A)) = φ̃. This means that s̃cl(O,A) ⊆̃ s̃int(s̃cl(O,A)). Since

s̃int(s̃cl(O,A)) ⊆̃ s̃cl(O,A),

in general, then s̃cl(O,A) = s̃int(s̃cl(O,A)). So s̃cl(O,A) is soft open set in X. Therefore, X is soft
extremally disconnected space.

Some fundamental characterizations of soft extremally disconnected spaces are given in the following
theorems.

Theorem 4.3. Let (X, τ,A) be a soft topological space. Then the following properties are equivalent:

1. X is soft extremally disconnected.
2. s̃cl(F,A) ∩̃ s̃cl(K,A) = s̃cl((F,A) ∩̃ (K,A)) for every soft open subsets (F,A) and (K,A) of X.
3. s̃cl(F,A) ∩̃ s̃cl(K,A) = s̃cl((F,A) ∩̃ (K,A)) for every soft regular-open subsets (F,A) and (K,A) of X.
4. s̃int(G,A) ∪̃ s̃int(H,A) = s̃int((G,A) ∪̃ (H,A)) for every soft regular-closed subsets (G,A) and (H,A)

of X.
5. s̃int(G,A) ∪̃ s̃int(H,A) = s̃int((G,A) ∪̃ (H,A)) for every soft closed subsets (G,A) and (H,A) of X.
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Proof.

(1) ⇒ (2): Let (F,A) and (K,A) be any two soft open subsets of a soft extremally disconnected space X.
Then by Corollary 3.15,

s̃cl(F,A)∩̃s̃cl(K,A) = s̃int(s̃cl(F,A))∩̃s̃int(s̃cl(K,A))
= s̃int(s̃cl((F,A)∩̃(K,A))) = s̃cl((F,A)∩̃(K,A)).

(2)⇒ (3): It is clear since every soft regular-open set is soft open.

(3) ⇔ (4): Let (G,A) and (H,A) be two soft regular-closed subsets of X. Then X\̃(G,A) and X\̃(H,A) are
soft regular-open sets. By (3) and Lemma 2.11, we have

s̃cl(X\̃(G,A))∩̃s̃cl(X\̃(H,A)) = s̃cl(X\̃(G,A)∩̃X\̃(H,A))

⇔ X\̃s̃int(G,A)∩̃X\̃s̃int(H,A) = s̃cl(X\̃((G,A)∪̃(H,A)))

⇔ X\̃(s̃int(G,A)∪̃s̃int(H,A)) = X\̃s̃int((G,A)∪̃(H,A))
⇔ s̃int(G,A)∪̃s̃int(H,A) = s̃int((G,A)∪̃(H,A)).

(4)⇒ (5): Let (G,A) and (H,A) be two soft closed subsets of X. Then s̃cl(s̃int(G,A)) and s̃cl(s̃int(H,A))
are soft regular-closed sets. Then by (4) and Corollary 3.16, we get

s̃int(s̃cl(s̃int(G,A))) ∪̃ s̃int(s̃cl(s̃int(H,A))) = s̃int[s̃cl(s̃int(G,A)) ∪̃ s̃cl(s̃int(H,A))],

and hence s̃int(s̃cl(s̃int(G,A))) ∪̃ s̃int(s̃cl(s̃int(H,A))) = s̃int(s̃cl(s̃int((G,A) ∪̃ (H,A)))). Since (G,A)
and (H,A) are soft closed subsets of X, then by (2) of Lemma 3.10, we obtain

s̃int(s̃cl(G,A)) ∪̃ s̃int(s̃cl(H,A)) = s̃int(s̃cl((G,A) ∪̃ (H,A))).

This implies that s̃int(G,A) ∪̃ s̃int(H,A) = s̃int((G,A) ∪̃ (H,A)).

(5)⇔ (2): The proof is similar to (3)⇔ (4).

(2) ⇒ (1): Let (U,A) be any soft open subset of a soft space X, then X\̃(U,A) is soft closed set and hence
s̃int(X\̃(U,A)) is soft open set. Then by (2), we have

s̃cl(U,A) ∩̃ s̃cl(s̃int(X\̃(U,A))) = s̃cl((U,A) ∩̃ s̃int(X\̃(U,A))),

which implies that s̃cl(U,A) ∩̃ s̃cl(X\̃s̃cl(U,A)) = s̃cl(φ̃) since (U,A) ∩̃ s̃int(X\̃(U,A)) = φ̃. Hence
s̃cl(U,A) ∩̃ X\̃s̃int(s̃cl(U,A)) = φ̃. This means that s̃cl(U,A) ⊆̃ s̃int(s̃cl(U,A)). Since

s̃int(s̃cl(U,A)) ⊆̃ s̃cl(U,A),

in general, then s̃cl(U,A) = s̃int(s̃cl(U,A)). So s̃cl(U,A) is soft open set in X. Therefore, a soft space X is
soft extremally disconnected.

