Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. 8 (2015), 130-141

Research Article

Nonlincar Sciences
Asec:

-LaEnyy Journal of Nonlinear Science and Applications
=y bP

Print: ISSN 2008-1898 Online: ISSN 2008-1901

Coupled fixed point theorems for compatible
mappings in partially ordered (G-metric spaces

Jianhua Chen, Xianjiu Huang*
Department of Mathematics, Nanchang University, Nanchang, 330031, P. R. China.

Communicated by R. Saadati

Abstract

In this paper, we prove coupled coincidence and coupled common fixed point theorems for compatible
mappings in partially ordered G-metric spaces. The results on fixed point theorems are generalizations of
some existing results. We also give an example to support our results. (©)2015 All rights reserved.

Keywords: partially ordered set, couple coincidence point, coupled fixed point, compatible mappings,
G-metric space.
2010 MSC: ATH10, 54H25.

1. Introduction and Preliminaries

It is well known that fixed point theory is one of the most powerful and fruitful tools in nonlinear analysis,
differential equation, and economic theory and has been studied in many various metric spaces. Especially,
in 2006, Mustafa and Sims [I5] introduced a generalized metric spaces which are called G-metric space.
Follow Mustafa and Sims’ work, many authors developed and introduced various fixed point theorems in
G-metric spaces (see [7, [15], [16, (17, 18], 23]). Some authors have been interested in partially ordered G-metric
spaces and prove some fixed point theorem. Simultaneously, fixed point theory has developed rapidly in
partially ordered metric spaces [3, [13]. Fixed point theorems have also been considered in partially ordered
probabilistic metric spaces [9], in partially ordered cone metric spaces [I}, 22], and in partially ordered G-
metric spaces [2], [4, Bl 6, 8, 10, 12, 19, 2I]. In particular, in [4], Bhaskar and Lakshmikantham introduced
notions of a mixed monotone mapping and a coupled fixed point, proved some coupled fixed point theorems
for mixed monotone mappings, and discussed the existence and unique of solutions for periodic boundary
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value problems. Afterwards, some coupled fixed point and coupled coincidence point results and their
applications have been established.

In this paper, we prove coupled coincidence and coupled common fixed point theorems for compatible
mappings in partially ordered G-metric spaces. The results on fixed point theorems are generalizations of
some existing results. We give an example to illustrate that our result is better than the results of Aydi at
al. [3].

Throughout this paper, let N denote the set of nonnegative integers, and R™ be the set of positive real
numbers.

Before giving our main results, we recall some basic concepts and results in G-metric spaces.

Definition 1.1. ([I5]) Let X be a non-empty set, G : X x X x X — RT be a function satisfying the
following properties:

(Gl) G(z,y,2) =0ifz =y = z.

(G2) 0 < G(x,x,y) for all z,y € X with x # y.

(G3) G(z,z,y) < G(x,y, 2) for all z,y,z € X with y # z.

(G4) G(x,y,2) = G(z,2,y) = G(y,z,x) = ... (symmetry in all three variables).

(G5) G(z,y, 2) < G(z,a,a) + G(a,y, z) for all z,y,z,a € X (rectangle inequality).

Then the function G is called a generalized metric and the pair (X, G) is called a G-metric space.

Definition 1.2. ([I5]) Let (X, G) be a G-metric space and let {x,,} be a sequence of points of X. A point

x € X is said to be the limit of the sequence {z,} if liIB G(xn, Tp, xm) = 0, and one says the sequence
n,m—00

{zp} is G-convergent to .

Thus, if z,, — x in G-metric space (X, G) then, for any € > 0, there exists a positive integer N such that
G(x,zp,xm) < € for all n,m > N.

In [1], the authors have shown that the G-metric induces a Hausdorff topology, and the convergence
described in the above definition is relative to this topology. The topology being Hausdorff, a sequence can
converge at most to a point. Respectively, the authors achieve the following conclusions.

Definition 1.3. ([15]) Let (X, G) be a G-metric space. A sequence {x,} is called G-Cauchy if every ¢ > 0,
there exists a positive N such that G(zy, zm,z;) < € for all n,m,l > N, that is, if G(zp, zm, ;) — 0, as
n,m,l — oo.

Lemma 1.4. ([15]) If (X, G) is a G-metric space, then the following are equivalent.
(1) {zn} is G-convergent to x.

(2) G(xp,xn,x) — 0 as n — oo.

(3) G(zp,x,z) = 0 as n — oo.

(4) G(zm, Tn,z) = 0 as m,n — oo.

