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Abstract

In this paper, we are concerned with the problem of approximating a solution of a nonlinear equations by means of using
the Secant method. We present a new semilocal convergence analysis for Secant method using restricted convergence domains.
According to this idea we find a more precise domain where the inverses of the operators involved exist than in earlier studies.
This way we obtain smaller Lipschitz constants leading to more precise majorizing sequences. Our convergence criteria are
weaker and the error bounds are more precise than in earlier studies. Under the same computational cost on the parameters
involved our analysis includes the computation of the bounds on the limit points of the majorizing sequences involved. Different
real-world applications are also presented to illustrate the theoretical results obtained in this study.
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1. Introduction

In this study, we are concerned with the problem of approximating a locally unique solution x* of the
nonlinear equation
F(x) =0, (1.1)

where, F is a Fréchet-differentiable operator defined on a non-empty subset D of a Banach space X
with values in a Banach space Y. Several problems from Applied Sciences including Engineering can be
expressed in a form like equation (1.1) using mathematical modeling [2-6, 12-14, 16, 18-24, 28, 30]. The
solutions of these equations can be found in closed form only in special cases. That is why the most
solution methods for these equations are iterative.
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In this paper, we consider the convergence of the Secant method defined as
Xnt1 =Xn —An F(xn), An = 8F(xn,Xn_1) foreachn=1,2,..., (1.2)

where x_1,%o are initial points. Here A,, € £(X,Y) is an approximation of the Fréchet-derivative F’
of F and £(X,Y) stands for the space of bounded linear operators from X into Y. There is a plethora
of sufficient convergence criteria for the Secant method (1.2) under Lipschitz-type conditions (1.2) (see
[1-28]). It is interesting to notice that although we use very general majorizing sequences for {x,} our
technique leads in the semilocal case to: weaker sufficient convergence criteria; more precise estimates on
the distances || xn —Xn—1||, |[xn —x*|| and an at least as precise information on the location of the solution
x* in many interesting special cases such as Newton’s method or the Secant method.

The rest of the paper is organized as follows. In Section 2, we study the convergence of the majorizing
sequences for {x,} involved in the Secant method. In Section 3, we present the semilocal convergence
analysis for {xn }. Finally, numerical examples are presented in the concluding Section 4.

2. Majorizing sequences for the Secant method

In this Section, we shall first study some scalar sequences which are related to the Secant method.
Let there be parameters ¢ > 0, v > 0,k > 0, kg > 0, k1 > 0, and k; > 0. Define the scalar sequence {x }

by
x1=0, xp=c, g =c+v,

K1 (ong1 —otn) Fko(on — 1) (0tn41 — &n)
1 —[ko(otn41 —c¢) +koen]

foreachn =0,1,2,.... (2.1)

Xn42 = On41 +

Special cases of the sequence {o, } have been used as majorizing sequences for Secant method by several
authors. For example: Case 1 (Secant method) ko = k and k; = k; has been studied in [2, 5, 6, 8, 12, 14,
15, 17, 20, 22-26, 28-30] and for kg = k, k1 = ky and kg < k7 in [9-11]. Case 2 (Newton’s method) k; =0,
k =0, ¢ =0 and kg = k; has been studied in [2, 5, 6, 8§, 10, 13, 15, 17-20, 22-25, 27, 28] and for ko < kg in
[2-4].

In the present paper, we shall study the convergence of sequence {a,,} by first simplifying it. Indeed,
the purpose of the following transformations is to study the sequence (2.1) after using easier to study
sequences defined by (2.3), (2.4), and (2.5). Let

ko 1 k1
A=—, L= , dL = . 2.2
K0T Tokee 1+ koc 22)
Using (2.1) and (2.2), sequence {o,, } can be written as
x1=0 00=c,1=c+V,
L(xni1—on +A(tn — an—1)) (Xnt1 — xn) (2.3)
= f hn=0,12,....
Xn42 = Ony1 + 1— Lo (Koot o1 + ko) or each n
Notice that
L=KkiLg and pfn =Loxn.
Then, we can define sequence {3} by
B_1=0, Bo=Loc, B1 =Lolc+),
kl (Bn+1 - Bn + }\(ﬁn — Bn—l)) (Bn+1 - Bn) (2-4)

foreachn=20,1,2,....

B2 =Bnt1+ 1~ (koBnt1+kBn)

Furthermore, let
1

T kot k

Yn —Bn foreachn=0,1,2,....



