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Abstract

In this paper, the concepts of upper and lower generalized continuous (resp. semi-generalized continuous and generalized
semi-continuous) fuzzy multifunctions are defined where the domain of these multifunctions is a classical topological space
with their values as arbitrary fuzzy sets in a fuzzy topological space. Main properties of these multifunctions along with their
mutual relationships are discussed with the help of examples. Also, a new approach to these multifunctions between two fuzzy
topological spaces (X, ) and (Y,n) based on the sense of Sostak are introduced. Some properties of these multifunctions along
with their mutual relationships are investigated with the help of examples.
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1. Introduction and preliminaries

The theory of fuzzy sets provides a framework for mathematical modeling of those real world situa-
tions, which involve an element of uncertainty, imprecision, or vagueness in their description. Since its
inception thirty years ago by Zadeh [25], this theory has found wide applications in information sciences,
economics, engineering, etc.; for details the reader is referred to [17, 26].

A fuzzy multifunction or multi-valued mapping is a fuzzy set valued function [5, 19, 23, 24]. Fuzzy
multifunctions arise in many applications, for instance, the budget multifunction occurs in decision theory,
artificial intelligence and economic theory. The biggest difference between fuzzy functions and fuzzy
multifunctions has to do with the definition of an inverse image, for a fuzzy multifunction there are two
types of inverses. These two definitions of the inverse then leads to two definitions of continuity; for more
details the reader is referred to [1-3, 14, 15, 20, 22]. Al-shami [6-8], introduced a new generalization of
open sets and studied more notions via somewhere dense sets.

In this study, we introduce and study the notions of lower and upper generalized continuous (resp.
semi-generalized continuous and generalized semi-continuous) fuzzy multifunctions in view of Sostak’s
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sense. Also, we discuss the relations of these multifunctions with each other with the help of examples.
Throughout this study, X refers to an initial universe. The family of all fuzzy sets in X is denoted by 1X
and for A € IX, A°(x) = 1 —A(x) for all x € X (where I = [0,1] and I, = (0,1]). For t € I, t(x) = t for all
x € X. All other concepts are standard concepts of fuzzy set theory.

Let A be a subset of an ordinary topological space (X, T). A is said to be generalized closed (resp.
semi-generalized closed and generalized semi-closed) if CL(A) C U (resp. s-Cl(A) C U and s-Cl(A) C U)
whenever A C Uand U € T (resp. U € SO(X) and U € T) [9, 10, 12, 13]. The complement of gen-
eralized closed (resp. semi-generalized closed and generalized semi-closed) set is called generalized
open (resp. semi-generalized open and generalized semi-open). We denote g-Cl(A) = (K : A C
K, K is generalized closed}, g-Int(A) = J{W : W C A, W is generalized open}, sg-Cl(A) = [|{K: A C
K, K is semi-generalized closed}, sg-Int(A) = (JW : W C A, W is semi-generalized open}, gs-Cl(A) =
({K:A CK, Kis generalized semi-closed }, and gs-Int(A) = (J{W: W C A, W is generalized semi-open},
[9, 10, 12, 13]. A topological space (X, T) is called T% (resp. semi—T% ) [13] if A€ € T for each A C X is
generalized closed (resp. generalized semi-closed) set.

Let (X, T) be a topological space in the classical sense and (Y,T) be a fuzzy topological space in
Sostak’s sense. By F: (X,T) — (Y,T) we mean that F is a fuzzy multifunction between X and Y. For a
fuzzy multifunction F : X — Y, the upper inverse F®(u) and lower inverse F© () of p € IV are defined
as follows: F¥(u) = {x € X : F(x) < u} and FO(u) = {x € X : F(x)qu}, also, F&(u¢) = X — F®(u) for each
wel¥[18]. A fuzzy multifunction F : (X, T) — (Y, 7) is called upper (resp. lower) semi-continuous [20]
at a point xo € X if xo € F®(u) (resp. xo € FO()) for each p € IV with T(n) > v and r € 1,,, there exists
U € Tand x, € Usuch that U C F(u) (resp. U C FO(p)).

