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Abstract
Inverse problems of recovering the coefficients of discontinuous Sturm-Liouville problems with the
eigenvalue parameter linearly contained in one of the boundary conditions are studied:
1) From Weyl m- function.
2) From spectral data.
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1. Introduction

We consider the Sturm-Liouville problem

(1.1) ly =—=y"+qy =2y,

With the eigenparameter dependent boundary conditions:

(1.2) U(y) =y"(0) —hy(0) =0,

(1.3) V() = (4 —Hy)y'(m) + (AH — Hy)y(m) = 0,

And discontinuous conditions

(1.4) y(@+0)=ay(@-0), y'(a+0)=a;'y' (a-0)+ay(a-0),

Where q(x) € L,(0,m) is a real-valued function, h, H, H;, H,, a, a;, a; € R andr = HH; — H, >
0. For simplicity we use the notation L = L(q(x),a, a1, @5, h,H,H,, H,) for the problem (1.1) —
(1.4) Boundary value problems with discontinuities inside the interval often appear in
Mathematics, mechanics, physics, geophysics and other branches of natural sciences. As a rule, such
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problems are connected with discontinuous material properties. The inverse problem of
reconstructing the material properties of a medium from data collected outside of the medium is of
central importance in disciplines ranging from engineering to the geosciences. The inverse problem
of recovering higher-order differential operators from the Weyl functions has been studied in [17]. In
[1] the Sturm-Liouville problem with discontinuities in the case when an eigenparameter linearly
appears not only in the differential equation but it also appears in both of the boundary conditions is
investigated. Paper [14] is devoted to the study of inverse problems by (i) one spectrum and a
sequence of norming constants; (ii) two spectra. We will first start in section 2 to obtain the spectral
properties of L and study the asymptotic behavior of eigenvalues, eigenfunction and norming
constants with discontinuity in an interior point on (0, ). In section 3 we study the inverse problem
of recovering the pair L = L(q(x),a, ay, a3, h,H,Hy, H,) of the from (1.1) — (1.4) from the given
Weyl function M(A). For this purpose we will use the method of spectral mappings for Sturm-
Liouville operators on interval (0,a) U (a, ) and using the solution of the main equation, we provide
algorithm 3.1 for the solution of the inverse problem. In section 4 we construction Sturm-Liouville
equation with spectra data {A,,, Yy }nso by algorithm (4.1).

We refer to the somewhat complementary surveys in [1, 14, 3, 4, 8, 9, 11, 14, 15, 18] and [20] for
further aspects of this field. For general background on inverse Sturm-Liouville problems we refer
(e.g.) to the monographs [7, 10, 12, 17, 19] and [21].

2. Properties of the spectrum

Let @(x,A) and Y (x, A) be the solutions of (1.1) satisfying the initial conditions

(2.1) ¢(0,1) =1, ¢'(0,4) = h,

(2.2) Y(m, ) = 1 — Hy, Y'(m,A) = —AH + H,
From the linear differential equations we obtain the Wronskian
(2.3) W, v) :=ulx)v'(x) —u' (x)v(x)

Is constant on x € (0,a) U (a, m)for two solutions lu = Au, lv = Av satisfying the transmission
conditions (1.4). Moreover, we set

(2.4) x) == W(p),pA) =V (p) = -UW).

Then y(1) is an entire function whose roots A, coincide with the eigenvalues of L. Let the inner
product in the Hilbert space H = L,(0,7) @ C be define by

(2.5) (F,G)y = fOT[ F1 ()G (x)dx + %Fzéz.
Where

— (F1®) — (G1(®
(2.6) F—(le)andG—(éz)eH.

