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Abstract
Pseudo-parabolic equation on spheres have many important applications in physical phenomena, oceanography and me-

teorology, geophysics. The main purpose of this paper is to prove the existence and unique solution of the nonlinear pseudo-
parabolic equation on the sphere. To do this, we used some analysis of Fourier series associated with several evaluations of the
spherical harmonics function. Some of the upper and lower bounds of the Mittag-Lefler functions are also used. This result is
one of the first studies of fractional nonclassical diffusion equation on the sphere.
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1. Introduction

In geophysical phenomena, there will arise a number of problems related to the sphere. These prob-
lems are simulated by the partial differential equations on the sphere, and have many applications in
physical geodesy, potential theory, oceanography and meteorology. The weather forecasting processes
are also investigated and studied by mathematical models on the sphere. Therefore, we can say that the
research on the sphere attracts quite a lot of mathematicians because of its applicability. Some mathemat-
ical analysis for parabolic equation on the sphere and numerical apprimation of it has been considered
by many authors [11, 13, 27]. Cauchy problem for elliptic equations on the sphere has been studied in
[10, 12]. The Navier-Stokes equations on the 2D unit sphere has been investigated by recent paper [6]. Re-
cently, Phuong and Luc [21] considered a pseudo-parabolic equation on spheres with classical derivative.
We observe that the structure of the solutions of the differential equations on the sphere is very complex,
so examining all kinds of partial derivative equations on the sphere requires advanced tools with new
techniques. Motivated by this interesting result about pseudo-parabolic equation on the sphere with clas-
sical derivative, in this paper, we will study the problem of fractional nonclassical diffusion equation (or
called pseudo-parabolic equation) on the sphere with fractional derivative.

According to the history of development in analytics, in the last few decades, fractional calculation
has been a concept that has had a great influence on mathematics and the problems related to it often
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have applications in modeling visualize real world problems. Fractional analysis has many applications
in mechanics, physics and engineering science, etc. We would like to share many published works on
these issues such as [1–3, 5, 9, 25], Jafari and his group [7, 8, 14, 19].

The main purpose of our present paper is to investigate the problem of pseudo-parabolic equation on
the sphere with fractional derivative. Indeed, we introduce the pseudo-parabolic equation defined on the
unit sphere S2 ⊂ R3 as follows

∂β

∂tβ
u(x, t) −∆∗u(x, t) − a

∂β

∂tβ
∆∗u(x, t) = ψ(t)H(x, t), (x, t) ∈ S2 × [0, T ] (1.1)

with the initial Cauchy condition

u(x, 0) = ϕ(x), (1.2)

or the terminal Cauchy condition

u(x, T) = θ(x),

where ∂α

∂tα is called the Riemann-Liouville fractional derivative of order α, 0 < α 6 1. It is defined by

∂αv(t)

∂tα
=
d

dt

( 1
Γ(1 −α)

∫t
0
(t− r)−αv(r)dr

)
and Dα0+v(t) =:

d

dt
v(t) if α = 1. The functions ψ,H in (1.1) are defined later. The operator ∆∗ is called

Laplace-Beltrami which is introduced in more details in Section 2. To the best of our knowledge, there
are not any results on problem (1.1). Our main goal in this paper is to studying two following problem.

• Our first goal is to considering Cauchy initial problem (1.1)-(1.2) under the assumption ϕ ∈ Hσ(S2).

• Our second goal is to considering Cauchy terminal problem (1.1)-(1.2) under the assumption θ ∈
Hµ(S2).

This article is organized as follows. Section 2 gives some preliminary and mild solution. In Section
3, we present our main results including two main theorems. Finally, the proof of some theorems is
completed in Section 4.

2. Preliminaries

Consider the Mittag-Leffler function, which is defined by

Eα,β(ξ) =

∞∑
n=1

ξn

Γ(nα+β)

(ξ ∈ C), for α > 0 and β ∈ R. We call to mind the following lemmas (see for example [22]). We have the
following lemma which is useful for next proof.

Lemma 2.1. Let 0 < α < 1. Then the function z 7→ Eα,α(z) has no negative root. Moreover, there exists a constant
Cα such that

0 6 Eα,α(−z) 6
Cα

1 + z
, z > 0.