Let (X, ) be a fuzzy topological space in Sostak sense [21], the interior and the closure of any fuzzy
set A € IXdenoted by It(A,7) and C(A, ). A mapping F: X — Y is called a fuzzy multifunction [11] if
F(x) € 1Y for each x € X. The degree of membership of y in F(x) is denoted by F(x)(y) = Gr(x,y) for
any (x,y) € X x Y. Also, Fis Crisp if G¢(x,y) = 1 for each x € X, y € Y and F is Normalized if for
each x € X, there exists yp € Y such that Gg(x,yo) = 1. The image F(A) of A € IX, the lower inverse
F'(1) and the upper inverse F*(u) of i € IY are defined as follows: F(A)(y) = Viex[GF(x,y) AA(X)],
Flu)(x) = \/yey[GF(x,y) Au(y)] and F* () (x) = /\er[G%(x,y) V u(y)]. All definitions and properties of
image, upper and lower are found in [1].

2. On upper and lower generalized semi-continuity

In this section, the concepts of upper and lower generalized continuous (resp. semi-generalized con-
tinuous and generalized semi-continuous) fuzzy multifunctions are defined where the domain of these
multifunctions is a classical topological space with their values as arbitrary fuzzy sets in a fuzzy topo-
logical space. Also, some properties of these multifunctions along with their mutual relationships are
discussed with the help of examples.

Definition 2.1. A fuzzy multifunction F: (X, T) — (Y, T) is called:

(1) upper generalized continuous (resp. semi-generalized continuous and generalized semi-continuous)
at a point x, € X if xo € F®(p) for each p € IV with T(n) > v and r € I, there exists generalized open
(resp. semi-generalized open and generalized semi-open) set U C X and x, € U such that U C F&(p);

(2) lower generalized continuous (resp. semi-generalized continuous and generalized semi-continuous)
at a point x, € X if xo € FO(n) for each p € IV with T(n) > v and r € I, there exists generalized open
(resp. semi-generalized open and generalized semi-open) set U C X and x, € U such that U C F&(p);

(3) upper (resp. lower) generalized continuous, upper (resp. lower) semi-generalized continuous and up-
per (resp. lower) generalized semi-continuous if it is upper (resp. lower) generalized continuous, up-
per (resp. lower) semi-generalized continuous and upper (resp. lower) generalized semi-continuous
at every x, € X.
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Remark 2.2.

(i) Upper (resp. lower) generalized continuity and upper (resp. lower) semi-generalized continuity are
independent notions as shown by Problems 2.3 and 2.4.
(ii) Upper (resp. lower) semi-continuity [20] = upper (resp. lower) generalized continuity = upper
(resp. lower) generalized semi-continuity.
(iii) Upper (resp. lower) semi-continuity [20] = upper (resp. lower) semi-generalized continuity =
upper (resp. lower) generalized semi-continuity.

Problem 2.3. Let X = {a,b,c}, T = {X, ¢,{a}} be an ordinary topology on X and Y = I. Define fuzzy
topology T: 1Y — I as follows:
1, ifAe{0,1},
T(A) = { 1, ifA=03,
0, otherwise.
Then,

(1) for 0 < r < 0.3, a fuzzy multifunction F : (X, T) — (Y, ) which is defined by: F(a) = 0.2, F(b) = 0.5,
F(c) = 0.9, is lower generalized continuous and lower generalized semi-continuous but not lower
semi-generalized continuous;

(2) for 0 < r < 0.3, a fuzzy multifunction F : (X, T) — (Y, T) which is defined by: F(a) = 0.2, F(b) = 0.5,
F(c) = 0.9, is lower generalized continuous but not lower semi-continuous.

Problem 2.4. Let X = {a,b,c,d}, T = {X, $,{a, b},{d},{a, b, d}} be an ordinary topology on X and Y = L
Define fuzzy topology T: 1Y — I as follows:

1, ifAe{01},
3 ifA=05

0, otherwise.
Then,

(1) for 0 < r < 0.5, a fuzzy multifunction F : (X, T) — (Y, 1), which is defined by: F(a) = 0.8, F(b) = 0.4,
F(c) = 0.9, F(d) = 0.7, is lower semi-generalized continuous and lower generalized semi-continuous
but not lower generalized continuous;

(2) for 0 < r < 0.5, a fuzzy multifunction F : (X, T) — (Y, 1), which defined by: F(a) = 0.8, F(b) = 0.4,
F(c) =0.9, F(d) = 0.7, is lower semi-generalized continuous but not lower semi-continuous.