We define the operator T acting in Hsuch that

_ (~F'+q®)F (%)
(2.7) T(F) = (HlFll(Tt)+Hz Fl(ﬂ))

With
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Fi(x),F{(x) € AC[0,a) U (a,x],IF, € L,(0,m),
(2.8) D(T) ={FeH| Fy(a+0)=ai'Fi(a—0)+ a,F,(a—0),

Fi(a +0) = a;F,(a —0),F, = F;(n) + HF, (%)
Denote

— (p(xJATL)
29) 90 = (i)
It is easy to see that the set of functions {®,,},n = 0 are orthogonal function, i.e.
(P, Py =0, n#m.

By attaching a subscript 1 or 2 to the functions ¢ and ¥, we mean to refer to the first subinterval [0,
a) or to the second subinterval (a,]. Therefore we see that

x,1,), x<a,
<p(x,/1n)={(p1( n)

(2.10) 0,(x,4,), x>a.

Therefore, we define norming constants by

(PheAn) +HOs(An)
T

(211) o = 1@l ?=[5 @2 (x, A)dx + [ 03 (x, A)dx +

Where ¢, (x,1,) and @, (x, A,) are defined in Theorem 2.2.
Remark 2.1 The numbers {14,,, ¥n }nsoare called the spectral data of the problem
(1.1)-(1.4).

Theorem 2.2 The following asymptotic forms hold
s n
(2.12) VI = pn = ph-s + 22+ %

1
—(pPP_3)%cospl_sx+0 (;) x<a

(213)  @(x,pp) =
" (p2_3)%[—at cospd_sx +a” cospd_s(2a—x)]+ 0 (%) x>a

(214) ¥y = (- [S2((@M)? + (@)?) + 5|+ 0(n®)
Where T = Imp, a* = %(al + ail),fn =0(1),6, € le, pd =n + hy,and hy, € L.

Proof By using the similar proof of [17] we obtain

(2.15) @(x,p) = cospx + %sin px + %f; sinp(x —t)q(t)e(t, p)dt x<a,

(216)  @(x,p) = a*cospx +acosp(2a—x) + (hat +Z) =
+(ha~ —2) sinp(sa-,a n %f; sinp(x — )q()@(t, p)dt x>a,
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(2.17) yY(x,p) = (H; — py)(atcosp(m—x) —a~ cosp(x + m — 2a)) +

a,\sinp(m —x a,\ sinp(x +m— 2a
+<(Hz—p2H)a++72>#+ <(Hz—p2H)a‘—72> it 5 )4

+%f:(a+ sinp(x —t) + a” sinp(x + t — 2a))q(t)P(t, p)dt
1re
+l_)fx sinp (t — x)q(®O)Y(¢t, p) dt x<a,
Hy—p?H

(2.18)  Y(x,p) = Tsinp(n —x)+ (H, — p?) cosp(m —x)

+%fnsinp t—x)qg®OY(t,p)dt x>a.

From (2.15) — (2.18) we obtain

1
(.19 oGp) _ —cospx + 0 (mexpl‘rl x) x<a,
p? (—atcospx+a” cosp(Za—x))+0(ﬁexp|T|x) x>a
Vop) —atcosp(m—x)—a cosp(x+m—2a)+0 (ﬁexplrl (m— x)), x<a,
(2.20) P —
p? —cosp(n—x)+0(%|explrl (n—x)) x>a.

From (2.4) and (2.19) — (2.20) we get

+ sinVar ta- sinvVA(2a-m)

(2.21) x(A) =23 (a 7 a 77

) + 0(2? exp|t| 7).

Denote

_sinvA(2a-m)
V2

+ sinVar
z

(2.22) Yo =a +a

And
(223) G, ={1€C; 2=p?% |pl =lpp—6l}
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5
Where § is sufficiently small and pQ are the zeros of x, (1) except 0. Since, |xo(1)| = C(Azexp|t|m)
And |x(2) — xo(1)| = 0(A%exp |t|m) for A € G,, and large values n, using the Rouche's theorem,
We establish that contour G,,. Consequently, in the annulus between G, and G, .1, x has precisely one
zero, namely p2. Therefore, for the eigenvalue 1,,, the equality A,,,3 = p2 is true . On the other hand,
by using again the Rouche's theorem in y, = {1: |1 — pY| < &} for sufficiently small &, we get the

asymptotic formulae p, = pd + &, (&, = o(1)) is valid for large n. Finally, the equality &, = O (%) is
taken from the well known formulae xo(1)(pd + &) = x6(pd)e, + 0(g,) , This fact proves the
equality (2.12) where §,, is the same as 8, in ([6],p.240). By using (2.12) in (2.19) and (2.13) in

