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Abstract

The aim of this paper is to study the concept of topological pseudo-UP algebra which is a pseudo-UP algebra equipped
with a specific type of topology that makes the two binary operations topologically continuous. This concept is an extension of
the concept of topological UP-algebra. Thereupon, we obtain many properties of topological pseudo-UP algebras.
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1. introduction

In the last five decades many mathematicians have been interested in studying topologies of classes
of algebras. The topological concepts of (BCK, BCC, BE)-algebras are given in [1, 3, 4]. In 1998, Lee and
Ryu investigated and presented some topological characteristics to the topological BCK-Algebras notion.
In 2008, Ahn and Kwon introduced the concept of topological BCC-algebras. In 2017, Mehrshad and
Golzarpoor investigated certain characteristics of uniform topology and topological BE-algebras. In this
same year, lampan [2] introduced a new class of algebras termed UP- algebras which is a generalization
of KU-algebras [6] established by Prabpayak and Leerawat in 2009. Later in 2019, Satirad and Iampan
[10] defined topological UP-algebras and discovered more features of this structure. In 2020, Romano
introduced a generalization of UP-algebras that he called pseudo-UP algebras. Also, he studied the
concepts of pseudo-UP filters and pseudo-UP ideals of pseudo-UP algebras in [8]. Furthermore, he
introduced the concept of homomorphisms between pseudo-UP algebras in [9].

This paper is structured as follows. In Section 2, we present some definitions and propositions on
pseudo-UP algebras and topologies which are needed to develop this paper. In Section 3, we study a
pseudo-UP algebra fitted with a topology in which the two binary operations of the structure satisfy the
continuity, we call this pseudo-UP algebra associated with such a topology by a topological pseudo-UP
algebra and we obtain many of its properties.
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2. Preliminaries

In this section, we provide some background information and notes on the topology and pseudo-UP
algebra, which are necessary for the development of this paper.

Definition 2.1 ([7]). A pseudo-UP algebra is a structure ((X, <), -, *,0) where < is a binary operation on a
set X, - and * are two binary operations on X if X satisfies the following axioms: for all x,y,z € X,

L.y z<(x-y)x(x-z)andy*z < (x*xy) - (xxz);
2. If x <y and y < x then x =y, (i.e. <is an anti-symmetric);
3. (y-0)xx=xand (y*0)-x =x; and
4. x <yifand only if x-y =0 and x <y if and only if x xy = 0.
Proposition 2.2 ([7]). In a pseudo-UP algebra ((X, <), -, *,0) the following statements hold: for all x € X,

1. x-0=0and x+x0=0;
2. 0-x=xand 0xx =x; and
3. (L) is a reflexive (i.e., x - x =0 and x xx = 0).

Proposition 2.3 ([7]). In a pseudo-UP algebra ((X, <), -, *,0) the following statements hold: for all x,y € X,

Proposition 2.4 ([7]). Every pseudo-UP algebra X satisfying x xy = x -y is UP-algebra for all x,y € X.

Definition 2.5 ([8]). A non-empty subset J of a pseudo-UP algebra X is said to be a pseudo-UP filter of X
if it satisfies: for all x,y € X,

1. 0 &;
2.x-yeFand x € Ftheny € F;
3. xxyeFand x € Ftheny € J.

Definition 2.6. A non-empty subset S of a pseudo-UP algebra X is called a pseudo-UP subalgebra of X if
it satisfies:

1.0€S;
2. Sis closed under two binary operations - and * (i.e,, x-y € Sand x*xy € S for all x,y € S).

It is clear that {0} and X are two pseudo-UP subalgebras of X.

Example 2.7. Let X = {0, a, b, c} with two binary operations - and * defined in Table 1.

-10la|b|c x| 0]a|b]|c
0|0ja|b]|c 0l0ja|b]|c
al|0]|0|b|c al|l0]|0|b|c
b|0ja|0]|c b|0ja|0]c
c|O0jal|0]O0 c|O0ja|b|O

Table 1: A pseudo-UP subalgebra of a pseudo-UP algebra.