Theorem 2.5. A fuzzy multifunction F: (X, T) —o (Y, ) is lower generalized continuous if F&(u) (resp. F¥(u)) is
generalized open (resp. generalized closed) set for each w € 1Y with t(p) = 7 (resp. w € 1Y with T(puc) > 7).

Proof. Let xo € X, p € IV with () > r and x, € FO(u). Then, FO(u) is generalized open set. Thus, F is
lower generalized continuous. Other case it is easily proved from F® () = X —FO (). O

The following theorems are similarly proved as in Theorem 2.5.

Theorem 2.6. A fuzzy multifunction F : (X, T) —o (Y, 1) is upper generalized continuous if F®(u) (resp. FO(n))
is generalized open (resp. generalized closed) set for each w € 1Y with t(w) > 1 (resp. w € 1Y with T(ue) > 7).

Theorem 2.7. A fuzzy multifunction F : (X, T) — (Y, 1) is lower semi-generalized continuous if FO () (resp.
FO(w)) is semi-generalized open (resp. semi-generalized closed) set for each w € 1Y with T(W) > 7 (resp. p € 1Y
with T(u) > r).

Theorem 2.8. A fuzzy multifunction F : (X, T) —o (Y, 1) is upper semi-generalized continuous if F¥ () (resp.
FO(w)) is semi-generalized open (resp. semi-generalized closed) set for each w € 1Y with (W) > 7 (resp. pu € 1Y
with T(uc) > ).
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Theorem 2.9. A fuzzy multifunction F : (X, T) —o (Y, 1) is lower generalized semi-continuous if F© () (resp.
F®(w)) is generalized semi-open (resp. generalized semi-closed) set for each w € 1Y with (W) > 7 (resp. pu € 1Y
with T(uc) > ).

Theorem 2.10. A fuzzy multifunction F : (X, T) —o (Y,7) is upper generalized semi-continuous if F®(p) (resp.
FO(w)) is generalized semi-open (resp. generalized semi-closed) set for each w € 1Y with T(pw) > 7 (resp. p € 1Y
with T(u) > ).

Theorem 2.11. Let (Y, T) be a fuzzy topological space and (X, T) be a topological space satisfying the condition: for
AQX,uEIYanerIO,
(g) if A = g-Int(A) implies A is generalized open set.
Then, F: (X, T) — (Y, ) is lower generalized continuous if one of the following statements is hold:
(1) F(g-CUA)) < C<(F(A),7);
(2) g-CUF® (W) < FE(Cx(,1));
(3) FO(I«(p, 7)) < g-Int(F< ().
Proof.
(1) = (2) Foreach pe 1Y and r € L,, let A = F®(p). Then by (1),

F(g-CUF® (1)) < C(F(FE(w)), ) < Celp, 7).

Hence, we obtain g-ClL(F®(u)) < F®(Cr(w,1)).

(2) = (3) Let p € IV. Then by (2), X — g-Int(F® (1)) = g-CLUX —F2 () = g-CL(F®(u)) < F¥(Co(p, 7)) =
[FE (I+(w, 1))]€. Thus, we obtain F©(I;(w, 1)) < g-Int(FO(n)).

Suppose that (3) holds. Let u € IY with (i) > 7. Then by (3), F@ (1) < g-Int(FE(p)) and by (g), F©(p)
is generalized open set. Thus, F is lower generalized continuous. O

The following theorems are similarly proved as in Theorem 2.11.

Theorem 2.12. Let (Y, T) be a fuzzy topological space and (X, T) be a topological space satisfying the condition: for
ACXpel¥andrel,

(sg) if A = sg-Int(A) implies A is semi-generalized open set.

Then, F: (X, T) —o (Y, T) is lower semi-generalized continuous if one of the following statements is hold:
(1) F(sg-CUA)) < C<(F(A),7);

(2) sg-CUF®(n)) < F¥(Cx(m,1));

(3) FO(Ic(p, 1)) < sg-Int(F ().