(2.11) we get (2.13) and (2.14) respectively. [ ]

3. Reconstruction by Weyl M-function

Using properties of the spectrum the Weyl m-function [13], we can write

RVI(Y)
(3.1) m(l) = <

Also asymptotic expansion have been obtained
(3.2) m) = &= +0A™)

Let S(x, A) be a solution of (1.1) subject to the initial conditions

S(0,A) =0, S'(0,0) =1
and the jump conditions (1.4). The function Y (x, 1) can be represented as
(3:3) 6(x, 1) = 522 = S(x,2) = m(Dp (x, D).

Where the functions 8(x, 1) and m(4) are called the Weyl solution and the Weyl function for the
boundary value problem L. Now, we prove the uniqueness theorem for the solution of the inverse
problem. We agree together a boundary value problem L of the same form but with different
coefficients §(x), d, dl,&z,fl,ﬁ ,ﬁl,ﬁz.

Theorem 3.1 If M(1) = M (1),thenL = L,ie,q(x)=§(x),a.e, a =d,a, = &, a, = &,
,h = E,H = H,Hl =ﬁ1,H2 = Hz.
Proof. Let us define the matrix P(x, 1) = [Pjx(x,4)],j; k = 1,2 by the formula

(qo(x, A D(x, /1))

p(x, 1) d(xA)
(3.4) P(x,/l)< > 0 (x, 1) D'(x,2)

¢'(x,2) @'(x,2)
Using (3.2) and (3.4) we have,

(3 6) {(p(x, A) = Pll(xl l)(ﬁ(x, ﬂ-) + PlZ(xl A)(ﬁ,(x' A)'
' ®(x,1) = Py (x, )P (x, 1) + Py, (x, )P’ (x, 1),

According to (3.1) and (3.5), for fixed x, the functions Py (x, 1) are meromorphic Function in A with
simple poles in the points 4,, and 4,,. Denote Gg = Gg N Gg where

Gs ={AL: A=A, >6,n=12,..}
And
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Gs = {1 =1, >6,n=12,..}
From p € Gg and using the asymptotic form of ®¥(x, 1) we get |®Y(x, 1) | < Cs|p|” "2 exp(—|7|x).
Thus it follows that

(3.7) P11 (e, D < Cs, P12 (x, D] < Colpl ™, p € 6.
Using (3.1) and (3.5) we get

P (6 2) = @0 DS (6, ) = SC6, D' (6, A) + (M(A) = M) ) 9 (x, )’ (x, A)

P12 (x, 1) = SCo D@, ) — (e DS, ) + (M (D) = M) ) 9 (x, D, ).

Thus, if M(1) = M(A), then for each fixed x, the function Py (x, A1) are entire in
A. Together with (3.7) this yields P;,(x,A) = 0,P;1(x,1) = A(x). Using (3.6) we
Derive
(3.8) o, ) = AX)P(x, 1), P(x, 1) = AX)DP(x,1).

From W(®(x, 1), (x,A)) = 1 and similarly W (®(x, 1), #(x,1)) = 1, we have A(x) = 1. So
from (3.8) we obtain, (x,A) = @(x,1) and ®(x,1) = d(x, 1) for all x and 1. Consequently, L =
L. ]

Now we construct the solution of the inverse problem. For this work first we denote

A%, —
g PRI HOCDOEI) _ [X (e, Dt de, 7020 = DA, HG),
3.9

~ w(p(x,A),p(x, - ~ ~ ~ ~
D(x A p) = WEEDEED) - (%5 (e, e, T A0 = Do 2,0 MG,

From Theorem 2.2 we have

Iy 01(x, )91 (x, 8,)dt, x<a,
I @10, p) @1 (x, 0,)dt + [ @y (x, pr) o (x, 8,)dt, x> a,
0 a

where p,2 =1, and 82 = p,,.