Theorem 4.4. The following statements are equivalent for any soft topological space (X, τ,A):

1. (X, τ,A) is soft extremally disconnected.
2. s̃cl(U,A) ∩̃ s̃cl(V ,A) = s̃cl((U,A) ∩̃ (V ,A)) for every (U,A), (V ,A) ∈̃ SRO(X).
3. s̃cl(U,A) ∩̃ s̃cl(V ,A) = s̃cl((U,A) ∩̃ (V ,A)) for every (U,A) ∈̃ SSO(X) and (V ,A) ∈̃ SβO(X).

Proof.

(1)⇔ (2): See Theorem 4.3.

(1) ⇒ (3): Clearly, s̃cl((F,A) ∩̃ (B,A)) ⊆̃ s̃cl(F,A) ∩̃ s̃cl(B,A) for each (F,A), (B,A) ∈̃ SS(X)A. Now, let
(U,A)∈̃SSO(X) and (V ,A)∈̃SβO(X). Since X is soft extremally disconnected, then by (2) of Theorem 4.14,



B. A. Asaad, J. Math. Computer Sci., 17 (2017), 448–464 457

s̃cl(V ,A) ∈̃ τ. Hence by applying Lemma 2.12 and Lemma 3.5, we obtain that

s̃cl(U,A)∩̃s̃cl(V ,A) = s̃cl(s̃int(U,A))∩̃s̃cl(V ,A)
⊆̃s̃cl(s̃int(U,A)∩̃s̃cl(V ,A))
⊆̃s̃cl((U,A)∩̃(V ,A)).

Therefore, s̃cl(U,A) ∩̃ s̃cl(V ,A) = s̃cl((U,A) ∩̃ (V ,A)).

(3) ⇒ (1): Conversely, let (U,A), (V ,A) ∈̃ τ. Then (U,A) ∈̃ SSO(X) and (V ,A) ∈̃ SβO(X) and hence by
hypothesis, we have s̃cl(U,A) ∩̃ s̃cl(V ,A) = s̃cl((U,A) ∩̃ (V ,A)). Consequently, by Theorem 4.3, we have
(X, τ,A) is soft extremally disconnected space.

It should be noticed from Theorem 4.4 that

i: (U,A) ∈̃ {τ,SαO(X)} can be substituted for (U,A) ∈̃ SSO(X).

ii: (V ,A) ∈̃ {τ,SαO(X),SPO(X),SSO(X),SBO(X)} can be substituted for (V ,A) ∈̃ SβO(X).

Some relations between types of soft sets via soft extremally disconnected space are shown by the
following theorem.

Theorem 4.5. The following statements are equivalent for any soft topological space (X, τ,A).

1. X is soft extremally disconnected.
2. Every soft regular-closed subset of X is soft open in X.
3. Every soft regular-closed subset of X is soft α-open in X.
4. Every soft regular-closed subset of X is soft preopen in X.
5. Every soft semiopen subset of X is soft α-open in X.
6. Every soft semiclosed subset of X is soft α-closed in X.
7. Every soft semiclosed subset of X is soft preclosed in X.
8. Every soft semiopen subset of X is soft preopen in X.
9. Every soft β-open subset of X is soft preopen in X.

10. Every soft β-closed subset of X is soft preclosed in X.
11. Every soft b-closed subset of X is soft preclosed in X.
12. Every soft b-open subset of X is soft preopen in X.
13. Every soft regular-open subset of X is soft preclosed in X.
14. Every soft regular-open subset of X is soft closed in X.
15. Every soft regular-open subset of X is soft α-closed in X.

Proof.

(1) ⇒ (2): Let (F,A) be any soft regular-closed subset of a soft extremally disconnected space X. Then
(F,A) = s̃cl(s̃int(F,A)). Since (F,A) is soft regular-closed set, then it is soft closed and hence (F,A) =
s̃cl(s̃int(F,A)) = s̃int(F,A). Therefore, (F,A) is soft open set in X.

The implications (2) ⇒ (3) and (3) ⇒ (4) are clear since every soft open set is soft α-open and every
soft α-open set is soft preopen.

