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Abstract

This paper, we show the stability of non-monotone critical waves by a anti-weighted method for a kind of non-monotone
time-delayed reaction-diffusion equations including Nicholson’s blowflies equation which describes the population dynamics of
a single species with age structure.
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1. Introduction and preliminaries

In this paper, we study the stability of non-monotone critical traveling waves for the following nonlocal
delayed reaction-diffusion equation

∂u

∂t
= D

∂2u

∂x2 − du(t, x) +
∫

R

h(y)b(u(t− τ, x− y))dy, t > 0, x ∈ R (1.1)

with the initial data
u(s, x) = u0(s, x), (s, x) ∈ [−τ, 0]×R, (1.2)

where τ > 0, h(x) is non-negative, unit, and symmetric kernels, b(u) is the birth rate function, which are
assumed to satisfy the following hypothesis:

(H1) b(u) is a non-negative, C2 smooth increasing function, and satisfies |b ′(u)| 6 b ′(0) for u ∈ [0,∞);
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(H2) Two constant equilibria of (1.1): u− = 0 is unstable and u+ is stable, namely, d− b ′(0) < 0 and
d− b ′(u+) > 0;

(H3) There exists a u∗ ∈ [0,u+] such that b(·) is increasing on [0,u∗] and decreasing on [u∗,u+]. In
particular, b ′(0) > 0 and b ′(u+) < 0;

(H4) h is nonnegative integrable,
∫

R
h(y)dy = 1, and h(−x) = h(x), ∀x ∈ R;

(H5)
∫

R
e−λ∗(y+c∗τ)h(y)dy <∞.

There are two well-known examples of the equation (1.1) satisfying (H1)-(H5). One is the so-called nonlo-
cal dispersion Nicholson’s blowflies equation [3, 4] with

b(u) = pue−au, for a > 0, p > 0, (1.3)

where u− = 0, u+ = 1
a ln pd . When p

d > e, the birth rate function b(u) is a uni-modality function with the
maximum at u∗ := 1

a ∈ (0,u+), and it can be verified that |b ′(u)| 6 b ′(0) for u ∈ [0,∞). The other is the
so-called nonlocal dispersion Mackey-Glass equation [10, 11] with

b(u) =
pu

1 + auq
, for a > 0, p > 0, (1.4)

where u− = 0, u+ = (p−dda )
1
q . When p

d >
q
q−1 , the birth rate function b(u) is non-monotone with uni-

modality at u∗ =: [a(q− 1)]−
1
q ∈ (0,u+), and it can be verified that |b ′(u)| 6 b ′(0) for u ∈ [0,∞).

The traveling waves for (1.1) connecting two steady states u± at far fields are the special solutions to
(1.1) in the form of u(t, x) = φ(x+ ct), namely,{

cφ ′(ξ) = Dφ ′′(ξ) − dφ(ξ) +
∫

R
h(y)b(φ(ξ− y− cτ))dy,

φ(−∞) = 0, φ(+∞) = K.
(1.5)

The existence, uniqueness and asymptotic behavior of the non-monotone traveling waves of (1.1) have
been guaranteed by [18]. Our study includes the Mei’s [1] work. We briefly describe the results we need
below.
(i) Behavior of φ(ξ) for ξ ∼ −∞. Since φ(ξ) → u− as ξ → −∞, we expect that φ(ξ) is close to a function
u(ξ) which satisfies the linearized equation of (1.5) around u− for ξ ∼ −∞:

cu ′(ξ) −Du ′′(ξ) + du(ξ) = b ′(0)
∫

R

h(y)φ(ξ− y− cτ)dy, u(−∞) = 0.

By substituting u(ξ) = eλξ to the above linearized equation, we obtain the following characteristic equa-
tion for a pair of (c, λ):

cλ−Dλ2 + d = b ′(0)
∫

R

h(y)e−λ(y+cτ)dy. (1.6)

To investigate the admission of (c, λ) to the above characteristic equation, we denote

Gc(λ) := cλ−Dλ
2 + d, Hc(λ) := b

′(0)
∫

R

h(y)e−λ(y+cτ)dy.

As shown in [10] that, for each τ > 0, there exists a unique c∗ = c∗(τ) > 0 at which the two graphs of Gc
and Hc are tangent at λ∗. This means that (c∗, λ∗) are uniquely determined by

Gc∗(λ∗) = Hc∗(λ∗), G ′c∗(λ∗) = H
′
c∗(λ∗).

Thus, we obtain

(1) for c > c∗, the characteristic equation (1.6) has two distinct solutions 0 < λ1 < λ2;
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(2) for c = c∗, (1.6) has multiple roots λ1 = λ2 = λ∗;
(3) for c < c∗, (1.6) has no positive root.

When c < c∗, there will be no traveling wave for Eq. (1.5). For it would satisfy the linearized equation for
ξ ∼ −∞, and would have the form eλξ for ξ ∼ −∞, but no such can exist. When c > c∗ > 0, on the other
hand, the traveling wave φ(x+ ct), if exists, should satisfy{

φ(ξ) = O(1)eλ1ξ → 0 as ξ→ −∞, for c > c∗,
φ(ξ) = O(1)|ξ|eλ∗ξ → 0 as ξ→ −∞, for c = c∗.

(ii) Behavior of φ(ξ) for ξ ∼ −∞. The asymptotic behavior of the traveling wave φ(ξ) at ξ = ∞ is solely
determined by the linearized ODE around u+:

c(φ− u+)
′ −D(φ− u+)

′′ + d(φ− u+) = b
′(u+)

∫
R

h(y)(φ(ξ− y− cτ) − u+)dy.

Let φ− u+ = e−λ+ξ as ξ→ +∞, we get

−cλ+ −Dλ2
+ + d = b ′(u+)

∫
R

h(y)eλ+(y+cτ)dy,

which uniquely solves for λ+ = λ+(c) > 0 and λ∗+ = λ∗+(c∗) > 0. Therefore, the asymptotic behavior of
the traveling wave as ξ→∞ is

|u+ −φ(ξ)| =

{
O(1)e−λ+ξ → 0 as ξ→∞, for c > c∗,
O(1)e−λ

∗
+ξ → 0 as ξ→∞, for c = c∗.

