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The oscillation of second order impulsive differential equations is discussed using Riccati transformations technique. New
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1. Introduction

In this paper, we consider the second order impulsive Sturm-Liouville differential equations

[(r(t)x′(t)]
′
+ p(t)x

′
(t) + q(t)x(t) = 0, t > t0, t 6= tk;

∆[(r(tk)x
′(tk)] + bkx(tk) = 0,

(1.1)

the more general impulsive differential equations

[(r(t)Ψ(x(t))x′(t)]
′
+ p(t)x

′
(t) + q(t)x(t) = 0, t > t0, t 6= tk;

∆[(r(tk)Ψ(x(tk))x
′(tk)] + bkx(tk) = 0,

(1.2)

and

[r(t)Ψ(x(t))(x′(t))γ]
′
+ p(t)(x′(t))γ + q (t)f(x(t)) = 0 for t > t0, t 6= tk;

∆[r(tk)Ψ(x(tk))(x
′(tk))

γ]
′
+ bkf(x(tk)) = 0,

(1.3)

where p(t),q(t) are left piecewise continuous on [t0,∞); Ψ(x(t)) and r(t) are continuous and positive
for some t0 > 0. The function Ψ(x(t)) satisfies 0 < ζ(t) 6 Ψ(x(t)) 6 η(t); where γ > 1 is a ratio of
odd positive integers, the function f(x(t)) satisfies xf(x) > 0 for x 6= 0, f(x)/xγ > µ, for µ > 0 and
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for all x 6= 0 and N is a set of positive integers. The sequence of times {tk}k∈N is strictly increasing
with tk > t0 and limk→∞ tk = ∞; ∆z(tk) = z(t+k ) − z(t

−
k ); and the coefficient {bk} is a sequence of

real numbers. A nontrivial solution of the differential equation is called oscillatory if it has arbitrarily
large zeros, otherwise, it is called nonoscillatory. The equation is said to be oscillatory if all its nontrivial
solutions are oscillatory.

In the last few decades the oscillatory behavior of solutions of second-order differential equations has
received great interest in the literature due to its importance in a wide variety of applications in physics,
mathematics, engineering and biology, etc. (see [1, 3, 4, 7–12, 14, 15, 17, 19, 21, 26, 28]). Recently, a lot of
works have been appeared in the literature in the area of impulsive differential equations [5, 6, 22, 25]. Al-
though the solutions of ordinary differential equations are continuously differentiable, however, in some
cases the impulsive differential equations generally possess non-continuous solutions. Eq. (1.1) can be
considered as an equation of motion in which the movement speed of the mass point changes discontin-
uously by abrupt changes at certain moments. (See also [20, 24] for models from mathematical biology
where impulsive-type phenomena are idealized by external sources of evolutive PDE’s.) In dynamical
models formulated by partial differential equations, impulsive-type effects are often modeled by external
sources perturbing the natural evolution of the related models (see [16]). Very recently, Wen et al. [25]
gave Philos-type oscillation criteria for the damped second order linear impulsive differential equation

x
′′
(t) + p(t)x

′
(t) + q(t)x(t) = 0, t > t0, t 6= tk;

∆(x′(tk)) + bkx(tk) = 0.
(1.4)

In the case, bk = 0 for all k ∈ N, the oscillation is caused by the effect of damping only and Eq. (1.4)
becomes:

x
′′
(t) + p(t)x

′
(t) + q(t)x(t) = 0.

Many authors have studied this [2, 27] (and references cited in). Meanwhile, Sugie et al. [23] discussed
the effect of impulses on the oscillation of second-order linear differential equations. They proved that
the oscillation of mass point could be caused by the effect of impulses only, while if it does not exist, the
mass point does not oscillate. They discussed the undamped case in which the function p(t) = 0, i.e., the
differential equations

x
′′
(t) + q(t)x(t) = 0, t > t0, t 6= tk; ∆(x′(tk)) + bkx(tk) = 0.

Sugie [22] discussed the oscillation of the second order self-adjoint impulsive differential equations of
the type,

[(r(t)x′(t)]
′
+ q(t)x(t) = 0, t > t0, t 6= tk; ∆[(r(tk)x

′(tk)] + bkx(tk) = 0, (1.5)

to extend previous results of Kamenev-Philos type oscillation. Moreover, he proved that the differential
equation (1.5) may oscillate even if the total impulse is small.

