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Abstract

In this paper, we investigate the periodicity of two systems of rational sequences of second and third order, respectively.
The systems include a permutation that gives the ability of changing the appearance of components of solutions in the equations
of the systems. We find periods of systems in terms of the order of the permutation. The periodicity of two more systems of
maximum type are studied. Finally, many illustrative examples are given.
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1. Introduction

The theory of permutation groups is important to diverse area of mathematics such as Galois theory,
invariant theory, the representation theory of Lie groups, and combinatorics. See for instance [1, 8]. In
general, the theory of abstract groups plays an important part in present day mathematics and science.
Groups arise in a bewildering number of apparently unconnected subjects. Thus they appear in alge-
bra and analysis, in geometry and topology, in crystallography and quantum mechanics, in physics and
chemistry, and even in biology, see [2, 16]. In this paper, as another application of the theory of per-
mutation groups, we investigate the periodicity of systems of difference equations. For the basics of the
theory of difference equations, we refer the reader to the monographs [3, 10]. Recently, there has been a
great interest in difference equations, because they describe naturally many real-life problems in biology,
ecology, genetics, psychology, sociology, and so forth. Iricanian and Stevic [9], inspired by the work of
Lyness [11-13] who proved that the difference equation
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is periodic with period five, investigated the periodicity of the systems
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and
2 3 3 4 1 2
R R S B SN | G x4+
Xn+1 = @) 7 Xnp1 = ) roeee X1 T 3) ’
Xn-2 Xn-2 Xn2

For some pertinent results about periodicity, we refer the reader to the interesting papers [4-6, 15, 17].
Motivated by the above results, we investigate the periodicity of the following systems

1 2 k
w1 g P4 o a4 .
X1 T T e Xl T wp) Yl T e (1.1)
Xn-1 Xn-1 Xn—1
and
2 2 2
I e e A i | do xR Xm0 g

“nt1 T (1) 7 Xn1 T 73 (2) ’ © Xn41 = (k) 7 (12)

n-—2 Xn-2 Xn—2

where 7 € 8y. Every choice of a permutation 7t gives a system of difference equations. Thus in fact System
(1.1) or System (1.2) represents k! systems. It is well-known that for any permutation 7t € Sy, there is a
natural number 1 such that the property ' = I holds, where I is the identity permutation and 7t is the
composition of 7t with itself [-times. The smallest | for which this property holds is called the order of 7.

Definition 1.1. The system

1 1 2(1 s+1(1
XT(‘\.J)rl = fl (Xg( )/X:,(])/ /ngs( ) 7
k k 2(k stk
X‘El—&l :fk(XZ’TL( ]IX-:__(l)I"‘/XZ’I]_—S( ))

is called periodic with period d if every positive solution x %, x)) satisfies

) ) <0 .
xg}rd :xff),n S Z/O,l € Zy.

A solution (X%1 ),xg ), .. ,x%k)) is said to be positive if each component x}l is positive for every n.

2. Main results
In this section we study the periodicity of systems (1.1) and (1.2).
Theorem 2.1. System (1.1) is periodic with period Lif L =0 mod 5 and is periodic with period 5Lif L #0 mod 5.

Proof. Let (xﬁl1 ),xg ), ... ,xg{)) be a positive solution of system (1.1). We can see that
5r
xgld = xfwglﬁ,n e 2% reN,d > 5r. (2.1)
Indeed, we have
(1) (1)
X doatl Xpq s+l (1)
(1) <;§”> +1 (1) (1) (;4> +14+%, ., 4 3
W Xntd +1 T C XppagotlExgias KT, "
n+d 2 (1) o w2 (1) o (1) m2(1) o 73(1)
*n+d-2 Xntd-2 Xt d—3Xn+d—2 X (W)
Xn+¢:1—4
It follows that
(1) (1) (1) (1)
VLD Xnra—3 T 1HX0 fq 4 X0 0q 3%n1d4
n+d (1) (1) 1
Xntd—3 (¥nta—3 T
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(1) (1) (1)
Xntd—s T1HX0 1q 4 (1 + Xn+d—3)

73 (1) 73 (1)
Xntd-3 (Xn+d 3T 1)

(1)
. 1+Xz+d—4 _ (1)
3(1) - +d-5
Xn+d73
7.[5r(1)

_ >0
=X 4q_5ME Z7",r € N.