(iii) Existence, uniqueness, monotone/oscillatory of the traveling waves.
(1). When d > |b ′(u+)|, the traveling wave φ(x+ct) exists uniquely (up to a shift) for every c > c∗ = c∗(τ),
where the time-delay τ is allowed to be any number in [0,∞). If 0 6 τ < τ, then these traveling waves are
monotone; while, if τ > τ, then the traveling waves are still monotone for (c, τ) ∈ [c∗, c∗]× [τ, τ0], where
c∗ = c∗(τ) is the minimum wave speed as mentioned before, c∗ = c∗(τ) is given by the characteristic
equation for (1.5) around u+, and τ0(> τ) is the unique intersection point of two curves c∗(τ) and c∗(τ);
and the traveling waves are oscillating around u+ for (c, τ)[c∗, c∗]× [τ, τ0], namely, either c > c∗ or τ > τ0
[6].
(2). When d < |b ′(u+)|, on the other hand, the traveling wave φ(x+ ct) with c > c∗ can exist only when
τ < τ, and no traveling wave can exist for τ > τ. In the case of τ < τ, the waves are monotone for 0 < τ < τ
and oscillating for τ ∈ (τ, τ) [6], where τ, τ are positive constants.

When the birth function f is monotone, authors in [1, 2, 6, 7, 10–12, 14] investigated the existence
of monotone traveling waves by using the monotone iteration and fixed-points theorem with help of the
upper-lower solutions. By using the Fourier transform, Green’s function and the weighted energy method,
the authors in [13, 16, 17] showed the global stability of critical traveling waves, which depends on the
monotonicity of both the equation and traveling waves. For the stability of traveling wave solutions, it is
always one of the important and difficult objects in the theory of traveling waves. In the case of monotone
systems, the squeezing technique, the weighted energy method combining comparison principle, the
convergence theory for monotone semiflows, and spectral analysis method are used usually to solve
the the stability of monotone traveling wave solutions. Very recently, for the local Nicholson’s blowflies
equation, Mei [6] succeeded in obtaining the stability of all monotone/non-monotone traveling waves
with c > c∗, by means of the regular L2-weighted energy method with a new development by a nonlinear
Halanay’s inequality.

However, for the non-monotone and critical case, the stability results of traveling waves are respec-
tively limited, because comparison principle does not still hold for the scalar equation or system without



Y.-H. Zhou, Y.-R. Yang, H.-J. Zhang, Math. Nat. Sci., 2 (2018), 8–23 11

monotonicity. Inspired by the study on classical Fisher-KPP equation by Moet [15], Chern et al. [1] where
they introduced a suitable transform function (or say, an anti-weight) to switch the equation to a new
equation (we call it the anti-weighted energy method), we study the stability of the non-monotone critical
traveling waves for (1.1).

Notations: Throughout this paper, C > 0 denotes a generic constant, Ci > 0(i = 1, 2, . . .) represents a
specific constant. Let I be an interval. L2(I) is the space of the square integrable functions defined on I,
and Hk(I)(k > 0) is the Sobolev space of the L2-functions f(x) defined on the interval I whose derivatives
di

dxi
f(i = 1, 2, . . . , k) also belong to L2(I). L2

w(I) denotes the weighted L2-space with a weight function
w(x) > 0 and its norm is defined by

‖f‖L2
w
=

(∫
I

w(x) |f(x)|2 dx

) 1
2

,

Hkw(I) is the weighted Sobolev space with the norm given by

‖f‖Hkw =

(
k∑
i=0

∫
I

w(x)

∣∣∣∣ didxi f(x)
∣∣∣∣2 dx

) 1
2

.

Let T > 0 be a number and B be a Banach space. We denote by C([0, T ];B) the space of the B-valued
continuous functions on [0, T ]. L2([0, T ];B) as the space of the B-valued L2-functions on [0, T ]. The corre-
sponding spaces of B-valued functions on [0,∞) are defined similarly.

The rest of this paper is organized as follows. In Section 2, we introduce some preliminaries and state
our stability result. In Section 3, we prove the global existence and uniqueness of the solution for the
perturbed equation, where the initial perturbation can be allowed to be arbitrarily large. In Section 4,
when the initial perturbation is suitably small, the solution of the perturbed equation can be proved to be
uniformly bounded by the anti-weighted energy method. Based on the uniform boundedness, we shall
further prove the asymptotic stability in Section 5.

2. Preliminaries and main result

Let φ(ξ) := φ(x+ c∗t), ξ := x+ c∗t be a given critical traveling wave, and define

v(t, ξ) = u(t, x) −φ(ξ), v0(s, ξ) = u0(s, x) −φ(x+ c∗s).

Then, from (1.1)-(1.5), v(t, ξ) satisfies

vt(t, ξ) + c∗vξ(t, ξ) −Dvξξ(t, ξ) + dv(t, ξ) =
∫

R

h(y)P
(
v(t− τ, ξ− y− c∗τ)

)
dy,

v(s, ξ) = v0(s, ξ), (s, ξ) ∈ [−τ, 0]×R,
(2.1)

where
P
(
v
)
= b

(
φ+ v

)
− b
(
φ
)
,

with v = v(t− τ, ξ− y− c∗τ) and φ = φ(ξ− y− c∗τ). Furthermore, let us linearize the (2.1), we equiva-
lently obtain

vt(t, ξ) + c∗vξ(t, ξ) −Dvξξ(t, ξ) + dv(t, ξ) −
∫

R

h(y)b ′(φ(ξ− y− c∗τ))v(t− τ, ξ− y− c∗τ)dy

=

∫
R

h(y)Q(v(t− τ, ξ− y− c∗τ))dy,
(2.2)
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where
Q
(
v
)
= b

(
φ+ v

)
− b
(
φ
)
− b ′

(
φ
)
v

with v = v(t− τ, ξ− y− c∗τ) and φ = φ(ξ− y− c∗τ), and satisfies, by Taylor’s formula

|Q(v)| = O(1)|v|2.

