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Abstract

This paper considers a deep analysis of a three-level explicit time-split MacCormack method, namely the locally one-
dimensional explicit MacCormack for the numerical solution of the two-dimensional nonlinear evolutionary advection-diffusion
equation subjects to suitable initial and boundary conditions. The splitting reduces the computational cost of the algorithm.
Under a suitable time-step restriction, both theoretical and numerical results on the stability and error estimates of the scheme
are deeply analyzed in Lm(0, T ;L2)-norm (m = 1, 2,∞). The numerical experiments suggest that the proposed algorithm is easy
to implement, temporal second-order convergent and fourth-order accurate in space. This shows the utility and efficiency of the
considered method.
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1. Introduction and motivation

This work considers a new numerical scheme for predicting the transport phenomena governed by
the two-dimensional nonlinear time-dependent convection-diffusion-reaction equations. Such equations
model a broad range of phenomenons in physical, chemical and biological sciences [2, 4, 31, 38, 41].
Furthermore, they arise in Helmholtz equation for modeling exterior acoustics, viscoelastic constitu-
tive equations in modeling the extras stresses in non-Newtonian fluid flows and in a coupled mag-
netic/incompressible Navier-Stokes when computing the magnetic field [5, 9, 15]. For instance, chem-
ical spills, groundwater contamination from leaky underground storage tanks, transport chemistry in the
atmosphere or in combustion processes, turbulent flow modeling and active filtration or heat transport
are serious problems. Although it is possible to assess the danger of the spread of the pollution released
in the subsurface domain by the use of numerical simulations, it is worth noticing to mention that the
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ability to model unsteady flows and transport processes with complex physical interactions is particularly
important from the point of view of physical realism, but is a difficult task. Therefore, the construction of
accurate numerical methods for such problems in evolutionary cases presents a bigger challenge and less
number of works on the subject appears in the literature (see [6, 7, 13, 34]). In this paper, the governing
problem for the two-dimensional nonlinear nonstationary convection-diffusion-reaction equation is

φt + µ∇φ− a∆φ = f(φ), (x,y) ∈ Ω, t ∈ (0, T ], (1.1)

with the initial condition
φ(x,y, 0) = φ0(x,y), (x,y) ∈ Ω, (1.2)

and the boundary condition

φ(x,y, t) = ϕ(x,y, t), (x,y) ∈ ∂Ω, t ∈ (0, T ], (1.3)

where φ is the unknown quantity, µ is the given convective term, and a > 0 represents the diffusive
parameter, f(φ) denotes the nonlinear reaction term and T > 0 is the final time. Furthermore, ∇ and ∆ are
the gradient and the laplacian operators, respectively, f ∈ C1(R) is a Lipschitz function, Ω = (0, 1)× (0, 1)
represents the fluid region, ∂Ω is the boundary of Ω and φt designates ∂φ∂t . The initial condition φ0 and
boundary condition ϕ are assumed to be regular enough and satisfy the requirement ϕ(x,y, 0) = φ0(x,y),
for every (x,y) ∈ ∂Ω, so that the initial-boundary value problem (1.1)-(1.3), admits a smooth solution (see
for instance, [12, 17, 43]).

In the literature, the goal is to obtain approximate solutions to nonlinear parabolic equations (1.1)-
(1.3) using fast and efficient numerical schemes. Especially, one is interested in long term effects, so
that the equations should be integrated over long time intervals. So, the use of some properties like the
mass conservation, positivity and small phase errors must lead to numerical solutions which should be
”qualitatively correct”. Sometimes, the parabolic equations in a convection-dominated flow can be strong,
local source terms. Thus, numerical algorithms are needed with good resolution of steep gradients. This
note deals with the three-level explicit time-split MacCormack method which is too much fast and efficient
than the two-step explicit MacCormack approach which in general, provides good resolutions of steep
gradients.