Theorem 2.13. Let (Y, T) be a fuzzy topological space and (X, T) be a topological space satisfying the condition: for
ACX pel¥andrel,

(gs) if A = gs-Int(A) implies A is generalized semi-open set.
Then, F: (X, T) —o (Y, ) is lower generalized semi-continuous if one of the following statements is hold:

(1) F(gs-CUA)) < Cc(F(A),7);
(2) gs-CL(F® (1)) < F¥(Cr(p,1));
(3) FO(Le(p, 1)) < gs-Int(FO (W)

Corollary 2.14. Let F : (X, T) —o (Y, 1) be a fuzzy multifunction. Then if (X, T) is semi—T% [13], the concepts of

upper (resp. lower) semi-continuity, upper (resp. lower) generalized continuity, upper (resp. lower) semi-generalized
continuity, and upper (resp. lower) generalized semi-continuity are equivalent.
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3. A new approach to upper and lower generalized semi-continuity

In this section, the notions of lower and upper generalized continuous (resp. semi-generalized con-
tinuous and generalized semi-continuous) fuzzy multifunctions are introduced and studied in view of
Sostak’s sense. Also, the relations of these multifunctions with each other are discussed with the help of
examples.

Definition 3.1. Let F : X — Y be a fuzzy multifunction between two fuzzy topological space’s (X, T) and
(Y,n), and r € I,. Then F is called:

(1) fuzzy upper generalized continuous (resp. semi-generalized continuous and generalized
semi-continuous) at a fuzzy point x; € dom(F) if x; € F*(u) for each p € IV with n(p) > r there
exists T-generalized fuzzy open [16] (resp. r-semi-generalized fuzzy open and r-generalized fuzzy
semi-open [4]) set A € IX and x; € A such that A A dom(F) < F*(p).

(2) fuzzy lower generalized continuous (resp. semi-generalized continuous and generalized
semi-continuous) at a fuzzy point x; € dom(F) if x; € F'(n) for each p € IY with n(n) > v there
exists r-generalized fuzzy open (resp. r-semi-generalized fuzzy open and r-generalized fuzzy semi-
open) set A € IX and x; € A such that A < F*(p).

(3) fuzzy upper (resp. lower) generalized continuous, fuzzy upper (resp. lower) semi-generalized con-
tinuous and fuzzy upper (resp. lower) generalized semi-continuous if it is fuzzy upper (resp. lower)
generalized continuous, fuzzy upper (resp. lower) semi-generalized continuous and fuzzy upper
(resp. lower) generalized semi-continuous at every x; € dom(F).

Remark 3.2.

(i) If Fis normalized, then F is fuzzy upper generalized continuous (resp. semi-generalized continuous
and generalized semi-continuous) at a fuzzy point x; € dom(F) if x; € F*(n) for each p € 1Y
with n(pn) > v there exists r-generalized fuzzy open (resp. r-semi-generalized fuzzy open and r-
generalized fuzzy semi-open) set A € IX and x; € A such that A < F¥(p).

(ii) Fuzzy upper (resp. lower) generalized continuity and fuzzy upper (resp. lower) semi-generalized
continuity are independent notions as shown by Problems 3.3 and 3.4.

(iii) Fuzzy upper (resp. lower) semi-continuity [1] = fuzzy upper (resp. lower) generalized continuity
= fuzzy upper (resp. lower) generalized semi-continuity.

(iv) Fuzzy upper (resp. lower) a-continuity [14] = fuzzy upper (resp. lower) semi-generalized conti-
nuity = fuzzy upper (resp. lower) generalized semi-continuity.

Problem 3.3. Let X = {x1,%2}, Y = {y1,y2,y3} and F : X — Y be a fuzzy multifunction defined by:
Gr(x1,y1) = 0.2, Gr(x1,Y2) = 0.8, Gr(x1,y3) = 0.2, Gr(xz,y1) = 0.5, Gr(x2,y2) = 0.3, and Gr(x2,y3) =
0.9. Define p € I* and v € 1Y as follows: v(y1) = 0.8, v(y2) = 0.8, v(y3) = 0.6, p(x1) = 0.8, p(x2) = 0.6.
Define fuzzy topologies T: X — Iand 1 : IV — I as follows:

T(A) = { 3 ifA€{01,03,  mw= {
0,

otherwise,

1, ifne{01},
3 ifu=v,
0, otherwise.