(4) ⇒ (5): Let (K,A) be a soft semiopen set. So (K,A) ⊆̃ s̃cl(s̃int(K,A)). Since s̃cl(s̃int(K,A)) is soft
regular-closed set, then by (4), s̃cl(s̃int(K,A)) is soft preopen and hence

s̃cl(s̃int(K,A)) ⊆̃ s̃int(s̃cl(s̃cl(s̃int(K,A)))) = s̃int(s̃cl(s̃int(K,A))).

So (K,A) ⊆̃ s̃int(s̃cl(s̃int(K,A))). Therefore, (K,A) is soft α-open set.
The implications (5)⇔ (6), (6)⇒ (7), (7)⇔ (8), (9)⇔ (10), (10)⇒ (11), (11)⇔ (12) and (14)⇒ (15) are

obvious.
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(8) ⇒ (9): Let (G,A) be a soft β-open set. Then by (1) of Theorem 3.11 , s̃cl(G,A) is soft semiopen set.
So by (8), s̃cl(G,A) is soft preopen set. So s̃cl(G,A) ⊆̃ s̃int(s̃cl(s̃cl(G,A))) = s̃int(s̃cl(G,A)) and hence
(G,A) ⊆̃ s̃int(s̃cl(G,A)). Therefore, (G,A) is soft preopen set in X.

(12) ⇒ (13): Let (H,A) be a soft regular-open set. Then (H,A) is soft β-open set. By (3) of Theorem 3.11,
s̃cl(H,A) is soft b-open set. Thus by (12), s̃cl(H,A) is soft preopen. So

s̃cl(H,A) ⊆̃ s̃int(s̃cl(s̃cl(H,A))) = s̃int(s̃cl(H,A)).

Since (H,A) is soft regular-open set. Hence s̃cl(H,A) ⊆̃ (H,A). Since (H,A) ⊆̃ s̃cl(H,A), then s̃cl(H,A) =
(H,A). This means that (H,A) is soft closed and hence it is soft preclosed.

(13) ⇒ (14): Let (U,A) be a soft regular-open set. Then by (13), (U,A) is soft preclosed set. So
s̃cl(s̃int(U,A)) ⊆̃ (U,A). Since (U,A) is soft regular-open set, then (U,A) is soft open. Hence s̃cl(U,A)
⊆̃ (U,A). But in general (U,A) ⊆̃ s̃cl(U,A). Therefore, s̃cl(U,A) = (U,A). This means that (U,A) is soft
closed.

(15) ⇒ (1): Let (V ,A) be any soft open set of X. Then s̃int(s̃cl(V ,A)) is soft regular-open set. By (15),
s̃int(s̃cl(V ,A)) is soft α-closed. So

s̃cl(s̃int(s̃cl(s̃int(s̃cl(V ,A))))) ⊆̃ s̃int(s̃cl(V ,A)).

By (1) of Lemma 3.10, we get s̃cl(V ,A) ⊆̃ s̃int(s̃cl(V ,A)). But s̃int(s̃cl(V ,A)) ⊆̃ s̃cl(V ,A) in general.
Then s̃cl(V ,A) = s̃int(s̃cl(V ,A)) and hence s̃cl(V ,A) is soft open set of X. Therefore, X is soft extremally
disconnected space.

Since the relation between soft regular-open and soft regular-closed sets are independent, but they are
equivalent when a soft space X is soft extremally disconnected which is shown in the following remark.

Remark 4.6. A soft space X is soft extremally disconnected if and only if SRO(X) = SRC(X).

Theorem 4.7. The following conditions are equivalent for any soft topological space (X, τ,A).

1. (X, τ,A) is soft extremally disconnected.
2. The soft closure of every soft β-open set of (X, τ,A) is soft regular-open in (X, τ,A).
3. The soft closure of every soft b-open set of (X, τ,A) is soft regular-open in (X, τ,A).
4. The soft closure of every soft preopen set of (X, τ,A) is soft regular-open in (X, τ,A).
5. The soft closure of every soft α-open set of (X, τ,A) is soft regular-open in (X, τ,A).
6. The soft closure of every soft open set of (X, τ,A) is soft regular-open in (X, τ,A).
7. The soft closure of every soft regular-open set of (X, τ,A) is soft regular-open in (X, τ,A).

Proof.