During the last decades, the original MacCormack algorithm has been considered as one of the mile-
stones of computational fluid dynamics [19–21, 39]. This technique provides good resolutions of steep
gradients. The first order time derivative is approximated at the predictor and corrector steps using
forward difference representation with alternate one-side differentiating for the first order space deriva-
tives. This is more convenient for systems of equations with nonlinear convective Jacobian matrices using
second order one-side explicit methods, such as Lax-Wendroff technique [14, 23]. For high Reynolds num-
bers flows where the viscous regions are too thin, the method becomes very slow and can diverge. To
overcome this difficulty, MacCormack develops a hybrid version of his scheme, the so called MacCormack
rapid solver algorithm. The rapid solver method is a coupled of explicit MacCormack and an implicit
scheme [18].

Most recently [24–30, 32, 33, 35–37, 40], the author applied the hybrid version of MacCormack and
three-level time-split MacCormack approaches in a search of efficient solutions for the linear/nonlinear
partial differential equations. More precisely, the rapid solver algorithm has been used for solving
both mixed Stokes-Darcy and two-dimensional unsteady incompressible Navier-Stokes equations while
the three-level time-split MacCormack was used in the numerical solutions of two-dimensional time-
dependent reaction-diffusion and coupled Burgers’ equations. It is particularly important to recall that
the three-level time-split applies to nonstationary equations of the form: ut = A1(u) +A2(u), where ut
denotes ∂u∂t and Aj (j = 1, 2) are differential operators, so that the subproblems ut = Aj(u), j = 1, 2, are
each solved independently by the use of the explicit MacCormack method.

In [3, 8, 11, 22, 42] several approaches for the numerical solutions of the evolutionary advection-
diffusion equation with constant coefficients are analyzed. The common idea in the considered problems
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is to carry out discretizations in two separable phases: partial discretization for the stabilized finite el-
ement procedures and temporal integration by time-marching finite difference representations. Such
methods allow to combine various discretization schemes for the target model. Although some of these
techniques have been very efficient (second order convergent in time and fourth order accurate in space),
only the numerical studies have been considered in the literature. In the following, we analyze the three-
level time-split approach for the initial-boundary value problem (1.1)-(1.3). This study is motivated by:
(a) a deep analysis of the theoretical and numerical results; (b) the method is fast, efficient and easy to
implement (explicit, second order convergent in time and fourth order accurate in space); (c) the form of
the time step requirement: max

{
2ak
h2 , |µ|k

h

}
6 1, where k is the time step and h denotes the space step.

Indeed, equations (1.1)-(1.3) can model nonlinear hyperbolic equations (case a = 0) and parabolic prob-
lem (case µ = 0). For example, the time step restriction provided by the Fourier analysis for stability of
explicit schemes when solving two-dimensional linear parabolic equations is given by 4ak

h2 6 1, which is
well known in the literature as the CFL condition. Regarding the nonlinear convection-diffusion-reaction
equations, the classical Von Neumann stability analysis is not in the standard sense, directly applicable;
(d) it comes from item (c) that the solution is advanced in each direction with the maximum allowable
time step. To explain this technique, we should consider the one-dimensional difference operators Lx(kx)
and Ly(ky), where kx and kx denote the time steps in the x-direction and y-direction, respectively. The
Lx(kx) operator applied to unij,

u∗ij = Lx(kx)u
n
ij, (1.4)

is by definition equivalent to the two-step predictor-corrector MacCormack formulation. The Ly(ky)
operator is defined in a similar manner, that is,

u∗ij = Ly(ky)u
n
ij. (1.5)

These expressions make use of a dummy time index, which is denoted by the asterisk. Setting kx = k and
ky = k

2m , where m is a positive integer, a high order convergent scheme can be constructed by applying
the Lx and Ly operators to unij, in the following manner

un+1
ij =

[
Ly

(
k

2m

)]m
Lx(k)

[
Ly

(
k

2m

)]m
unij.

In the case where hy << hx, (hx and hy are the mesh sizes in the x-direction and y-direction, respectively),
we get interesting numerical schemes.

In the following, we consider the 1D difference operators Lx(kx) and Ly(ky) defined by equations (1.4)
and (1.5), respectively. Specifically, we set m = 1 and a second-order accurate scheme can be constructed
by applying the Lx and Ly operators to unij as follows

un+1
ij = Ly(k/2)Lx(k)Ly(k/2)unij. (1.6)

Letting kx = k, ky = k
2 and hx = hy := h, it comes from equations (1.4), (1.5), and (1.6) that

u∗ij = Ly(k/2)unij, u
∗∗
ij = Lx(k)u

∗
ij = Lx(k)Ly(k/2)unij and un+1

ij = Ly(k/2)u∗∗ij .