Define a weight function as
w(x) = e−2λ∗ξ,

note that limξ→∞w(ξ) = 0 and limξ→−∞w(ξ) = +∞.
To deal with the delay equation, we define some spaces, for 0 < T 6∞,

Cunif[−τ, T ] := {u(t, x) ∈ C([−τ, T ]×R) such that lim
x→+∞u(t, x) exists uniformly in t ∈ [−τ, T ] and

lim
x→+∞ux(t, x) = lim

x→+∞uxx(t, x) = 0, uniformly with respect to t ∈ [−τ, T ]},

X0[−τ, 0] := {v|v ∈ C([−τ, 0];C(R))∩Cunif[−τ, 0],
√
wv ∈ C([−τ, 0];H1(R))

and
√
wv ∈ L2([−τ, 0];H2(R))},

with

M2
0 := sup

t∈[−τ,0]

(
||v(t)||2C(R) + ||(

√
wv)(t)||2H1(R)

)
+

∫ 0

−τ
||(
√
wv)(s)||2H2(R)ds,

and

Xloc(0,∞) := {v|v ∈ Cloc([0,∞);C(R))∩Cunif[0,∞),
√
wv ∈ Cloc([0,∞);H1(R))

and
√
wv ∈ L2

loc([0,∞);H2(R))},

where L2
loc([0,∞);H2(R)) is the space whose H2-valued functions are locally L2-integrable in [0,∞). The

locally continuous spaces Cloc([0,∞);C(R)) and Cloc([0,∞);H1(R)) are similarly defined. We further
define

X(0,∞) := {v|v ∈ C([0,∞);C(R))∩Cunif[0,∞),
√
wv ∈ C([0,∞);H1(R))

and
√
φwv ∈ L2([0,∞);L2(R)),∂ξ(

√
wv) ∈ L2([0,∞);H1(R))},

with

M2∞ := sup
t∈[0,∞)

(
||v(t)||2C(R) + ||(

√
wv)(t)||2H1(R)

)
+

∫∞
0

||(
√
φwv)(s)||2L2(R)ds+

∫∞
0

||∂ξ(
√
wv)(s)||2H1(R)ds.

Now we state main results which are the global existence, uniqueness, uniform boundedness, and stability
for the solution to (1.1) with a general non-monotone birth rate b(u) as the following three theorems,
respectively.

Theorem 2.1 (Global existence and uniqueness). Assume that (H1)-(H5) hold. Let b ′(u+) and τ satisfy, either
d > |b ′(u+)| with arbitrarily given τ > 0, or d < |b ′(u+)| with 0 < τ < τ. Let φ(x+ c∗t) = φ(ξ) be any given
critical traveling wave, and the initial perturbation v0(s, ξ) := u0(s, x) −φ(ξ) ∈ X0(−τ, 0) be arbitrary, then the
solution v(t, ξ) of the perturbed equation (2.1) globally and uniquely exists in Xloc(0,∞).

Theorem 2.2 (Uniform boundedness). Under the conditions of Theorem 2.1, if the initial perturbation v0 ∈
X0(−τ, 0) is small enough, namely, there exists a constant δ0 > 0 such that M0 6 δ0, then the solution v(t, ξ) of
the perturbed equation (2.2) satisfies v ∈ X(0,∞), and v(t, ξ) is uniformly bounded in X(0,∞):

M2∞ 6 CM2
0. (2.3)

Theorem 2.3 (Stability). Under the conditions in Theorem 2.2, then it holds that

lim
t→∞ sup

ξ→R

|v(t, ξ)| = 0.
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3. Proof of global existence and uniqueness

When t ∈ [0, τ], (2.1) is linear, because t− τ ∈ [−τ, 0] such that P(v(t− τ, ξ− y− c∗τ)) = P(v0(t− τ, ξ−
y− c∗τ)). Thus, the solution of (2.1) can be explicitly and uniquely solved by, for t ∈ [0, τ]

v(t, ξ) = e−dt
∫

R

G(η, t)v0(0, ξ− η)dη+
∫t

0
e−d(t−s)

∫
R

G(η, t− s)

·
∫

R

h(y)P(v0(s− τ, ξ− η− y− c∗τ))dydηds,
(3.1)

where G(η, t) = 1√
4πDt

e−
(η+c∗t)2

4Dt .
When v0 ∈ X0(−τ, 0), we are going to prove v ∈ Xloc(0, τ). Multiplying (2.1) by w(ξ)v(t, ξ), and using

Cauchy-Schwarz inequality

|Dw ′vvξ| 6 Dwv
2
ξ +

D

4
(
w ′

w
)2wv2,

we obtain

{
1
2
wv2}t + {

c∗
2
wv2 −Dwvξ}ξ + {−

c∗
2
w ′

w
−
D

4
(
w ′

w
)2 + d}wv2

6
∫

R

h(y)P(v0(t− τ, ξ− y− c∗τ))wvdy.

Integrating the above inequality with respect to ξ and t over R× [0, t], we then get

||
√
wv||2L2 +m1

∫t
0

∫
R

wv2dξds 6 2
∫t

0

∫
R

∫
R

h(y)P(v0(s− τ, ξ− y− c∗τ))wvdydξds+ ||
√
wv0(0)||2L2 , (3.2)

where m1 = c∗λ∗ −Dλ
2
∗ + d = b ′(0)

∫
R
h(y)e−λ∗(y+c∗τ) > 0.

We now turn to estimate the first and second terms of right-hand-side of (3.2),∫t
0

∫
R

∫
R

h(y)P(v0(s− τ, ξ− y− c∗τ))wvdydξds

6 C
∫t

0

∫
R

∫
R

h(y)|v0(s− τ, ξ− y− c∗τ)|w|v|dydξds

6 ε
∫t

0
||
√
wv||2L2ds+

C

4ε

∫t
0

∫
R

∫
R

h(y)w|v0(s− τ, ξ− y− c∗τ)|2dydξds

= ε

∫t
0
||
√
wv||2L2ds+

C

4ε

∫t−τ
−τ

∫
R

∫
R

h(y)w|v0(s, ξ)|2dydξds

6 ε
∫t

0
||
√
wv||2L2ds+

C

4ε

∫ 0

−τ
||
√
wv0(s)||

2
L2ds.

(3.3)

Substituting (3.3) into (3.2), taking m1 > ε, we get

||
√
wv(t)||2L2 +

∫t
0
||
√
wv(s)||2L2dξds 6 C||

√
wv0(0)||2L2 +C

∫ 0

−τ
||
√
wv0(s)||

2
L2ds <∞, for t ∈ [0, τ]. (3.4)

On the other hand, we multiply (2.1) by w(ξ)v(t, ξ), and integrate it with respect to ξ and t over R× [0, t],
but using Cauchy-Schwarz inequality in a different form

|Dw ′vvξ| 6
D

2
wv2
ξ +

D

2
(
w ′

w
)2wv2,
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we have

||
√
wv(t)||2L2 +D

∫t
0
||
√
wvξ(s)||

2
L2ds

6 2m2

∫t
0
||
√
wv(s)||2L2ds+ 2

∫t
0

∫
R

∫
R

h(y)P(v0(s− τ, ξ− y− c∗τ))wvdydξds+ ||
√
wv0(0)||2L2 ,

(3.5)

