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Abstract

Pseudo-parabolic equation on spheres have many important applications in physical phenomena, oceanography and me-
teorology, geophysics. The main purpose of this paper is to prove the existence and unique solution of the nonlinear pseudo-
parabolic equation on the sphere. To do this, we used some analysis of Fourier series associated with several evaluations of the
spherical harmonics function. Some of the upper and lower bounds of the Mittag-Lefler functions are also used. This result is
one of the first studies of fractional nonclassical diffusion equation on the sphere.
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1. Introduction

In geophysical phenomena, there will arise a number of problems related to the sphere. These prob-
lems are simulated by the partial differential equations on the sphere, and have many applications in
physical geodesy, potential theory, oceanography and meteorology. The weather forecasting processes
are also investigated and studied by mathematical models on the sphere. Therefore, we can say that the
research on the sphere attracts quite a lot of mathematicians because of its applicability. Some mathemat-
ical analysis for parabolic equation on the sphere and numerical apprimation of it has been considered
by many authors [11, 13, 27]. Cauchy problem for elliptic equations on the sphere has been studied in
[10, 12]. The Navier-Stokes equations on the 2D unit sphere has been investigated by recent paper [6]. Re-
cently, Phuong and Luc [21] considered a pseudo-parabolic equation on spheres with classical derivative.
We observe that the structure of the solutions of the differential equations on the sphere is very complex,
so examining all kinds of partial derivative equations on the sphere requires advanced tools with new
techniques. Motivated by this interesting result about pseudo-parabolic equation on the sphere with clas-
sical derivative, in this paper, we will study the problem of fractional nonclassical diffusion equation (or
called pseudo-parabolic equation) on the sphere with fractional derivative.

According to the history of development in analytics, in the last few decades, fractional calculation
has been a concept that has had a great influence on mathematics and the problems related to it often
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have applications in modeling visualize real world problems. Fractional analysis has many applications
in mechanics, physics and engineering science, etc. We would like to share many published works on
these issues such as [1-3, 5, 9, 25], Jafari and his group [7, 8, 14, 19].

The main purpose of our present paper is to investigate the problem of pseudo-parabolic equation on
the sphere with fractional derivative. Indeed, we introduce the pseudo-parabolic equation defined on the
unit sphere S? C R3 as follows

O W) — AUl t) — ao AUl t) = b Hx ¢ t) € S*x [0, T] 11
atiﬁu(xl )_ U.(X, )_aatiﬁ u(xl ) _II)( ) (X/ )/ (X/ ) € X 7 ( . )

with the initial Cauchy condition
u(x,0) = @(x), (1.2)

or the terminal Cauchy condition

u(x, T) = 0(x),

where % is called the Riemann-Liouville fractional derivative of order «, 0 < « < 1. It is defined by

0*v(t) d 1 ¢ Cx
Y :a<7l‘(l—oc) Jo(t—r) v(r)dr)

d
and Dt v(t) = av(t) if « = 1. The functions {, H in (1.1) are defined later. The operator A* is called

Laplace-Beltrami which is introduced in more details in Section 2. To the best of our knowledge, there
are not any results on problem (1.1). Our main goal in this paper is to studying two following problem.

e Our first goal is to considering Cauchy initial problem (1.1)-(1.2) under the assumption ¢ € Ho(S?).

e Our second goal is to considering Cauchy terminal problem (1.1)-(1.2) under the assumption 0 &
HH(S2).

This article is organized as follows. Section 2 gives some preliminary and mild solution. In Section
3, we present our main results including two main theorems. Finally, the proof of some theorems is
completed in Section 4.

2. Preliminaries

Consider the Mittag-Leffler function, which is defined by

[e¢]

aT’L
Eoc,ﬁ(((—y) = Z m

n=1

(£ € C), for « > 0 and B € R. We call to mind the following lemmas (see for example [22]). We have the
following lemma which is useful for next proof.