Then,

(1) F: (X, ) — (Y,n) is fuzzy lower (resp. upper) generalized continuous but not fuzzy lower (resp.
upper) semi-generalized continuous;

(2) F: (X, 1) — (Y,m) is fuzzy lower (resp. upper) generalized semi-continuous but not fuzzy lower (resp.
upper) semi-generalized continuous;

(3) F: (X,t) — (Y,n) is fuzzy lower (resp. upper) generalized continuous but not fuzzy lower (resp.
upper) semi-continuous.
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Problem 3.4. Let X = {x1,%2}, Y = {y1,y2,y3} and F : X — Y be a fuzzy multifunction defined by

Gr(x1,Y1) = 0.2, GF(x1,Y2) = 0.8, Gr(x1,y3) = 0.3, Gr(x2,y1) = 0.5, Gr(x2,y2) = 0.3, and G¢(x2,y3) =0.7.
Define fuzzy topologies T: IX — Iand 1 : IV — I as follows:

1, ifAe{01}, 1, itpne{01},

W) ={ % ifA=04, nw={ 3, ifp=065

0 0

otherwise, , otherwise.

Then,

(1) F: (X, 1) — (Y,m) is fuzzy lower (resp. upper) semi-generalized continuous but not fuzzy lower (resp.
upper) generalized continuous;

(2) F: (X, 1) — (Y,7n) is fuzzy lower (resp. upper) generalized semi-continuous but not fuzzy lower (resp.
upper) generalized continuous;

(3) F: (X, 1) — (Y,n) is fuzzy lower (resp. upper) semi-generalized continuous but not fuzzy lower (resp.
upper) x-continuous.

Theorem 3.5. A fuzzy multifunction F : (X,T) — (Y,m) is fuzzy lower generalized continuous if F*(u) (resp.
FY(w)) is r-generalized fuzzy open (resp. v-generalized fuzzy closed) for each w € 1Y withm(p) > 7 (resp. p € 1Y
withn(u®) =2 1), r € L.

Proof. Let x¢ € dom(F), p € IY withn(p) = r and x; € F*(u). Then, we have F'(y) is r-generalized fuzzy
open. Thus, F is fuzzy lower generalized continuous. Other case it is easily proved from F*(u¢) = (Ft(u))C.
O

The following theorems are similarly proved as in Theorem 3.5.

Theorem 3.6. A normalized fuzzy multifunction F : (X,t) — (Y,n) is fuzzy upper generalized continuous if
FY(w) (resp. FY(w)) is r-generalized fuzzy open (resp. v-generalized fuzzy closed) set for each p € 1Y withn(p) > v
(resp. w € 1Y withn(pu®) > 1) and r € L.

Theorem 3.7. A fuzzy multifunction F : (X, 1) —o (Y,m) is fuzzy lower semi-generalized continuous if F*(1) (resp.
FY(w)) is r-semi-generalized fuzzy open (resp. r-semi-generalized fuzzy closed) set for each w € 1Y with n( ) >
(resp. p € IV withn(pu®) = 1) and v € L.

Theorem 3.8. A normalized fuzzy multifunction F : (X,t) —o (Y,m) is fuzzy upper semi-generalized continuous
if F*(w) (resp. FY(w)) is r-semi-generalized fuzzy open (resp. r-semi-generalized fuzzy closed) set for each p € 1V
with n( w) =1 (resp. w € 1Y withn(u®) > 1) and r € L.

Theorem 3.9. A fuzzy multifunction F : (X,t) —o (Y,m) is fuzzy lower generalized semi-continuous if F*(1) (resp.
FY(w)) is r-generalized fuzzy semi-open (resp. v-generalized fuzzy semi-closed) set for each w € 1Y with n( )=
(resp. w € 1Y withn(u®) > 1) and r € L.

Theorem 3.10. A normalized fuzzy multifunction F : (X, t) —o (Y,n) is fuzzy upper generalized semi-continuous
if F4(w) (resp. FY(w)) is r-generalized fuzzy semi-open (resp. v-generalized fuzzy semi-closed) set for each p € 1Y
with n( w) =1 (resp. w€ 1Y withn(u®) > 1) and r € L.
Theorem 3.11. Let (X, t) and (Y,n) be fuzzy topological spaces satisfying the condition:

(G) if A = GLc(A, 1) implies A is T-generalized fuzzy open for A € IX, w € IV and r € L.
Then, F: (X, T) — (Y,m) is fuzzy lower generalized continuous if one of the following statements is hold:
(1) FGC(A, 1)) < Cy(F(A),7);

(2) GC(F*(u), ) <F* (C (7))
(3) FH(In(w, 1)) < GLe(FH(w), 7).
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Proof.