By easy calculation, we can check that ((X, <), -, *,0) is a pseudo-UP algebra and S = {0, b} is a pseudo-
UP subalgebra of X. Obviously. S; = {a, b} is not a pseudo-UP subalgebra of X.
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Definition 2.8 ([9]). Let ((X, <), -, *,0) and ((Y,<v), v, *v,0y) be two pseudo-UP algebras. A map f: X —
Y is a pseudo-UP homomorphism if

fx-y) =f(x) v fly) and f(x*y)=~f(x)*yf(y),
for all x,y € X. Moreover, f is a pseudo-UP isomorphism if it is bijective.

In the remainder of this section, we recall some topological concepts from [5]. By (X, T) or X we mean
a topological space. A space X is a compact if every open cover of X has a finite subcover. Also, A space
X is a connected if and only if ¢ and X are only clopen sets in 1. Let A be a subset X, the closure of A is
defined by cl(A) ={x € X: VO € T such that x € O,0 N A # ¢}. The set of all interior points of A defined
by int(A) = (J{O: O € tand O C A}. Let f: (X,T) — (Y, Ty) be a function, then f is a continuous if the
inverse image of every open set in Y is an open set X. Also, f is an open map if the image of every open
set in X is an open set in Y. A topological space (X, 1) is called:

1. T if for each two distinct point x,y € X, there exists an open set U containing one of them but not
the other;

2. Ty if for each two distinct point x,y € X, there exist two open sets U and V such that U containing x
but not y and V containing y but not x;

3. T, if for each two distinct point x,y € X, there exist two disjoint open sets U and V containing x and
y, respectively.

Definition 2.9 ([10]). A UP-algebra (X, x,0) equipped with a topology T is called a topological UP-algebra
(for short TUP-algebra) if for each open set O containing x *, there exist two open sets U and V containing
x and y, respectively such that U*V C O.

3. Topological pseudo-UP algebras

In this section, we introduce the concept of a topological pseudo-UP algebras and establish some of
its properties.

Definition 3.1. A pseudo-UP algebra ((X, <),-,*,0) equipped with a topology T is called a topological
pesudo-UP algebra (for short TPUP-algebra) if for each open set O containing x - y and for each open set
W containing x * y, there exist two open sets U; and V; (U and V;) containing x and y, respectively such
that U; - Vi C O and Uy Vo, C Wfor all x,y € X.

Lemma 3.2. A pseudo-UP algebra ((X,<),-,*,0) equipped with a topology T is a TPUP-algebra if and only if
for each open set O containing x -y and for each open set W containing x * y, there exist two open sets U and V
containing x and y, respectively such that U-V C O and UV C W forall x,y € X.

Lemma 3.3. If a pseudo-UP algebra ((X, <), -, *,0) equipped with a topology T is a TPUP-algebra, then for each
open set O containing x -y and x =y, there exist two open sets U and V containing x and y, respectively such that
U-VCOand UxV CO forall x,y € X.

The converse of Lemma 3.3 may not be true. But whenever x -y = x xy for all x,y € X, then the
converse is also true.

Lemma 3.4. A pseudo-UP algebra ((X, <), -, *,0) equipped with a topology T is a TPUP algebra, if the two binary
operations - and * are continuous (i.e., the inverse image of every open set containing either x -y or x xy is an open
set in X x X for all x,y € X).

Lemma 3.5. If a pseudo-UP algebra ((X, <), -, *,0) equipped with a topology T is a TPUP-algebra and if Oy and
O, are two open sets containing x -y and x x y, respectively, then (-—1)(01) and (+~1)(O2) are open sets in X x X
for all x,y € X. Hence, (-—1)(01) N (+~1)(02) is an open set in X x X.
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Example 3.6. Let X ={0, a, b, c} with two binary operations - and * defined in Table 2. Then ((X, <), -, *,0)
is a pseudo-UP algebra [7]. Now, if we take the topology T = P(X) on X then it is not difficult to check
that the pseudo-UP algebra ((X, <), -, *,0) equipped with the topology T is a TPUP-algebra.