(1)⇒ (2): Let (F,A) be a soft β-open subset of a soft extremally disconnected space (X, τ,A). Then by (1)
and Lemma 3.9, we have s̃cl(F,A) = s̃cl(s̃int(s̃cl(F,A))) = s̃int(s̃cl(F,A)) implies that

s̃cl(F,A) = s̃int(s̃cl(F,A)) = s̃int(s̃cl(s̃cl(F,A))).

Hence s̃cl(F,A) is soft regular-open set in (X, τ,A).
The implications (2)⇒ (3), (3)⇒ (4), (4)⇒ (5), (5)⇒ (6) and (6)⇒ (7) are clear.

(7) ⇒ (1): Let (O,A) be any soft open set of (X, τ,A), then s̃int(s̃cl(O,A)) is soft regular-open. By
(7), s̃cl(s̃int(s̃cl(O,A))) is soft regular-open set in (X, τ,A). Since every soft open set is soft β-open, then
(O,A) is soft β-open and hence by Lemma 3.9, s̃cl(O,A) = s̃cl(s̃int(s̃cl(O,A))). This means that s̃cl(O,A)
is soft regular-open set and hence it is soft open. Therefore, (X, τ,A) is soft extremally disconnected.

Remark 4.8. Soft regular-open set in Theorem 4.7 can be replaced by soft regular-closed set according to
Remark 4.6.
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Now, we give further characterizations of soft extremally disconnected spaces by utilizing soft sets.

Theorem 4.9. The following conditions are equivalent for any soft topological space (X, τ,A).

1. (X, τ,A) is soft extremally disconnected.
2. The soft closure of every soft semiopen set of X is soft open.
3. The soft α-closure of every soft semiopen set of X is soft open.
4. The soft preclosure of every soft semiopen set of X is soft open.
5. The soft closure of every soft semiopen set of X is soft regular-open.
6. The soft α-closure of every soft semiopen set of X is soft regular-open.
7. The soft preclosure of every soft semiopen set of X is soft regular-open.

Proof.

(1) ⇒ (2): Let (F,A) be any soft semiopen set in a soft extremally disconnected space (X, τ,A). Then by
Lemma 3.5, we have s̃cl(F,A) = s̃cl(s̃int(F,A)). Hence s̃cl(s̃int(F,A)) is soft open and thus s̃cl(F,A) is
soft open.

(2)⇒ (1) and (5)⇒ (2): It is clear.

(2) ⇒ (5): Let (F,A) be a soft semiopen set in (X, τ,A). Then by (2), s̃cl(F,A) is soft open and hence
s̃cl(F,A) = s̃int(s̃cl(F,A)). Therefore, s̃cl(F,A) is soft regular-open.

(2)⇔ (3)⇔ (4) and (5)⇔ (6)⇔ (7): These follow easily from Corollary 3.7.

Theorem 4.10. Let (X, τ,A) be any space. Then the following statements are equivalent:

1. X is soft extremally disconnected.
2. s̃scl(F,A) = s̃cl(F,A) for each soft semiopen set (F,A) in X.
3. The soft semiclosure of every soft semiopen set in X is soft closed.
4. s̃sint(F,A) = s̃int(F,A) for each soft semiclosed set (F,A) in X.
5. The soft semiinterior of every soft semiclosed set in X is soft open.

Proof.

(1) ⇒ (2): In general, we have s̃scl(S,A) ⊆̃ s̃cl(S,A) for every soft subset (S,A) of X. Thus, it is sufficient
to show that s̃cl(F,A) ⊆̃ s̃scl(F,A) for each soft semiopen set (F,A) of X. Let (F,A) ∈̃ SSO(X) and x /̃∈
s̃scl(F,A), then there exists a soft semiopen set (U,A) containing x such that (F,A) ∩̃ (U,A) = φ̃ and
hence s̃int(F,A) ∩̃ s̃int(U,A) = φ̃. Since X is soft extremally disconnected, then we have

s̃cl(s̃int(F,A)) ∩̃ s̃cl(s̃int(U,A)) = φ̃.

Since (F,A) is soft semiopen, then (F,A) ∩̃ s̃cl(s̃int(U,A)) = φ̃. Since s̃cl(s̃int(U,A)) is soft open set
containing x. Thus, x /̃∈ s̃cl(F,A) and hence s̃cl(F,A) ⊆̃ s̃scl(F,A). Therefore, s̃scl(F,A) ⊆̃ s̃cl(F,A).
(2)⇒ (3) and (4)⇒ (5): It is obvious.