I. K. Argyros, et al., ]. Nonlinear Sci. Appl., 11 (2018), 1215-1224 1217

Then, sequence {yn} is defined by

Y-1= kOLk,YO = koik —Loc, 1= koik —Lolc+v),
k - AlYn —Vn— — 25
Yni2 = VYnil— 11 =Yn £ AR =Yn1)) (Yn1 = V) foreachn=0,1,2,.... 25
KoYn+1+ Kyn
Finally, let
dn=1-— ¥n foreachn=0,1,2,....
Yn—-1
Then, we define the sequence {6, } by
1Yo 5 =111
{ v Volfis_](xgé'ﬂl 51)5n 1) (2.6)
5 = 1%n+1 7% — Tn)ondl foreachn =0,1,2,.... '
T 18 (1= 8n) (Ko(1 = Bny) +K)
It is convenient for the study of the convergence of the sequence {x,,} to define polynomial p by
p(t) = kot® — (kg 4 3ko + k) t* + (2k +3ko + ki (A + 1))t — (ko + k). (2.7)

We have that p(0) = —(ko + k) < 0 and p(1) = k1A for A > 0. It follows from the intermediate value theo-
rem that p has roots in (0,1). Denote the smallest root by 6. If A = 0, then p(t) = (t — 1) (kot® — (k1 + k +

_ 2_
2ko)t + ko + k). Hence, we can choose the smallest root of p given by 2<F<IFk \/(Zk(’;(]:ﬁk) Hollotle) o

(0,1) to be 4 in this case.
Notice also that

p(t) <0 for each t € (—o0, d].
Next, we study the convergence of these sequences starting from {6, }.
Lemma 2.1 ([10]). Let 81 > 0, &2 > 0 and kq > 0 be given parameters. Suppose that
0<d <o <Y, (2.8)
where & was defined in (2.7). Let {6} be the scalar sequence defined by (2.6). Then, the following assertions hold:

(A If
01 = &, (2.9)

then
dn =0 foreachn=1,2,3,...;
(A2 If
& < 81 <9, (2.10)
then sequence {0+ } is decreasing and converges to 0.

Lemma 2.2 ([10]). Suppose that the hypothesis (2.10) is satisfied. Then, the sequence {'yn} is decreasingly conver-
gent and sequences { o } and {Bn } are increasingly convergent.

Lemma 2.3 ([10]). Suppose that (2.8) and (2.9) hold. Then, the following assertions hold for eachn =1,2, ...

6]1:6,
Yn = (1-38)"yo, v = lim v, =0,
n—oo
Brn= (1 8)yo, B* = lim B = ———
n*ko_’_k Yo, 7n—>oo n — ko—l—k,
and
1 1 1

oy = — (1—=3)"vo!|, o« = lim o, =

Ly |[ko+k n—+co Lo(ko + k)’
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Corollary 2.4 ([10]). Suppose that the hypotheses of Lemma 2.1 and Lemma 2.2 hold. Then, sequence {on } defined
in (2.1) is nondecreasing and converges to

o = RB*(1+koc).
Next, we present lower and upper bounds on the limit point o*.

Lemma 2.5 ([10]). Suppose that condition (2.10) is satisfied. Then, the following assertion holds:

where
bf = 1 | e (2 (2 452 )]
bz 11+_1]<<0Cc [koitk_e"p(é*)]'
o[ () ()]
and

Ad1 + 82(1 —6q)

TS T (15 (K ko(1—52))

From now on we shall denote by (C!) the hypotheses of Lemma 2.1 and Lemma 2.2.
Remark 2.6.

(a) Let us introduce the notation
N N
€ =O&N-1—0&N-2,V = &N —OXN-1

for some integer N > 1. Notice that ¢l =ap—a_q1 =cand v! = oy — &g = v. The results in the preceding
Lemmas can be weakened even further as follows. Consider the convergence criteria (CN) for N > 1: (C)
with ¢, v replaced by cN,vN, respectively

X1 << <:-- <N < ON+1, ko(OLN+1—CN)+kO£N < 1.

Then, the preceding results hold with c, v, 81, 8, b%, b% replaced, respectively by N, vN, SN, O, bll“, blz“.
(b) Notice that if
ko(oeng1 — ™) 4+ koan < 1 holds for eachn =0,1,2, ..., (2.11)

then, it follows from (2.1) that sequence {xn} is increasing, bounded from above by 11:3% and as such

it converges to its unique least upper bound «*. Criterion (2.11) is the weakest of all the preceding
convergence criteria for sequence {x,}. Clearly all the preceding criteria imply (2.11). Finally, define the
criteria for N > 1

(™) —{ (€, (2.12)
(2.11) if criteria (CIV) fails. ‘

Lemma 2.7 ([10]). Suppose that the conditions (2.10) hold. Then, the following assertion holds

bl < o* < b3,

14k [ 1 51 5
by = — —2 ,
177 ke [ko+k eXp( <2—51+2—52>)]

where
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1_ 14koc 1
1—kc

. 1 5 (ko + k) (1 + ko)
y __[1—51 <5l+1—r>+ln< 1—ke )]

A8y + 82(1—51)
(1—81)(1—82)(k+ko(1—252))

and

T:kl

3. Semilocal convergence of the Secant method

In this section, we first present the semilocal convergence of the Secant method using {«,,} (defined in
(2.1)) as a majorizing sequence. Let U(x, R) stand for an open ball centered at x € X with radius R > 0.
Let U(x, R) denote its closure. We shall study the Secant method for triplets (F,x_1,%0) belonging to the
class X = X(v, ¢, k, ko, k1, ko) defined as follows.