Lemma 1.5. ([15]) If (X, G) is a G-metric space, then the following are equivalent.
(1) The sequence {zy} is G-Cauchy.
(2) For every e > 0, there exists a positive integer N such that G(Zp, Tm, Tm) < € for all n,m > N.

Lemma 1.6. ([15]) If (X, G) is a G-metric space, then G(z,y,y) < 2G(y,z,z) for all z,y € X.
Lemma 1.7. ([15]) If (X, G) is a G-metric space, then G(x,z,y) < G(x,z,2)+G(z, z,y) for all z,y,z € X.

Definition 1.8. ([15]) Let (X,G), (X',G’) be two G-metric spaces. Then a function f : X — X' is G-
continuous at a point z € X if and only if it is G-sequentially continuous at x; that is, whenever {z,} is
G-convergent to z, {f(x,)} is G'-convergent to f(z).

Lemma 1.9. ([I5]) Let (X, G) be a G-metric spaces. Then the function G(z,y, z) is jointly continuous in
all three of its variables
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Definition 1.10. ([I5]) A G-metric space (X, G) is said to be G-complete (or a complete G-metric space)
if every G-Cauchy sequence in (X, G) is convergent in X.
Next, we need some notions about partially ordered set.

Definition 1.11. ([4]) Let (X, <) be a partially ordered set and let F' : X x X — X. The mapping F
is said to have the mixed monotone property if F'(x,y) is monotone non-decreasing in x and is monotone
non-increasing in y; that is, for any x,y € X,

21,29 € X, 21 2 29 = F(x1,y) <X F(22,9)

and
y,y2 € X, 91 2 y2 = Fx,y1) = F(x,y2).

Definition 1.12. ([4]) An element (z,y) € X x X is called a coupled fixed point of the mapping F' :
XxX— Xif
z=F(z,y) and y= F(y,2).

Definition 1.13. ([12]) Let (X, <) be a partially ordered set and F': X x X — X and ¢g: X — X be two
mappings. We say that F' has the mixed-g-monotone property if F'(x,y) is g-monotone nondecreasing in z
and it is g-monotone nonincreasing in y, that is, for any x,y € X, we have:

z1,22 € X, g(x1) 2 g(x2) = F(z1,y) = F(x2,y)

and, respectively,
yi,92 € X, g(y1) 2 g(y2) = Flz,y1) = F(z, y2).

Definition 1.14. ([12]) An element (z,y) € X x X is called a coupled coincidence point of the mapping
F: XxX—>Xandg: X — X if

gr = F(z,y) and gy = F(y,x).
Definition 1.15. ([12]) We say that the mapping F': X x X — X and ¢g: X — X are commutative if

9(F(x,y)) = F(gx,gy) for all x,y € X.

In [12], Lakshmikantham and Ciri¢ considered the following class of functions. We denote by ® the set
of functions ¢ : [0, +00) — [0, +00) satisfying
(a) ¢~ {0} = {0}.
(b) p(t) <t for all t > 0.
(c) lim ¢(r) <t for all t > 0.
r—tt
Hence, it concluded that ILm ™ (t) = 0.
Aydi et al. [3] proved the following theorem.
Theorem 1.16. Let (X, <) be a partially ordered set and suppose there is a G-metric G on X such that

(X, G)is a complete G-metric space. Let F: X x X — X and g : X — X be such that F is continuous and
has the mized-g-monotone property. Assume there is a function ¢ € ® such that

G(gz, gu, gw) + G(gy,gv,gz)) (1.1)

G(F(z,y), F(u,v), F(w, 2)) < ¢( 5

forall x,y, z,u,v,w € X with gw < gu < gz and gy < gv < gz. Suppose also that F(X x X) C g(X) and g
is continuous and commutes with F If there exist xo,yo € X such that gxo =< F(xo,y0) and gyo = F(yo, o),
then F' and g have a coupled coincidence point, that is, there exists (x,y) € X x X such that g(x) = F(x,y)

and g(y) = F(y,z).
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2. Main results

In this section, we give some fixed point theorems for compatible mappings in G-metric spaces. Our
results extend some existing results in [3], 6, 13, 20]. In [I1], the authors gave the following definition.

Definition 2.1. The mapping F': X x X — X and ¢g: X — X are said to be compatible if

hm G(QF(ZN7yn)79F(:€n7yn)aF(gxnygyn)) - O

n—oQ

and
lim G(gF(ynaxn)?QF(ymxn)7F(gynagxn)) =0
n—00

whenever {z,,} and {y,} are sequences in X such that

lim F(zp,y,) = lim g(x,) =2, Um F(yn,z,) = lim g(y,) =y

n—oo n—oo

for all z,y € X are satisfied.
Next, we prove our main results.