Spherical harmonics are polynomials which satisfy ∆xY(x) = 0 (where ∆x is the Laplacian operator in
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R3) and are restricted to the surface of the Euclidean sphere S2. The eigenvalues for −∆ in R3 are

λl = l
2 + l, l = 0, 1, 2, . . .

and the eigenfunctions corresponding to λl are the spherical harmonics Zl(x) of order l, i.e.,

∆Zl(x) = −λlZl(x).

The space of all spherical harmonics of degree l on S2, denoted by Vl, has an orthonormal basis {Zlk(x) :
k = 1, 2, 3, . . . ,N(2, l)}, where

N(2, 0) = 1, N(2, l) =
2l+ 1
Γ(2)

, l > 1.

Let any function ψ ∈ L2(Sn), so it is expressed by the expansion of spherical harmonics

ψ =

∞∑
l=0

2l+1
Γ(2)∑
k=1

ψ̂lkZlk, ψ̂lk =

∫
S2
ψZlkdS,

where dS is the surface measure of the unit sphere. The Sobolev space Hσ(S2) is defined by

Hσ(S2) =

{
ψ ∈ L2(S2) :

∞∑
l=0

2l+1
Γ(2)∑
k=1

(
l2 + l+ 1

)σ
|ψ̂lk|

2 <∞}

with the following norm

‖ψ‖2
Hσ(S2) =

∞∑
l=0

2l+1
Γ(2)∑
k=1

(
l2 + l+ 1

)σ
|ψ̂lk|

2.

3. Main results

Theorem 3.1. Let β > 1/2. Let assume that ψ : (0, T)→ R such that

|ψ(z)| 6 zδ, −
1
2
< δ < 1.

Let u be the solution of Problem (1.1) with the Cauchy initial condition

u(x, 0) = ϕ(x), x ∈ S2.

Let ϕ ∈ Hσ(S2). Then we get u ∈ Lq(0, T ;Hσ(S2)). Here q satisfies that

q > max
( 1

1 −β
,

1
1
2 +βθ−β− δ

)
. (3.1)

And θ is a real number satisfying
β+ δ− 3/2

β
< θ <

β− 1/2
β

. (3.2)

Theorem 3.2. Let u be the solution of Problem (1.1) with the Cauchy initial condition

u(x, T) = θ(x), x ∈ S2.

Let θ ∈ Hµ(S2) and H ∈ L2(0, T ; Hµ(S2)). Then we get u ∈ Lq(0, T ;Hµ(S2)).
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4. Proof of Theorem (3.1)

Proof. We know from [11] that ∆∗ is the Laplace-Beltrami on the sphere Sn. Any function u ∈ L2(Sn) can
be described by the terms of spherical harmonics

u(x, t) =
∞∑
l=0

2l+1
Γ(2)∑
k=1

ûlk(t)Zlk(x), ûlk(t) =
∫
Sn
u(x, t)Zlk(x)dS,

where dS is the surface measure of the unit sphere. Let us first give an expression of the mild solution.
By a simple calculation, we give that

(1 + aλl)
dβ

dtβ
ûlk(t) + λlûlk(t) = Ĥlk(t),

where we denote
Ĥlk(s) =

∫
Sn
H(x, s)Ylk(x)dS.

Therefore, we find that

dβ

dtβ
ûlk(t) +

l2 + l

1 + al2 + al
ûlk(t) =

Ĥlk(t)

1 + al2 + al
.

Let ϕ = t1−αu|t=0. Then we obtain

ûlk(t) = Γ(β)t
β−1Eβ,β

(
−

l2 + l

1 + al2 + al
tβ
)
ϕ̂lk

+

∫t
0

1
1 + al2 + al

(t− z)β−1Eβ,β

(
−

l2 + l

1 + al2 + al
(t− z)β

)
Ĥlk(z)dz.

(4.1)

So, we get that

u(x, t) =
∞∑
l=0

2l+1
Γ(2)∑
k=1

(
Γ(α)tβ−1Eβ,β

(
−

l2 + l

1 + al2 + al
tβ
)
ϕ̂lk

)
Zlk(x)

+

∞∑
l=0

2l+1
Γ(2)∑
k=1

( ∫t
0

1
1 + al2 + al

(t− z)β−1Eβ,β

(
−

l2 + l

1 + al2 + al
(t− z)β

)
ψ(z)Ĥlk(z)dz

)
Zlk(x)

= D1,β(x, t) +D2,β(x, t).