(3.10) D(x,A,u) =

Lemma3.2,let p = o + it. The following estimates hold

Cx exp(It]x)

(3.11)  |D(x, A, W), p16]+1

D(x, A w| < ,U=02>0,40%Rp >0

Proof, For definiteness, let 8 = 0and o = 0. All other cases can be treated in the same way. Take
a fixed 8§, . For |p— 6| =6, we have by virtue of (3.9) and relation of
¥ (x, )] < Clp|¥ exp(|t |x), forv = 0,1

W (@ (x,A),0(x,u) +ol
(3.12)  |ID(x, AWl = (goxlf:)xu) < Cexp(|t]x) ||52|-|92||'

Where C positive constant

Since

pl+16] _ NPT 0 _ NFTE 46
lp+6l o+ 62+ Voi+2+67
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So, we have
(3.13) DG, 2, )] < D
For |p — 6| = §,we get
|p—6]+1 1
P e14 =
lp-61 — + 8o
And consequently

=61 ~ lp=61+1" "0 T 5o
Substituting this estimate into the right-hand side of (3.13) we obtain

C exp(|7|x)
|D(x’l’ M)l S |p_9|+1

Therefore,(3.11) is proved for |[p — 8| = &y. Analogously, for |p — 8| < &, (3.11) is valid.
[ ]

In the following figure we have the contoury = y' U y' where y’is a bounded closed contour
encircling the set {4 = p?: Imp = 0,p# 0 : x(p) = 0}andy" is the two-sided cut along the
arc{A: 1 > 0,1 ¢inty'}.

Theorem 3.3 The following relations hold

(3.14) P D) = (D) + 5 [, 700 A W (x, wdu

(3.15) ro ) = 0o A ) + o2, 700 A, )1 p, §)d = 0.
The relation (3.14) is called the main equation of the inverse problem.

Proof. For A, u € vy,*+Rep,Ref = 0,

(3.16) lrCe, L, i, 17Cx, 4, 1| < NoGe D] < c.

- |u|(|p+9|+1)
Denote ], = {4 : 4 & v U Y'}.Consider the Contour vy = vy N {4 : |1] < R} with counter
clockwise circuit, and also consider the contour y3 = vz U {1 : | 2| = R} with clockwise circuit.
By Cauchy's integral formula

1 P. (x ,u) 1)
Py (x,1) — 61 = Z_an 1k 1
144

——————du, Aeinty),
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ij(x'l)_ij(x'ﬂ) P]k(x $) . 0
P = Zmi fy{% oep % WAE Nty
Using (3.7) we get
R=c Jiu=r A—p R"°° 1-9¢-w ’

And consequently
Pix(x,u)-6
817) Pyl d) =8y + [ 55 dp, A€,

Pix(eM)—Pjr(ep) 1 Pjr(x,$) ,
(3.18) s —mhToes ¢, wAir€int],

By virtue of (3.6) and (3.17),

oG, = Gx, 1) + sz P, A)Py1 () +p' (xl)Plz(xu)d re]

A—u 14

Taking (3.4) into account we get

PG ) = G0 A) + | [5G0 (0Ge DF () = (e, (x10)
2mi ),

+' (0, D@ DG (6, 1) = 9B, 0) ] 2

In view of (3.1), this yields (3.14). According to (3.18) and the proof of Lemma
(1.6.3, in [6]) we arrive at

3 W (BB x))W (e @) e, u) W (3 (6.2),(,E))W (D (x,6), 9 ()
DG AW = Da A =32 f( a—0-G-w )= g @-5H-G-w s
In view of (3.1) and (3.9) this yields (3.15). ]

Theorem 3.4 For each fixedx € (0,a) U (a,m), the main equation (3.14) has a unique solution

@(x,1) € C(y). Where C(y) is a Banach space contained the continuous bounded functions
z(A),A € y,withthenorm || z | = supjey|z(A)].