Definition 3.1. Let v,c,k, ko, k1, ko be constants satisfying the hypotheses (IN) for some fixed integer
N > 1. A triplet (F,x_1,xo) belongs to the class X = X(v, c, k, ko, k1, k2) if:

(D1) T is a nonlinear operator defined on a convex subset D of a Banach space X with values in a Banach
space Y;
(D2) x_1 and xq are two points belonging to the interior D® of D and satisfying the inequality

[xo —x1l| < ¢,

for some constant ¢ > 0;

(D3) F is Fréchet-differentiable on DY and there exists an operator 07 : DO x DY — L(X,Y) such that
8F(x,y)(x—y) = F(x) —F(y) for each x #y, 5F(x,x) = F/(x),x € DY, F/(xg) !, A~ = 8F(x0,x_1) "L €
L(Y,X) for all x,y € D then, the following hold

AT S (x0) [l < v, IIF (x0) M (8F (%, y) — F'(x0)) | < kollx — x| +kl[y — ol

and for each x,y,z € Dg := U(xy, ﬁ) nD

IF (x0) " (8F (x, y) = F'(2))[| < allx —zl| + kally — 2|

for some constants k >0, kg >0, k; >0,k, >0and v > 0;

(Dy4)
_ 1

U(xg, o™ —¢) € D or U(xg, m) c D,

where «* is given in Lemma 2.3.
Next, we present the semilocal convergence result for the Secant method.

Theorem 3.2. If (F,x_1,%0) € 9((1, ¢, k, ko, ki,kz2), then the sequence {xn} (n > —1) generated by the Secant
method is well defined, remains in U(xo, o) for each n = 0,1,2,... and converges to a unique solution x* €

U(xo, o« —c) of (1.1). Moreover, the following assertions hold for eschn =0,1,2,...
Hxn - Xn—l” < 0n — Xp—1

and
[ —xn|l < & — o,

where sequence {xn} (n > 0) is given in (2.1). Furthermore, if there exists R such that

U(xg,R) C D, R> o —cand ko(oe" — ) + kR < 1,

then, the solution x* is unique in U(xq, R).
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Proof. Simply notice that the iterates lie in Dy which is a more accurate location containing the iterates
{xn} than D used in [10], since Dy C D. Then, the proof is exactly the same with the one in [10]. O

Remark 3.3. If follows from the proof of Theorem 3.2 that sequence {r,} defined by

r_1=0,19=¢, T1=Cc+V,
(ko(r1—mro)+k(ro—1_1))(r1—70)

T2 =T T— (ko (r1—¢)ke) '
— (k1 (rnp1—rn)+ko (rn—Tn-1)) (*n41—7n)
T2 = Tl T= (Ko T 11 —¢)-HKTy '

is a more precise majorizing sequences for {x}. Clearly, the sequence {r,} also converges under the (I™)
hypotheses.

A simple inductive argument shows that if kg < k; or k < ky foreachn =2,3,...,

Tn < Gn, (3.1)
Th+l —Thn < Xn41 — Xn, (32)
and
= limr, < & = lim a,. (3.3)
n—oo n—oo

Note also that sequence {r, } may converge under even weaker hypotheses. The sufficient convergence
criterion (2.12) determines the smallness of ¢ and r. This criterion can be solved for ¢ and r (see for
example the h criteria or (3.5) in the following). Indeed, let us demonstrate the advantages in two popular
cases:

Case 1: Newton’s method (ie., if ¢ = 0,kg = k,k; = kz). Then, it can easily be seen that {sn} (and
consequently {r,}) converges provided that (see also [8])

hy =&v <1,

1
& = 1 <4k0+ v kok1 + 1/ kokq +8k%> ,

whereas sequence {x, } converges, if

where

hl :k1V < 1,

1
q:4@m+m+d%+&¢o.