Lemma 2.1. Let 0 < « < 1. Then the function z — E« «(z) has no negative root. Moreover, there exists a constant
C such that

C
0 § Eoc,oc(_z) < =

< , z>0.
1+z

Spherical harmonics are polynomials which satisfy A,Y(x) = 0 (where A is the Laplacian operator in
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R%) and are restricted to the surface of the Euclidean sphere S?. The eigenvalues for —A in R® are

M=1U+1 1=0,1,2,...

and the eigenfunctions corresponding to A; are the spherical harmonics Z;(x) of order 1, i.e

AZy(x) = —MZy(x).

The space of all spherical harmonics of degree 1 on S2, denoted by Vi, has an orthonormal basis {Zj (x)

N(2,1)}, where
21+1
L+ 1>1.

k=123,...,
N(2,0) =1, N(2,1) = 10K

Let any function 1\ € [2(SM), so it is expressed by the expansion of spherical harmonics

=> Z wZik, Pr = J . $Z1idS,

1=0 k=1
where dS is the surface measure of the unit sphere. The Sobolev space H°(S?) is defined by

o T3 -
HO(S?) = {weLZSZ ZZ(LZ+1+1) |$1k|2<oo}

1=0 k=1

with the following norm
21+1
oo TI(2) o
Il = > > (B+1+1) Hbud?.
1=0 k=1
3. Main results
Theorem 3.1. Let 3 > 1/2. Let assume that \ : (0, T) — R such that
1
8 <5<l

Wi)l<z —5

Let u be the solution of Problem (1.1) with the Cauchy initial condition
u(x,0) = @(x), xeS2

Let @ € HO(S?). Then we get w € L9(0, T; H®(S?)). Here q satisfies that
1 1
> max , .
) (i ;+ﬁesa>

And 0 is a real number satisfying
—3/2 —-1/2

P
Theorem 3.2. Let u be the solution of Problem (1.1) with the Cauchy initial condition
u(x, T) =0(x), xe€S>

Let 6 € HH(S?) and H € 12(0, T, H*(S?)). Then we get u € L9(0, T; H"(S?))

(3.1)

(3.2)
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4. Proof of Theorem (3.1)

Proof. We know from [11] that A* is the Laplace-Beltrami on the sphere S™. Any function u € L?(S™) can
be described by the terms of spherical harmonics

Wit = 3 Y GultZulx), Gt = | ulotZumds,

n

where dS is the surface measure of the unit sphere. Let us first give an expression of the mild solution.
By a simple calculation, we give that

ak R ~
(14 aAy) dTButk(t) + At (t) = Hy(t),

where we denote
Fuc(s) = | HOxs)Vaelo)as.

n

Therefore, we find that

dn R 12-1—1 N ﬁlk(t)
A () T () = e
dtﬁulk( )+ 1+a12+a1u1k( ) 1+al2+al
Let @ =t~ *ul{—g. Then we obtain
12+1
U () =TRIP TEpp [ ————tP |
u(t) =T(R) BB < TTalral ><P1k "
+Jt1(tz)f’_1E Bl 8 o)z Y
o 1+alz+al BB\ 1+ al2+al tk '

So, we get that

b1 P+l ) -
Io)t”"Egp —mt Pk | Zik(x)

1=0 k=1
2L4+1
o 2 [t 1 61 2+1 6 .
——(t—2z)"7E —_——(t— H dz |Z
+33 | rrarrat 2" e (Crapy a2 ) PR | 2

The first term is bounded by

N
-
+
-

T(2)

2
D1, t)[[F0(s2 =§oo (lzJFHl)G F(B)ItP'Epp L t% ) 1
Ho(S2) ’ 1+al2+al

1=0 k=1
- . (42)
<CpMPEE2Y > (B+1+1) [pul
1=0 k=1

= G5 aIT(B)PEP 20|30 s2)-
Hence, we arrive at

D1 1) l4e(s2) < Co,pT(BIP [l @ll1a(s2)- (4.3)
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It is obvious to see that forany 0 <6 <land 1> 1,