Ola|b|c x| 0]a|b]|c
0/0la|b|c 0|0|la|b]|c
a|0]0]0]0 al0{0]|0]O0
b|0ja|0]c b|0O|b|0]O
c|0|la|b|O c|0|b|b|0

Table 2: Topological pseudo-UP algebra.

Remark 3.7. If a topological pseudo-UP algebra X satisfies x xy = x -y for all x,y € X, then X is a
topological UP-algebra.

Proposition 3.8. Let A and B be any two subsets of a TPUP-algebra X, then the following statements hold:

1. cl(A)-cl(B) C cl(A-B) and cl(A) xcl(B) C cl(A * B);
2. ifcl(A) - cl(B) and cl(A) = cl(B) are closed sets, then cl(A) - cl(B) = cl(A - B) and cl(A) xcl(B) = cl(A x B).

Proof.

1. Let x € cl(A) - cl(B), y € cl(A) xcl(B) and O, W be two open sets containing x and y, respectively such
that x = a-band y = a*b where a € cl(A) and b € cl(B). Since X is a TPUP-algebra, then there exist
two open sets U and V containing a and b, respectively such that U-V C O and U*xV C W. Also, we
have a € cl(A) and b € cl(B), so ANU # ¢ and BNV # ¢. Suppose that a; € AnU and by € BNV,
then a;-by e U-VC Oand a3 by € UxV C W. Therefore, x € cl(A-B) and x € cl(A * B). Hence,
cl(A)-cl(B) Ccl(A-B)and cl(A) x cl(B) C cl(A * B).

2. Suppose that cl(A) - cl(B) and cl(A) x cl(B) are closed sets. Since A-B C cl(A)-cl(B) and AxB C
cl(A) xcl(B), then cl(A - B) C cl(cl(A) - cl(B)) = cl(A) - cl(B), cl(A *B) C cl(cl(A) *xcl(B)) = cl(A) *cl(B)
and from part (1) we get cl(A) - cl(B) =cl(A - B) and cl(A) xcl(B) = cl(A * B). O

The following example shows that the equality in Proposition 3.8 may not be true and cl(A) - cl(B),
cl(A) x cl(B) are not closed sets in general.

Example 3.9. Let X = {0, a, b, c} with two binary operations - and * defined by Table 3.

-10la|b]|c x| 0la|b]c
0l0ja|b]|c 0l0ja|b]|c
al0|0|b|c al0|0|b|c
b|0|a|0]|c b|0|0]|0]|c
c|O0ja|b|O c|O0ja|b|O

Table 3: TPUP-algebra that does not satisfy the equality of the proposition 3.8.

It is clear that ((X, <), -, *,0) is a pseudo-UP algebra. Now, let T = {¢, {a}, {b}, {a, b},{0,c},{0, a, c},{0, b, c}, X}
then it is not difficult to check that the pseudo-UP algebra ((X,<),-, *,0) equipped with the topol-
ogy T is a TPUP-algebra. Moreover, let A = {a} and B = {a,b} then cl(A) = {a}, cl(B) = {a, b},
c(A-B) = c({0,b}) = {0,b,c} and cl(A xB) = cl({0,b}) = {0,b,c}. Therefore, cl(A)-cl(B) = {0,b} and
cl(A) xcl(B) = {0, b} are not closed sets and hence cl(A) - cl(B) # cl(A - B) and cl(A) xcl(B) # cl(A = B).

Proposition 3.10. Let ((X, <), -, *,0,7) be a TPUP-algebra and ¢ # W € =, then the following statements hold.
1. If x € W, then there exists an open set U containing 0 such that U-x C Wand Uxx C W.
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2. If 0 € W, then there exists an open set U containing x such that U-U C Wand UxU C W.

3. If 0 € W, then there exist two open sets U and V containing x and 0, respectively such that (U-V)*xV C W
and (UxV)-VCW.

4. If 0 € W, then there exist two open sets U and V containing x and vy, respectively such that U - (V+U) C W
and U* (V-U) CW.

Proof.
1. Obvious.

2. Let0e Wand x € X. Sincex-x =0 € W, x*x =0 € W and X is a TPUP-algebra, then there exist two
open sets G and H containing x such that G-H € W and G * H C W. Suppose that U = GNH, then U is
an open set containing x. Hence, U- U C Wand U« U C W.