In [13], He and Ge established sufficient conditions for the oscillation of the solutions of the impulsive
differential equation

[r(t)(x′(t))γ]
′
+ f(t, x(t)) = 0 for t > t0, t 6= tk;

x(t+k ) = gk(x(tk)),
x′(t+k ) = εkx

′(tk), for k = 1, 2, . . . .

This paper aims to discuss Philos-Kamenev type oscillation for a class of second-order linear impulsive
Sturm differential equations with damping (1.1), a class of second-order nonlinear impulsive differential
equations with damping (1.2), and a class of second-order half-linear impulsive differential equations
with damping Eq. (1.3). First, in Section 2, we investigate the oscillatory behavior of the solution of Eq.
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(1.1), which the damping or the impulses can evaluate. Then, in Section 3, we discuss the oscillation of
the more general Eq. (1.2). Our results improve and extend the recent results of [22, 25].

Also, we establish oscillation results more general than those obtained in [13], for the second-order
half-linear impulsive differential Eq. (1.3) with a different method. Finally, in Section 4, we give two
illustrative examples.

Definition 1.1 ([25]).

1) Let tk be the impulsive moments for each k ∈ N and let N(t) be the number of the moments of
impulsive effect in the interval [t0, t). Then N(t) = 0 for t0 6 t 6 t1, N(t) = k for tk 6 t 6 tk+1.

2) A function x is said to be a solution of Eqs. (1.1)-(1.3) on [t0,∞) if
a) x(t) is continuous on [t0,∞);
b) x(t) satisfies the first equality of Eqs. (1.1)-(1.2) on [t0,∞) \ {tk,k ∈ N};
c) x′(t) has two-sided limits and left continuous at points tk, x′(t) satisfies the second equality of

Eqs. (1.1)-(1.3).

Suppose that D = {(t, s) : t0 6 s 6 t 6 ∞} and D0 = {(t, s) : t0 6 s < t 6 ∞}. We say that
H ∈ C (D, [0,∞)) belongs to the class ωγ if it satisfies the conditions

(i) H(t, t) = 0 for t > t0, H(t, s) > 0 for all (t, s) ∈ D0;
(ii) ∂H/∂s = −h(t, s) (H(t, s))

γ
γ+1 for all (t, s) ∈ D.

The following lemma will be needed in the proof of our results.

Lemma 1.2 ([18]). Let γ > 1 be a ratio of two odd numbers. Then

A1+ 1
γ − (A−B)

1+ 1
γ
6
B

1
γ

γ
[(γ+ 1)A−B], C

γ+1
γ −

γ+ 1
γ

CD
1
γ > D

γ+1
γ .

2. Main results

Theorem 2.1. If there exists a function H(t, s) ∈ D satisfying the conditions (i) and (ii) and moreover

lim sup
t→∞

1
H(t, t0)

×

{
N(t)∑
k=1

H(t, tk)bk +
∫t
t0

H(t, s)q (s) −
1
4
[r (s)h2(t, s)

+
p2(s)H(t, s)

r(s)
+ 2h(t, s)p(s)

√
H(t, s)]ds

}
=∞,

(2.1)

then Eq. (1.1) is oscillatory.

Proof. Let x(t) be a non-oscillatory solution of Eq. (1.1). Without loss of generality, we may assume that
x(t) 6= 0 for all T > t0. Let

u(t) =
r (t)x′(t)

x(t)
.

Then by (1.1) for all t > t0, we have

u′(t) = −q(t) −
u2(t)

r(t)
− p

u(t)

r(t)
, for t 6= tk.