12+1 Cop Co
Ep.p <_1+a12+alt[3> RN EE S S 2 0
Tral’+al <1 + % 5)

1+al+al\° 1 °
gCZ,B <],2—i—1> t Beng/ﬁ <2+(1) t ﬁe,

(4.4)

HD2(~/’C)”$10(52)

Sy Y (Ber)” Jtl(t—z)ﬁlE (—lz“(t_z)ﬁ PeRnEaz)
0 1+alztal BB\ "1 a2+ al e 4.5)

1 8 ., ® TR o/ rt . 2
< (Cap (2+a> )Y (v <J (t—z)B_l_Betb(z)Hlk(z)dz> .

0

Holder inequality implies immediately that

(r(t_z)fslrs%(z)ﬁm(l)dz)z s <Jt

0 0

t
(e 2% 2 280 (2)Pdz) | Fc(z)Pez).
0
Let us assume that [(z)]2 < z2°. Then we get
t

t
J (t— 2)2B=22B0 (1) 24z < J (t—z)2B—2-2B0,25 4, _ 2B-1-2B0+420g(03 | _2p30,25+1).
0 0

B—1/2
B
28 —1—2p0 > 0.

Here we notice that the condition 0 < 6

This implies that

N

141

r(2)

N

Z <12+l+1>0(r(tz)ﬁ—l—ﬁell)(Z)ﬁlk(Z)dz>
1=0 k= 0

o0 (7
< 12B—1-2B0420B (08 1 _2B0,25+ 1) J ZZ <12+1+1) A (2)P | dz

[y

t
— {2P—1-2B0+20g(23 — 1 20,26+ 1) J IH(, z) Hilg(sz)dz
0

—1— 2
< PPTIT2POH20B(28 —1 - 266,26 + 1) || H|[ L2 o .10 (52))-

So, it follows from (4.5) that

1 .2 _1— 2
||D2('/t)||%10(s2) < (CZ,B <2—|—a) ) B(2p —1—2p0,25 +1)t>RF~1 ZBG+26HHHLZ(O,T,-HG(S2))' (4.6)

By combining (4.2), (4.3), (4.6), we find that

ID1(., t)|lge(s2) + [ID2(., t)[|lgos2)

(., )]|go(s2) <
< Co,aT(BIP Y @llyo(s2) + M(B, 6, 8)tP1/27BOF3|H||

(4.7)
(0,T;H°(S2))’
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where we denote

0
M(B,0,8) = Cap (; + a) VB(2B —1—2p6,25+1).

;H ) 2 t 1

.
M(B, 0, 8)[[H] 120 7m0 s2)) (L t(ﬁ_1/2_59+5)th> .

By conditions (3.1) and (3.2), we know that
B—1)q+1>0, (B—1/2—PBO+8)q+1>0.

Therefore, the proper integrals foT t(B=1ddt and fOT t(B=1/2-B08+3)d 4t are convergent. This conclude that
u e L9(0, T; Ho(S?)). O

4.1. Proof of Theorem (3.2)
From the fomula (4.1), we let t =T to get that

~ ~ 671 12+1« B ~
O = uw(T) =T(B)T EB,[S —mT (2R3

T —1 2
(T—2z)f 2+1 _
o g (i T2 vo)fin(2)de
+JO 1+a12+al B/B 1_’_a12+a1( Z) 1")(2) lk(z) z

Hence, we find that

B 1 2 ~
I frarrates (~rrartar(T—2)°) b()Hudz) dz

F(BITPEpp (—rriirtar™®)

Hence, we find that

—1 141
~ th Eﬁ'f’ ( 1+a12+a1 )
u(t) = ; o
TP1Epp ( Trarall )

—1 1241
tP Ep,p <_1+a12+alt[3> (

B — 241
TP~1Epp (_WMTL%)