(3) ⇒ (1): Let (F,A) be any soft open set in X. Then (F,A) is soft semiopen. By (3), s̃scl(F,A) is soft
closed. This means that s̃cl(s̃scl(F,A)) = s̃scl(F,A). Since (S,A) ⊆̃ s̃scl(S,A) ⊆̃ s̃cl(S,A) for any soft
subset (S,A) of X, in general. So s̃cl(s̃scl(S,A)) = s̃cl(S,A). Then, we get s̃scl(S,A) = s̃cl(S,A). Now,
since (F,A) is soft open, then (F,A) is soft preopen. Then by Lemma 3.12, s̃scl(F,A) = s̃int(s̃cl(F,A)).
Therefore, s̃cl(F,A) = s̃int(s̃cl(F,A)). Consequently, s̃cl(F,A) is soft open and hence X is soft extremally
disconnected.

(2)⇔ (4) and (3)⇔ (5): These are clear by using complements.

(5)⇒ (4): For any soft subset (S,A) of X, we have s̃int(S,A) ⊆̃ s̃sint(S,A) ⊆̃ (S,A). Then s̃int(s̃sint(S,A))
= s̃int(S,A). Since (F,A) is soft semiclosed set in X, then by (5), s̃sint(F,A) is soft open. Therefore,
s̃sint(F,A) = s̃int(F,A).
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Theorem 4.11. Let (X, τ,A) be any space. Then the following statements are equivalent:

1. X is soft extremally disconnected.
2. The soft semiclosure of every soft semiopen set in X is soft open.
3. The soft b-closure of every soft semiopen set in X is soft open.
4. The soft b-closure of every soft semiopen set in X is soft closed.
5. The soft β-closure of every soft semiopen set in X is soft open.
6. The soft β-closure of every soft semiopen set in X is soft closed.

Proof.

(1)⇔ (2): This is an immediate consequence of (1) and (2) of Theorem 4.9 and (1) and (2) of Theorem 4.10.

(2)⇔ (3)⇔ (5): These follow from (1) of Lemma 3.8.

(1)⇔ (4)⇔ (6): These follow directly from (1) and (3) of Theorem 4.10, and (1) of Lemma 3.8.

Theorem 4.12. Let (X, τ,A) be any space. Then the following statements are equivalent:

1. X is soft extremally disconnected.
2. s̃scl(s̃sint(F,A)) ∈̃ τ for every (F,A) ∈̃ SS(X)A.
3. s̃bcl(s̃sint(F,A)) ∈̃ τ for every (F,A) ∈̃ SS(X)A.
4. s̃βcl(s̃sint(F,A)) ∈̃ τ for every (F,A) ∈̃ SS(X)A.

Proof. This is an immediate consequence of Theorem 4.11.

The proof of the following theorem follows directly from (1) and (2) of Theorem 4.10, Corollary 3.7
and (1) of Lemma 3.8.

Theorem 4.13. The following statements are equivalent for any soft topological space (X, τ,A).

1. X is soft extremally disconnected.
2. s̃scl(F,A) = s̃αcl(F,A) for each (F,A) ∈̃ SSO(X).
3. s̃scl(F,A) = s̃pcl(F,A) for each (F,A) ∈̃ SSO(X).
4. s̃bcl(F,A) = s̃cl(F,A) for each (F,A) ∈̃ SSO(X).
5. s̃bcl(F,A) = s̃αcl(F,A) for each (F,A) ∈̃ SSO(X).
6. s̃bcl(F,A) = s̃pcl(F,A) for each (F,A) ∈̃ SSO(X).
7. s̃βcl(F,A) = s̃cl(F,A) for each (F,A) ∈̃ SSO(X).
8. s̃βcl(F,A) = s̃αcl(F,A) for each (F,A) ∈̃ SSO(X).
9. s̃βcl(F,A) = s̃pcl(F,A) for each (F,A) ∈̃ SSO(X).

Theorem 4.14. The following statements are equivalent for any soft topological space (X, τ,A).

1. X is soft extremally disconnected.
2. The soft closure of every soft β-open set of X is soft open.
3. The soft closure of every soft preopen set of X is soft open.
4. The soft α-closure of every soft preopen set of X is soft open.
5. The soft α-closure of every soft β-open set of X is soft open.

Proof.

(1) ⇒ (2): Let (F,A) ∈̃ SβO(X), then s̃int(s̃cl(F,A)) ∈̃ τ. Since X is soft extremally disconnected space,
then s̃cl(s̃int(s̃cl(F,A))) ∈̃ τ. By Lemma 3.9, we have s̃cl(F,A) ∈̃ τ.

(2)⇒ (3): It is clear since every soft preopen set is soft β-open.