Since x(t) is continuous on [T ,∞), then

∆u(tk) = u(t
+
k ) − u(t

−
k ) =

r (t+k )x
′(t+k )

x(t+k )
−
r(t−k )x

′(t−k )

x(t−k )
=
∆[r(tk)x

′(tk)]

x(tk)
= −bk.
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Therefore, the function u(t) satisfies

u′(t) + q(t) +
u2(t)

r(t)
+ p(t)

u(t)

r(t)
= 0, for t 6= tk, ∆u(tk) + bk = 0. (2.2)

Following [25], we assume tm−1 6 T < tm for a positive integer m. For sufficiently large t, we take
a positive integer n = j(t) such that, tn 6 t < tn+1. Let I denote the interval [T , t] except the points
tm, tm+1, tm+2, . . . , tn. Multiplying the first equation of (2.2) by H(t, s) and integrating from T to t, we
get ∫t

T

q(s)H(t, s)ds =
∫
I

q(s)H(t, s)ds = −

∫
I

H(t, s)u′(s)ds−
∫t
T

H(t, s)
u2(s)

r(s)
ds−

∫t
T

H(t, s)p(s)
u(s)

r(s)
ds,

i.e., ∫t
T

q(s)H(t, s)ds = −

∫tm
T

H(t, s)u′(s)ds−
n−1∑
k=m

∫tk+1

tk

H(t, s)u′(s)ds−
∫t
tn

H(t, s)u′(s)ds

−

∫t
T

[H(t, s)
u2(s)

r(s)
−H(t, s)p(s)

u(s)

r(s)
]ds.

Using integration by parts and the continuity of H(t, s) on D, we get

−

∫tm
T

H(t, s)u′(s)ds =
n−1∑
k=m

[H(t, tk)u(t+k ) −H(t, tk+1)u(t
−
k+1)] +

n−1∑
k=m

∫tk+1

tk

u(s)
∂H(t, s)
∂s

ds.

Since H(t, t) = 0, then ∫t
tn

H(t, s)u′(s)ds = H(t, tn)u(t+n) +
∫t
tn

u(s)
∂H(t, s)
∂s

ds.

Going through as in [22], using the difference operator∫t
T

q(t)H(t, s)ds = H(t, T)u(T) −
∫t
T

H(t, s)[
u2(s)

r(s)
+ p(s)

u(s)

r(s)
]ds

+

n∑
k=m

H(t, tk)4 u(ti) −
∫t
T

u(s)h(t, s)
√
H(t, s)ds

= H(t, T)u(T) −
∫t
T

H(t, s)[
u2(s)

r(s)
+ p(s)

u(s)

r(s)
]ds

−

N(t)∑
k=m

H(t, tk)bk −
∫t
T

u(s)h(t, s)
√
H(t, s)ds.

By completing the squares, we get∫t
T

q(t)H(t, s)ds = H(t, T)u(T) −
∫
I

{u(s)

√
H(t, s)
r(s)

+

√
r(s)

4H(t, s)
(
H(t, s)p(s)
r(s)

+ h(t, s)
√
H(t, s)}2ds

+
1
4

∫
I

r(s)

H(t, s)
(
H(t, s)p(s)
r(s)

+ h(t, s)
√
H(t, s))2ds−

N(t)∑
k=1

H(t, tk)bk

6 H(t, T)u(T) +
1
4

∫
I

r(s)

H(t, s)
(
H(t, s)p(s)
r(s)

+ h(t, s)
√
H(t, s))2ds−

N(t)∑
k=1

H(t, tk)bk.
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Then∫t
T

q(t)H(t, s)ds−
1
4

∫
I

r(s)

H(t, s)
(
H(t, s)p(s)
r(s)

+ h(t, s)
√
H(t, s))2ds+

N(t)∑
k=1

H(t, tk)bk 6 H(t, T)u(T).

Moreover∫t
t0

[q(t)H(t, s) −
1
4
r(s)

H(t, s)
(
H(t, s)p(s)
r(s)

+ h(t, s)
√
H(t, s))2]ds+

N(t)∑
k=1

H(t, tk)bk

=

∫T
t0

q(t)H(t, s)ds+
m−1∑
k=1

H(t, tk)bk −
1
4

∫T
t0

r(s)

H(t, s)
(
H(t, s)p(s)
r(s)

+ h(t, s)
√
H(t, s))2ds

+H(t, T)u(T) +
∫t
T

q(t)H(t, s)ds+
N∑
k=m

H(t, tk)bk −
1
4

∫t
T

r(s)

H(t, s)
(
H(t, s)p(s)
r(s)

+ h(t, s)
√
H(t, s))2ds

6
∫T
t0

q(t)H(t, s)ds+H(t, T)u(T) +
m−1∑
k=1

H(t, tk)bk −
1
4

∫T
t0

r(s)

H(t, s)
(
H(t, s)p(s)
r(s)

+ h(t, s)
√
H(t, s))2ds.