3. Let0 € Wand x € X. Since (x*0)-0=0, (x-0)*0 =0 and X is a TPUP-algebra, then there exists an
open set G containing x * 0, x - 0 and an open set V; containing 0 such that G- V; C Wand GxV; C W.
Again, since X is a TPUP-algebra, then there exist two open sets U and V, containing x and 0, respectively
such that U-V, € Gand U*V, C G. Let V = Vi NV,, then V is an open set containing 0. Therefore,
(U-V)xVCGxVCWand (UxV)-VCG-VCW.

Let 0 € Wand x,y € X. Since x < y*x, x < y-x and X is a TPUP-algebra, then there exist three
open sets U;, G and H containing x, y * x and y - x, respectively such that U; -G C W and U; * H C W.
Again, since X is a TPUP-algebra, then there exist two open sets V and U, containing y and x, respectively
such that V- Uy € Hand VU, C G. Let U = U; NUy, then U is an open set containing x. Therefore,
U-(V+xuU)CuUu-GCWand Ux(V-U) CUxHCW. O

Proposition 3.11. In a TPUP-algebra X, {0} is an open set if and only if X is a discrete topology.

Proof. Let {0} be an open set in X. Since x-x = 0 € {0}, x*x = 0 € {0} and X is a TPUP-algebra, then
by Proposition 3.10, for each x € X there exists an open set U containing x such that U-U C {0} and
UxU C {0}. Now, if x #y and y € U then x < y and y < x which is a contradiction. Hence, U = {x}
implies that {x} is open for each x € X.

Conversely, Let X be a discrete topology. Then {0} is an open set in X. O

Note that in Example 3.9, {0} is not an open set and (X, T) is not a discrete topology.
Corollary 3.12. In a TPUP-algebra X, if {0} is an open set, then (X, T) is a disconnected space.

The converse of Corollary 3.12 may not be true in general. In Example 3.9, every element of T is a
clopen set. Therefore, (X, 1) is a disconnected space and {0} is not an open set.

Proposition 3.13. In a TPUP-algebra X, {0} is a closed set if and only if X is a T,.

Proof. Suppose that {0} is a closed set in X and let x,y € X such that x # y. Hence, we have x £ y or
y £ x if we assume that x £ y. Then {0}¢ is an open set containing x -y and x *xy. Since X is a TPUP-
algebra, then there exist two open sets U and V containing x and y, respectively such that U -V C {0}¢
and UxV C{0}. We claim that UNV = ¢. If UNV # ¢, then thereisze UNV,s00=z-z€ U-V C{0}¢
and 0 =zxz € U*V C {0}° which is a contradiction. Hence (X, ) is a T».

The converse is obvious.

Proposition 3.14. In a TPUP-algebra ((X, <),-,*,0,7T), the following statements are equivalent:

1. XisaTy;
2. XisaTy;
3. XisaT,.



M. A. Yousef, A. B. Khalaf , ]. Math. Computer Sci., 26 (2022), 80-89 85

Proof.

(1) = (2): Suppose that X is a Tp and x,y € X such that x # y. Thus, we have x £ y or y £ x without
loss of generality. Assume that x £ y, then we have two cases.

Case 1: There exists an open set W containing either x - y or x *xy but not {0}. Since X is a TPUP-algebra,
then there exist two open sets U and V containing x and y, respectively such that U-V C Wor UV C W.
But0 € W, then0 ¢ U-Vand 0 ¢ UxV. IfUNV # ¢, then thereisz € UNV. Hence, 0 =z-ze U-VC W
and 0 =zxz € UxV C W which is a contradiction. Therefore, y ¢ U.

Case 2: There exists an open W containing 0 but not x -y and x xy. Since x < x and X is a TPUP-
algebra, then there exist two open sets U and V containing x such that U-V C W and UV C W. But
x-y,xxy ¢ W, thenx-y¢ U-Vand x*xy ¢ UxV. Therefore, y ¢ V.

(2) = (3): Suppose that X is a Ty, then {0} is a closed set. Therefore, by Proposition 3.13, X is a T,. O
Proposition 3.15. Every open pseudo-UP subalgebra S of a TPUP-algebra X is also a TPUP-algebra.