To construct our algorithm, we should find explicit expressions of equations u∗ij = Ly(k/2)unij and
u∗∗ij = Lx(k)u

∗
ij. This will allow to provide an explicit formula of the equation un+1

ij = Ly(k/2)u∗∗ij , which
represents a ”one-step time-split MacCormack algorithm”. For the sake of simplicity, we use notations:
u)nij = u

n
ij and [u+ v]nij = u

n
ij + v

n
ij.

The goal of this work is to analyze the following items:

1. full description of a three-level time-split explicit MacCormack scheme for solving the nonlinear
time-dependent convection-diffusion-reaction problem (1.1)-(1.3);
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2. stability analysis of the method;
3. error estimates of the numerical scheme;
4. numerical experiments which provide the convergence rate, confirms the theoretical analysis and

shows the efficiency and effectiveness of the algorithm.

Items 1-4, represent our original contributions since as far as we know, there is no available works in
literature which solves the nonlinear convection-diffusion-reaction model (1.1)-(1.3), using a time-split
MacCormack method.

The paper is organized as follows. In Section 2, we present a detailed description of the three-level
time-split MacCormack method for solving the initial-boundary value problem (1.1)-(1.3). Section 3 stud-
ies the stability of the numerical scheme under the time-step restriction given above, while Section 4
considers a deep analysis of the error estimates and the convergence of the method. A wide set of nu-
merical examples which provide the convergence rate of the new algorithm and confirms the theoretical
result (on the stability) are presented and discussed in Section 5. We draw the conclusion and present our
future direction of works in Section 6.

2. Full description of the numerical scheme

This section considers a full description a three-level time-split MacCormack scheme for solving the
two-dimensional nonlinear time-dependent convection-diffusion-reaction equations (1.1)-(1.3).

Let N and M be two positive integers. Set k := ∆t = T
N , h := ∆x = ∆y = 1

M , be the time step and
mesh size, respectively. Let tn = kn, be the time used at the first step, t∗ be the starting time at the
second phase, t∗ ∈ (tn, tn+1) and t∗∗ be the time considered at the third stage in a three-level time-split
MacCormack, t∗∗ ∈ (t∗, tn+1), for n = 0, 1, 2, . . . ,N− 1, xi = ih, yj = jh, for 0 6 i, j 6 M. Furthermore,
we define the discrete regions: Ωk = {tn, 0 6 n 6 N}, Ωh = {(xi,yj), 0 6 i, j 6 M}, Ωh = Ωh ∩Ω and
∂Ωh = Ωh ∩ ∂Ω.

Suppose Uh = {φnij = φ(x
i,yj, tn),n = 0, 1, . . . ,N; 0 6 i, j 6M}, be the space of grid functions defined

on Ωh ×Ωk. Set

δtφ
∗
ij =

φ∗ij −φ
n
ij

k/2
, δtφ

∗∗
ij =

φ∗∗ij −φ
∗
ij

k
, δtφ

n+1
ij =

φn+1
ij −φ∗∗ij
k/2

,

δxφ
n
i+ 1

2 ,j =
φni+1,j −φ

n
ij

h
, δxφnij =

φni+1,j −φ
n
i−1,j

2h
, δyφ

n
i,j+ 1

2
=
φni,j+1 −φ

n
ij

h
,

δyφnij =
φni,j+1 −φ

n
i,j−1

2h
, δ2

xφ
n
ij =

δxφ
n
i+ 1

2 ,j
− δxφ

n
i− 1

2 ,j

h
, δ2

yφ
n
ij =

δyφ
n
i,j+ 1

2
− δyφ

n
i,j− 1

2

h
.