Since p(t) > 0 and
∂H

∂s
= −h(t, s)

√
H(t, s), then we obtain

∫t
t0

q(t)H(t, s)ds−
1
4

∫t
t0

r(s)p(s)

H(t, s)
(
H(t, s)
r(s)

+
h(t, s)

√
H(t, s)

p(s)
)2ds+

N(t)∑
k=1

H(t, tk)bk

6
∫T
t0

q(t)H(t, s)ds+H(t, T)u(T) +
m−1∑
k=1

H(t, tk)bk

6
∫T
t0

|q(t)|H(t, s)ds+H(t, T) |u(T)|+
m−1∑
k=1

H(t, tk) |bk| 6 H(t, t0)[

∫T
t0

|q(t)|ds+ |u(T)|+

m−1∑
k=1

|bk| ,

i.e.,

1
H(t, t0)

× {

N(t)∑
k=1

H(t, tk)bk +
∫t
t0

H(t, s)q (s) −
1
4
[r (s)h2(t, s) +

p2(s)H(t, s)
r(s)

+ 2h(t, s)p(s)
√
H(t, s)]ds}

6
∫T
t0

|q(t)|ds+ |u(T)|+

m−1∑
k=1

|bk| <∞.

This contradicts the condition (2.1) and the proof is completed.

Remark 2.2. In the special case r(t) = 1, the criterion (2.1) includes condition (8) of [25]. Moreover in the
case p(t) = 0, (2.1) includes the criterion (3.1) of [22].

Theorem 2.3. Suppose that for α > 1, 0 6 β < 1,

lim sup
t→∞

1
tα
× {

∫t
t0

(t− s)αsβq(s)ds+

N(t)∑
k=1

(t− tk)
αt
β
kbk} =∞,

and

lim sup
t→∞

1
tα
× {

∫t
t0

r(s)(t− s)α−2sβ−2[(t− s)
sp(s)

r(s)
+αs−β(t− s)]2ds} <∞.

Then Eq. (1.1) is oscillatory.

Proof. The proof is similar to that of Theorem 2 in [25], and so it is omitted.

Remark 2.4. In the special case r(t) = 1, Theorem 2.3 includes Theorem 2 of [25] and Corollary 2 of [22].
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3. Philos-Kamenev-type oscillation results

In this section, we discuss the oscillation of the more general second-order damped impulsive differ-
ential Eq. (1.2) and the second-order half-linear damped impulsive differential Eq. (1.3).

Theorem 3.1. Suppose that there exists a continuously differentiable function ρ(t) on [t0,∞). If

lim sup
t→∞

1
H(t, t0)

×

{∫t
t0

ϕ(s)H(t, s)ds−
1
4

∫t
t0

(
H(t, s)p(s)
r(s)η(s)

+ h(t, s)
√
H(t, s))2.

r(s)η(s)

H(t, s)
ds

+

N(t)∑
k=1

H(t, tk)v(tk)bk

}
=∞,

(3.1)

where v = exp{−2
∫s ρ(τ)
ξ(τ) −

p
2r(τ)η(τ)dτ}, ϕ(t) = −v(t)[(r(t)ρ(t))′−q(t)+

p(t)ρ(t)
ζ(t) −

r(t)ρ2(t)
η(t) ], then Eq. (1.2)

is oscillatory.

Proof. Let x(t) be a non-oscillatory solution of Eq. (1.2) . We may assume that x(t) 6= 0 for all t > T .
Consider the general Riccati transformation

u1(t) = v(t)r(t)[Ψ(x(t))(
x′(t)

x(t)
) + ρ(t)].