Proof. Let x,y € S, and let O, W be any two open sets in S containing x -y and x * y, respectively. Since S
is an open set in X, then O and W are two open sets in X also. Since X is a TPUP-algebra, then there exist
two open sets U and V in X containing x and y, respectively such that U-V C O and U *V C O. Hence,
UNS =G and VNS = H are open sets in S containing x and y, respectively such that G- H C O and
G * H € W. Therefore, S is a TPUP-algebra. O

Proposition 3.16. Let S be a pseudo-UP subalgebra of a TPUP-algebra X, then cl(S) is a pseudo-UP subalgebra.

Proof. Let x,y € cl(S) and W be an open set containing x - y. Since X is a TPUP-algebra, then there exist
two open sets U and V containing x and y, respectively such that U-V C W. Since x,y € cl(S), then there
are points a € UNS # dand b € VNS # ¢. Since a,b € S and S is a pseudo-UP subalgebra of X, then
a-beWnNS # ¢. Since W be any open set containing x -y , then x - y € cl(S). By similar statements we
can prove that x *y € cl(S). This implies that cl(S) is a pseudo-UP subalgebra. O

Proposition 3.17. Let ((X,<),-,*,0,7) be a TPUP-algebra and My be the minimal open set containing 0. If
x € My, then My is the minimal open set containing x.

Proof. Suppose that x € My and W is any open set containing x. Since 0-x = x, 0 *x = x and X is a TPUP-
algebra, then there exist two open sets U and V containing 0 and x, respectively such that U-V C W and
U+V C W. Since U is an open set containing 0, it follows from assumption that 0 = x-x € M-V C
U.-VCWand 0 =xxx € MgxV C UxV C W. Therefore, W is an open set containing 0. Then by
assumption My C W. Hence, M, is the minimal open set containing x. O

Lemma 3.18. Let ((X, <), *,0,7) be a TPUP-algebra and let % = T\ {d}. If 0 € (e U, then V C V-V and
VCV«Vforall Ve t*,

Proof. If x € V, then 0 € Vand wehavex =0-x € V-V and x =0*x € V* V. Hence the proof. O

Proposition 3.19. Let ((X,<),-, %,0,7) be a TPUP-algebra. If 0 € (- U, then B C X is an open set if and
only if 0 is an interior point of B.

Proof. 1f B is an open set, clearly 0 is an interior point of B. Conversely, let 0 be an interior point of B.
Since x - x = 0 and x * x = 0, then there exists an open set W containing 0 such that x-x =0€ W C B
and x xx =0 € W C B. Since X is a TPUP-algebra, then there exists an open set V containing x such that
V-VCWand VxV C W. By assumption, 0 € V, and so by Lemma 3.18, x € VC V.-V C W C B and
x € VCV«V CW C B. This shows that x is an interior point of B. O

Proposition 3.20. Let ((X, <), -, *,0, 1) be a TPUP-algebra and F be a pseudo-UP filter of a pseudo-UP algebra X,
then the following statements hold.
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1. 0 is an interior point of F if and only if F is an open set in X.
2. If F is an open set in X, then JF is a closed set in X.
3. If My is a minimal open set containing 0 and J is a closed set in X, then J is an open set in X.

Proof.

1. Suppose that 0 is an interior point of F, then there exists W € 1 such that 0 € W C J. Let x € J. Since
x-x=0€ W, xxx =0¢€ W and X is a TPUP-algebra, then there exist two open sets U and V containing
xsuchthatU-VCWCFand UxV CWCJT. Toprovethat VC J,letyc Vthenx-ycU-VCWCT
and xxy € UxV C W C 7. Since x € F and F is a pseudo-UP filter of X, theny € F and so V C J.
Hence, J is an open set in X.

2. Suppose that F is an open set in X and let x € F¢. Since x - x = 0, x *x = 0 and X is a TPUP-algebra,
then there exist two open sets U and V containing x such that U-V C Fand UxV C J. If U g F¢, then
s € U for some s € J. Therefore, s-y € Fand sxy € F forally € V. Since s € F and JF is a pseudo-UP
filter of X, theny € F and so V C F. Thus, x € F which is a contradiction. Hence, U C F¢ and so F°€ is an
open set in X. Therefore, J is a closed set in X.