Theorem 2.2. Let (X, X) be a partially ordered set and suppose there is a G-metric G on X such that
(X, G)is a complete G-metric space. Let F': X x X — X and g : X — X be such that F' has the mized-g-
monotone property. Assume there is a function ¢ € ® such that

G(F(x,y), F(u,v), F(w,2)) < p(max {G(gz, gu, gw), G(gy, gv, 92) }) (2.1)

for all z,y,z,u,v,w € X with gw < gu < gx and gy = gv < gz. Suppose F(X x X) C ¢g(X) and g is
continuous and compatible with F and also suppose either

(a) F is continuous or

(b) X has the following property:

(i) if a non-decreasing sequence {x,}, then x, < x for all n,
(i) if a non-increasing sequence {yn}, then y, <y for all n.

If there exist xo,yo € X such that grg < F(xo,y0) and gyo = F(yo,z0), then F and g have a coupled
coincidence point, that is, there exists (xz,y) € X x X such that g(z) = F(z,y) and g(y) = F(y, ).

Proof. Let xg,yo € X be such that gzo < F(xo,y0) and gyo = F(yo, o). Since F(X x X) C g(X), we
can choose x1,y; € X such that gr1 = F(x9,y0) and gy1 = F(yo, o). Again since F(X x X) C g(X), we
can choose x2,y2 € X such that gzo = F(x1,y1) and gy2 = F(y1,x1). Since F' has the mixed g-monotone
property, we have gzg < gr1 <X gze and gys = gy1 = gyo. Continuing this process, we can construct two
sequences () and (y,) in X such that

9Ty = F(zp—1,Yn-1) = 9Tn+1 = F(Tn,yn)
and
9Yn+1 = F(Yn,xn) 2 9yn = F(Yn—1,Tn-1)

If for some n, we have (9Tpn+1, 9Yn+1) = (9%n, gyn), then F(x,,yn) = grn and F(yn, n) = gyn, that is, F
and g have a coincidence point. So from now on, we assume (gZpn+1,9Yn+1) # (9Zn, gyn) for all n € N, that
is, we assume that either gz,11 = F(2n,yn) # 9Tn OF gYnt1 = F(Yn, Tn) 7# gyn. From (2.1), we have

G(g$n+lvgl‘n+1agxn) - G(F(xnayn)aF('Invyn)aF(xnflaynfl)) (22)
< p(max {G(9n, g, 9Tn-1), G(9Yn: 9Yn, GYn—1) });
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and
G(9Yn+1, 9Yn+1, 9Yn) = G(F(Yn, Tn)s F (Yn, Tn), F(Yn—1, Tn—1)) (2‘3)
< p(max {G(gYn, Yn, Yn-1), G(9Tn, 9Zn, gTn—1) }).

Hence, from (2.2) and (2.3), we can get
max{G(gTni1, 9Tn+1, 9%n), G(gYn+1, 9Yn+1, 9yn)} < ©(max {G(gyn, Yn, Yn—-1); G(9n, 9%n, gTn—-1)}).
Let 6, = max{G(9Tn+1, 9Tn+1, 9Tn), G(9Yn+1, 9Yn+1, 9Yn)}, then
S < @(6n1) < On1. (2.4)

Hence, it follows that {,} is monotone decreasing. Therefore, there is some § > 0 such that lim 4, = §*.
n—0o0

We shall show that § = 0. Suppose,to the contrary, that § > 0. In (2.4), let n — oo, we can get
§= lim 6n < lim ¢(dn—1) = lim o(t) <4, (2.5)
which is a contraction. Thus, § = 0, that is,

lim 0, = lim max{G(gn+1,9Tn+1,9n); G(9Yn+1, 9Yn+1,gyn)} = 0. (2.6)

n—o0

Now we prove that (gz,) and (gy,) are G-Cauchy sequences in the G-metric space (X,G). Suppose
on the contrary that at least one of (gz,) and (gy,) is not a G-Cauchy sequence in (X,G). Then there
exists € > 0 and sequences of natural numbers (m(k)) and (I{(k)) such that for every natural number £k,
m(k) > l(k) > k and

7 = Max{G(9Tm(k)» 9Tm(k)s 9T1(k))> G (9Ym(k)s FYm(k) IYi(k)) } = € (2.7)
Now corresponding to (k) we choose m(k) to be the smallest for which (2.7) holds. So