Proof For0 < x < a, we consider the following linear bounded operators in C(y)

(3.19) Az = 2() + 5 f, F (A Wz,

(3.20) 4z() = z() = 5 f, 7 (. A Wz,
From (3.19) and (3.20) we get

AAQ) = 2) + 5= [ 7 (0, A, z(dp — = [ 7 (6, 4 ) z(w)dp
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1 1
I f #(x, 4, 6) (— f f(x,/Lu)Z(u)du) dé =
Y

2mi 2mi ¥

1 ) 1 [
=20~ 5 fy (r(x, A = PG A ) + 5 fy 7 AT €, u)dé’> 2(u)dp.
From (3.15) we have
ARz(D) = z(1),z(1) € C(A).
Also we obtain analogously AAz(1) = z(A).Thus,
AA=AA=E

Where E is the identity operator, Hence the operator 4 has a bounded inverse operator, and the
main equation (3.14) is uniquely solvable for each fixed 0 < x < a.Analogously Fora < x < 7@
relation (3.14) is uniquely solvable. [ |

Theorem 3.5 The following relations hold

(3.21) qx) = 4(x) + & (),

(3.22) h = h — g/(0).

(323) H = H + 80(75), H2 = ﬁz + EO(TE)HIJ H1 = Hl'
(3.24) =~ ( ey — 0),

Where

(3.25) €000 = 5 [, P00 WL WM, £() = —2€5(x)

Proof. By (3.9), (3.14) and (3.25) we get

(3.26) P 1) — e@P0A) = 0" (0 A) + 5 [, 7 (0 A" (x W)

3.27) P00 = @A) + 50 f, 7 (6 A,me" G wdp

+ # J, 29 Ce, D@, W' G, WM (w)du + i J, 2(F VP, 0) @ G, WM () du

In (3.27) we replace the second derivatives by using equation(1.1), and so we replace ¢ (x, 1) using
(3.14).This yields

1
GePx, 1) = q(x)P(x, A) + Z_mf W(e(x, 1), p(x, 1) )Mo (x, w)du
Y

+ 2= 1, 2006 D@ G M (W' (x, i)

o [ (@00 DG ) M) Cx, 1) dp

2Ti
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After canceling terms with ¢'(x,A) we arrive at (3.21). Taking x = 0 and x = m in (3.26)
and(3.14) we get (3.22) — (3.23), also By virtue of (1.4), it from (3.25) that

(3.28) go(a+0) = a?ey(a—0).

And using (1.4), (3.26) and (3.28) we have (3.24).

Thus, we obtain the following algorithm for the solution of the inverse problem.
Algorithm 3.1 Let the function M (A1) be given. Then

i) Choose L such that §(x) € L,(0,7),h, H,H,,H,, & and @, € R;

ii) Find ¢ (x, A1) by solving equation (3.14);

iii) Construct q(x) and h, H, Hy, H, via (3.21) — (3.23);

iv) Construct a, by (3.24).

4. Reconstruction by spectral data
Let two sequences of real numbers {1,} and {y,,}, (n € Z,) with the following

Properties be given
VI = pn = phos + o0 42
= (P2-)* (G2 (@) + (@)D +3) + 0(n)
Where

En = 0(1)'511 E lOO'a+ = a1+ai, a_ =a1_i'

1 451

Now we consider the inverse problem of recovering L from the spectral data{l,, ¥n}nso- Let us
choose a model boundary value problem L = L(G(x),hH,H,, H,, a,,a&,) with real §(x) €
L,(0,m),h,H,H,H,and#:= HH, -H, > Osuchthatw = @andw =h+ H + - f q(t)dt.