(3)⇒ (1): It is clear since every soft open set is soft preopen.
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(2)⇔ (5): It follows directly from Lemma 3.3.

(3)⇔ (4): It follows from Lemma 3.4.

Lemma 4.15. Let (F,A) be any soft subset of a soft topological space (X, τ,A). Then the following statements hold:

1. s̃bcl(s̃int(F,A)) = s̃int(s̃bcl(F,A)) = s̃int(s̃cl(s̃int(F,A))).
2. s̃bint(s̃cl(F,A)) = s̃cl(s̃bint(F,A)) = s̃cl(s̃int(s̃cl(F,A))).

Proof. (1): By (1), (2) and (3) of Theorem 2.18, we obtain

s̃bcl(s̃int(F,A)) = s̃pcl(s̃int(F,A))∩̃s̃scl(s̃int(F,A))
= [s̃int(F,A)∪̃s̃cl(s̃int(s̃int(F,A)))]∩̃[s̃int(F,A)∪̃s̃int(s̃cl(s̃int(F,A)))]
= s̃cl(s̃int(F,A))∩̃s̃int(s̃cl(s̃int(F,A)))) = s̃int(s̃cl(s̃int(F,A))).

Again, by (3) of Theorem 2.18, we have

s̃int(s̃bcl(F,A)) = s̃int(s̃pcl(F,A)∩̃s̃scl(F,A))
= s̃int(s̃pcl(F,A))∩̃s̃int(s̃scl(F,A))
= s̃int(s̃cl(s̃int(F,A)))∩̃s̃int(s̃cl(F,A))
= s̃int(s̃cl(s̃int(F,A))).

(2): It follows from (1).

Theorem 4.16. Let (X, τ,A) be any soft space. Then the following statements are equivalent:

1. X is soft extremally disconnected.
2. s̃cl(s̃bint(F,A)) ∈̃ τ for every (F,A) ∈̃ SβO(X).
3. s̃bint(s̃cl(F,A)) ∈̃ τ for every (F,A) ∈̃ SβO(X).
4. s̃int(s̃bcl(K,A)) ∈̃ SC(X) for every (K,A) ∈̃ SβC(X).
5. s̃bcl(s̃int(K,A)) ∈̃ SC(X) for every (K,A) ∈̃ SβC(X).

Proof.

(1)⇒ (2): Let (F,A) ∈̃ SβO(X). Then by Lemma 3.9 and (2) of Lemma 4.15, we have

s̃cl(F,A) = s̃cl(s̃int(s̃cl(F,A))) = s̃cl(s̃bint(F,A)).

Since the soft space X is soft extremally disconnected, then s̃cl(F,A) ∈̃ τ and hence s̃cl(s̃bint(F,A)) ∈̃ τ.

(2)⇒ (1): This follows directly from Lemma 3.9, (2) of Lemma 4.15 and (2) of Theorem 4.14.

(2)⇔ (3) and (4)⇔ (5): These follow easily from Lemma 4.15.

(2)⇔ (4): It is obvious.

Lemma 4.17. Let (X, τ,A) be a soft topological space. Then the following statements are equivalent:

1. X is soft extremally disconnected.
2. s̃cl(F,A) ∩̃ s̃cl(K,A) = φ̃ for every soft open subsets (F,A) and (K,A) of X with (F,A) ∩̃ (K,A) = φ̃.
3. s̃cl(F,A) ∩̃ s̃cl(K,A) = φ̃ for every soft regular-open subsets (F,A) and (K,A) of X with (F,A) ∩̃ (K,A) =
φ̃.

Proof.

(1)⇔ (2): See Theorem 4.2.

(2)⇒ (3): Since every soft regular-open set is soft open, then the proof is clear.
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(3)⇒ (2): Let (F,A) and (K,A) be any two soft open subsets of a soft space X such that (F,A) ∩̃ (K,A) = φ̃.
Then by Lemma 3.1, (F,A) ∩̃ s̃cl(K,A) = φ̃ implies that s̃cl(F,A) ∩̃ s̃int(s̃cl(K,A)) = φ̃ and hence
s̃int(s̃cl(F,A)) ∩̃ s̃int(s̃cl(K,A)) = φ̃. Since s̃int(s̃cl(F,A)) and s̃int(s̃cl(K,A)) are two soft regular-open
sets. Then by (3), we obtain s̃cl(s̃int(s̃cl(F,A))) ∩̃ s̃cl(s̃int(s̃cl(K,A))) = φ̃. Since s̃int(s̃cl(F,A)) and
s̃int(s̃cl(K,A)) are two soft regular-open sets, then s̃int(s̃cl(F,A)) and s̃int(s̃cl(K,A)) are two soft β-
open sets. So by Lemma 3.9, we get s̃cl(F,A) ∩̃ s̃cl(K,A) = φ̃. This completes the proof.

