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Abstract

In this paper, we establish some novel Ostrowski-Griiss, Cebygev, and Trapezoid type inequalities involving functions whose
second derivatives are bounded on time scales. We also give some other interesting inequalities as special cases of our results.
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1. Introduction
In 1938, Ostrowski [17] proved the following interesting integral inequality.

Theorem 1.1. Let f : [a, b] — R be continuous on [a, b] and differentiable in (a,b) and its derivative ' : (a,b) —
R be bounded in (a,b). Then for any x € [a, b], we have

b 2
1 1 (X — a—é—b) /
_ < |24 2 7 —
f(x) b—an(t)dt < <4+ ®_a) (b—a)||f'||oo,
a
where ||f'||loo == sup [f'(x)| < oco. The inequality is sharp in the sense that the constant } cannot be replaced by

x€(a,b)
a smaller one.

In [3], Bohner and Matthews extended the above result to time scales by proving the succeeding
theorem.
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Theorem 1.2. Let a,b,s,t € T, a < band f: [a,b] — R be differentiable. Then for all t € [a, b], we have

b
(0 - 52 [fo(sDas| < o2 (ha(ta) +ha b)), (1)

where h, (.,.) is defined by Definition 2.11 below and M = sup |f* (t)| < oco. This inequality is sharp in the
a<t<b
sense that the right-hand side of (1.1) cannot be replaced by a smaller one.

If f,g: [a,b] — R are integrable on [a, b], then we consider the Cebyéev functional, T (-, -), defined by

b b b
T(f,g):= i f(t)g(t)dt— i f(t)dt i g(t)dt|.
b—a b—a b—a

a

In 1882, Cebyéev [7] proved that, if ', g’ € Ly [a, b], then

(5,9 < 15 (b= [[7]], |9/
In 1988, Hilger [9] introduced the time scales theory to unify continuous and discrete analysis. For
some Ostrowski, Ostrowski-Griiss, Cebygev, and Trapezoid type inequalities on time scales, see the papers
[4, 8, 11-16, 19-21] where further references are provided.
In this present paper, we study some new Ostrowski-Griiss, Cebysev, and Trapezoid type inequalities
involving functions whose second derivatives are bounded on time scales. We also apply our results to
the continuous and discrete cases.

2. General definitions

For a general introduction to the time scales theory we refer the reader to Hilger’s Ph.D. thesis [9], the
books [5, 6, 10], and the survey [1].

Definition 2.1. A time scale T is an arbitrary nonempty closed subset of the real numbers.

We assume throughout that T has the topology that is inherited from the standard topology on R.
It is also assumed throughout that in T the interval [a, b] means the set {t € T: a < t < b} for the points
a < bin T. Since a time scale may not be connected, we need the following concept of jump operators.

Definition 2.2. For each t € T, the forward jump operator o : T — T is defined by o(t) = inf{s € T:s > t}
and the backward jump operator p : T — T is defined by p(t) =sup{s € T:s < t}.

Definition 2.3. If o(t) > t, then we say that t is right-scattered, while if p(t) < t then we say that t is
left-scattered. Points that are right-scattered and left-scattered at the same time are called isolated. If
o(t) = t, then t is called right-dense, and if p(t) = t then t is called left-dense. Points that are both
right-dense and left-dense are called dense.

Definition 2.4. The mapping pu: T — [0, 00) defined by u(t) = o(t) —t is called the graininess function.
The set T* is defined as follows: if T has a left-scattered maximum m, then T* = T —{m}; otherwise,
T< =T.

If T =R, then p(t) =0, and when T = Z, we have p(t) = 1.
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Definition 2.5. Let f : T — R and fix t € T*. Then we define f2(t) to be the number (provided it exists)
with the property that for any given e > 0 there exists a neighborhood U of t such that

’f(O'(t)) —f(s) — (1) [o(t) — s]‘ <elo(t)—s|, Vsel.

We call f2(t) the delta derivative of f(t) at t. If the delta derivative of f exists at each point in T, we
shall simply say that f is differentiable.

In the case T =R, f2(t) = %(tﬂ. In the case T = Z, f2(t) = Af(t) = f(t +1) — f(t), where A denotes
the usual forward difference operator.

Theorem 2.6. If f,g: T — IR are differentiable at t € T*, then the product fg : T — R is differentiable at t and

(fg)™ (t) = FA(t)g(t) + f(o(t)) g2 ().