Let
(4.1) a=a and X;_o&n|pnl<eo
Where &, = |pn — Pl + |¥n —7nl. Denote
Ao = A Ant = A Vo = Yoo ¥t = oo @i () = 0 (X, 1), Pi (%) = G, Any)

= W (@A), j(x)
Oy, A) = — 22T = = [1 (6,20, g (Dt

Qnijej (6, ) = Qp; (%, Any)

It follows from (2.15),(2.16) that
(4.2) o3 O] < C(Upg + 117,

(0| < C(pd + 1Y
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C

|0 i @] = CloRl + 167] + 1)

(4.3) |Onige; ()] <

Lemma 4.1 The following relation holds

(4.4) PN = @0, + X 0(Qro(t, D@ (x) = Qpey (x, D g (x))

Proof By virtue of (4.1) we have

(4.5) a=4a,a =0

It follow from (2.15) and (2.16) that

(4.6) lp¥(x, ) — 3" (x, )| < Clp|"~* exp(||x).

Similary,

@7 [ - @] < ClplPexp(Iel(T — x).

Denote G§ = Gs N Gg.From (3.1) and (4.7) we have

(48)  |®"(x,2) = B(x, )| < Cslpl" 2 exp(~zlx), p€GFv =01

Let P(x,A1) be the matrix defined in Theorem 3.1 and T = {1 =u + iv:u = (2h)"%v? — h2}.
be the image of the set Imp = +h under the mapping A = p2.Denotel,, =T N {1: |1] <1},
and =T, U {1: [A| =nr, A& intT},I,; =T, U {A: |A| =n,A € intT}.Since for each fixed
x, the functions Py are meromorphic in A with simple poles 1,, and /Tn, we get by Cauchy theorem

L P (x,6)=81k df k=12

(4.9) Pric(, 1) = 6y = 2mi 'Tno §-4

Where A € Ty, and §j is the Kronecker's delta. Further, (3.2) and (3.5) imply
(410) Piy(x2) =1+ (9(x, 1) — §(x, ))& (x, 1) — (@2, 1) — B(x, 1)) ¢’ (x,2)
Also we can obtain

(4.11) |P1ie(x, 1) — 81| < Cslpl™,p € Gy

By virtue of (4.11)

. 1 P ,&E)—6
(4.12) limy, e == | ﬂ:rn%ds =0,

And consequently, (4.9) yields

. 1 P : -5
Pyc(6A) = 8y = limpooo 5= i % dé .

Substituting into (3.6) we obtain

PO, P11 (%, ) + @' (x, DPip(x,§) d

1
(x,A) = @(x, 1) + lim —
4 4 - [y

n-o 271

.
Taking (3.5) into account we calculate

1 ~
p0,A) =¢Cx,4) + lim —— . (@D (@, D' (x,§) — P(x, )P’ (%, )
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6/ ) (P00 P ) — 9 OB D)) 1)
Or, in view of (3.1),

@13) P02 = @00 d) +limye o f POEDLED) b6y, )

Then we have

W(P(x,A),9(x.5) A
Resgas, CEDLED M) p(x, ) = Qi (6, Dy ().

Now with calculation the integral in (4.13) by residue theorem we arrive at (4.4).

Let K be a set of indicesn = (n,i),n = 0,i = 0,1.Foreach fixedx € [0,7], we
define the vector

l.bno(x)] = [Yo0, Vo1, Vo2, 1"

V) = W @lier = [,
n nz0

by the formulae

[wno(x)] =[X0n _i(n] [tpno(x) _ [Xn((l’no(x) — Pn1(x))
n=0

Yn1(x) ¢na(x) Pn1 (X) ’
4 = {f;l §n# 0
" 0 $n =10

we also define the block matrix

_ _ Hyoko(x)  Hypope (%) _ . _ .
H(X) - [Hu,v(x)]u,vel(_ Hnl,kO(x) Hnl,kl(x) .n,k 2 O'u - (n' l),‘l? - (k'])