3. Suppose that My is a minimal open set containing 0 and J is a closed set in X. Hence, J¢ is an open
set in X. Assume that J is not an open set in X, then by (1) we have 0 is not an interior point of J.
Thus, U ¢ ¥ for all open sets U containing 0. Therefore, My ¢ F and so My N JF¢ # ¢, then there exists
x € Mo N J°. By Proposition 3.17, My C F¢ and so 0 € 3¢ which is a contradiction. Hence, J is an open
set in X. O

Proposition 3.21. Let ((X,<),-,*,0,7) be a TPUP-algebra and My be the minimal open set containing 0, then
My is a pseudo-UP filter of X.

Proof. Let x,x-y,x*y € My. By Proposition 3.17, My is the minimal open set containing x. Since
x-Y,x*y € Mg and X is a TPUP-algebra, then there exist two open sets U and V containing x and
y, respectively such that U-V C Mpand U*V C My. Thus,y =0-y € Mp-V C U-V C My and
y=0xy e Mp*xV CU=xV C M,. Hence, My is a pseudo-UP filter of X. O

Proposition 3.22. Let ((X, <), -, *,0,T) be a TPUP-algebra and My, My, be two minimal open sets containing x,y,
respectively. If x -y, x *xy & My, then y ¢ My and x & My where x # 0 and y # 0.

Proof. Suppose that y € My, then {x,y} C M. Since x-y € M.y , x*Yy € My, and X is a TPUP-algebra,
then there exist two open sets U; and U, containing x and y, respectively such that U; - Uy € M.y and
Up Uy € My,y. Hence, we havey € My C U, ye My C Upand thus 0 =y-y € My - My C M,y
and 0 =y*y € My *My € My,y. Pickz=x-yand z=xx*y. Sincez-z=0€ Mpand z*xz =0 € My,
then there exist two open sets V; and V; containing z such that Vi - Vo, € Mg and V; * V, € My. Therefore,
0-zeM,- M, CV;-V, C Mgand 0xz € M, «M, C ViV, C My. Hence, x-y = z € My and
x *Yy = z € Mg which is a contradiction. Similarly, x Z M. O

Definition 3.23. Let B be a non-empty subset of a pseudo-UP algebra X and a € X. The subsets 4B and
B, are defined as follows: (B={x € X:a-x€Band axx € Bfand B ={x € X:x-a € Band x*a € B}.
If A C X, then
AB=|J aB and Ba= [ Ba.
acA acA

Proposition 3.24. Let X be any pseudo-UP algebra and A, B, C, F be non-empty subsets of X, then the following
statements hold.

1. IfB - C, then AB - AC and BA - CA.

2. If FC X, then (oF)¢ = o(F¢) and (Fq)¢ = (F¢)q forall a € X.
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Proposition 3.25. Let B and F be two non-empty subsets of a TPUP-algebra X, then the following statements hold
forall a € X.

1. If B is an open set, then B4 and 4B are open sets.
2. If Fis a closed set, then Fo and oF are closed sets.

Proof.

1. Let B be an open set, and for any a € X let x € By. Then, x-a € B and x*a € B. Since X is a
TPUP-algebra, then there exist two open sets U and V containing x and a, respectively such that U-V C B
and UV C B, which implies that x-a € Uy C Band x*xa € Uy € B,andsoU-a C Band Uxa C B.
Thus, x € U C B,. Therefore, B, is an open set. By similar statements we can prove 4B is an open set.

2. The proof follows from Proposition 3.24 and part (1). O

Definition 3.26. A TPUP-algebra X is called a transitive open TPUP-algebra, if the right maps are both
continuous and open.

For a fixed element s of a TPUP-algebra X, define the right maps Rs : X — X by Rs(x) = x-s and
Ts: X = X by 15(x) =xx*s forall x € X.

Proposition 3.27. In a TPUP-algebra X, the right maps are continuous.