G(9Zm(k) =15 9Tm(k)—1> 9Ti(k)) T G(IYm(k)—15 9Ym(k)—1> ITi(k)) < €.
Using the rectangle inequality, we get

€ < rr = max{G(gZ(x

(k)> ITm (k) 9331 ))s G(GYm(k)s 9Ym(k)> 9Yi(k)) }
< max{G(gzy, ()gﬂf (k) 9Zm(k) 1) G(GTm(k)—15 9Tm(k)—1> ITi(k) )
G(gym( ) 9Ym(k)» gym( =1)s G(GYm(k)=1> 9Ym(k)—15 IYi(k)) }
< max{ (k)1 €}-

Let k — oo in the above inequality and using (2.6), we get

lim r, = €. (2.8)
n—oo

Again, by rectangle inequality, we have

€ < 1 = max{G (9T (k), 9Tm (k) 9Z1(k))> G(IYm (k) SYm(k)> IYi(k)) }
< max { G (9T k), 9Tm(k)» 9 m(k) 1), G(9Tm(k)+15 9T m(k)+1> 9Z1(k) 1) G(9T1(k)+15 9T1(k)+1, ITi(k))
G(9Ym(k)> 9Ym (k) IYm)+1) G(9Ym(k)+1> SYmk)+1> Y1) +1)> GIYIR) 115 GYi(k)+1> IYi(k))
< max {[G(gZm(k)> 9Tm (k) ITm(k)+1)5 G(gym(k)agym(k)vgym(k)Jrl)];
[G(gxm(k)Jrl’ 9Zm(k)+1> g$l(k)+1)7 G(gym(k)+17 9Ym(k)+1, gyl(k)Jrl)];
(G (9 1(k) 415 9T (k)15 9T(k) ) » G(GYLR)+1> IYL (k)15 GY1(k))] -

Using that G(z,z,y) < 2G(x,y,y) for any z,y € X, we obtain

r < max { [G(9Tm (k) Zm(k)> 9Tmk)+1)> G (GYm(k)> SYm(k)> SYm(k)+1));
(G (9T m (k)15 9Tm(k)+1> 9T1(k)+1) s G(9Yma(k)+15 GYm(k)+1> SYi(k)+1)]; Oy §
< max {[2G (9T (k)> 9Tm(k)+15 ITmk)+1)> 2G(9Ym(k)s GYm(k)+1> SYm(k)+1)]; (2.9)
[G(gwm(k)+1vgxm( k)+1, 9Tk )7G(9ym k)+1> 9Ym(k )+179y1(k)+1)]‘5l(k)}
< max {26,,(k); [G(9T (k) +15 9Tm(k )+179$z k)+1) (gym ()15 9Ym (k)1 IYk)+1)]; 1) }
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Now, using inequality (2.1), we have

G(F(Zmk)s Ymk))s F(@mi)s Yme))» F (@) Yick)))
e(max{G (9T (k)> 9Tm(k)> 9T1(k))s G(9Ym(k)> GYm(k)> 9Yi(k)) })
().

G (9T m(k)+15 9Tm(k)+1> ITi(k)+1) =
<

and

G(9Ym(k)+1> 9Ymk)+15 Y1) +1) = GOF Wmi)s Tm))s F Um(k)> Tmie))s F Wiy Ti(r)))

< @(max{G(gYm (k) 9Ym(k)> 9Yik)> G(9Tm(k)s 9Tm(k)> 9T1(k)) })
= (k).
Adding the above inequalities, we get
maX{G(gxm(k)Jrl) 9Tm(k)+1> Qﬂﬁl(k)+1)7 G(gym(k)+la 9Ym(k)+1> le(k)ﬂ)} < o(rg)- (2.10)
Hence, from (2.9) and (2.10), it follows that
r < max {26y, 2(7), Ok} (2.11)

Now, using (2.6), (2.8) and the properties of the function ¢, and letting k£ — oo in (2.11), we get

€< maX{O,klgglo p(re), 0 = lim p(ry) = lim o) <e, (2.12)

r(k)

which is a contraction. Thus we proved that (gz,) and (gy,) are G-Cauchy sequences in the G-metric space
(X,G). Now, since (X, G) is G-complete, there are z,y € X such that (gz,) and (gy,) are respectively
G-convergent to x and y, that is from Lemma 1.4, we have