In the case kg = ki, we obtain the famous for its simplicity and clarity Kantorovich sufficient convergent
criteria [5, 20] given by

where

h=2kv<1. (3.4)
Notice however that
h<l==h <1=h <1

but not necessarily vice versa unless if kg = k1. Moreover, we have that

hy 1 hy

h. k
I—>E,K—>O,h—j—>0as—o—>0.

k1

Case 2: Secant method. Schmidt [27], Potra-Ptack [24], Dennis [14], and Ezquerro el at. [15, 18], used the
majorizing sequence {r,} for kg = k = k; = kp. That is, they used the sequence {t, } given by

_ ki(tnpi—tn1) (tnp1—tn)
tn+2 - tn+1 + 17k1(tn7tn+1+c) ’

{ t_1=0t=c, t1=c+v,
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whereas our sequence {xn} for kg = k and k; = k3 [1, 5-12, 15, 18, 25, 27] reduces to

kl((XnJrl_o‘nfl ) (o‘n+1_‘xn)
1—ko(otn1—an+c)

x1=0, 0p=c¢c, 1 =c+v,
On+2 = Ony1 +

Then, in case ko < ki our sequence is more precise (see also (3.1)-(3.3)). Notice also that in the preceding
references the sufficient convergence criterion associated to {t,} is given by

kic+2vkv < 1. (3.5)

Our sufficient convergence criteria are weaker in this case. It is worth nothing that if ¢ = 0 (3.5) reduces
to (3.4). Similar observations can be made for other choices of parameters.

Finally, notice that we can obtain and use even smaller Lipschitz constants, if we simply work on
D1 := U(xq, ﬁ — ||x1 —xo¢]|) instead of Dy, since we are still using initial data (x; =xp — AalF(xo)).

4. Applications

Application 4.1. Let X =Y = €0, 1], the space of continuous functions defined in [0, 1] equipped with the
max-norm. Let Q = {x € C[0,1]; ||x|| < R}, such that R > 1 and F defined on Q and given by

1

F(x)(s) = x(s) —f(s) —?\JO G(s,t)x(t)3 dt, xe€ C[0,1], s €[0,1],

where f € C[0,1] is a given function, A is a real constant and the kernel G is the Green function

_f =s)t, t<s,
G(S’t)_{ s(1—t), s<t.

In this case, for each x € Q, F/(x) is a linear operator defined on Q by the following expression:

1

[F'(x)(v)](s) =v(s) —3/\L G(s, t)x(t)>v(t) dt, v e Cl0,1], s € [0,1].

If we choose xg(s) = f(s) = 1, x_1 = 0.9, it follows ||I — F/(xg)| < 3|Al/8. Thus, if |A| < 8/3, F/(xg) ! is

defined and g

/ —1 < .
IF o) < g5

Moreover,
Il

F < —.
IFexo)l < 75

Define the divided difference defined by

1
dF(x,y) = JOF’(y +t(x —y))dt.

Choosing A =1 and R = 1.5, we have
c=0.1,ko=1, k=05, k; =1.06666..., ko =0.533333..., L;=0.909091..., L=0.969697..., and v=0.2.

Moreover, since ﬁ = 0.66666 ... we obtain that

U(xo,
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Then, by the definition of the 61,8,, and & we obtain
0 <6, =0.164103... < &1 =0.315789... < 6 = 0.487078....

So we can ensure the convergence of the Secant method to the solution of the equation. Recall that the
previous conditions considered by other authors are violated since

kic+24/k;v=1.03043... > 1

and the convergence was not ensured.

Application 4.2. We consider the following Planck’s radiation law problem found in [19]:

8mcPA?
e(A) = T

7
eABT 1

(4.1)

which calculates the energy density within an isothermal blackbody, where
e A is the wavelength of the radiation;

e T is the absolute temperature of the blackbody;

e B is Boltzmann’s constant;

e P is the Planck’s constant;

e c is the speed of light.

Suppose, we would like to determine wavelength A which corresponds to maximum energy density
@(A). From (4.1), we get

The maxima for ¢ occurs when

= 5.
e RET 1
Here putting x = 55, the above equation becomes
X
1-—=e™
z=e
Let us define X
flx)=e *—1+ 5 4.2)

As a consequence, finding the roots of (4.2) gives us the maximum wavelength of radiation (A) by
means of the following formula:

cP
x*BT’
It is easy to see that function f(x) is continuous and that f(2) = —0.464665... and f(7) = 0.400912....
Then, it follows from the Intermediate Value Theorem that f(x) has zeros in the interval (2,7).
We consider D = [2,7]. Then, choosing xo = 4 and Newton’s method we obtain that

~
~

ko =k =0.161021..., k; =kp =0.372446..., Lo =1, L=0.372446..., and n=1.
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Moreover, since —L— = 0.0328022. .. we obtain that

ko+k

1

U(xg, ———
(x0k0+k

) C D.

Then, by the definition of the 6;,8,, and 4 we obtain

0< &, =0.210873... < 8 =0.322041... < 6 =0.407721....

So we can ensure the convergence of the Newton’s method to the solution x* = 4.96511... of f(x). Recall
that the previous conditions considered by other authors are violated since

kic+24/kyv=122057... > 1

and the convergence was not ensured.
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