Assume that l =0 mod 5. Then |l = 5r for some r € IN. Setting d = 5r in (2.1), we get XT(BFL = xi.

Similarly, x,; 1 = X%),l =1,...,k. Therefore, system (1.1) is periodic with period 1. For the case 1 # 0

mod 5, putting d = 51 and r = 1 in (2.1), we obtain xg}rm Similarly, n+51 xg),i =1,...,k

Therefore system (1.1) is periodic with period 51. O
The following Theorem establishes the periodicity of systems of second-order of maximum type.

Theorem 2.2. The system

Q) max {xﬁm,l} @) max {xﬁm,l} ) max {xﬁ(k),l}
XTL+1 = —7_[2(1) P Xn+1 = —7'(2(2) ey Xn+1 = 2(K) , (22)
anl xnfl n—1

is periodic with period Lif 1 =0 mod 5 and is periodic with period 51 if 1 #0 mod 5.

Proof. Let (x%1 ),xg ), ... ,x%k)) be a positive solution of system (2.2). Then, it satisfies (2.1). Indeed,

(1) 72 (1) (1)
" max {anrdfl,l} B max {max {xn+d 2,1},xn+d73}

n+d — 72(1) th n3(1)
Xnt+d—2 n+d 2Xn+d—3

(1)
maXx Xn+d PYR VR S

X

713
n+d 2 n+d 3

X
max n+d 3 7.[3(1)
{ ’ 1’Xn+d73

n+d 4

3
max{xzfy 3 1}
n+d 3 (1)
Xntd—4

(1) 1 (1) (1) (1)
max  max Xy v q 34 (/X 1d 4 *n1d 3%rd4

73 (1) 73 (1)
Xn4d—3Mmax {Xn+ a—3 1}

3 4 3
max {max {xﬁiy_;;, 1} / Xiﬁi)_z; max {X:—Sl)—B’ 1} }

73 (1) 73 (1)
Xn4d-3Mmax {Xn+ a—3/ 1}

It follows that

4
max{l xnild) 4}

n+d (1) =Xntd-5 =
Xn+d-3

m™(1) _ (1)
"= Xntd—5r

neZ?’ reN,d > 5r.
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For the case 1 = 0 mod 5, there exists r € IN such that 1 = 5. Set d = 5r in (2.1) to obtain xgil = xg ),
T(Brl = xg ), i=1,...k. So system (2.2) is periodic with period L.

Now, assume that | # 0 mod 5. Putting d = 51l and r = L in (2.1), we obtain xi}im = xg). Similarly,
xgim = xg ),i =1,..., k. Therefore system (2.2) is periodic with period 5. O

Similarly, we obtain x

In the following result, we prove the periodicity of system (1.2), with period 1231, under the condition
GCD(1,8) =21,i=0,1,2,3. Here, GCD(a,b) is the greatest common divisor of a and b.

Theorem 2.3. System (1.2) is periodic with period 123~ if GCD(1,8) =2%, 1 =0,1,2,3.

Proof. Let (x%1 ),xg ), ... ,x%k)) be a positive solution of system (1.2). We prove

8
xT(lled = leg_g,n S Z>O, d > 8. (2.3)
We have
(1) w2 (1)
1) Xntd—1 T Xnpa—ot1
Xn+d - 3 (1)
Xn+d—3
n2(1) (1)
ndeatXn a1 2(1
<x +d 2ﬁ4’(‘1)+d 3 >+Xz+(d)2+1
o Xn+d—4
o 73 (1)
Xn4+d—3
2 (1) (1) (1) 2 (1) (1)
 Xngao T Xniaa Tl X fqaXn a0 T Xndy
o 3 (1) (1)

nt+d—4%n+d-3

72 (1) (1) (1)
B (Xn+d72 + 1) (Xn+df4 + 1) +Xnta-3
- 3 (1) (1)
nt+d—3%n+d—4

B e (1) (1)
5 1) (Xnpa—at1) +x0 03

7 (1)
Xn+d—5

(1) (1)
n+d—3%n+d—4
(1) (1) (1) (1) (1) (1)
(Xn+d73 tXnpaat1+ Xn+d75) (Xn+d—4 + 1) T Xnta—5%n+d—3
B0 1) _m1)
n+d—3*n+d—4%n+d-5