where m2 = |2Dλ2
∗ − c∗λ∗ + d|. According to (3.4), we can get the estimate for

∫t
0 ||
√
wvξ||

2
L2ds:

||
√
wv(t)||2L2 +

∫t
0
||
√
wvξ(s)||

2
L2ds 6 C||

√
wv0(0)||2L2 +C

∫ 0

−τ
||
√
wv0(s)||

2
L2ds <∞, for t ∈ [0, τ]. (3.6)

Similarly, differentiating (2.1) with respect to ξ and multiplying it by w(ξ)vξ(t, ξ), and integrating the
resultant equation over [0, t]×R for t ∈ [0, τ], we can prove

||
√
wvξ(t)||

2
L2 +

∫t
0
||
√
wvξξ(s)||

2
L2ds 6 C||

√
wv0,ξ(0)||2L2 +C

∫ 0

−τ
||
√
wv0(s)||

2
H1ds <∞, for t ∈ [0, τ]. (3.7)

From (3.1), we have

||v(t)||C 6 e−dt||v0(0)||C +C sup
s−τ∈[−τ,0]

||v0(s− τ)||C

∫t
0
e−d(t−s)ds

6 e−dt||v0(0)||C +C sup
t−τ∈[−τ,0]

||v0(t− τ)||C

<∞ for t ∈ [0, τ].

(3.8)

On the other hand, since v0 ∈ Cunif(−τ, 0), namely, limξ→∞ v0(t, ξ) =: v0,∞(t) ∈ C[−τ, 0] and
limξ→∞ ∂kξv0(t, ξ) = 0 all exist uniformly in t for k = 1, 2, we can prove v ∈ Cunif[0, τ]. In fact,

lim
ξ→∞ v(t, ξ) = e−dt

∫
R

G(η, t) lim
ξ→∞ v0(0, ξ− η)dη+

∫t
0
e−d(t−s)

∫
R

G(η, t− s)
∫

R

h(y)

· lim
ξ→∞P(v0(s− τ, ξ− η− y− c∗τ))dydηds

= e−dtv0,∞(0) +
∫t

0
e−d(t−s)P(v0,∞(s− τ))ds

:= g1(t), uniformly with respect to t ∈ [0, τ].

(3.9)

Similarly, noting the facts
G(η, t)|η=±∞ = 0 and (∂ηG(η, t))|η=±∞ = 0,

we can prove that, for k = 1, 2,

lim
ξ→∞∂kξv(t, ξ) = e−dt

∫
R

∂kηG(η, t) lim
ξ→∞ v0(0, ξ− η)dη+

∫t
0
e−d(t−s)

∫
R

∂kηG(η, t− s)

·
∫

R

h(y) lim
ξ→∞P(v0(s− τ, ξ− η− y− c∗τ))dydηds

= e−dtv0,∞(0)
∫

R

∂kηG(η, t)dη+
∫t

0
e−d(t−s)P(v0,∞(s− τ))

·
∫

R

∂kηG(η, t− s)
∫

R

h(y)dydηds

= 0, uniformly with respect to t ∈ [0, τ].

(3.10)
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Thus, (3.4)-(3.10) imply v ∈ Xloc(0, τ), and

||v(t)||2C + ||
√
wv(t)||2H1 +

∫t
0
||
√
wv(s)||2H2ds

6 C
(
||v0(0)||2C + ||

√
wv0(0)||2H1 +

∫ 0

−τ
||
√
wv0(s)||

2
H2ds

)
, t ∈ [0, τ]

for some C > 1.
When t ∈ [τ, 2τ], (2.1) with the initial data v(s, ξ) for s ∈ [0, τ] is still linear because the source term

P1(v(t− τ, ξ− y− c∗τ)) is known since t− τ ∈ [0, τ] and v(t− τ, ξ− y− c∗τ) is solved in (3.1). So the
solution v(t, ξ) for t ∈ [τ, 2τ] is uniquely and explicitly given by,

v(t, ξ) = e−dt
∫

R

G(η, t)v(τ, ξ− η)dη+
∫t
τ

e−d(t−s)
∫

R

G(η, t− s)

·
∫

R

h(y)P(v(s− τ, ξ− η− y− c∗τ))dydηds.

By taking the same estimates as in (3.4)-(3.10), we can prove v ∈ Xloc(τ, 2τ), that is,

||v(t)||2C + ||
√
wv(s)||2H1 +

∫t
τ

||
√
wv(s)||2H2ds

6 C(||v(τ)||2C + ||
√
wv(τ)||2H1 +

∫τ
0
||
√
wv(s)||2H2ds)

6 C2(||v0(0)||2C + ||
√
wv0(0)||2H1 +

∫ 0

−τ
||
√
wv0(s)||

2
H2ds

)
, t ∈ [τ, 2τ].

As similarly shown in (3.9) and (3.10) that

lim
ξ→∞ v(t, ξ) = e−dt

∫
R

G(η, t) lim
ξ→∞ v(τ, ξ− η)dη+

∫t
τ

e−d(t−s)
∫

R

G(η, t− s)
∫

R

h(y)

· lim
ξ→+∞P(v(s− τ, ξ− η− y− c∗τ))dydηds

= e−dtg1(τ) +

∫t
τ

e−d(t−s)P(g1(s− τ))ds

:= g2(t), uniformly with respect to t ∈ [0, τ],

and

lim
ξ→∞∂kξv(t, ξ) = e−dt

∫
R

∂kηG(η, t) lim
ξ→∞ v(τ, ξ− η)dη+

∫t
τ

e−d(t−s)
∫

R

∂kηG(η, t− s)

·
∫

R

h(y) lim
ξ→∞P(v(s− τ, ξ− y− c∗τ))dydηds

= g1(τ)e
−dt

∫
R

∂kηG(η, t)dη+
∫t
τ

e−d(t−s)P(g1(s− τ))

∫
R

∂kηG(η, t− s) ·
∫

R

h(y)dydηds

= 0, uniformly with respect to t ∈ [τ, 2τ].

Repeating the above steps, we can prove that v ∈ Xloc((n− 1)τ,nτ), uniquely exists, and satisfies

||v(t)||2C + ||
√
wv(t)||2H1 +

∫t
(n−1)τ

||
√
wv(s)||2H2ds

6 Cn
(
||v0(0)||2C + ||

√
wv0(0)||2H1 +

∫ 0

−τ
||
√
wv0(s)||

2
H2ds

)
, t ∈ [(n− 1)τ,nτ].
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And finally we prove that v is unique, and v ∈ Xloc(0,∞) with, for any T > 0, that

||v(t)||2C + ||
√
wv(t)||2H1 +

∫t
0
||
√
wv(s)||2H2ds

6 CT
(
||v0(0)||2C + ||

√
wv0(0)||2H1 +

∫ 0

−τ
||
√
wv0(s)||

2
H2ds

)
, t ∈ [0, T ].