+Jt1(t—z)f5—1E —L(t—z)ﬁ U (z)Hik(z)dz
o 1+alz+al PE\"1+al2+al tk '

JT (T—2)F" E _L
o 1+aZ+al PP 1+ a2+al

So, we get immediately that

21+1 2
1 -1 1°+1
s T3 /B Eﬁ,rs( mtﬁ) R o T2 /tP1Eg g (—mtﬁ>
u(x, ) :Z Pk Zlk(X)*Z

— 1241 - 241
TP~1Ep,p (_1+a142r+a1TB) TP~1Ep,p <_1+a1j2L+a1TB>

T _ \B—1 2 R
J, Trarrates <_HLIJ;LM(T_Z)B>¢(Z)HW(ZMZ>> “8)
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it _ 12+1 —
X Zy(x g g <J 1+a12+a1 (t—2)F1Ep g (_14—al2+al(t_z)ﬁ) ID(Z)HLk(Z)dZ>ZLk(X)
= Gl(X, ) G ( t G )

Due to the upper and lower estimates of Mittag-Lefler function E«, «, we note that

Cop
tB—1E (—Ltfﬂ 2 p 1-p B
B.B 1+;¢212—1—a1 < TI=Bh—1 1+1+8112[:a1t < T c szﬁ (1 4 T> tB=1 — C3,[3t[371,
-1 1 . a

where we denote

T1_6C7_r3 Tf’
C3g=——">"(1+—.
P Cip ( " a)

For the first term of the right hand side of (4.8), we get that

o B (B—1E _&tﬁ) 2
) 5 i B.B ( 14+al2+al ~
1G1( )[4 s2y Z Z (l +l+ 1) < 1241 Oue

120 k=1 TF~1Eg g (—mTE')

2141
oo T(2)

TN
<ICaptPIEY. Y (B41+1) il = Captt 00 o)
1=0 k=1

Hence, we find that
1G1 (1)l (s2) < C3,p110]|paw 52y tP (4.9)

For the second term of the right hand side of (4.8) and using (4.4), we get that

21+1

2141 B 2
o @ /tP1Eg (_1+}11J’:a1tﬁ) 2
1Gal(., Hu (S2) Z

2
1=0k=1 \TP~'Ep (_%TQ

. - 2
% (J ME <_12H(T—Z)B>lj)(z)ﬁ1k(2)dl>

o 1+a+al PP\ 1T1a2+al

21+1

<|CaptP 1 i > (12 +1+ 1) .

1=0 k=1

X JTl(T—z)ﬁ_lE —&(T—z)f3 ¥ (z)Hik(z)dz 2
o 1+alZ+al BB\ 1+ al2+al tk
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Since the fact that \p(z)| < z®, we find that

N

N
2)2B=2-2B0 ()2 dz < J (T —z)?P272R0,20q, — T2R—1-2B0+20B(n3 — 1 —2R0,25 + 1).
0

From two above observations, we arrive at

- 1\ N2 1o
162 V13152 <ICt* 12 (Ca <2+a> ) TRe1m2R0 g8 1 - 26,25+ 1)

o0

X Jo Zi(lz—kl—i-l)ullfllk(z)lz dz

1=0

?T‘
—_

- 1 N2 50 1
<|CaptP 1|2<c2,5 (2+a) )Tzﬁ 1 2'39”53(26—1—25925+1)HHH2L2(0,T;Hu(sz))-

Hence, we obtain that

where

th—1 (4.10)

G2, t)[[ln(s2) < (0,T;H"(S2))

1 0
Cyp,0,6 =C3pCop <2 + a) \/T2671—2(30+2SB(2[3 —1-2B6,25+1).

By using a similar argument as in (4.6), we find that

||G3('1 t)HHH(SZ) < M(B/ 0, 6)t671/2756+5 HHHLZ(O,T;HH (411)

($2))°

Combining (4.9), (4.10), (4.11), we arrive at
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