Then

u′1(t) =
v′(t)u1(t)

v(t)
+ v(t)

[
−p(t)(

x′(t)

x(t)
) − q(t) − r(t)Ψ(x(t)(

x′(t)

x(t)
)2 + (r(t)ρ(t))′

]
=
v′(t)u1(t)

v(t)
+ v(t)

[
−p(t)

Ψ(x(t)
(
u1(t)

v(t)r(t)
− ρ(t)) − q(t) + (r(t)ρ(t))′ − r(t)

1
Ψ(x(t))

{
u1(t)

v(t)r(t)
− ρ(t)

}2
]

.

i.e.,

u′1(t) 6 −
u2

1(t)

η(t)v(t)r(t)
+ v(t)

[
(r(t)ρ(t))′ − q(t) +

p(t)ρ(t)

ζ(t)
−
r(t)ρ2(t)

η(t)

]
.

Thus

u′1(t) 6 −
u2

1(t)

η(t)v(t)r(t)
−ϕ(t) , for t 6= tk.

Since x(t) is continuous on [T ,∞), then we have

∆u1(tk) = u1(t
+
k ) − u1(t

−
k ) =

r(t+k )Ψ(x(t
+
k ))x

′(t+k )

x(t+k )
−
r(t−k )Ψ(x(t

−
k ))x

′(t−k )

x(t−k )

=
r(t+k )Ψ(x(t

+
k ))x

′(t+k ) − r(t
−
k )Ψ(x(t

−
k ))x

′(t−k )

x(tk)

=
∆(r(t)Ψ(x)x′(tk))

x(tk)
= −v(tk)bk.

Therefore, the function u1(t) satisfies

u′1(t) 6 −
u2

1(t)

η(t)v(t)r(t)
−ϕ(t) , for t 6= tk, ∆u1(tk) + v(tk)bk = 0.

Going through as in Theorem 2.1, we get∫t
T

ϕ(s)H(t, s)ds = H(t, T)u1(T) −

∫
I

H(t, s)[
u2

1(s)

r(s)η(s)
+ p(s)

u1(s)

r(s)η(s)
]ds
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−

N(t)∑
k=1

H(t, tk)v(tk)bk −
∫
I

u1(s)h(t, s)
√
H(t, s)ds.

Then∫t
T

ϕ(s)H(t, s)ds−
1
4

∫
I

(
H(t, s)p(s)
r(s)η(s)

+ h(t, s)
√
H(t, s))2.

r(s)η(s)

H(t, s)
ds+

N(t)∑
k=1

H(t, tk)bkv(tk) 6 H(t, T)u1(T),

i.e., ∫t
t0

ϕ(s)H(t, s)ds−
1
4

∫t
t0

(
H(t, s)p(s)
r(s)η(s)

+ h(t, s)
√
H(t, s))2.

r(s)η(s)

H(t, s)
ds+

N(t)∑
k=1

H(t, tk)v(tk)bk

6
∫T
t0

ϕ(s)H(t, s)ds+H(t, T)u1(T) +

m−1∑
k=1

H(t, tk)bkv(tk)

6
∫T
t0

|ϕ(s)|H(t, s)ds+H(t, T) |u1(T)|+

m−1∑
k=1

H(t, tk) |bkv(tk)|

6 H(t, t0)[

∫T
t0

|ϕ(s)|ds+ |u1(T)|+

m−1∑
k=1

|v(tk)bk| .

Therefore

lim sup
t→∞

1
H(t, t0)

× {

∫t
t0

ϕ(s)H(t, s) −
1
4

∫t
t0

(
H(t, s)p(s)
r(s)η(s)

+ h(t, s)
√
H(t, s))2.

r(s)η(s)

H(t, s)
ds

+

N(t)∑
k=1

H(t, tk)v(tk)bk} <∞,

which contradicts (3.1), and completes the proof.

Remark 3.2.

1. In the special case Ψ(x(t)) = 1 and p(t) = 0, the criterion (3.1) includes the condition (3.1) of [22].
Further in the special case Ψ(x(t)) = 1,p > 0, and r(t) = 1, the criterion (3.1) includes the condition
(8) of [25].