Proof. Let s € X, define the right maps Rs : X = X by Rs(x) =x-s and 15 : X = X by v5(x) = x * s for all
x € X. Let W be an open set containing Rs(x) and rs(x). Since X is a TPUP-algebra, then there exist two
open sets U and V containing x and s, respectively such that U-V C Wand UxV C W. Clearly, U-s C W
and Uxs C W. Hence, Rg(U) € W and r5(U) C W. Therefore, Rs and r¢ are continuous. O

Proposition 3.28. Let U be an open set in a transitive open TPUP-algebra X, then the following statements hold.

1. Rs(U) =U-sand rs(U) = U * s are open sets in X.
2. R7HU) ={x € X|x-s = Rg(x)}and 151 (U) = {x € X|x s = 15(x)} are open sets in X.
3. U-Vand U=V are open sets in X.

Proof.

1. Let s € X. Since the right maps Rs and s are open and U is an open set, then Rs(U) and r4(U) are
open sets in X.

2. Let s € X. Since the right maps Rs and 5 are continuous, then R;!(U) and 5 !(Ul) are open sets in X.

3. Since U-V = [Jgcy(U-s) and UV = J,c\ (U xs), then by (1) we get U-V and U # V are open sets in
X. O

Proposition 3.29. Let F and P be two disjoint subsets of a TPUP-algebra X. If F is a compact set, P is a closed set
and the right maps are open from X to X, then there exists an open set U containing 0 such that (U-F)NP = ¢
and (UxF)NP = ¢.

Proof. Let x € F C X\ P. Since 0% (0-x) =x € X\P,0-(0xx) =x € X\ P and X is a TPUP-algebra, then
there exists an open set Uy containing 0 and an open set V containing 0-x and 0 *x such that Uy V C X\ P
and Uy -V C X\ P. Also, there exists an open set U; containing 0 such that U; -x C V and U; xx C V.
If Uy = UpN Uy, then Uy is an open set containing 0 and Uy * (Uy -x) € Up*V C X\ P, Uy - (Uy xx) C
Up - V C X\ P. Since the right maps are open, then C = {U, -x : x € F}and C = {Uy *x : x € F} are open
cover of the compact set F. Therefore, there exist Uy, - x,..., Uy, -xn € Cand Uy, xxq,..., Uy, *xn € C
such that

n n
FC U(Uxi'xi) and FC U(um*xi)-
i=1 i=1
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Suppose that U = (" (Uy,), then U is an open set containing 0 such that for ally € F, y € Uy, - x;,
y € Uy, xx; for some x; and
Uxy CUx(Uy, -xi) CUg*xV C X\P,

and
U-yCU- (Uy, *xxi) CUg-VCX\P.

Hence, we obtain that (U-F)NP=¢ and (U*xF)NP = ¢. O

Proposition 3.30. Let ((X,<),-, %, 0x,7tx), and ((Y,<v),-v,*v,0y,Ty) be two transitive open TPUP-algebras
and f : X =Y be a pseudo-UP homomorphism. If f is a continuous map at Ox, then f is a continuous on X.

Proof. Let x € X and W be an open set containing y = f(x). Since the right maps on Y are continuous,
then there exists an open set V containing Oy such that Ry(V) = V.yy € Wand ry(V) = Vxyy C W.
Since f is a continuous at Ox, then there exists an open set U containing Ox such that f(U) C V. Since the
right maps on X are open, then 0-x =x € U-x and 0 *x = x € U *x are open sets containing x. Now, we
have

f(U-x) =f(U) v f(x) =f(U) - yycV-yycw,

and
f(Uxx) =f(U) xy f(x) =f(UW) xyy C Vsyy CW.

This proves that f is a continuous at x. Since x is any arbitrary element in X, then f is a continuous on
X. O

Proposition 3.31. Suppose that X, Y, and Z are tansitive open TPUP-algebras and { : X — Y, & : X — Z are
pseudo-UP homomorphisms such that &(X) = Z and Ker§ C Ker\, then there exists a pseudo-UP homomorphism
f:Z — Y such that \p = f o &. Also, for each open set U containing Oy, there exists an open set V containing 0z
such that £-1(V) C Y~ (U), then f is a continuous.