The first term is bounded by

‖D1(., t)‖2
Hσ(S2) =

∞∑
l=0

2l+1
Γ(2)∑
k=1

(
l2 + l+ 1

)σ(
Γ(β)tβ−1Eβ,β

(
−

l2 + l

1 + al2 + al
tα
)
ϕ̂lk

)2

6 C2
2,β|Γ(β)|

2t2β−2
∞∑
l=0

2l+1
Γ(2)∑
k=1

(
l2 + l+ 1

)σ
|ϕ̂lk|

2

= C2
2,β|Γ(β)|

2t2β−2‖ϕ‖2
Hσ(S2).

(4.2)

Hence, we arrive at

‖D1(., t)‖Hσ(S2) 6 C2,βΓ(β)t
β−1‖ϕ‖Hσ(S2). (4.3)
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It is obvious to see that for any 0 < θ < 1 and l > 1,

Eβ,β

(
−

l2 + l

1 + al2 + al
tβ
)

6
C2,β

1 + l2+l
1+al2+al

tβ
6

C2,β(
1 + l2+l

1+al2+al
tβ
)θ

6 C2,β

(
1 + al2 + al

l2 + l

)θ
t−βθ 6 C2,β

(
1
2
+ a

)θ
t−βθ,

(4.4)

‖D2(., t)‖2
Hσ(S2)

=

∞∑
l=0

2l+1
Γ(2)∑
k=1

(
l2 + l+ 1

)σ( ∫t
0

1
1 + al2 + al

(t− z)β−1Eβ,β

(
−

l2 + l

1 + al2 + al
(t− z)β

)
ψ(z)Ĥlk(z)dz

)2

6
(
C2,β

(
1
2
+ a

)θ )2 ∞∑
l=0

2l+1
Γ(2)∑
k=1

(
l2 + l+ 1

)σ( ∫t
0
(t− z)β−1−βθψ(z)Ĥlk(z)dz

)2

.

(4.5)

Hölder inequality implies immediately that( ∫t
0
(t− z)β−1−βθψ(z)Ĥlk(z)dz

)2
6
( ∫t

0
(t− z)2β−2−2βθ|ψ(z)|2dz

)( ∫t
0
|Ĥlk(z)|

2dz
)

.

Let us assume that |ψ(z)|2 6 z2δ. Then we get∫t
0
(t− z)2β−2−2βθ|ψ(z)|2dz 6

∫t
0
(t− z)2β−2−2βθz2δdz = t2β−1−2βθ+2δB(2β− 1 − 2βθ, 2δ+ 1).

Here we notice that the condition 0 < θ < β−1/2
β , which allows us to get that

2β− 1 − 2βθ > 0.

This implies that

∞∑
l=0

2l+1
Γ(2)∑
k=1

(
l2 + l+ 1

)σ( ∫t
0
(t− z)β−1−βθψ(z)Ĥlk(z)dz

)2

6 t2β−1−2βθ+2δB(2β− 1 − 2βθ, 2δ+ 1)
∫t

0

 ∞∑
l=0

2l+1
Γ(2)∑
k=1

(
l2 + l+ 1

)σ
|Ĥlk(z)|

2

dz
= t2β−1−2βθ+2δB(2β− 1 − 2βθ, 2δ+ 1)

∫t
0

∥∥H(., z)∥∥2
Hσ(S2)

dz

6 t2β−1−2βθ+2δB(2β− 1 − 2βθ, 2δ+ 1)
∥∥H∥∥2

L2(0,T ;Hσ(S2))
.

So, it follows from (4.5) that

‖D2(., t)‖2
Hσ(S2) 6

(
C2,β

(
1
2
+ a

)θ )2
B(2β− 1 − 2βθ, 2δ+ 1)t2β−1−2βθ+2δ∥∥H∥∥2

L2(0,T ;Hσ(S2))
. (4.6)

By combining (4.2), (4.3), (4.6), we find that

‖u(., t)‖Hσ(S2) 6 ‖D1(., t)‖Hσ(S2) + ‖D2(., t)‖Hσ(S2)

6 C2,βΓ(β)t
β−1‖ϕ‖Hσ(S2) +M(β, θ, δ)tβ−1/2−βθ+δ∥∥H∥∥

L2(0,T ;Hσ(S2))
,

(4.7)
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where we denote

M(β, θ, δ) = C2,β

(
1
2
+ a

)θ√
B(2β− 1 − 2βθ, 2δ+ 1).