2. In the case H(t, s) = (t− s)α with α > 1, h(t, s) = α(t− s)
α−2

2 , the functions H(t, s) and h(t, s) satisfy
the conditions of Theorem 3.1, and Eq. (1.2) is oscillatory if

lim sup
t→∞

1
tα
×


∫t
t0

ϕ(s)(t− s)αds+

N(t)∑
k=1

(t− tk)
αv(tk)bk

−

∫t
t0

r(s)η(s)

4
(t− s)α−2[

(t− s)p(s)

r(s)η(s)
+α]2ds

}
=∞,

where v(t) and ϕ(t) are the same as in Theorem 3.1.

Theorem 3.3. For β > 1 and H ∈ ωγ, if

lim sup
t→∞

1
H(t, t0)

×


∫t
t0

H(t, s)ϕ1(s)ds−
βγ

(γ+ 1)γ+1 v1(s)r(s)η(s)h
γ+1(t, s)ds+ µ

N(t)∑
k=1

H(t, tk)v1(tk)bk

 =∞,
(3.2)
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where

v1 = exp{−(γ+ 1)
∫t
t0

ρ(s)

ξ(s)
−

p

(γ+ 1)r(t)η(t)
ds},

and

ϕ1(t) = −v1(t)[(r(t)ρ(t))
′ − µq(t) +

p(t)ρ(t)

ζ(t)
−
r(t)ρ1+ 1

γ (t)

η 1
γ(t)

],

then Eq. (1.3) is oscillatory.

Proof. Let x(t) be a non-oscillatory solution of Eq. (1.3). Suppose that x(t) 6= 0 for all t > T . Let

u2(t) = v1(t)r(t)[Ψ(x(t))(
x′(t)

x(t)
)γ + ρ(t)]. (3.3)

Then

u′2(t) =
v′1(t)u2(t)

v1(t)
+ v1(t)[−p(t)(

x′(t)

x(t)
)γ − q(t)

f(x)

xγ
− γ

r(t)

Ψ(x(t))
1
γ

(
u2

v1(t)r(t)
− ρ(t))

γ+1
γ + (r(t)ρ(t))′ ]. (3.4)

Using the first inequality of Lemma 1.2, we get

(
u2

v1(t)r(t)
− ρ(t))

γ+1
γ 6

ρ
1
γ (t)

γ
[(γ+ 1)(

u2

v1(t)r(t)
− ρ(t))] − (

u2

v1(t)r(t)
)1+ 1

γ .

Thus

u′2(t) =
v′1(t)u2(t)

v1(t)
+ v1(t)[−p(t)(

x′(t)

x(t)
)γ − q(t)

f(x)

xγ
+ (r(t)ρ(t))′

+
γr(t)

Ψ(x(t))
1
γ

ρ
1
γ (t)

γ
[(γ+ 1)(

u2

v1(t)r(t)
− ρ(t))] − (

u2

v1(t)r(t)
)1+ 1

γ .

Substituting for Ψ(x(t)), f(x) and using (3.4), we obtain

u′2(t) 6 −γ[
u
γ+1
2 (t)

η(t)v1(t)r(t)
]

1
γ −ϕ1(t) , for t 6= tk,

and

∆u2(tk) = u2(t
+
k ) − u2(t

−
k ) =

−v1(tk)bkf(x)

xγ
= −µv1(tk)bk.

Using the same method in Theorem 3.1., we get

∫t
T

ϕ1(s)H(t, s)ds 6 H(t, T)u2(T) − µ

N(t)∑
k=1

H(t, tk)v1(tk)bk −

∫
I

[γH(t, s)(
u

1+γ
2 (s)

v1(s)r(s)η(s)
)

1
γ

− u2(s)h(t, s)H
γ
γ+1 (t, s)]ds.

Thus for β > 1, we have∫t
t0

[ϕ1(s)H(t, s)+u2(s)h(t, s)H
γ
γ+1 (t, s) +

γ

β
H(t, s)[

u
1+γ
2 (s)

v1(s)r(s)η(s)
]

1
γds+ µ

N(t)∑
k=1

H(t, tk)v1(tk)bk

6 H(t, T)u2(T) −
γ

β
(β− 1)

∫t
t0

H(t, s)[
u

1+γ
2 (s)

v1(s)r(s)η(s)
]

1
γds.
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Applying the second inequality of Lemma 1.2, we get

∫t
t0

[ϕ1(s)H(t, s)−
βγv1(s)r(s)η(s)h

γ+1(t, s)
(γ+ 1)γ+1 ]ds+ µ

N(t)∑
k=1

H(t, tk)v1(tk)bk

6 H(t, T)u2(T) −
γ

β
(β− 1)

∫t
t0

H(t, s)[
u

1+γ
2 (s)

v1(s)r(s)η(s)
]

1
γ ]ds.