(2.1)

From the definition of the linear operators δx and δy, it is easy to see that δxφnij =
1
2

(
δxφ

n
i+ 1

2 ,j
+ δxφ

n
i− 1

2 ,j

)
and δyφnij =

1
2

(
δyφ

n
i,j+ 1

2
+ δyφ

n
i,j− 1

2

)
. The discrete norms are defined as follows

‖φn‖L2 = h

M−1∑
i,j=1

|φnij|
2

 1
2

, ‖δxφn‖L2 =h

M−1∑
j=1

M−1∑
i=0

|δxφ
n
i+ 1

2 ,j|
2

 1
2

,

‖δyφn‖L2 = h

M−1∑
j=0

M−1∑
i=1

|δyφ
n
i,j+ 1

2
|2

 1
2

, ‖δ2
λφ
n‖L2 = h

M−1∑
i,j=1

|δ2
λφ
n
ij|

2

 1
2

,

where λ = x or y. Furthermore, the scalar products are defined by

(φn, vn) = h2
M−1∑
i,j=1

φnijv
n
ij, < δxφ

n, δxvn >x= h2
M−1∑
j=1

M−1∑
i=0

δxφ
n
i+ 1

2 ,jδxv
n
i+ 1

2 ,j,
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and

< δyφ
n, δyvn >y= h2

M−1∑
j=0

M−1∑
i=1

δyφ
n
i,j+ 1

2
δyv

n
i,j+ 1

2
.

The sobolev space H1(Ω) endowed with the norm | · |H1 (respectively, ‖ · ‖H1) is defined as

|φn|H1 =
(
‖δxφn‖2

L2 + ‖δyφn‖2
L2

) 1
2 and ‖φn‖H1 =

(
‖φn‖2

L2 + ‖δxφn‖2
L2 + ‖δyφn‖2

L2

) 1
2 .

It is worth noticing to recall that a time-split MacCormack [27, 32] splits the two-step explicit MacCormack
method into a sequence of one-dimensional operations, thereby achieving a good stability condition. More
precisely, the splitting makes it possible to advance the solution in each direction with the maximum
allowable time step ([1], page 231).

Applying the Taylor series expansion for φ about (xi,yj, tn) at the predictor and corrector steps with
time step k/2 in an explicit MacCormack scheme we get

φ∗ij = φ
n
ij +

k

2
φt)

n
ij +

k2

8
φ2t)

n
ij +O(k

3), φ∗ij = φ
n
ij +

k

2
φt)
∗
ij +

k2

8
φ2t)

∗
ij +O(k

3). (2.2)

Using the definition of the operator Ly(k/2), we can consider the equation

φt + µφy − aφyy = f(φ), which can be rewritten as φt = −µφy + aφyy + f(φ). (2.3)

From equation (2.3), the use of the chain rule provides

φ2t = (aφyy − µφy + f(φ))t

= a2φ4y − 2aµφ3y + µ
2φ2y − µ(f(φ))y + a(f(φ))yy + [−µφy + aφyy + f(φ)] f

′
(φ).

This fact combined with equation (2.2) gives

φ∗ij = φ
n
ij +

k

2
[aφyy − µφy + f(φ)]

n
ij +

k2

8
[
a2φ4y − 2aµφ3y + µ

2φyy − µ(f(φ))y + a(f(φ))yy

+ [−µφy + aφyy + f(φ)] f
′
(φ)
]n
ij
+O(k3),

φ∗ij = φ
n
ij +

k

2
[aφyy − µφy + f(φ)]

∗
ij +

k2

8
[
a2φ4y − 2aµφ3y + µ

2φyy − µ(f(φ))y + a(f(φ))yy

+ [−µφy + aφyy + f(φ)] f
′
(φ)
]∗
ij
+O(k3).

(2.4)

Expanding the Taylor series about (xi,yj, tn) and (xi,yj, t∗) with grid spacing h using both forward and
backward difference representations, it is not hard to see that

φny,ij = δyφ
n
i,j+ 1

2
+O(h), φnyy,ij = δ

2
yφ
n
ij +O(h

2), φn3y,ij = δ
2
y(δyφ

n
i,j+ 1

2
) +O(h),

φn4y,ij = δ
4
yφ
n
ij +O(h

2), (f(φ))ny,ij = δy(f(φ))
n
i,j+ 1

2
+O(h), (f(φ))nyy,ij = δ

2
y(f(φ))

n
ij +O(h

2),

φ∗y,ij = δyφ
∗
i,j− 1

2
+O(h), φ∗yy,ij = δ

2
yφ
∗
ij +O(h

2), φ∗3y,ij = δ
2
y(δyφ

∗
i,j− 1

2
) +O(h),

φ∗4y,ij = δ
4
yφ
∗
ij +O(h

2), (f(φ))∗y,ij = δy(f(φ))
∗
i,j− 1

2
+O(h), (f(φ))∗yy,ij = δ

2
y(f(φ))

∗
ij +O(h

2).