It follows from (4.7) that

‖u‖Lq(0,T ;Hσ(S2)) 6 C2,βΓ(β)‖ϕ‖Hσ(S2)

(∫T
0
t(β−1)qdt

)

+M(β, θ, δ)
∥∥H∥∥

L2(0,T ;Hσ(S2))

(∫T
0
t(β−1/2−βθ+δ)qdt

)
.

By conditions (3.1) and (3.2), we know that

(β− 1)q+ 1 > 0, (β− 1/2 −βθ+ δ)q+ 1 > 0.

Therefore, the proper integrals
∫T

0 t
(β−1)qdt and

∫T
0 t

(β−1/2−βθ+δ)qdt are convergent. This conclude that
u ∈ Lq(0, T ; Hσ(S2)).

4.1. Proof of Theorem (3.2)

From the fomula (4.1), we let t = T to get that

θ̂lk = ûlk(T) = Γ(β)T
β−1Eβ,β

(
−

l2 + l

1 + al2 + al
Tβ
)
ϕ̂lk

+

∫T
0

(T − z)β−1

1 + al2 + al
Eβ,β

(
−

l2 + l

1 + al2 + al
(T − z)β

)
ψ(z)Ĥlk(z)dz.

Hence, we find that

ϕ̂lk =
θ̂lk −

∫T
0

(T−z)β−1

1+al2+al
Eβ,β

(
− l2+l

1+al2+al
(T − z)β

)
ψ(z)Ĥlk(z)dz

Γ(β)Tβ−1Eβ,β

(
− l2+l

1+al2+al
Tβ
) .

Hence, we find that

ûlk(t) =
tβ−1Eβ,β

(
− l2+l

1+al2+al
tβ
)

Tβ−1Eβ,β

(
− l2+l

1+al2+al
Tβ
) θ̂lk

−
tβ−1Eβ,β

(
− l2+l

1+al2+al
tβ
)

Tβ−1Eβ,β

(
− l2+l

1+al2+al
Tβ
)( ∫T

0

(T − z)β−1

1 + al2 + al
Eβ,β

(
−

l2 + l

1 + al2 + al
(T − z)β

)
ψ(z)Ĥlk(z)dz

)

+

∫t
0

1
1 + al2 + al

(t− z)β−1Eβ,β

(
−

l2 + l

1 + al2 + al
(t− z)β

)
ψ(z)Ĥlk(z)dz.

So, we get immediately that

u(x, t) =
∞∑
l=0

2l+1
Γ(2)∑
k=1

(
tβ−1Eβ,β

(
− l2+l

1+al2+alt
β
)

Tβ−1Eβ,β

(
− l2+l

1+al2+alT
β
) ψ̂lk

)
Zlk(x) −

∞∑
l=0

2l+1
Γ(2)∑
k=1

(
tβ−1Eβ,β

(
− l2+l

1+al2+alt
β
)

Tβ−1Eβ,β

(
− l2+l

1+al2+alT
β
)

×

( ∫T
0

(T − z)β−1

1 + al2 + al
Eβ,β

(
−

l2 + l

1 + al2 + al
(T − z)β

)
ψ(z)Ĥlk(z)dz

))
(4.8)
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×Zlk(x) +
∞∑
l=0

2l+1
Γ(2)∑
k=1

( ∫t
0

1
1 + al2 + al

(t− z)β−1Eβ,β

(
−

l2 + l

1 + al2 + al
(t− z)β

)
ψ(z)Ĥlk(z)dz

)
Zlk(x)

= G1(x, t) +G2(x, t) +G3(x, t).

Due to the upper and lower estimates of Mittag-Lefler function Eα,α, we note that

tβ−1Eβ,β

(
− l2+l

1+al2+al
tβ
)

Tβ−1Eβ,β

(
− l2+l

1+al2+al
Tβ
) 6 T 1−βtβ−1

C2,β

1+ l2+l
1+al2+al

tβ

C1,β

1+ l2+l
1+al2+al

Tβ

6
T 1−βC2,β

C1,β

(
1 +

Tβ

a

)
tβ−1 = C3,βt

β−1,

where we denote

C3,β =
T 1−βC2,β

C1,β

(
1 +

Tβ

a

)
.