Using the properties of H(t, s), we have

∫t
t0

[ϕ1(s)H(t, s)−
βγv1(s)r(s)η(s)h

γ+1(t, s)
(γ+ 1)γ+1 ]ds+ µ

N(t)∑
k=1

H(t, tk)v1(tk)bk

6 H(t, T) |u2(T)|

∫T
t0

|ϕ(s)|H(t, s)ds++µ

m−1∑
k=1

H(t, tk) |bkv(tk)|

6 H(t, t0)[

∫T
t0

|ϕ(s)|ds+ |u2(T)|+

m−1∑
k=1

|v(tk)bk| .

Therefore

lim sup
t→∞

1
H(t, t0)


∫t
t0

H(t, s)ϕ1(s)ds−
βγ

(γ+ 1)γ+1 v1(s)r(s)η(s)h
γ+1(t, s)ds+ µ

N(t)∑
k=1

H(t, tk)v1(tk)bk

 <∞,

which contradicts (3.2). The case x < 0, is similar and this completes the proof.

Remark 3.4. For bk = 0 (the case of no impulse effect) and Ψ(x(t)) = 1, Eq. (1.3) takes the form

[r(t)(x′(t))γ]
′
+ p(t)(x′(t))γ + q (t)f(x(t)) = 0,

which was studied by Li et al. [18]. The criterion (3.3) improves and extends Theorem 2 of [18] but in the
presence of impulse term.

4. Examples

Example 4.1. Consider the differential equations

[Ψ(x(t))x′(t)]
′
+ εx(t) = 0, t > t0, t 6= k; ∆[Ψ(x(t))x′(t)] +$x(k) = 0, (4.1)

where Ψ(x(t)) is any function satisfying the condition t 6 Ψ(x(t)) 6 2t,k ∈ N and ε,$ > 0. Here,
r(t) = 1, p(t) = 0, q(t) = ε, tk = k and bk = $ for all k ∈ N. Choosing ρ = 1

2 and α = 2 , then

v = exp{−2
∫t
t0

ρ(s)

ξ(s)
−

p

2r(t)η(t)
ds} = exp{− ln t} =

1
t

,

and

ϕ(t) = −v(t)[(r(t)ρ(t))′ − q(t) +
p(t)ρ(t)

ζ(t)
−
r(t)ρ2(t)

η(t)
] =

ε

t
+

1
8t2 .

So we have for t > t0,

1
t2 ×

∫t
t0

ϕ(s)(t− s)2 − r(s)η(s)ds =
1
t2 ×

∫t
t0

{[
ε

s
+

1
8s2 ][t

2 − 2st+ s2] − 2s}ds
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=

∫t
t0

[
ε

s
+

1
8s2 ][1 −

2s
t
+
s2

t2 ] −
2s
t2 ds

=

∫t
t0

[
ε

s
+

1
8s2 ] − 2[

ε

t
+

1
st
] + [

ε

st2 +
1

8t2 ] −
2s
t2 ds

= {ε ln s−
1
8s

− 2[
εs

t
+

ln s
t

] +
ε

t2 ln s+
s

8t2 −
s2

t2 }
t
t0

.

Then

lim sup
t→∞

1
t2 × {

∫t
t0

ϕ(s)(t− s)2 − r(s)η(s)ds} <∞.

Now, to examine the series term

lim sup
t→∞

1
t2

m∑
k=1

(t− tk)
2v(tk)bk = lim sup

t→∞
1
t2

m∑
k=1

$

k
(t− k)2 > lim sup

t→∞
m∑
k=1

$

k
−

m∑
k=1

2$
t

+

m∑
k=1

$k

t2 .