Jm F(an,yn) = lim g(zn) =2, Wm F(yp,2n) = lim g(y.) =y. (2.13)

and
Jm  G(gzn, gon, @) = lim G(gon, z,2) =0, (2.14)
Jm  Glgyn, gyn,y) = lim Glgyn,y,y) =0. (2.15)

Since g is continuous and compatible with F', hence we have

nh_)HoloG(gF(fEnvyn)agF($myn)aF(gl'mgyn)) =0 (2'16)
and
nh_ggo G(gF(yn,a:n),gF(yn,xn),F(gyn,g:z:n)) =0. (2‘17)

Now, suppose that assumption (a) holds. From F(xy, yn) = gZn+1 and F(yn, n) = gYyn+1, we have

G(9(x), 9(x), F(g2n, gyn)) < G(9(2), 9(2), gF (2, yn)) + G(9F (@0, Yn)s GF (Ln; yn), F (920, gyn))-  (2.18)
In (2.18), let n — oo and using (2.16), we can get

nh_{glo G(g(x)vg(x)aF(gxmgyn)) = G(g(:v),g(x),F(:L‘,y)) =0.

Hence, g(x) = F(z,y). Similarly, we can show that ¢g(y) = F(y,z). Finally, suppose that (b) holds. Since
{gx,} is a non-decreasing sequence and gz, — x and as {gy,} is a non-increasing sequence and gy, — v,
we have g(z,) = x and ¢(y,) = y for all n. Then, from (2.1), we have

G(g(x),9(x), F(z,y)) < G(g(x), 9(x), 9(92n+1)) + G(9(92n+1), 9(92ns1), F(x,9))
= G(9(x),9(x), 9(97n+1)) + G(F(92n, gyn), F(92n, gyn), F(,y))

< G(9(2),9(), 9(92nt1)) + p(max{G(g(gzn), 9(97), 97), G(g(gyn%g(gyn),gy()})- |
2.19

In (2.19), let n — oo, we can conclude that g(z) = F(z,y). Similarly, we can show that ¢g(y) = F(y,x).
The proof is completed. [
If p(t) = kt in Theorem 2.2, we can get the following corollary.
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Corollary 2.3. Let (X, =) be a partially ordered set and suppose there is a G-metric G on X such that
(X, G)is a complete G-metric space. Let F: X x X — X and g : X — X be such that F' has the mized-g-
monotone property. Assume there is a k € [0.1) such that

G(F(z,y), F(u,v), F(w, 2)) < kmax {G(gz, gu, gw), G(gy, gv, 92) } (2.20)

for all x,y, z,u,v,w € X with gw < gu < gz and gy < gv = gz. Suppose that F(X x X) C g(X) and g is
continuous and compatible with F and also suppose either

(a) F is continuous or

(b) X has the following property:

(i) if a non-decreasing sequence {x,}, then x, < x for all n,
(7i) if a non-increasing sequence {yn}, then y, <y for all n.

If there exist xo,y0 € X such that gxo =< F(zo,y0) and gyo = F(yo,z0), then F and g have a coupled
coincidence point, that is, there exists (xz,y) € X x X such that g(z) = F(z,y) and g(y) = F(y, ).

Remark 2.4. Corollary 2.3 generalizes the results of Nashine [20].
Let g = I, in Corollary 2.3, we can get the following corollary.

Corollary 2.5. Let (X, =) be a partially ordered set and suppose there is a G-metric G on X such that
(X, G)is a complete G-metric space. Let F : X x X — X be such that F' has the mized monotone property.
Assume there is a k € [0.1) such that

G(F(z,y), F(u,v), F(w,2)) < kmax {G(z,u,w), G(y,v,2)} (2.21)

for all x,y, z,u,v,w € X withw 2 u =z and y = v X z. Suppose that either
(a) F is continuous or
(b) X has the following property:

(i) if a non-decreasing sequence {x,}, then x, =< x for all n,
(i) if a non-increasing sequence {yn}, then y, <y for all n.

If there exist xo,yo € X such that zo = F(z0,y0) and yo = F(yo,x0), then F have a coupled fized point in
X, that is, there exists (x,y) € X X X such that x = F(x,y) and y = F(y,x).

Remark 2.6. Corollary 2.5 extends the results of Choudury [6].
Let ¥ denote all functions 1 : [0, 00) — [0, 00) satisfying %im ¥ (t) > 0 for each r > 0. Using the definition
=r

of ¥, we can get the following corollary.