(1) (1) 4 5 4 (1) (1) 5
XnydatXnig-s5t1 (1) (1) (1) XnydatXnig-st1 (1)
( 50 FXnpaatI+X a5 ) (Xnpaat1)+ 50 Xn4d-5
_ Xn+d—6 Xnt+d—6
- 5
xP O xP0 1 )
n0(1) n+d—4"n+d—5
Xnt+d—6
n®(1) (1) ™ (1)
(Xn+d76 T 1) (Xn+df4 + 1) TXnta—s
- 4 (1) (1) :
Xnt+d—4*n+d—5

(1) Kol x®) (1)
(X + 1) n+d-—5 n+d—6 + 1 + Xn+d_5

n+d—6 /(1)
Xntd—7
5(1) 6(1)
XpydosTXnra et] X7T5(1)
7/ (1) n+d—>5
Xn+d77
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This implies that

(1) (1) (1) (1) (1) (1)
(1) (Xn+d—5 T Xntra—e T 1T Xn+d—7) <Xn+d—6 + 1) T Xnrd-s5Xnrd—7
X =
n+d (1) (1) (1)
(anrde tXntd6T 1) Xnt+d—5
6(1) (1) n0(1) 7 (1)
n(1) x:ﬂt[d76+xn+d77+l (1) 7 (1) Xnia 6t Xnia 7+l (1)
(Xn+d76 T 1) ) tXnpaet X7 )+ S0) Xn+d-7
_ Xn+d—8 Xn+td—8
6(1 7(1
Xpdbe gt 1) ) )
Xng(l) n+d—6 n+d—>5
n+d—8
6 8 7
(1 (1 7T (1) 7T (1) 7T (1)
K [(Xn+d76 1) (Xngastl) X 0a 7
B 78 (1) 76 (1) 77 (1) P 5
X _ Xntd—6T¥npart1 7o (1) (1)
n+d-8 ( 8 (1) + XTH—d—6 +1 Xn+d—5
n+d—8
(1) 77 (1)
 Xpnya6TXniart1 Ry
- (1) - m+d-8°
Xn4+d—5

We begin by the first possibility i = 0, that is GCD(1,8) = 1. Then 1 has the form | = 2r — 1 for some
1 € IN. Setting d = 81 in (2.3), we obtain

v o 731 _ _ (1) _
48l = Xn+81-8 = Xn48l-8x3 = = Xnigl_gl = Xn ,MEZ

So, xglgl = xg ), Similarly, xgigl = xg), j=1,2,...,k. Therefore system (1.2) is periodic with period 8l.
The second possibility i = 1 means that GCD(1,8) = 2. Then in this case | has the form | = 4r —2 for

some 1 € IN. Use (2.3) with d = 41 to conclude that

X >0

(1) (1) 2 (1) <6 (1) 21y () (1)

Xntdl = X*n+41-8 = Xnd1—4x2 = ®*ntdl—4x6 =~ T Xngdar-44r—2) T Xnda1—4a1 — Xno-
Similarly, we can see that XSLH = xg), j =1,2,...,k. Therefore system (1.2) is periodic with period 41.

Consider i = 2, i.e., GCD(1,8) = 4. Thus 1 has the form 1 = 8r — 4 for some r € IN. Use (2.3) with d =21
to obtain
(1) 7.[8(1) 7.[2><4(1) 7.[2><12(1) 7.[2><[8r—4)(1) 7.[21(1) (1)

X421 = Xn421-8 = Xn421-2x4 = Xni2t-2x12 = 0 T X o1 ox (8r—4) T Xn421-21 = Xn -

()

ol = xg), j =1,2,...,k. Therefore the system (1.2) is periodic with period

Similarly we can see that x
21.
Finally, for i = 3, GCD(L,8) = 8 and consequently 1 = 8r for some v € IN. Use (2.3) with d =1 to

conclude that

n _ ") _ 1) L Tty A1) (1)

Xntl = ®*n41-8 = Xn+1-8x2 = 7" T Xn41-8r = Xng1-1 = *n
so, xT(llJ)rl = xg ). Same calculations show that Xgil = xg ), j=1,2,...,k. Therefore system (1.2) is periodic
with period 1. O

Theorem 2.4. The system

2 2 2
" max {xﬁ(l),xﬁ_(i),l} @) max {xg(z),xzﬁ),l} ) max {x:{(k),xz_“f),l}
XnJrl = (1) ’ Xn+1 = 3(2) oo XnJrl = 3 (k) ’ (24)
n—2 n—2 Xn—Z

is periodic with period 123~ if GCD(L,8) =2%, 1=0,1,2,3.
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Proof. Let (xg),xg),...,xg()