4. Proof of uniform boundedness

To our knowledge, the weighted-energy method in [6, 10] can not estimate the boundedness of∫∞
0 ||
√
wvξ||

2
L2 , since we can not use the Cauchy-Schwarz inequality to control the vvξ by v2

ξ. Thus, we
must find a different method to handle it. Here we adopt the so-called anti-weighted method [5, 8, 15],
namely, let v(t, ξ) = 1√

w(ξ)
ṽ(t, ξ), i.e., ṽ(t, ξ) =

√
w(ξ)v(t, ξ) = e−λ∗ξv(t, ξ).

We obtain the following equations for the new known ṽ(t, ξ) satisfies

ṽt(t, ξ) + k1ṽξ(t, ξ) −Dṽξξ(t, ξ) + k2ṽ(t, ξ) −
∫

R

h(y)b ′(φ(ξ− y− c∗τ))e
−λ∗(y+c∗τ)

· ṽ(t− τ, ξ− y− c∗τ)dy =

∫
R

h(y)Q̃
(
ṽ(t− τ, ξ− y− c∗τ)

)
dy,

(4.1)

ṽ(s, ξ) =
√
w(ξ)v(s, ξ) = ṽ0(s, ξ), (s, ξ) ∈ [−τ, 0]×R,

where
k1 = C∗ − 2Dλ∗, k2 = c∗λ∗ −Dλ

2
∗ + d

satisfying

k2 = c∗λ∗ −Dλ
2
∗ + d = b ′(0)

∫
R

h(y)e−λ∗(y+c∗τ)dy

and
Q̃(ṽ) = e−λ∗ξQ(v)

satisfying

|Q̃(ṽ)| 6 Ce−λ∗ξ|v|2 =
C√
w(ξ)

|ṽ|2,

where v = v(t− τ, ξ− y− c∗τ).
Now we establish the uniform boundedness of the solution v ∈ X(0,∞) by several lemmas.

Lemma 4.1. It holds that

||ṽ(t)||2L2 +

∫t
0

∫
R

A(ξ)|ṽ(s, ξ)|2dξds+ 2D
∫t

0
||ṽξ(s)||

2
L2ds

6 ||ṽ0(0)||2L2 +C

∫t
0

∫
R

∫
R

h(y)
1√
w(ξ)

|ṽ(s, ξ)||ṽ(s− τ, ξ− y− c∗τ)|2dydξds

+ b ′(0)
∫ 0

−τ

∫
R

∫
R

e−λ∗(y+c∗τ)|ṽ0(s, ξ)|2dydξds,

(4.2)

where

A(ξ) :=

∫
R

h(y)e−λ∗(y+c∗τ)[2b ′(0) − |b ′(φ(ξ))|− |b ′(φ(ξ− y− c∗τ))|]dy.
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Proof. Multiplying (4.1) by ṽ and integrating it with respect to ξ and t over R× [0, t], we have

||ṽ(t)||2L2 + 2k2

∫t
0

∫
R

|ṽ(s, ξ)|2dξds+ 2D
∫t

0
||ṽξ(s)||

2
L2ds

− 2
∫t

0

∫
R

∫
R

h(y)b ′(φ(ξ− y− c∗τ))e
−λ∗(y+c∗τ)ṽṽ(s− τ, ξ− y− c∗τ)dydξds

= 2
∫t

0

∫
R

∫
R

h(y)Q̃
(
ṽ(t− τ, ξ− y− c∗τ)

)
ṽdydξds+ ||ṽ0(0)||2L2 .

Using the Cauchy-Schwarz inequality and the change of variables, we can estimate∣∣∣2 ∫t
0

∫
R

∫
R

h(y)b ′(φ(ξ− y− c∗τ))e
−λ∗(y+c∗τ)ṽṽ(s− τ, ξ− y− c∗τ)dydξds

∣∣∣
6
∫t

0

∫
R

∫
R

h(y)|b ′(φ(ξ− y− c∗τ))|e
−λ∗(y+c∗τ)|ṽ(s, ξ)|2dydξds|

+

∫t
0

∫
R

∫
R

h(y)|b ′(φ(ξ− y− c∗τ))|e
−λ∗(y+c∗τ)|ṽ(s− τ, ξ− y− c∗τ)|2dydξds

=

∫t
0

∫
R

∫
R

h(y)|b ′(φ(ξ− y− c∗τ))|e
−λ∗(y+c∗τ)|ṽ(s, ξ)|2dydξds

+

∫t−τ
−τ

∫
R

∫
R

h(y)|b ′(φ(ξ))|e−λ∗(y+c∗τ)|ṽ(s, ξ)|2dydξds

6
∫t

0

∫
R

∫
R

h(y)
[
|b ′(φ(ξ− y− c∗τ))|+ |b ′(φ(ξ))|]e−λ∗(y+c∗τ)|ṽ(s, ξ)|2dydξds

+ b ′(0)
∫0

−τ

∫
R

∫
R

h(y)e−λ∗(y+c∗τ)|ṽ0(s, ξ)|2dydξds.

(4.3)

On the other hand, we have∣∣∣ ∫t
0

∫
R

∫
R

h(y)Q̃
(
ṽ(t− τ, ξ− y− c∗τ)

)
ṽdydξds

∣∣∣
6 C
∫t

0

∫
R

∫
R

h(y)
1√
w(ξ)

|ṽ||ṽ(s− τ, ξ− y− c∗τ)|2dydξds.
(4.4)

Combining (4.2), (4.3), and (4.4), we get

||ṽ(t)||2
L2 +

∫t
0

∫
R

A(ξ)|ṽ(s, ξ)|2dξds+ 2D
∫t

0
||ṽξ(s)||

2
L2ds

6 ||ṽ0(0)||2L2 +C

∫t
0

∫
R

∫
R

h(y)
1√
w(ξ)

|ṽ(s, ξ)||ṽ(s− τ, ξ− y− c∗τ)|2dydξds

+ b ′(0)
∫0

−τ

∫
R

∫
R

e−λ∗(y+c∗τ)|ṽ0(s, ξ)|2dydξds,

where

A(ξ) := 2k2 −

∫
R

h(y)[|b ′(φ(ξ− y− c∗τ))|+ |b ′(φ(ξ))|]e−λ∗(y+c∗τ)]dy

= 2[c∗λ∗ −Dλ2
∗ + d] −

∫
R

h(y)[|b ′(φ(ξ− y− c∗τ))|+ |b ′(φ(ξ))|]e−λ∗(y+c∗τ)dy

=

∫
R

h(y)e−λ∗(y+c∗τ)[2b ′(0) − |b ′(φ(ξ))|− |b ′(φ(ξ− y− c∗τ))|]dy.