Corollary 2.7. Let (X, =) be a partially ordered set and suppose there is a G-metric G on X such that
(X, G)is a complete G-metric space. Let F: X x X — X and g : X — X be such that F' has the mized-g-
monotone property. Assume there exists ¥ € U such that

G(F(x,y), F(u,v), F(w, 2)) < max {G(gz, gu, gw), G(gy, gv, g2) }

—(max {G(gz, gu, gw), G(gy, gv, gz) }), (2.22)

for all x,y, z,u,v,w € X with gw X gu < gz and gy = gv = gz. Suppose that F(X x X) C g(X) and g is
continuous and compatible with F' and also suppose either

(a) F' is continuous or

(b) X has the following property:

(i) if a non-decreasing sequence {x,}, then x, < x for all n,
(ii) if a non-increasing sequence {yn}, then y, <y for all n.
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If there exist xo,y0 € X such that gxo =< F(zo,y0) and gyo = F(yo,z0), then F and g have a coupled
coincidence point, that is, there exists (xz,y) € X x X such that g(z) = F(z,y) and g(y) = F(y, ).

Proof. Let ¢(t) =t —¢(t). Obviously, ¢ € ®. Hence, Corollary 2.7 satisfies all conditions of Theorem
2.2. The proof is completed. [J

Remark 2.8. Corollary 2.7 extends the results obtained by Luong [13].

Now, we shall prove the uniqueness of the coupled fixed point. Note that, if (X, <) is a partially ordered
set, then we endow the product X x X with the following partial order relation:

(z,), (u,v) € X x X, (2,y) 2 (u,v) & 2 Ju,y = v.

Theorem 2.9. In addition to the hypotheses of Theorem 2.2, suppose that for all (z,y), (x*,y*) € X x X,

there exists (u,v) € X xX such that (F(u,v), F(v,u)) is comparable with (F(xz,y)F(y,x)) and (F(z*,y*), F(y*,z*)).
Suppose also that ¢ is a nondecreasing function. Then F' and g have a unique coupled common fixed point,

that is, there exists a unique (x,y) € X X X such that

z =gz =F(z,y) and y = gy = F(y, ). (2.23)

Proof. From Theorem 2.2, the set of coupled coincidences is non-empty. We shall show that if (z,y)
and (z*,y*) are coupled coincidence points, that is, if g(z) = F(x,y), 9(y) = F(y,x), g(z*) = F(z*,y*)
and g(y*) = F(y*,z*), then gz = gz* and gy = gy*. By assumption, there exists (u,v) € X x X such
that (F(u,v), F(v,u)) is comparable with (F(z,y), F(y,z)) and (F(z*,y*), F(y*,z*)). Without restriction
to the generality, we can assume that

(F(z,y), F(y,x)) 2 (F(u, ), F(v, u))

and

(F(z*y%), Fy",2%)) = (F(u",v"), F(v",u)).
Put up = u,v9 = v, and choose u,v; € X such that gu; = F(ug,vg), gv1 = F(vo,up). Then, similarly as in
the proof of Theorem 2.2, we can inductively define sequences (gu,) and (gv,) in X by gu,+1 = F(up,vy)
and gup+1 = F(vn,uy,). Further, let xy = z,y0 = y, 2§ = 2*,y§ = y*. and, in the same way, define the
sequences (gzy), (gyn), (gz)) and (gy}). Since

(F(z,y), F(y,x)) = (921, 911) = (92, 9y) = (F(u,v), F(v,u)) = (gu1, gv1),

then, gr < gu; and gv; < gy. Using that F' is a mixed g-monotone mapping, one can show easily that
gr = gu, and gu, = gy for all n > 1. Thus, from (2.1), we have

G(g(un+1),g(x),g(x)) G(F(un,vn),F(:r,y),F(x,y))

_S e(max{G(gun, gz, 9z), G(gvn, 9y, gy)}) (2.24)

= G(F(y,2), F(y, ), F(n, un))
< p(max{G(gy, 9y, gvn), G(g, gz, gun)})-
From (2.24) and (2.25), we can conclude that

(2.25)

max{G(g(un+1), 9(z), 9(z), G(9(y), 9(¥), 9(vn+1)) } < p(max{G(gun, gz, gx), G(gvn, 9y, 9y)})