Corollary 4.18. A soft space X is soft extremally disconnected if and only if s̃cl(F,A) ∩̃ s̃cl(s̃int(s̃cl(K,A))) = φ̃
for every soft open subset (F,A) and every soft subset (K,A) of X with (F,A) ∩̃ (K,A) = φ̃.

Proof. See Lemma 4.17, since (F,A) and s̃int(s̃cl(K,A)) are two soft open subsets of X such that
(F,A) ∩̃ s̃int(s̃cl(K,A)) = φ̃.

Theorem 4.19. Let (X, τ,A) be a soft topological space. Then X is soft extremally disconnected if and only if
s̃int(s̃cl(F,A)) ∪̃ s̃int(s̃cl(K,A)) = s̃int(s̃cl((F,A) ∪̃ (K,A))) for every soft open subsets (F,A) and (K,A) of
X.

Proof. Let (X, τ,A) be a soft extremally disconnected space and let (F,A) and (K,A) be any two soft open
subsets of X. Then s̃cl(F,A) and s̃cl(K,A) are soft closed subsets of X. So by (5) of Theorem 4.3, we have
s̃int(s̃cl(F,A)) ∪̃ s̃int(s̃cl(K,A)) = s̃int(s̃cl(F,A) ∪̃ s̃cl(K,A)) = s̃int(s̃cl((F,A) ∪̃ (K,A))).

Conversely, let (G,A) and (H,A) be two soft closed subsets of X. Then s̃int(G,A) and s̃int(H,A) are
soft open subsets of X. So by hypothesis,

s̃int(s̃cl(s̃int(G,A))) ∪̃ s̃int(s̃cl(s̃int(H,A))) = s̃int(s̃cl[s̃int(G,A) ∪̃ s̃int(H,A)])
= s̃int[s̃cl(s̃int(G,A)) ∪̃ s̃cl(s̃int(H,A))].

Since (G,A) and (H,A) are soft closed subsets of X, then by Corollary 3.16,

s̃int(s̃cl(s̃int(G,A))) ∪̃ s̃int(s̃cl(s̃int(H,A))) = s̃int(s̃cl(s̃int((G,A) ∪̃ (H,A)))).

Hence by (2) of Lemma 3.10, we have

s̃int(s̃cl(G,A)) ∪̃ s̃int(s̃cl(H,A)) = s̃int(s̃cl((G,A) ∪̃ (H,A))).

This implies that s̃int(G,A) ∪̃ s̃int(H,A) = s̃int((G,A) ∪̃ (H,A)). Therefore, by (5) of Theorem 4.3, X is
soft extremally disconnected space.

Theorem 4.20. Let (X, τ,A) be a soft topological space. Then X is soft extremally disconnected if and only if
s̃cl(s̃int(G,A)) ∩̃ s̃cl(s̃int(H,A)) = s̃cl(s̃int((G,A) ∩̃ (H,A))) for every soft closed subsets (G,A) and (H,A)
of X.

Proof. The proof is similar to Theorem 4.19 by taking (F,A) = (G,A)c and (K,A) = (H,A)c.

Theorem 4.21. Let (X, τ,A) be any space. Then the following are equivalent:

1. (X, τ,A) is soft extremally disconnected.
2. s̃scl(F,A) = s̃cl(F,A) for every soft β-open set (F,A) in X.
3. s̃scl(F,A) = s̃αcl(F,A) for each soft β-open set (F,A) in X.

Proof.

(1)⇒ (2): In general s̃int(s̃cl(S,A)) ⊆̃ s̃scl(S,A) ⊆̃ s̃cl(S,A) for any soft subset (S,A) of X. Let X be a soft
extremally disconnected and (F,A) be a soft β-open set of X, then by (2) of Theorem 4.14, s̃cl(F,A) is soft
open in X. This means that s̃scl(F,A) = s̃cl(F,A) for every soft β-open set (F,A) of X.