Definition 2.7. The function f : T — R is said to be rd-continuous on T provided it is continuous at all
right-dense points t € T and its left-sided limits exist at all left-dense points t € T. We denote the set
of all rd-continuous functions from T into R by C4(T,R). Also, the set of functions f : T — R that are
differentiable and whose second derivatives are rd-continuous is denoted by Cfd("JF,IR).

It follows from [4, Theorem 1.74] that every rd-continuous function has an antiderivative.

Definition 2.8. Let F: T — R be a function. Then F : T — R is called an antiderivative of f on T if it
satisfies FA(t) = f(t) for any t € T*. In this case the Cauchy integral is given by

b
Jf(t)At —=F(b)—F(a), a,beT.

Theorem 2.9. Let f,g € C,q(T,R), a,b,c € Tand «, 3 € R. Then

—
D%

t)+Bg(t) At = oc?f(t)At—i— B?g(t)At

2. })f Tf(t)At;
IC; c ° b
3. [f(t)at= [ f(t At+jf
b b
4. [f(t)g®(t)At = (fg) (b) — (fg) (a) — [ FA(t)g(o(t))At.

Theorem 2.10. If f is A-integrable on [a,b], then so is |f|, and

b b
[t < [irwrac

Definition 2.11. Let hy, gy : T? —> R, k € INg be defined by ho(t s) = go(t,s) =1 forall s,t € T and

then recursively by gi1 (t, s) jgk s) AT, hyyq (1, 8) fhk T,s) At for all s,t € T.

3. Main results

The following theorem deals with Ostrowski-Griiss type inequalities on time scales.



E. R. Nwaeze, N. Kaplan, F. G. Tuna, A. Tuna, J. Nonlinear Sci. Appl., 12 (2019), 192-205

195
Theorem 3.1. Let a,b,t,x € T,a<b,and f € Cfd (T,R) . Then, for all x € la, b], we have following inequalities:

b
f(x)—bian(t)m— <x—b gi(b ‘”)fﬂ
(R et )( >l
1 r 5 g2 (b,a) P e
< — JgZ(G() )At+ h3 ( —b) T +h2(bx)>
b
y {bla (P21 )) At— b —fA ]

and

< bia {bla (J(Z(ba)gz((f(t),a)(G(t)a)gz(b,a))zAt

b

(3.2)
+J 2(b—a)hs (b,o(t)) — (b—c(t) ha (b,a))? At)

X

o
~ (203050~ 20 Vg5 x,0) 295 0, 0) - 20V 1)) ] }

Proof. We have

) ﬁ (x,0(s))) (fAA(t) —fAA(s)) AtAs
" , . (3.3)
= aJu ) FA2 ()AL — (blaJu(X,G(t))At) (blaij(t)At> .
We have (see also [2, pp. 7])
b b
: 1 - Ju (%0 (1) 24 (1) At = ! - Jf(t)At + (x ~b+ 9;@?) £4(x) — f (x), (34)
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where ) :
_ 92 t,a), telax),
ulx o (b)) —{ h2(b,t), té€ [x, bl
Additionally, we get
b
1 AA f2(b) — f4(a)
b—an (t)At = — , (3.5)
and .
1 g3 (b, a) g2 (b, a)
b—aJu(X'G(t))At_ — + (x—b) T hy (b, x) (3.6)
Using the Cauchy-Schwartz inequality, we may write
bb
2JJ —u(x,0(s))) (fAA(t)—fAA(S)) AtAs
- bb 3 bb y 67
< (2 b 1_ o7 11 (u(x, o(t) —wu(x o(s)))? AtAs) (2 b 1_ o7 ll (fA24(t) — fAA(s))2 AtAs) )
Therefore,
. bb
2(b—a)2ajl(u(X’G(t)) (x,0(s)))” AtAs
b b 2
:biaJ'uz(x,G(t))At— (baJu(x,G(t))At) (3.8)
x b 2
_ bia (Jgg (cr(t),a)At—FJh% (b,cr(t))At) - (93( '2) +(x—b) L (E ) ho (b x)>
and
bb b ) b 2
o ” (fA24 (1) — F24(s))" AtAs = _aJ(fAA( )" At— (banAA(t)At) (3.9)

b
F0) == an At—(—b+gi)(_l)f)>f“(x)
3(b,a) g2 (b, a) fA(b) — f2(a)
+<b_a +(x—b) 20 —i—hz(bx))( ot >'
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which provides the first inequality in (3.1).
We also have (see [2, pp.11])