Without restriction to the generality, we can suppose that (gun,,gv,) # (g, gy) for all n > 1. Since ¢ is
non-decreasing, from the previous inequality, we get

max{G(g(un+1),9(z), 9(x), G(9(¥), 9(y), 9(vn41))} < " (max{G(gu1, gz, g7),G(gv1,9y,9y)}).  (2.26)
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In (2.26), let n — oo, we can get
Jim G(g(un+1),9(2),9(2)) = 0 and  lim G(g(y), 9(y), g(vn+1) = 0. (2.27)
Similarly, one can show that
Jim G(g(un+t1),9(27), 9(2")) = 0 and  lim G(g(y"), 9(y"), 9(vn+1) = 0. (2.28)
Therefore, from (2.27), (2.28) and the uniqueness of the limit, we get
gr = gx* and gy = gy*. (2.29)
Since gxr = F(z,y) and gy = F(y,x), by compatible of F and g, we have
9(g9z) = 9(F(z,y)) = F(gz,9y) and g(9(y)) = 9(F(y,x)) = F(gy,g). (2.30)
Put g(z) = z and g(y) = w, then by (2.30), we get
gz = F(z,w) and gw = F(w,z). (2.31)

Thus, (z,w) is a coincidence point. Then by (2.29) with z* = z and y* = w, we have gz = gz and gy = gw,

that is,
9(z) = g(z) = z and g(y) = g(w) = w.

(2.32)

From (2.31) and (2.32), we get z = gz = F(z,w) and w = gw = F(w, z). Then, (z,w) is a coupled fixed
point of F' and g. To prove the uniqueness, assume that (p,q) is another coupled fixed point. Then by

(2.29), we have p = gp = gz = z and ¢ = gg = gw = w. The proof is completed. [

Inspired by [14], we give an example to illustrate that Theorem 2.2 is an extension of Theorem 1.16.

Example 2.10. Let X = [0,1] and (X, =) be a partially ordered set with the natural ordering of real
numbers. Let G(x,y,2) = |z —y|+ |y — z| + |z — x| for all z,y,z € X. Then (X,G) is a complete G-metric

space. Let the mapping g : X — X be defined by
g(x) =2 for all z € X,

and let the mapping F': X x X — X be defined by

22—y .
F(x,w:{ 3 Hrzy

0 ifx<y

for all z,y € X. Then F satisfies the mixed g-monotone property. Let ¢(t) : RT — R* be such that

o(t) = % for all t € R™. Suppose that (z,,) and (y,) are two sequences in X such that

Then a =0 and b= 0. For all n > 1, we define

g(xn) = 3, 9(ym) = v,
$?L_y% if —

F T , — - a 1 Ty — yn7

(Tn, yn) {0 if T, < Yn,

and
ya—a3

Inn o {f >
r ’ _ 3 1L Yn =~ Tn,
(s ) { 0 if Y, < Tp.
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From the above, we see that

hm G(gF(xTHyn)agF@j’myn)aF(gxnagyn» =

n—o0

0
lim G(gF(yn,xn),gF(yn,xn),F(gyn,gxn)) =0.

n—o0

This proves that F' and g are compatible. Also, suppose that zg = 0 and yy = ¢ are two points in X such

that
g(x()) = g(O) =0= F§O> C) = F('rO’yO))
9(w) = 9(¢) = & = T = F(e.0) = Flyo, o).

Now it is left to show that (2.1) of Theorem 2.2 is satisfied with ¢(t) = % as defined above. Let
z,y,u,v,z,w € X be such that g(w) = g(u) < g(z) and ¢g(y) = g(v) = g(z), that is, w < v < x and
y = v = z. We have the following possible cases.

Case 1: When z =y, u = v, and z = w. Then we get

G(F(2,9), F(u,v), F(z,w) = G5, =,
2 2 2 2 2 2 2 2
o el e POl Rl
(I =) = (@ =) 4 | = 0*) = (&7 =) [ ]~ w) = (o — o))
(

22 —@?| + (v — o) + [u® — 22+ [v® — w?| + |22 — 2®| + [w? — y?)])

|+

max {|2? — o’ + [u® — 2°| + |22 = 2|, |(y* — 0°)| + [v* — w?| + [ — y?)|}
and
p(max {G(gz, gu, g2), G(gy, gv, gw)}) = p(max {G(2*, v, 2%), G(y*, v*, w?)})
2
= 2 (max {G 0%, 22, G %, ) )
= gmax{\xQ —u?| 4 |u? — 2%+ |22 — 2,
v~ o + o — 0|+ o 7).
Hence, G(F(z,y), F(u,v), F(z,w)) < p(max {G(gz, gu, g2), G(gy, gv, gw)}), is that, (2.1) holds.
Case 2: When z = y, u = v, and z < w. Then we get

22 — 92 u?—o?