) be a positive solution of system (2.4). We can show (2.3). Indeed,

max § max xﬂm) xﬂm) 1 xﬂm) max xﬂsm (1) xﬂsm max xn3(1) er4(1) 1
(1) n+d-3’"n+d—4 " [/ "n+d—4 n+d-3’"n+d—4’ " [/ "n+d—-5 n+d—3’ "n+d—4’
Xntd = 1) _m1) (1)
n+d—5%n+d—4%n+d—3
(1) (1) (1) (1)
max {Xn+d73' n-+d—4 1} max {Xn+d—4’xn+d75’ 1}
- 75 (1) (1) (1)
Xn4+d—5%n+d—4%n+d—3
(1) (1) 1
maxq X, 1 q-4Xn4+d—5 7.(4(1) ﬂ4(1] ﬂ5(1)
max ) Xnya—g 1 max {Xn+d—4f7‘n+d—5f
Xn+d—6
- ) w0
(1) (1) maxq X 4 q—4Xn4d—57
n+d—5"n+d—4 76 (1)
Xn+d—6
(1) ™ (1) 1 (1) (1) (1) (1) (1) 1
maxX smaxX \Xo g 4 Xnpd-5 4 (s Xnrd—6Xnrd—a Xn+rd—6 [ MAX X144 Xn a5/
- (1) (1) (1) 75 (1) 1 ’
Xntd-5%ntd—aMaxX 1 Xy g 4 X1 q 5
We deduce that
(1) (1) 1 (1) (1) (1)
1 M\ Xntd—aXnrd—5 v Xnrd—6n+d—4 Xn+d—6
*ntd T o) )
n+d—5%n+d—4
(1) n0(1) 1 (1) 0 (1) 1
max Xn+d—5’xn+d—6' 7.[5(1) 7.[6(1) max Xn+d—5’xn+d—6' 7.[6(1)
max ATy Xnyaos LXnidoe ATy Xn+d—6
Xnd—7 n+d—7
- (1) 76(1)
75(1) nmx{xn+dfyxn+dfwl}
n+d—5 /(1)
n+d—7
) ) ) A ) () VIR U DI e
max ymaxX Xy, 45/ Xnt+d—6/+ (7 X*n+d—7*n+d—5 *n+d—7’ n+d 6m n+d 57 n+d 6/ (7 Xn+d—7%n+d—6
- 75 (1) 75 (1) 716
Xn4d—5Max Xn+d 57 n+d 6/

(1) n®(1) (1) (1) n®(1)

max {max {Xn+d75’xn+d76/ 1 }’Xner ymax {Xn+ d—5/ xn+d 67 1}/ Xpn4d—eMax

(1) (1)
{Xn+d75’ Xn4+d—6 1} }

(1) (1)
Xn+d sMaX Xy 135 Xntrd—6

) W)
maxXXnyd—6Xnt+d—77 78(1)
- 7 (1) n+d—8:

n+d—5

The rest of the proof follows similarly as in proof of Theorem 2.3.

3. Illustrative examples

(i) The systems

m _xn +1 (2 +1 @) _xw 1l @
Xn41 3B) 7 *n+1 @ 1T T 5 X T
Xn-1 Xn—1 Xn-1
6) Xgo)-i-l 7) (4)-1—1 ) _X1(12)+1 (9)
Xn+1 © 7 *n+1 ®)  *n+1 = 7))  Xnal
Xn—1 Xn—1 Xn—1

X715(1) 1}

O
8) +1 (5 ) +1
@  *n+l @
n—1 anl
(6) (9) (3.1)
_xn +1 (0 Xn +1
(0 7 "+l (6)
Xn—l Xn—l
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and
" max x@,l} @) max xn7),1} 3) max xg),l}
Xn+1 = 3) s Xni1 = @) s Xni1 = 5) ’
Xn—1 Xn—1 Xn—1
@ max {xg),l} 5) max {XS’),l} ) max {xQOM}
Xnt1 = 2) 7 Xpi1 = . Xn41 = © , (3.2)
Xn—l Xn—l Xn—l
@) max{xﬁ”,l} 8 max x@—i—l} ©) max xf)—i—l} 10) max{x?—#l}
Xn1 = B Xl = @) Xl = 10) Xl = )
Xn—l Xn—l Xn—l Xn—l

are periodic with period 60. The permutation which corresponds to each of these systems is m =
(1 53)(2 7 4 8)(6 10 9). Its order is 12 # 0 mod 5. By Theorem 2.1, systems (3.1) and (3.2) are
periodic with period 60.