g2 (b,a)f(a) +hy (b,a) f(b)
b—a

f(t)At —

b
bia Ju(x,cr(t)) A (At =2

Qe—c

where
w(x,o(t)) :{ ;(b—a)gz(t,a)—(t—_a) g (b,a), telax),

Additionally, we can obtain

b
L Ju(x,o(t)mtzzgg,(x,a)Wgz(x,a)zga(x,b)

b—a b—a

However

ol | G PGS R CIE RSP ORI

b
+J(2 (b—a)hy(b,o(t))—(b—o(t)) ha (b, a))2 At]

92 (b/ Cl)

2
g2 (x,a) —2g3 (x,b) — ha (b, a) 92 (x,b)> .

— (2 —
(ga(x,a) — —

(3.10)

(3.11)

Using (3.3), (3.5), (3.7), (3.9), (3.10), and (3.11), we can obtain the inequality (3.2). This completes the

proof of the theorem.

Corollary 3.2. By taking T = IR in Theorem 3.1, we get

b . o .
f(X)—bian(t)dt—<x_a—£b>f/(x) % ((t_a;rb> L[ 12(1) ) (f(b}l_i(a)

< [ (b—a)? (4(a+b)215x(a+bx)ab)}

N|—
1
o
| |
o
pe—c

NI—=

y f(b) — ()
o (1) ]



E. R. Nwaeze, N. Kaplan, F. G. Tuna, A. Tuna, J. Nonlinear Sci. Appl., 12 (2019), 192-205 198

1 2 f'(b) — f'(a)
+<12 (b—a) ((a+b) —6x(a+b—x)+2ab)) (W)‘

< 1 i(b—a)z(180x4—360(a+b)x3+300(a+b)2x2—120(a+b)3x
b—a |720

NI—

419 (a+b)* — 4ab (8(a+b)2—|—30 (XZ—X(a—i-b)) —ab))}

b :
1 7 2. f'(b) —f'(a) 2
(b—a)zi(f (t))"dt <b_a ) ] )

Corollary 3.3. For T = Z in Theorem 3.1, we have

(x) ~ 5 Z < Cl—f—123—1> Af(x)

_a+b (b—a+2)(b—a—2) Af(b) — Af(a)
o ((rrmmgt) e (M)
[8(

1
2

) (15 ((x+1)2—(x+1)(a+b)) —|—4(a+b)2—ab—1)}

1

= Af(b) — Af(a)\?]”
t_Za(AZf(t))z— <( =2 (a)) ] ,

and

Ea S i+ (b—a—l—l)f(za()bt(z)—a—l)f(b) - (X_ a+129—1) At

: Af(b) — Af(
+<12 (b—a) ((a+b)2—6(a+b) (X+1)+6X2+2ab+l2x+5)> (M)'

< ! i(b—a)z(180x4—360(a+b)x3+300(a+b)2x2—120(a+b)3x
b—a |720
—9O(a+b)3+480x3+(240—720(a+b))x2~|—(420(a—|—b)2—240(a+b)—180)x

+ <1OO (a+b)?+ (90 + 120ab) (a 4+ b) — 160ab — 240abx — 119)

NI

+19 (a+b)* — 4ab (8 (a+b)’+30 (x* ~x(a+b)) — ab) )|

b Ay en ;12
. [ s 0o (E= e ]

Cebysev type inequalities on time scales also hold.

Theorem 3.4. Let a,b,t,x € T, a < b. Suppose that f,g € Cfd (T,R) are such that

HfAAHOO:: sup }fAA(x)‘<oo, HgAAHOO:: sup ‘g < 00.

AA (X)|
x€(a,b) x€(a,b)
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Then, the succeeding inequalities hold:

b b
J(J )(b (o)

ol e

+b—ad<x b+ )f(xg x)Ax
1 K (b,
_b_a J< —b+92 a)(fA(X)g(X)+9A(X)f(X))AX]

b
fAA AA 2
< H Hgo_Hi Hoo J <h2 (b,X) + (X—b) g2 (b/ (1) + gs (b, (1)) AX,
a

and
1 i 1 0 1 i
b_an(x)g(x)Ax— (ban(X)AX) (ban(x)Ax)
b
1 [ /f(b)—F(a)) (g(b)—g(a) 92 (b,a))?
o (1) s o)
b
1 |g(b)—gla) g2 (b, a)
v — J(X b+ — )f(x)Ax
+f(bg:a( )J<x b+gi(f’j)> (X)Ax]
bb 2
B | Y
< =g J Mpxrmp(w,t)mmr Ax,
where

p(xt) :{ o(t)—b, telkxbl.