(2.5)

In relation (2.5), the operators δywlij and δ2
yw

l
ij are defined by equation (2.1). Combining equations (2.4)

and (2.5), straightforward computations yield

φ∗ij = φ
n
ij +

k

2
[aδ2

yφ
n
ij − µδyφ

n
i,j+ 1

2
+ f(φnij)] + k

2ρnij +O(k
3 + kh), (2.6)
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and
φ∗ij = φ

n
ij +

k

2
[aδ2

yφ
∗
ij − µδyφ

∗
i,j− 1

2
+ f(φ∗ij)] + k

2ρ∗ij +O(k
3 + kh), (2.7)

where

ρnij =
1
8

{
a2δ2

y(δ
2
yφ
n
ij) − 2aµδ2

y(δyφ
n
i,j+ 1

2
) + µ2δ2

yφ
n
ij − µδy(f(φ

n
i,j+ 1

2
)) + aδ2

y(f(φ
n
ij))

+
[
−µδyφ

n
i,j+ 1

2
+ aδ2

yφ
n
ij + f(φ

n
ij)
]
f
′
(φnij)

}
,

ρ∗ij =
1
8

{
a2δ2

y(δ
2
yφ
∗
ij) − 2aµδ2

y(δyφ
∗
i,j− 1

2
) + µ2δ2

yφ
∗
ij − µδy(f(φ

∗
i,j− 1

2
)) + aδ2

y(f(φ
∗
ij))

+
[
−µδyφ

∗
i,j− 1

2
+ aδ2

yφ
∗
ij + f(φ

∗
ij)
]
f
′
(φ∗ij)

}
.

(2.8)

Now, we should find a simple expression of the terms f(φ∗ij), δyφ
∗
i,j− 1

2
, and δ2

yφ
∗
ij. The application of the

Taylor series expansion about (xi,yj, tn) with time step k
2 using forward difference representation results

in
f(φ∗ij) = f(φ

n
ij) +

k

2
[f(φ)]nt,ij +O(k

2) = f(φnij) +
k

2
φnt,ijf

′
(φnij) +O(k

2). (2.9)

But, it comes from equations (2.3) and (2.5) that

φnt,ij = −µφny,ij + aφ
n
yy,ij + f(φ

n
ij) = −µδyφ

n
i,j+ 1

2
+ aδ2

yφ
n
ij + f(φ

n
ij) +O(h). (2.10)

A combination of equations (2.9) and (2.10) provides

f(φ∗ij) = f(φ
n
ij) +

k

2

[
−µδyφ

n
i,j+ 1

2
+ aδ2

yφ
n
ij + f(φ

n
ij)
]
f
′
(φnij) +O(k

2 + kh). (2.11)

In addition, utilizing equation (2.6), it is not hard to see that

δyφ
∗
i,j− 1

2
= δyφ

n
i,j− 1

2
+
k

2
[aδ2

y(δyφ
n
i,j− 1

2
) − µδ2

yφ
n
ij + δyf(φ

n
i,j− 1

2
)] +O(k2 + kh), (2.12)

and
δ2
yφ
∗
ij = δ

2
yφ
n
ij +

k

2
[aδ4

yφ
n
ij − µδ

2
y(δyφ

n
i,j+ 1

2
) + δ2

y(f(φ
n
ij)] +O(k

2 + kh), (2.13)

Substituting equations (2.11)-(2.13) into (2.7), straightforward computations result in

φ∗ij = φ
n
ij +

k

2

(
aδ2
yφ
n
ij − µδyφ

n
i,j− 1

2
+ f(φnij)

)
+ k2 (ρ̂nij + ρ∗ij)+O(k3 + kh), (2.14)

where
ρ̂nij =

1
4

{
a2δ4

yφ
n
ij − 2aµδ2

y(δ
yφnij) + µ

2δ2
yφ
n
ij − µδy(f(φ

n
i,j− 1

2
)) + aδ2

yf(φ
n
ij)

+
[
−µδyφ

n
i,j+ 1

2
+ aδ2

yφ
n
ij + f(φ

n
ij)
]
f
′
(φnij)

}
.