(ii) The systems

5 9 12 8 4 7
B X+ o) xR 41 g o a1
Xnt1 = ) R - (10) 7 Xny1 = 1) ’
n—2 n—2 n—2
7 11 9 3 1 5
4) X%) +X_(a_)1+]. (5) X'(n_) +X1(’111+1 6) X1(1) +X£Lll+1
Xnt1 = 2 s Xny1 = @ r Xny1 = ©) ’
. )2 X Jz Xn—2
n— n— n—
(3.3)
7 Xgl) +X1(1211 +1 8) XT(EO) +XT(1611 +1 9 XS) +X1(1411 +1
Xnt1 = X(l?.)z r Xng1 = X(l)z 7 X1 T X(7)2 !
n— n— n—
6 1 2 12 8 10
(10) _ x4 x4+ 1 1 _ ) Xy + 1 (12) _ X Xy +1
n+1 = (5) s Xny1 = (8) r Xny1 = (6) 4
Xn-2 Xn-2 Xn-2
and
(5) 9) (12) (8)
" max {xn + %51, 1} 2) max {xn +X0 1 1} ) ng) + Xgll +1
Xn+1 = 3 7 Xnp1 = 10 7 Xn41 = 11 ’
X( ) (10) (11)
n-2 n—2 n—2
(7) (11) 9) (3) (1) (5)
@ max {xn + X5 1/ 1} 5 max {xn +Xh 1/ 1} 6 max {xn + X501, 1}
Xn41 B s X1 = 1 r X1 = ©) ’
xn—Z Xn—2 Xn—2 (3 4)
(1), . (2) (10) ,  (6) (3) , (4 '
o max {xn —i—xn_l,l} ® max {xn —|—xn_1,1} © max {xn —i—xn_l,l}
Xnt1 L (12) s X1 = NG 7 X1 T 7 !
n—2 n—2 n—2
6) (1) 2) 12) 8) (10)
a0 max {xn —|—xn_1,1} any max {Xn —i—xn_l,l} 1) max {Xn —|—xn_1,1}
Xn+1 = (5) 7 Xyl = (8 7 X1 = (6) !
Xn72 Xn72 X7172

are periodic with period 24. The permutation which corresponds to each of these systems is m =
(1 59347 11 2 12 8 10 6). Its order is 12. This implies that systems (3.3) and (3.4) are
periodic with period 24.

(iii) The systems

2 3 5 1 4
(1) _X1(1)—|—1 (2) _XT(l)-f—l (3) _X1(1)+1 (4) _XEL)-f—l (5) _X%)ﬁ-l
n+1 — X — X - X = X g

X

®) n n n
Xn-1 Xn-1 Xn-1 Xn-1 Xn-1
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and

" max xnz),l} @) max xf),l}

Xn1 = 3) R 5) ’
(5) (1) (4) '
max<xn ,1 max<xn ,1 max<xn ,1

X(3) _ X(4) _ X(5) _

n+1 (4) 7+l 2) 7+l 1) /

anl anl anl

are periodic with period 5. Indeed, the permutation which corresponds to each of these systems is
nm=(1 2 3 5 4). So, its order is 5. This implies that systems (3.5) and (3.6) are periodic with period 5.

(iv) The systems

(1) 7XT(13)+1 (2) xn +1 (3 xn +1 7X£§)+1 (5) 7X$)+1

=@ T 3 = M Ml = @ Xl = @ (3.7)
anl anl Xnfl anl anl
and

) max {x@,l} 2) max {xnl),l}

Xn41 = 2) r Xng1 = 3) ’

(2) 1 (4) 1 (5) 1 '

3) max-< Xn , @ max-< Xn , 5) max-< Xn ,

Xnt1 = m r Xnp1 = (4 r X1 = B ,

Xn—1 Xn—1 Xn—1

are periodic with period 15. The permutation which corresponds to each of these systems is m =
(1 3 2)(4)(5). Its order is 3 # 0 mod 5. By Theorem 2.1, systems (3.7) and (3.8) are periodic with
period 15.