Proof. We have, from [2, pp. 7], the following identity

b—a

b
1Jf(t)At+ (x—b+ 91(_bf)> £A(x) — f (x) = bia Ju(x,(r(t)) FA% (1) At

(3.12)

(3.13)



E. R. Nwaeze, N. Kaplan, F. G. Tuna, A. Tuna, J. Nonlinear Sci. Appl., 12 (2019), 192-205 200

Similarly, one obtains

b b
bijg( )At—l—< —b+gi(f(f)> A(x) g(x):biaJu(x,G(t))gAA(t)At, (3.15)
where . q) )
. g(t,a), telax),
“(X'“(t))_{ h(bt), telxbl,
and .
_ga(b,a) g2 (b, a)
= OlJ|u )AL= T2 (x—b) B e (b,x). (3.16)

Now, multiplying both sides of (3.14) and (3.15), we obtain

b b
F(x) g (x) - — {<Xb+ 92 (b, ‘”) gA(x)Jf(t)A’H— <x—b+ 92 (b, ‘”) fA(x)Jg(t)At]

b—a b—a b—a

b b )
~% i . |:g (x) Jf(t)At +f(x) J g(t)At] + <x —b+ gi@';”) 2 (x)g” (x)

a a

b b
- [(X—b+ 912b(3waa)> (fA(x)g (x) +9A(x)f(x))} + (blan(t)At) (blaJQ(t)At)
b b :
_ (blaju(x,a(t))fAA(t)At) (blaJu(x,G(t)) gAA(t)At) .

a

Integrating both sides of (3.17) with respect to x over [a,b], taking absolute values, using (3.16), and
dividing by (b — a), we get the desired inequality (3.12).
We also have (see [2, pp. 14])

fx)— 5 ! - If(t)At - <x —b+ 92(3 ‘”) (bg - ‘;(“) - _1 N (Hp (x,7)p (1,1) FAA (D AtAT, (3.18)
and
b b
g(x)— ¢ i - J g(t)At— (x — b+ gi(f’f) E (bg - 2 o ”p (x,7)p (T, ) g2 (1) AtAT, (3.19)
where

_Jot)—aq tela,x),
plot] —{ o (t)—b,&t € [x, b].

From (3.18) and (3.19) we observe that

b

b
Fx) g () — — {f (x) J g(t)AL + g (x) Jf(tmt]

a

[a s (g s )y I8 (200
a b—a b—a a
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B - 2
N (f(bg_z(a)> (g(bg_g(a)) (X_b+ 91(3,;1)) (3.20)

Integrating both sides of (3.20) with respect to x over [a, b], taking absolute values, and dividing by
(b—a), we get the desired inequality (3.13). O

Corollary 3.5. Let T = R in the Theorem 3.4. Then (3.12) and (3.13) become

b b b
bian(x)g(x) dx — (blajf(x)dx) (blan(x)dx)
b b b

b b
1 a+b\*, ., 1 a+b )
—l—b_aJ(x— > ) fi(x)g'(x )dx—ﬂ U <x— 5 )(fg) dx]

a

/! 1!
o 19" gyt

= 60
and
1 0 1 r 1 i
ban(x)g(x)dx— (ban(x)dx) (ban(x)dx>
: (b)—g(a) [ a b fa(b) t(a) [ b
g a—+ —1la a-+
ba{ o J( 2 )f(x)dx—l—HJ(x— > >g(x)dx]
N (b—a)? ( (b) — (a)) <g(b)—9(a)>
12 b— b—a
2 1 bb 2
< 1Plo0 197 Nco ” ”9 e J(ij %, 7l p Tt)dth) dx,
where ||f"| == sup [f’ (x)| < oo, ||g"]y:= sup Ig”(x)| < ocoand

x€(a,b) x€(a,b)