(2) ⇒ (1): Let (U,A) and (V ,A) be soft open subsets of X such that (U,A) ∩̃ (V ,A) = φ̃. Then we have
s̃scl(U,A) ∩̃ (V ,A) = φ̃. Since s̃scl(U,A) is soft semiopen set in X, so s̃scl(U,A) ∩̃ s̃scl(V ,A) = φ̃.
By using the part (3), we have s̃cl(U,A) ∩̃ s̃cl(V ,A) = φ̃. Therefore, by Lemma 4.17, (X, τ,A) is soft
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extremally disconnected.

(2)⇔ (3): These follow easily from Lemma 3.3.

Theorem 4.22. Let (X, τ,A) be a soft topological space. Then the following statements are equivalent:

1. X is soft extremally disconnected.
2. If (U,A) ∈̃ SSO(X) and (V ,A) ∈̃ SβO(X) such that (U,A) ∩̃ (V ,A) = φ̃, then s̃cl(U,A) ∩̃ s̃cl(V ,A) = φ̃.
3. If (U,A) ∈̃ SSO(X) and (V ,A) ∈̃ SBO(X) such that (U,A) ∩̃ (V ,A) = φ̃, then s̃cl(U,A) ∩̃ s̃cl(V ,A) = φ̃.
4. If (U,A) ∈̃ SSO(X) and (V ,A) ∈̃ SSO(X) such that (U,A) ∩̃ (V ,A) = φ̃, then s̃cl(U,A) ∩̃ s̃cl(V ,A) = φ̃.
5. If (U,A) ∈̃ SSO(X) and (V ,A) ∈̃ SPO(X) such that (U,A) ∩̃ (V ,A) = φ̃, then s̃cl(U,A) ∩̃ s̃cl(V ,A) = φ̃.
6. If (U,A) ∈̃ SSO(X) and (V ,A) ∈̃ SαO(X) such that (U,A) ∩̃ (V ,A) = φ̃, then s̃cl(U,A) ∩̃ s̃cl(V ,A) = φ̃.
7. If (U,A) ∈̃ SSO(X) and (V ,A) ∈̃ τ such that (U,A) ∩̃ (V ,A) = φ̃, then s̃cl(U,A) ∩̃ s̃cl(V ,A) = φ̃.
8. If (U,A) ∈̃ SSO(X) and (V ,A) ∈̃ SRO(X) such that (U,A) ∩̃ (V ,A) = φ̃, then s̃cl(U,A) ∩̃ s̃cl(V ,A) = φ̃.

Proof.

(1) ⇒ (2): Suppose that (U,A) ∈̃ SSO(X) and (V ,A) ∈̃ SβO(X) such that (U,A) ∩̃ (V ,A) = φ̃. Then
s̃int(U,A)∩̃s̃cl(V ,A)= φ̃. By (1) and (2) of Theorem 4.14, s̃cl(V ,A) is soft open in X. Hence s̃cl(s̃int(U,A))
∩̃ s̃cl(V ,A) = φ̃. Since (U,A) ∈̃ SSO(X), then by Lemma 3.5, we obtain that

s̃cl(U,A) ∩̃ s̃cl(V ,A) = φ̃.

The implications (2)⇒ (3), (3)⇒ (4), (4)⇒ (6), (3)⇒ (5), (5)⇒ (6), (6)⇒ (7) and (7)⇒ (8) are obvious.

(4)⇒ (5): Let (U,A) ∈̃ SSO(X) and (V ,A) ∈̃ SPO(X) such that (U,A) ∩̃ (V ,A) = φ̃. Then

s̃cl(V ,A) = s̃cl(s̃int(s̃cl(V ,A))),

and
s̃int(s̃cl(V ,A)) ∈̃ SSO(X).

Thus, by (4), we have

s̃cl(U,A) ∩̃ s̃cl(s̃int(s̃cl(V ,A))) = φ̃.

This implies that s̃cl(U,A) ∩̃ s̃cl(V ,A) = φ̃.

(8)⇒ (1): Let (U,A), (V ,A) ∈̃ SRO(X) such that (U,A) ∩̃ (V ,A) = φ̃. Then (U,A) ∈̃ SSO(X) and hence by
(10), s̃cl(U,A) ∩̃ s̃cl(V ,A) = φ̃. Therefore, by Lemma 4.17, X is soft extremally disconnected.

It should be noticed from Theorem 4.22 that

i. (U,A), (V ,A) ∈̃ {SαO(X), τ,SRO(X)} can be substituted for (U,A), (V ,A) ∈̃ SSO(X).

ii. The notions s̃αcl can be substituted for s̃cl.

iii. s̃pcl(S,A) can be substituted for s̃cl(S,A) for every (S,A) ∈̃ SSO(X).
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