By the formulae

[Hno,ko(x) Hno,k1(x)]=[)(n —)(n] [Qno,ko(x) QnO,kl(x)] [fk 1]
Hp1ko(x)  Hpqpq () 0 1 MQniro™®) Quuui®Ilo -1

_ [gn)(n(QnO,ko (1) = Qniio (X)) Xn(Qnoxo(x) — Qnox1(*) — Cniro(X) + Qnik1(x))
$1Qn ko (x) Qniko(®) — Qny1 (x)

Analogously we define Y(x), H (x) by replacing in the previous definitions, ¢,,;(x)
by @ni(x) and Qnij(x) by Qnij(x) also we have

¢
(4.14) i GOl < Clon + 1Y) i ()] < oy
Similary
~ ~ c¢
(4.15) [ GOl < CCon + 17 Hni (0] < o=
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Let us consider the Banach space m of bounded squencess a = [a,],cx With the norm |||, =
Supyex | ay |. It follows from (4.14) and (4.15) that for each fixed x € [0, ], the operators
E + H (x)and E — H(x) (here E is the identity operator), acting from m to m, is a linear bounded
operator, and

77 §
1AGI < supn Zipyg

— Sk
=g

Taking into account our notation, we can rewrite (4.4) in the form

ni(,2) = Pni 06, D) + X0 (Hri o COWio (0) — Hpia (P41 ()
Or
(4.16) P ) = (E+H@)p)

Thus, for each fixedx, the vector (x) € m s a solution of equation (4.16)in the Banach space m.
Equation (4.16) is called the main equation of the inverse problem. solving (4.16) we find the vector
Y (x) and consequently, the functions ¢,;(x),n = 0,i = 0,1. Since @,;(x) = @(x, Ay;) are the
solutions of (1.1), we can construct the function q(x) by the formula

_ (4 ;{i(x)
(4.17) 4 = Ay L2

we get the coefficient h by
(4.18) h = ¢'(0,4,).

Also we obtain the coefficients H, H, and H, from the linear system of equations

(4_19) {(gni;Hl) QD;LO(T[) + (AnOH - HZ)(pnO(T[) =0 n=0,

And finally we obtain

(P’ni(a"'o) _ (p'ni(a—O)
@ni(a-0) @ni(a+0)

(4.20) a, =

Now, we get the following algorithm for the solution of the inverse problem of recovering L from the
given spectral data {1,,, ¥ }n=o0-

Algorithm 4.1 Let the spectral data{l,, ¥, }ns0 be given. Then

i) Choose L such that @ = w, and construct (x) and H(x);

ii) Find ¥(x) by solving (4.16);

iii) Calculate q(x), h, H, H{, and H, by (4.17), (4.18) and (4.19);
iv) Construct a, by (4.20).
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Example 4.2 Take L = L(G(x) = 0,a,a,,0,0,0,H, < 0).Let {A,, ¥y }ns0. be the spectral data of L.
Clearly,

Ao = 0,7 = a+ (T — a)ay, Poo(x) = 1(x < a),Poo(x) = ay(x > a).
let A, = 1,(n = 0),y, = ¥, andy, > 0 be an arbitrary positive number. Denote

1 1 .
A= o then (4.4) yields
Poo () = Poo(X)(1 + A [ @5 (D)dt)
So, we have

(1+ Ax),~ ! x<a,

Poo(x) = { a; (B + Aa?x), ™t X > a.

Where B = 1 + Aa — Aa?a. Using (4.17) and value 1y, = 0, it is easy to see that

) = 24% (1 + Ax),™? x <a,
X =1 2820 B+ Aa2%),2 x> a

Also, we can obtain the following relations

Aa? a, —Aa?

h=—-A, H=——— =— Hy=—5—
(B + Ad?m)’ ' (B + Ad?n) 27 (B + Aa?m)?

So finally we obtain

q),ni(a'l'o) _ go’m-(a—O) _ A(al_l_a%)
Pni(@a—=0)  @ni(a+0)  (1+4a)

a, =
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