[ t—a telax),
p(x't)_{ t—b, telxbl.
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Corollary 3.6. Let T = Z in the Theorem 3.4. Then (3.12) and (3.13) become
= = =
a2 gk - <b_a 2 f(x)) (b a;mm)
1 = +b—1 =
e (B ()2 (R
b—1
(Z (x-257) Af(x)> (Z g (x))

b—1
— !Z <X—a+b_1> (g (x) Af(x) +f (x) Ag(x))

b—a

X=a

A%l [14%]]
= 60

and

L1 (f(b)—f(a)) (g(b)—g(a)> (b—a)’—(b—a)
b—a b—a b—a 12

1
_ ) L fb)—f(a)

‘AZQHOO = sup ‘AZ ‘ < oo, and

a<x<b-—1 a<x<b-—1

(x,1) = t+1—a, a<t<x—1,
PU= t41-b, x<t<b-1.

The next theorem contains the Trapezoid type inequality on time scales.

Theorem 3.7. Let a,b,t,x € T, a < b. Suppose that f,g Cfd (T,R) are such that

HfAAHOO = sup }fAA (x)‘ < 00, HfAAH:o = sup ‘fAA (0(x))| < 0.

x€(a,b a<x<

Then, we have the succeeding inequality

L) - 2 (a)] -

51 (f(x) +f(0 (x))) Ax

f(b)—f(a)Jb
2(b—a)

b
_” (x—b+ gi(ba)> FA() (F(x) + 2 (0 (x)) Ax

—a

a

b
fAA 4 fAA o b, b,
S e ()

a

1 = b—1)\2
+b—a Z <x—a+2> Af(x)Ag(x)

+hy (b,x)) Ax.

(3.21)
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Proof. We have (see also [2, pp. 7])
b b
f(x) = biia Jf(t)At + (x —b+ 91“”?) A (x) — - 1 - Ju (x, 0 (1)) FA2(1)At, (3.22)
and
b b
flo(x)) = 5 i m Jf(cr (t))At+ (x—b + gi(ﬁ'§)> Ao (x)) — o i q Ju(x, o (1)) 2% (o (t))At, (3.23)
where ax)
) gta), telax),
ulxoft) = { hy (b,t), telxb]
Additionally, we have
b
o [t owac- 2 D) 2Oy (3.24)
Adding (3.22) and (3.23), we get
b
PO+ o () = = J(f(t) (o (1)) At+ (x—b+ 92 (b, ‘”) (3 (x) + (0 (x))
—a b—a
“ . (3.25)
- Ju (x, 0 (1)) (FA3 (1) + 8 (1)) At.
Multiplying (3.25) by f2(x), using Theorem 2.6, and integrating the resultant identity on [a, b] we get
b b
2 (b) —f* (a) = f(b) ~ fla) J (f(x) + f(o (x))) Ax+J <x—b + 92“’"1)) fA(x) (f2(x) + 2 (0 (x))) Ax
b—a b—a

b b
- JfA(x) (Ju(x,cr(t))(fAA(t)—i—fAA(G(t)))At) Ax.

a

Taking absolute values of the above equation and using (3.24), we therefore arrive at the intended

inequality.

Corollary 3.8. If we let T = R in the Theorem 3.7, then (3.21) becomes

b b
% [f2 (b) — 2 (a)] — WJf(x)dx—J (x— a;“’) (f'(x)) dx

a

1l a+b\? (b—a)’

< o) / _

<75 J‘f(x)‘((x > >+ B >dx,
a

O

where ||f"||, == sup [f"’ (x)| < oo. This inequality is the Trapezoid type inequality given by Pachpatte [18,

a<x<b

Theorem 1(ay)].
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Corollary 3.9. If we let T = Z in the Theorem 3.7, then (3.21) becomes

1

5 [ (0) = (a)] - i x) +f(x+1))
a—l—b
—= Z ( ) (Af(x)) (Af(x) + Af(x + 1)) (3.26)
HAZfH +HA2fH§Zb 3 a+b)\? (b—a+2)(b—a—2)
< me <x+1— 5 ) + o ,
where HAZfHOO = sup; |A2 | < oo and HAZfH su}; ) !Azf (x+1)| < 00

4. Conclusion

In this article, inequalities of the Ostrowski, Ostrowski-Griiss, and Trapeziod kinds on time scales are
hereby presented. By employing our results to the continuous and discrete calculus, more interesting
inequalities are obtained as special cases. Theorem 3.7 extends the Trapezoid type inequality given by
Pachpatte [18] to time scales. More results can be obtained by applying our results to the time scale

= g™, where q > 1.
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