Lemma 4.2. It holds that

A(ξ) > C2φ(ξ) > 0

for some positive constant C2.
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Proof. The proof is similar to [1], so we omit it.

Lemma 4.3. There exists δ1 > 0, when M∞ 6 δ1, then

||ṽ(t)||2
L2 +

∫t
0

∫
R

φ(ξ)w(ξ)|v(s, ξ)|2dξds+
∫t

0
||ṽξ(s)||

2
L2ds

6 C3(||ṽ0(0)||2L2 +

∫0

−τ
||ṽ0(s)||

2
L2ds) 6 C3M

2
0, t ∈ [0,∞),

where C3 is a positive constant.

Proof. Since ṽ(t, ξ) =
√
w(ξ)v(t, ξ), by lemma 4.2, then the second term of the left-hand-side of (4.2) can

be written as ∫t
0

∫
R

A(ξ)|ṽ(s, ξ)|2dξds > C2

∫t
0

∫
R

φ(ξ)w(ξ)|v(s, ξ)|2dξds. (4.5)

This can be used to control the nonlinear term in (4.2).
Now we are going to estimate the nonlinear term in (4.2). It can be reformed as∫t

0

∫
R

∫
R

h(y)
1√
w(ξ)

|ṽ(s, ξ)||ṽ(s− τ, ξ− y− c∗τ)|2dydξds

=

∫t
0

∫
R

∫
R

h(y)w(ξ− y− c∗τ)|v(s, ξ)||v(s− τ, ξ− y− c∗τ)|2dydξds

=

∫t
0

∫
R

∫
R

h(y)φ(ξ− y− c∗τ)w(ξ− y− c∗τ)
|v(s, ξ)|

φ(ξ− y− c∗τ)
|v(s− τ, ξ− y− c∗τ)|2dydξds.

(4.6)

So we need further to estimate |v(s,ξ)|
φ(ξ−y−c∗τ)

.
Notice that the critical wave φ(x+ c∗t) is positive and bounded, and limξ→+∞φ(ξ) = u+ and φ(ξ) =

O(1)|ξ|eλ∗ξ → 0 as ξ → −∞, so, there exists a number ξ1 near −∞, i.e., ξ1 < 0 and |ξ1| � 1, such that
φ(ξ) = O(1)|ξ|eλ∗ξ → 0 for ξ ∈ (−∞, ξ1), and φ(ξ) = O(1) for ξ ∈ [ξ1,∞). Thus, by the definition of w(ξ),
we can verify that

1
φ(ξ− y− c∗τ)

6

{
C
√
w(ξ), t ∈ (−∞, ξ1),

C, t ∈ [ξ1,∞)
(4.7)

for some positive constant C. This with the definition of solution space X(−τ,∞) and the definition of
M∞ as well as Sobolev inequality guarantees

sup
ξ∈R

|v(t, ξ)|
φ(ξ− y− c∗τ)

6 sup
ξ∈(−∞,ξ1)

C
√
w|v(t)|+ sup

ξ∈[ξ1,∞)

C|v(t)|

6 C sup
ξ∈R

√
w|v(t)|+C sup

ξ∈R

|v(t)| 6 C||
√
wv(t)||H1 +C||v(t)||C 6 CM∞.

(4.8)

Thus, applying the above estimates (4.8), from (4.7) we can estimate the nonlinear term in (4.2) as follows∫t
0

∫
R

∫
R

h(y)
1√
w(ξ)

|ṽ(s, ξ)||ṽ(s− τ, ξ− y− c∗τ)|2dydξds

=

∫t
0

∫
R

∫
R

h(y)φ(ξ− y− c∗τ)w(ξ− y− c∗τ)
|v(s, ξ)|

φ(ξ− y− c∗τ)
|v(s− τ, ξ− y− c∗τ)|2dydξds

6 CM∞
∫t

0

∫
R

∫
R

h(y)φ(ξ− y− c∗τ)w(ξ− y− c∗τ)|v(s− τ, ξ− y− c∗τ)|2dydξds

= CM∞
∫t−τ
−τ

∫
R

∫
R

h(y)φ(ξ)w(ξ)|v(s, ξ)|2dydξds

6 CM∞
∫t

0

∫
R

φ(ξ)w(ξ)|v(s, ξ)|2dξds+CM∞
∫0

−τ

∫
R

φ(ξ)w(ξ)|v0(s, ξ)|2dξds

6 CM∞
∫t

0

∫
R

φ(ξ)w(ξ)|v(s, ξ)|2dξds+C
∫0

−τ
||ṽ0(s, ξ)||2L2ds.

(4.9)
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Combining (4.2), (4.6), and (4.9), we get

||ṽ(t)||2L2 + [C2 −C4M∞]
∫t

0

∫
R

φ(ξ)w(ξ)|v(s, ξ)|2dξds+
∫t

0
||ṽξ(s)||

2
L2ds

6 C5(||ṽ0(0)||2L2 +

∫ 0

−τ
||ṽ0(s)||

2
L2ds)

for some positive constants C4 and C5, which immediately implies (4.5) by taking M∞ to be small, for
example, let

0 < M∞ 6 δ1 :=
C2

2C4
,

then the corresponding constant C3 in (4.5) is

C3 =
C5

min{1, C2
2 }

.

The proof is complete.

Similarly, the estimate for ṽξ can be established as follows.

Lemma 4.4. When M∞ 6 δ1, then

||ṽξ(t)||
2
L2 +

∫t
0
||ṽξξ(s)||

2
L2ds 6 C6(M∞ + 1)M2

0, t ∈ [0,∞) (4.10)

and ∫t
0

∣∣∣ d
ds

||ṽξ(s)||
2
L2

∣∣∣ds 6 C7(M∞ + 1)M2
0, t ∈ [0,∞), (4.11)

where C6 and C7 are some positive constants.