Proof. Suppose that U is an open set containing Oy. By assumption, there exists an open set V containing
0z such that

£ V) CHW).

Therefore,
PETHV)) SvTH W),
and thus
f(V) € W
Hence, f is a continuous map at 0z. By Proposition 3.30, we get f is a continuous. O

Definition 3.32. Let((X, <), -, *,0x,tx), and ((Y, <v), ‘v, *v, Oy, Tv) be two TPUP-algebras. A map f: X —
Y is called a topological pseudo-UP homomorphism if:

1. fis a pseudo-UP homomorphism;
2. fis a contininuous.

Proposition 3.33. Let ((X,<),-, %, 0x,tx) and ((Y,<v),-v,*v,0v,Ty) be two transitive open TPUP-algebras,
and f : X — Y be a pseudo-UP homomorphism. Then the following statements hold.

1. for every open set H containing Oy, there exists an open set G containing Ox such that f(G) C H. Then f is
a continuous and hence f is a topological pseudo-UP homomorphism.

2. for every open set G containing Ox, there exists an open set H containing Oy such that H C f(G). Then, f is
an open map.
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Proof.

1. Suppose that V is an open set in Y. If VN Im(f) = ¢, then f~1(V) = ¢ is an open set in X. Let
VNIm(f) # ¢ and x € f1(V), then y := f(x) € VN Im(f). By Proposition 3.28, Rgl(V) ={beYbvyy=
Ry(b) € V} and Tgl(V) ={b € Ybxyy =ry(b) € V}are open setsin Y. Letv € H := Rgl(V) ﬂrgl(V).
Therefore, Oy -yy =y € Vand Oy xyy =y € V and thus Oy € H. By assumption, there exists an open set
G containing Ox such that f(G) € H. Since the right maps are open, then G - x and G * x are open sets in
X. Thus,x =0x-x € G-xand x =0x *xx € Gxx. Sincev.-yy € H-yyandvxyy € Hxyy, thenv-yy e V
and vxyy € Vand hence H-yy € Vand Hxyy C V. Now, f(G-x) = f(G) -y f(x) =f(G) . yy CH-yy CV
and f(G xx) = f(G) *y f(x) = f(G)*yy € Hxyy C V. Thus, x € G-x C f1(f(G-x)) € f (V) and
x € Gxx Cf1(f(Gxx)) C f1(V). This implies that f~1(V) is an open set in X. Hence, f is a continuous
and hence f is a topological pseudo-UP homomorphism.

2. Suppose that U is an open set in X and let y € f(U). Then, y = f(x) for some x € U. Since the right
maps are continuous, then R;l(u) ={a € X|a-x = Ry(a) € Uyand ry ' (U) = {a € X|la*xx = 14(a) € U}
are open sets in X. Let u € G := Ry} (U)Nnr 1 (U). Therefore, Ox -x = x € U, Ox*x = x € U and so
Ox € G. By assumption, there exists an open set H containing Oy such that H C f(G). By Proposition
3.28, H-yy and H*y y are open sets in Y. Thus, y =0y -yy € H-yy and y = Oy *yy € Hx*yy. Since
u-x€G-xandu*xx € Gxx,thenu-x € Uand uxx € U. Hence, G-x C U and G *x C U. Therefore,
f(G-x) C f(U) and f(G*xx) C f(U). Now, H-yy = H-y f(x) C f(G) -y f(x) = f(G-x) C f(U) and
Hxyy = Hxy f(x) C f(G) xy f(x) = f(G*xx) C f(U). Thus,y € H-yy C f(U) and y € Hx*yy C f(U). This
implies that f(U) is an open set in Y. Hence, f is an open map. O

4. Conclusion

In this article, the concept of topological pseudo-UP algebra is introduced. Minimal open sets and
some separation axioms (T;-spaces i = 0, 1, 2) are discussed in such spaces. Several topological properties
and relations among pseudo-UP algebras are obtained by using pseudo-UP homomorphisms. Moreover,
this work can be extended into supra (infra) topological pseudo-UP algebras.
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