(1) = (2) For each p € IV and r € L,, let A = F*(n). Then by (1), F(GC(F*(p),7)) < Cy(F(F¥ (1)), 1) <
Cy(p, 7). Hence, we obtain GC(F* (), ) < F*(Cq(p,1)).
(2) = (3) Let p € I". Then by (2), [GI(F'(n),1)1® = GC(F*(n¢),1) < F*(Cq(ns, 1)) = [F'(Iy (1)),
Hence, Fl(In(u,r)) < GI(FH(w), 7).

Suppose that (3) holds. Let p € IV with n(p) > r. Then by (3), F'(u) < GL(F'(n),7) and by (G), F'(p)
is r-generalized fuzzy open. Thus, F is fuzzy lower generalized continuous. O

The following theorems are similarly proved as in Theorem 3.11.

Theorem 3.12. Let (X, ) and (Y,n) be fuzzy topological spaces satisfying the condition:
(SG) if A = SGI¢(A, 1) implies A is r-semi-generalized fuzzy open for A € IX, p € IY and r € L.
Then, F: (X, 1) —o (Y,m) is fuzzy lower semi-generalized continuous if one of the following is hold:

(1) F(SGCx(A, 1)) < Cy(F(A), 7);
(2) SGC(F*(u),7) < F*(Cq(p,1));
(3) F'(In(1, 1)) < SGLe(F!(w), 7).

Theorem 3.13. Let (X, t) and (Y,n) be fuzzy topological space’s satisfying the condition:
(GS) if A = GSI¢(A, 1) implies A is T-generalized fuzzy semi-open for A € 1X, w € 1¥ and v € L.
Then, F: (X, 1) —o (Y,m) is fuzzy lower generalized semi-continuous if one of the following is hold:

(1) F(GSC+(A, 1)) < Ci(F(A),1);
(2) GSC(F*(p), 1) < F¥(Cr(m,1));
(3) FY{Iy (1, 1)) < GSI(F'(w), 7).

Corollary 3.14. Let F: X — Y, H: Y —o Z be two fuzzy multifunction’s and let (X, T), (Y,n) and (Z,d) be three
fuzzy topological spaces. Then we have,

(1) if Fis fuzzy lower generalized continuous (resp. semi-generalized continuous and generalized semi-continuous)
and H is fuzzy lower semi-continuous, then H o F is fuzzy lower generalized continuous (resp. semi-generalized
continuous and generalized semi-continuous);

(2) if Fis normalized fuzzy upper generalized continuous (resp. semi-generalized continuous and generalized semi-
continuous) and H is normalized fuzzy upper semi-continuous, then H o F is fuzzy upper generalized continuous
(resp. semi-generalized continuous and generalized semi-continuous).

Corollary 3.15. Let F: (X, 1) —o (Y,m) be a fuzzy multifunction. Then if (X, T) is r—FST% [4], the concepts of fuzzy
upper (resp. lower) semi-continuity, fuzzy upper (resp. lower) o-continuity, fuzzy upper (resp. lower) generalized
continuity, fuzzy upper (resp. lower) semi-generalized continuity, and fuzzy upper (resp. lower) generalized semi-
continuity are equivalent.

4. Conclusion

In this article, we have continued to study the continuity of fuzzy multifunctions. First, we presented
and studied the notions of upper and lower generalized continuous (resp. semi-generalized continuous
and generalized semi-continuous) fuzzy multifunctions where the domain of these multifunctions is a
classical topological space with their values as arbitrary fuzzy sets in fuzzy topological space in view of
Sostak’s sense. Second, a new approach to these multifunctions between two fuzzy topological spaces
(X,7), (Y,n) based on the sense of Sostak are introduced. Some properties of these multifunctions along
with their mutual relationships are established with the help of examples. This paper, not only can form
the theoretical basis for further applications of fuzzy multifunctions, but also lead to the development of
other scientific areas.
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