Proof. Differentiating (4.1) with respect to ξ and multiplying the resultant equation by ṽξ and integrating
it with respect to ξ over R, we obtain

d

dt
||ṽξ(t)||

2
L2 + 2k2||ṽξ(t)||

2
L2 + 2D||ṽξξ(t)||

2
L2

= 2
∫

R

∫
R

h(y)b ′(φ(ξ− y− c∗τ))e
−λ∗(y+c∗τ)ṽξṽξ(t− τ, ξ− y− c∗τ)dydξ

+ 2
∫

R

∫
R

h(y)b ′′(φ(ξ− y− c∗τ))φ
′(ξ− y− c∗τ)e

−λ∗(y+c∗τ)

· ṽξṽ(t− τ, ξ− y− c∗τ)dydξ+ 2
∫

R

∫
R

h(y)Q̃ξ
(
ṽ(t− τ, ξ− y− c∗τ)

)
ṽξdydξ

:= I1(t) + I2(t) + I3(t).

Integrating it with respect to t over [0, t], we get

||ṽξ(t)||
2
L2 + 2k2

∫t
0
||ṽξ(s)||

2
L2ds+ 2D

∫t
0
||ṽξξ(s)||

2
L2ds = ||ṽ0,ξ(0)||2L2 +

∫t
0
[I1(s) + I2(s) + I3(s)]ds. (4.12)
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By using the estimate (4.5), Cauchy-Schwarz inequality, the change of variables, and the facts that |φ ′(ξ)| 6
Cφ(ξ), and |v(t, ξ)| 6 CM∞ for (t, ξ) ∈ R+ ×R, we can similarly estimate the nonlinear terms as∫t

0
|I1(s)|ds 6 C

∫t
0

∫
R

∫
R

h(y)e−λ∗(y+c∗τ)[|ṽξ|
2 + |ṽξ(s− τ, ξ− y− c∗τ)|2]dydξds

= C

∫t
0
||ṽξ||

2
L2ds+C

∫t−τ
−τ

∫
R

∫
R

h(y)e−λ∗(y+c∗τ)|ṽξ(s, ξ)|2dydξds

6 C
∫t

0
||ṽξ||

2
L2ds+C

∫ 0

−τ
||ṽ0,ξ(s)|

2ds

6 C(||ṽ0(0)||2L2 +

∫ 0

−τ
||ṽ0,ξ(s)||

2
L2ds) 6 CM2

0,

(4.13)

∫t
0
|I2(s)|ds 6 C

∫t
0

∫
R

∫
R

h(y)e−λ∗(y+c∗τ)[|ṽξ|
2 + |φ ′(ξ− y− c∗τ)|

2|ṽ(s− τ, ξ− y− c∗τ)|2]dydξds

= C

∫t
0
||ṽξ||

2
L2ds+C

∫t
0

∫
R

∫
R

h(y)e−λ∗(y+c∗τ)|φ ′(ξ− y− c∗τ)|
2

· |ṽ(s− τ, ξ− y− c∗τ)|2dydξds

6 C
∫t

0
||ṽξ||

2
L2ds+C

∫t
0

∫
R

∫
R

h(y)e−λ∗(y+c∗τ)φ(ξ− y− c∗τ)

·w(ξ− y− c∗τ)|v(s− τ, ξ− y− c∗τ)|2dydξds

= C

∫t
0
||ṽξ||

2
L2ds+C

∫t−τ
−τ

∫
R

∫
R

h(y)e−λ∗(y+c∗τ)φ(ξ)w(ξ)|v(s, ξ)|2dydξds

6 C
∫t

0
||ṽξ||

2
L2ds+C

∫ 0

−τ

∫
R

∫
R

h(y)e−λ∗(y+c∗τ)|ṽ0(s, ξ)|2dydξds

+C

∫t
0

∫
R

∫
R

h(y)e−λ∗(y+c∗τ)φ(ξ)w(ξ)|ṽ0(s, ξ)|2dydξds

6 C(||ṽ0(0)||2L2 +

∫ 0

−τ
||ṽ0(s)||

2
L2ds) 6 CM2

0,

(4.14)

∫t
0
|I3(s)|ds 6 C

∫t
0

∫
R

∫
R

h(y)√
w(ξ)

|ṽξ||ṽξ(s− τ, ξ− y− c∗τ)||ṽ(s− τ, ξ− y− c∗τ)|dydξds

6 CM∞
∫t

0

∫
R

∫
R

h(y)|ṽξ||ṽξ(s− τ, ξ− y− c∗τ)|dydξds

6 CM∞
∫t

0

∫
R

∫
R

h(y)[|ṽξ|
2 + |ṽξ(s− τ, ξ− y− c∗τ)|2]dydξds

= CM∞
∫t

0
||ṽξ||

2
L2ds+CM∞

∫t−τ
−τ

∫
R

∫
R

h(y)|ṽξ(s, ξ)|2dydξds

6 CM∞
∫t

0
||ṽξ||

2
L2ds+CM∞

∫ 0

−τ
||ṽ0,ξ(s)|

2ds

6 CM∞(||ṽ0(0)||2L2 +

∫ 0

−τ
||ṽ0,ξ(s)||

2
L2ds)

6 CM∞M2
0,

(4.15)

provided M∞ 6 δ1.
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Therefore, substituting (4.13)-(4.15) to (4.12), we get

||ṽξ(t)||
2
L2 +

∫t
0
||ṽξξ(s)||

2
L2ds 6 C6(M∞ + 1)(||ṽ0(0)||2H1 +

∫ 0

−τ
||ṽ0(s)||

2
H1ds) 6 C6(M∞ + 1)M2

0

for some constant C6 > 0, provided M∞ 6 δ1. This proves (4.10).
From (4.11), we have∣∣∣ d

dt
||ṽξ(t)||

2
L2

∣∣ 6 2D||ṽξξ(t)||
2
L2 + 2k2||ṽξ(t)||

2
L2 + |I1(t)|+ |I2(t)|+ |I3(t)|.

Integrating it with respect to t over [0, t], we get∫t
0

∣∣∣ d
ds

||ṽξ(s)||
2
L2

∣∣∣ds 6 C7(M∞ + 1)(||ṽ0(0)||2H1 +

∫ 0

−τ
||ṽ0(s)||

2
H1ds) 6 C7(M∞ + 1)M2

0

for some constant C7 > 0, provided M∞ 6 δ1. This proves (4.11).