Since
m∑
k=1

$

k
= $

m∑
k=1

1
k
> $

∫m+1

1

1
k
ds = ln(m+ 1),

m∑
k=1

2$
t

=
2$
t

m∑
k=1

1 = 2$,

and
m∑
k=1

$k

t2 =
$

(m+ 1)2

m∑
k=1

k =
$

(m+ 1)2 ×
m(m+ 1)

2
=

m$

2(m+ 1)
,

we get

lim sup
t→∞

1
t2

m∑
k=1

(t− tk)
2v(tk)bk = lim sup

t→∞ {ln(m+ 1) − 2$+
m$

2(m+ 1)
} =∞.

So Eq. (4.1) is oscillatory.

Example 4.2. Consider the differential equations

[
1
t
Ψ(x(t))(x′(t))γ]

′
+
A

t2x
γ(t) = 0, t > t0, t 6= k; ∆[

1
t
Ψ(x(t))(x′(t))γ] +

B

k
xγ(k) = 0, (4.2)

where Ψ(x(t)) is any function satisfying the condition t 6 Ψ(x(t)) 6 (γ+ 1)t,k ∈ N and A,B > 0. Here,
r(t) = 1

t ,p(t) = 0,q(t) = A
t2 , tk = k , f(x) = xγ,µ = 1 and bk = B

k for all k ∈ N. Choosing ρ = 0 and

H(t, s) = (t− s)2,β =
(γ+1)1+ 1

γ

2 , then

v1 = exp{−(γ+ 1)
∫t
t0

ρ(s)

ξ(s)
−

p

(γ+ 1)r(t)η(t)
ds} = 1,

ϕ1(t) = −v1(t)[(r(t)ρ(t))
′ − µq(t) +

p(t)ρ(t)

ζ(t)
−
r(t)ρ1+ 1

γ (t)

η 1
γ(t)

],

and
hγ+1 = 2γ+1(t− s)(1−γ).

Then for t > t0, we get

lim sup
t→∞

1
H(t, t0)

×
{∫t
t0

H(t, s)ϕ1(s)ds−
βγ

(γ+ 1)γ+1 v1(s)r(s)η(s)h
γ+1(t, s)ds

}
= lim sup

t→∞
1
t2
×
{∫t
t0

ϕ1(s)(t− s)
2 −

βγ

(γ+ 1)γ+1 v1r(s)η(s)h
γ+1(t, s)ds

}
= lim sup

t→∞
1
t2
×
∫t
t0

{
[
A

s2 ][t
2 − 2st+ s2] − 2(γ+ 1)(t− s)1−γ

}
ds

> lim sup
t→∞

1
t2
×
∫t
t0

{
[
A

s2 ][t
2 − 2st+ s2] − 2(γ+ 1)

}
ds =

A

t0
<∞.
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Now, to examine the series term

lim sup
t→∞

µ

t2

N(t)∑
k=1

H(t, tk)v1(tk)bk = lim sup
t→∞

µ

t2

m∑
k=1

(t− tk)
2v1(tk)bk

= lim sup
t→∞

1
t2

m∑
k=1

B

k
(t− k)2 > lim sup

t→∞
m∑
k=1

B

k
−

m∑
k=1

2B
t

+

m∑
k=1

Bk

t2 .

Since
m∑
k=1

B

k
= B

m∑
k=1

1
k
> B

∫m+1

1

1
k
ds = ln(m+ 1),

m∑
k=1

2B
t

=
2B
t

m∑
k=1

1 = 2B,

and
m∑
k=1

Bk

t2 =
B

(m+ 1)2

m∑
k=1

k =
B

(m+ 1)2 ×
m(m+ 1)

2
=

mB

2(m+ 1)
,

we have

lim sup
t→∞

µ

t2

m∑
k=1

(t− tk)
2v1(tk)bk = lim sup

t→∞ {ln(m+ 1) − 2B+
mB

2(m+ 1)
} =∞.

Therefore, condition (3.2) holds at α = 2. Then the conditions of Theorem 3.3 are satisfied, and Eq. (4.2)
is oscillatory.

Remark 4.3. We may note that, the oscillation of Eq. (4.2) is caused by the effect of the impulses, and it is
non-oscillatory at bk = 0.
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