G(F(x7y)7F(u7v)7F(sz)) = G(F(x,y),F(u,v),O) = G(

3.7 3
22— y?) — (12 — 02 w2 — 2 x—y

|(a? —y?) u2—v)!+!u V¥ + |a? —y2!)

IN

IN

(|x — |+ (y* — )| + [u? — 2\—HwQ—vzl+|x2—z2]+|22—y2\)

IN

|z *u2|+ (v* = ")+ u? = 22+ [w? = [+ [a? = 2% + [w? — )

IN

W D | | o | =

u? +u? = 22 4 |2 = 2P| (g7 - 0%+ [o? = 0| w? - P

B
jav)
X
(i}
8,

and
p(max {G(gz, gu, g2), G(gy, gv, gw)}) = p(max {G(a?,u*, 2%), G(y*,v*, w?)})
= 2 (max { G2 02, 22), G2 o2 u?) )
= Smax {|2% — «®| + [u® — 2% + |2* — 27|,

(y* = 0%)| + |07 — w?| + Jw® — ¢?[}.
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Hence, G(F(x,y), F(u,v), F(z,w)) < p(max {G(gz, gu, gz), G(gy, gv, gw)}), is that, (2.1) holds.
Case 3: When =z = y, u < v, and z > w, then we have

x2_y2 22 _ 2
G(F(x.y), F(u,v), F(z,w)) = G(F(2,),0, F (2, w)) = G(—",0,———)
:|x2_y2‘+|z2_w2|+|(z2_w2)_(x2_y2)|
3 3 3
< 2 (127 =+ 12 = 0? +|(z* - w?) — (@® = )

IN

2% — u?| + [y — u?| + |u® = 22+ |0 — u?| + |2 = 2]+ |w? — y2])

—_—~ o~ o~

IN

2% — u?| + |y? — 0| + |[u? = 22|+ |0 — 0P|+ |2 — 22+ w? — y2)])

IN

W NW| W =W =

max{|x2 —u2] + |u2 — 22] + |:<:2 —x2\, |y2 —1)2\ + |v2 —w2| + |w2 — y2|}

and
p(max {G(gz, gu, g2), G(gy, gv, gw)}) = p(max {G(a?,u*, 2%), G(y*,v*, w?)})

= g(max {G(mQ,UQ,ZQ),G(yQ,vz,wQ)})
= fmax{];rQ — 2|+ [u? = 22|+ 2% — 2P,
(4 — o)+ [* —w?| + [w? — ?[}.
Hence, G(F(z,y), F(u,v), F(z,w)) < ¢(max {G(gz, gu, gz), G(gy, gv, gw)}), is that, (2.1) holds.

Case 4: If x <y, u > v, and z = w, then we see that this assumption cannot happen.
Case 5: If x <y, u < v, and z = w, then we can get

2 2
G(F(z,y), F(u,v), F(z,w)) = G(0,0, F(z,w)) = G(0,0, ——-)
22—w2 22—w2 3
= ==+ 1=
< (122 = + [u? —w? + (22— 2?) — (2% — w?)|)

|z
< (2

(

max{|x2 — |+ Ju? = 22 |22 = 2P |y — 0P+ o = ]+ e - y2|}

2?0 —w?| + |22 - 2P+ |2 - w?)

<

Q| N | o | =

and
p(max {G(gz, gu, gz), G(gy, gv, gw)}) = p(max {G(a*,u?, 2%), G(y*, v*, w?)})
= g(maux {G(xQ, u?, 2%), G(y?, v?, wQ)})

3

= gmax{]azz —u?| 4 Ju? — 22| + |2 — 2P,
0 =)+ o~ w?] + e~ 2]},

Hence, G(F(z,y), F(u,v), F(z,w)) < ¢(max {G(gz, gu, gz), G(gy, gv, gw)}), is that, (2.1) holds.
Case 6: If x <y, u > v, and z < w, then we see that this assumption cannot happen.
Case 7: If x > y, u < v, and 2z < w, then we see that this assumption cannot happen.
Case 8: If x < y, u < v, and z < w, then obviously (2.1) holds.

Thus all the hypotheses of Theorem 2.2 are fulfilled. So, we conclude that F' and g have a coupled
coincidence point. In this case, (0,0) is a coupled coincidence point of F' and g in X.

Next, we illustrate that the example doesn’t satisfied with the condition of Theorem 1.16. Since for all
z,y € X, we have g(F(x,y)) # F(gz,gy). Hence, in this example g does not commute with F. Theorem
1.16 is not application to this example. So our result generalizes and extends Theorem 1.16.
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