(v) The systems

1 _xn +1 ) xn +1 3 xn +1
Xn41 2 X1 T T (5 7 *nml @
Xn—l Xn—l Xn—l
(5) (1) (7) (6) (3.9)
@ _xnt+1 59  xn +1 6) _ Xn +1 7y xn +1
T T m T T3 T T e 1 T )
anl anl anl xnfl
and
1 max {x@,l} @) max xf),l} 3) max {»&%1}
Xnt1 = 2 RS B) RS @ ’
max X(S) 1 max x(l) 1 max x(7) 1 max x( ) 1 .
(4) . n s (5) . n s (6) . n s (7) . n s
X1 = M # X1 T 3) # X1 T ©) # X1 T ) ’
anl anl anl anl

are periodic with period 10. The permutation which corresponds to each of these systems is m =
(1 3 2 4 5)(6 7). Its order is 10 = 0 mod 5. By Theorem 2.1, systems (3.9) and (3.10) are peri-
odic with period 10.

(vi) The systems

(3) (2 (1) (3 (2) (1 (4) (4)

3 ) 1 ) ) 4
DT e N B i ) N W e N O B\ W Bk (3.11)
n+l = ) r Xn1 = @) r X1 = 3) r X1 = @) ’
Xn—Z Xn—Z xn—Z Xn—Z
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and
" max {x@,xﬁll,l} @) max {xg),xfll,l}
Xnt1 = 6 r X1 = ) ’
*n—2 n2 (3.12)
2) (1) 4) _(4) '
3) max {xn s X1 1} " max {Xn s X 17 1}
Xnt1 = 3) 7 1 T ) ’
Xn—2 Xn—2

are periodic with period 24. The permutation which corresponds to each of these systems is m =
(1 3 2)(4). Its order is 3. This implies that systems (3.11) and (3.12) are periodic with period 24.

(vii) The systems

1) _X1(12)+X£311+1 (2) _XEEJ‘FX.(fil‘i‘]-
Xny1 = ) s Xng1 = M ’
Xn—2 n—2 (3.13)
B o hx i+l gy bl
Xng1 = @) r X1 T 3) r Xnt1 T ©) ’
Xn_2 Xn—2 Xn—2
and
2) (1 1 (2
1) max {x%),x;ll,l} 2) max {xj(l),xglll,l}
Xni1 = @) s X1 = 1) ’
Xn_2 Xn—2
(4) _(3) (3) _(4) (5) _(5) (3.14)
3) max {xn J X1 1} ) max {xn S X1 1} 5) max {xn y X1 1}
Xnt1 = @ s Xnj1 = 3) R (5) ’
Xn_2 Xn—2 Xn—2

are periodic with period 8. The permutation which corresponds to each of these systemsis w = (1 2)(3 4)(5).
Its order is 2. This implies that systems (3.13) and (3.14) are periodic with period 8.

(viii) The systems

2 3 3 4
TR R ST B S N |
X1 = @ s X1 = 5 ’
xn—Z Xn—Z (3 15)
(4) (1) (1) (2) (5) (5) )
) T e T O I W e N ) B Wi Bk
n+1 = (2) 7 41 T (3) 7+l T (5) ’
Xn72 XTle Xn72
and
(2) _(3) (3) (4)
L max {xn ,xn_l,l} L2 _ max {xn ,xn_l,l}
n41 = MO 7 Im4l T MO !
n-2 n—2
3.16
max x(4) xm 1 max x(l) x(z) 1 max x(S) X(S) 1 ( :
(3) B mn s n_]l (4) B mn s n_ll (5) B mn s n_ll
Xny1 = 2 r Xnyp1 = 3) r Xny1 = B ’
Xn2 Xn2 Xn 2

are periodic with period 8. The permutation which corresponds to each of these systemsis t = (1 2 3 4)(5).
Its order is 4. This implies that systems (3.15) and (3.16) are periodic with period 8.
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4. Conclusion

We extended the periodicity results of Iricanian and Stevic [9] to the systems

1y X?L(l) +1 2 X?L(z) +1 (k) X?L(k) +1
XTI+1 - n2(1) 7 xnJrl - m2(2) 7 xnJrl - (k)
Xn—1 Xn—1 Xn—1
and
7t(1) (1) 7t(2) 2 (2) 7t(k) (k)
X = X = X =
n+1 — 7_[3(1) 7 n+1 — 7.(3(2) Y2 n+1 — 7‘[3(k) 7
Xn—2 n—2 Xn—2

where 7t € 8i. Every choice of a permutation 7t gives a system of difference equations.
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