For the first term of the right hand side of (4.8), we get that

‖G1(., t)‖2
Hµ(S2) =

∞∑
l=0

2l+1
Γ(2)∑
k=1

(
l2 + l+ 1

)µ( tβ−1Eβ,β

(
− l2+l

1+al2+al
tβ
)

Tβ−1Eβ,β

(
− l2+l

1+al2+al
Tβ
) θ̂lk

)2

6 |C3,βt
β−1|2

∞∑
l=0

2l+1
Γ(2)∑
k=1

(
l2 + l+ 1

)µ
|θ̂lk|

2 = |C3,βt
β−1|2‖θ‖2

Hµ(S2).

Hence, we find that

‖G1(., t)‖Hµ(S2) 6 C3,β‖θ‖Hµ(S2)t
β−1. (4.9)

For the second term of the right hand side of (4.8) and using (4.4), we get that

‖G2(., t)‖2
Hµ(S2) =

∞∑
l=0

2l+1
Γ(2)∑
k=1

(
tβ−1Eβ,β

(
− l2+l

1+al2+al
tβ
)

Tβ−1Eβ,β

(
− l2+l

1+al2+al
Tβ
))2

×

( ∫T
0

(T − z)β−1

1 + al2 + al
Eβ,β

(
−

l2 + l

1 + al2 + al
(T − z)β

)
ψ(z)Ĥlk(z)dz

)2

6 |C3,βt
β−1|2

∞∑
l=0

2l+1
Γ(2)∑
k=1

(
l2 + l+ 1

)µ
×

( ∫T
0

1
1 + al2 + al

(T − z)β−1Eβ,β

(
−

l2 + l

1 + al2 + al
(T − z)β

)
ψ(z)Ĥlk(z)dz

)2

6 |C3,βt
β−1|2

(
C2,β

(
1
2
+ a

)θ )2 ∞∑
l=0

2l+1
Γ(2)∑
k=1

(
l2 + l+ 1

)µ( ∫T
0
(T − z)β−1−βθψ(z)Ĥlk(z)dz

)2

6 |C3,βt
β−1|2

(
C2,β

(
1
2
+ a

)θ )2

×
∞∑
l=0

2l+1
Γ(2)∑
k=1

(
l2 + l+ 1

)µ( ∫T
0
(T − z)2β−2−2βθ|ψ(z)|2dz

)( ∫T
0
|Ĥlk(z)|

2dz
)

.
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Since the fact that |ψ(z)| 6 zδ, we find that∫T
0
(T − z)2β−2−2βθ|ψ(z)|2dz 6

∫T
0
(T − z)2β−2−2βθz2δdz = T 2β−1−2βθ+2δB(2β− 1 − 2βθ, 2δ+ 1).

From two above observations, we arrive at

‖G2(., t)‖2
Hµ(S2) 6 |C3,βt

β−1|2
(
C2,β

(
1
2
+ a

)θ )2
T 2β−1−2βθ+2δB(2β− 1 − 2βθ, 2δ+ 1)

×

∫T
0

 ∞∑
l=0

2l+1
Γ(2)∑
k=1

(
l2 + l+ 1

)µ
|Ĥlk(z)|

2

dz


6 |C3,βt
β−1|2

(
C2,β

(
1
2
+ a

)θ )2
T 2β−1−2βθ+2δB(2β− 1 − 2βθ, 2δ+ 1)

∥∥H∥∥2
L2(0,T ;Hµ(S2))

.

Hence, we obtain that

‖G2(., t)‖Hµ(S2) 6 C4,β,θ,δ
∥∥H∥∥

L2(0,T ;Hµ(S2))
tβ−1, (4.10)

where

C4,β,θ,δ = C3,βC2,β

(
1
2
+ a

)θ√
T 2β−1−2βθ+2δB(2β− 1 − 2βθ, 2δ+ 1).

By using a similar argument as in (4.6), we find that

‖G3(., t)‖Hµ(S2) 6M(β, θ, δ)tβ−1/2−βθ+δ∥∥H∥∥
L2(0,T ;Hµ(S2))

. (4.11)

Combining (4.9), (4.10), (4.11), we arrive at

‖u(., t)‖Hµ(S2) 6 ‖G1(., t)‖Hµ(S2) + G2(., t)‖Hµ(S2) + ‖G3(., t)‖Hµ(S2)

6 C3,β‖θ‖Hµ(S2)t
β−1 +C4,β,θ,δ

∥∥H∥∥
L2(0,T ;Hµ(S2))

tβ−1

+M(β, θ, δ)tβ−1/2−βθ+δ∥∥H∥∥
L2(0,T ;Hµ(S2))

.
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