We now prove the boundedness for ||v(t)||C = ||w− 1
2 ṽ(t)||C uniformly in t ∈ [0,∞). Since v ∈ X(0,∞),

so v ∈ Cunif(0,∞), namely, limξ→+∞ v(t, ξ) = v(t,∞) =: z(t) exists uniformly for t ∈ [−τ,∞), and
limξ→+∞ vξ(t, ξ) = limξ→+∞ vξξ(t, ξ) = 0 are uniformly for t ∈ [−τ,∞). Let us take the limits to (2.2) as
ξ→ +∞, then {

z ′(t) + dz(t) − b ′(u+)z(t− τ) = Q(z(t− τ)),
z(s) = z0(s), s ∈ [−τ, 0].

(4.16)

Similarly to [1] and [6], we have the following results.

Lemma 4.5. When d > b ′(u+), with any time-delay τ > 0, or d < b ′(u+) but with a small time-delay 0 < τ < τ,
where τ is a constant, then,

|u(t,∞)| = |z(t)| 6 CM0e
−µt, t > 0

for some 0 < µ = µ(p,d, τ,b ′(u+)) < d, provided with |z0|� 1.

Lemma 4.6. It holds that

||u(t)||C 6 C8
√
M∞ + 1M0, t ∈ [0,∞)

provided M∞ 6 δ1.

Combining Lemma 4.3, Lemma 4.4, and Lemma 4.6, we can immediately prove Theorem 2.2.

5. Proof of asymptotic stability

From (2.3) and (4.11) , when M0 6 δ0, we get

||v(t)||C + ||(
√
wv)(t)||2H1 +

∫t
0
||(
√
φwv)(s)||2L2ds+

∫t
0
||(
√
wv)ξ(s)||

2
H1ds+

∫t
0

∣∣∣ d
ds

||(
√
wv)ξ(s)||

2
L2

∣∣ds
6 C(M∞ + 1)M2

0, t ∈ [0,∞).
(5.1)

Set f(t) := ||ṽξ||
2
L2 = ||(

√
wv)ξ(s)||

2
L2 . From (5.1), we get that

0 6 f(t) 6 CM2
0,
∫∞

0
f(t)dt 6 CM2

0,
∫∞

0
|f ′(t)|dt 6 CM2

0.



Y.-H. Zhou, Y.-R. Yang, H.-J. Zhang, Math. Nat. Sci., 2 (2018), 8–23 22

This implies

lim
t→∞ f(t) = 0, i.e., lim

t→∞ ||ṽξ||
2
L2 = 0. (5.2)

By using Sobolev inequality H1(R) ↪→ C(R)

||ṽ(t)||C 6
√

2||ṽ(t)||
1
2 ||ṽξ(t)||

1
2 ,

and the boundedness of ||ṽ(t)|| = ||(
√
wv)(t)|| 6 CM0 and the convergence of (5.2), we then prove

lim
t→∞ sup

ξ∈R

|
√
w(ξ)v(t, ξ)| = lim

t→∞ ||ṽ(t)||C = 0. (5.3)

Now, we are going to prove the convergence of limt→∞ supξ∈R |v(t, ξ)| = 0. To prove such a stability
relation, let us start from the far field ξ � 1. By the same fashion as shown in lemma (4.6), the solution
z(t) = v(t,∞) to the delayed ODE (4.16) decays exponentially

|v(t,∞)| = |z(t)| 6 CM0e
−µt, t ∈ [0,∞). (5.4)

When d > b ′(u+) with arbitrary time-delay τ > 0, or d < b ′(u+) but with a small time-delay 0 <

τ < τ. According to (2.1), we can write the solution in the integral form represented by the heat kernel
G(t− s, ξ− η):

v(t, ξ) = e−dt
∫
R

G(η, t)v(0, ξ− η)dη+
∫t

0
e−d(t−s)

∫
R

G(η, t− s) ·
∫

R

h(y)

· P(v(s− τ, ξ− η− y− c∗τ))dydηds.
(5.5)

Multiplying (5.5) by eµt and noting |P(v)| 6 C|v|, i = 1, 2, then we have

|eµtv(t, ξ)| 6 e−(d−µ)t

∫
R

G(η, t)|v0(0, ξ− η)|dη+ eµt
∫t

0
e−d(t−s)

∫
R

G(η, t− s)

·
∫

R

h(y)|P(v(s− τ, ξ− η− y− c∗τ))|dydηds

6 e−(d−µ)t

∫
R

G(η, t)|v0(0, ξ− η)|dη+Ceµt
∫t

0
e−d(t−s)

∫
R

G(η, t− s)

·
∫

R

h(y)|v(s− τ, ξ− η− y− c∗τ)|dydηds.

(5.6)

Since v ∈ X(0,∞) is the global solution of (2.2), namely v ∈ Cunif(0,∞), then v(t, ξ) → v(t,∞) = z(t) as
ξ → ∞ uniformly in t ∈ [0,∞). By applying the property of the heat kernel and the exponential decay
(5.4), then from (5.6) we get

lim
ξ→∞ |eµtv(t, ξ)| 6 e−(d−µ)t

∫
R

G(η, t) lim
ξ→∞ |v0(0, ξ− η)|dη+Ceµt

∫t
0
e−d(t−s)

.
∫
R

G(η, t− s)
∫

R

h(y) lim
ξ→∞ |v(s− τ, ξ− η− y− c∗τ)|dydηds

6 |v0,∞(0)|e−(d−µ)t +Ceµt
∫t

0
|z(s− τ)|ds

6 |v0,∞(0)|e−(d−µ)t +Ceµt
∫t

0
e−d(t−s)e−µ(s−τ)ds

= |v0,∞(0)|e−(d−µ)t +
Ceµτ

d− µ
(1 − e−(d−µ)t)

6 C, uniformly in all t > 0.
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This quickly implies that, there exists a number x1 � 1 (independent of t), such that when ξ > x1, then

sup
ξ∈[x1,∞)

|v(t, ξ)| 6 Ce−µt, t > 0. (5.7)

Note that,
√
w(ξ) = e−λ∗ξ > e−λ∗x1 for ξ ∈ (−∞, x1], then (5.3) implies

lim
t→∞ sup

ξ∈[x1,∞)

|v(t, ξ)| 6 lim
t→∞ sup

ξ∈[x1,∞)

|

√
w(ξ)

e−λ∗x1
v(t, ξ)| 6 eλ∗x1 lim

t→∞ sup
ξ∈R

|
√
w(ξ)v(t, ξ)| = 0.

This with (5.7) together proves
lim
t→∞ sup

ξ∈R

|v(t, ξ)| = 0.

The proof is complete.
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