(2.15)

Plugging equations (2.6) and (2.14), simple calculations give

1
2

(
φ∗ij +φ

∗
ij

)
= φnij +

k

2
(
aδ2
yφ
n
ij − µδ

yφnij + f(φ
n
ij)
)
+
k2

2
(
ρnij + ρ̂

n
ij + ρ

∗
ij

)
+O(k3 + kh2), (2.16)

where δyφnij =
δyφ

n

i,j+ 1
2
+δyφ

n

i,j− 1
2

2 , and ραij and ρ̂nij are defined by relations (2.8) and (2.15), respectively.
The second order infinitesimal term O(h2) in equation (2.16) comes from the Taylor expansion φy)nij =
δyφnij +O(h

2).
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In similar way, to define the operator Lx(k), we should consider the following equation

φt + µφx − aφxx = 0, which is equivalent to φt = −µφx + aφxx. (2.17)

Utilizing equation (2.17), it is not difficult to observe that

φ2t = (−µφx + aφxx)t = µ
2φ2x − 2aµφ3x + a

2φ4x. (2.18)

Expanding the Taylor series about (xi,yi, t∗) (where t∗ ∈ (tn, tn+1), is the starting time at the next step
in a time-split MacCormack scheme) with grid spacing h using both forward and backward difference
representations we get

φ∗x,ij = δxφ
∗
i+ 1

2 ,j +O(h), φ∗xx,ij = δ
2
xφ
∗
ij +O(h

2), φ∗3x,ij = δ
2
x(δxφ

∗
i+ 1

2 ,j) +O(h),

φ∗4x,ij = δ
4
xφ
∗
ij +O(h

2), φ∗∗x,ij = δxφ
∗∗
i− 1

2 ,j +O(h), φ∗∗xx,ij = δ
2
xφ
∗∗
ij +O(h

2),

φ∗∗3x,ij = δ
2
x(δxφ

∗∗
i− 1

2 ,j) +O(h), φ∗∗4x,ij = δ
4
xφ
∗∗
ij +O(h

2),

(2.19)

where δxφli± 1
2 ,j

and δ2
xφ
l
ij are defined by equation (2.1). Furthermore, the application of the Taylor

series at the predictor and corrector steps about (xi,yj, t∗) with time step k using forward difference
representation provides

φ∗∗ij = φ∗ij + kφt)
∗
ij +

k2

2
φ2t)

∗
ij +O(k

3), φ∗∗ij = φ∗ij + kφt)
∗∗
ij +

k2

2
φ2t)

∗∗
ij +O(k

3). (2.20)

Combining equations (2.17), (2.18), (2.19), and (2.20), direct computations result in

φ∗∗ij = φ∗ij + k[−µδxφ
∗
i+ 1

2 ,j + aδ
2
xφ
∗
ij] + k

2γ∗ij +O(k
3 + kh), (2.21)

and
φ∗∗ij = φ∗ij + k[−µδxφ

∗∗
i− 1

2 ,j + aδ
2
xφ
∗∗
ij ] + k

2γ∗∗ij +O(k
3 + kh), (2.22)

where

γ∗ij =
1
2

[
a2δ2

x(δ
2
xφ
∗
ij) − 2aµδ2

x(δxφ
∗
i+ 1

2 ,j) + µ
2δ2
xφ
∗
ij

]
, γ∗∗ij =

1
2

[
a2δ2

x(δ
2
xφ
∗∗
ij ) − 2aµδ2

x(δxφ
∗∗
i− 1

2 ,j) + µ
2δ2
xφ
∗∗
ij

]
.

We should find an explicit expression of terms δ2
xφ
∗∗
ij and δxφ∗∗i− 1

2 ,j
. Using equation (2.21), simple calcula-

tions yield
δ2
xφ
∗∗
ij = δ2

xφ
∗
ij + k[−µδ

2
x(δxφ

∗
i+ 1

2 ,j) + aδ
4
xφ
∗
ij] +O(k

2 + kh),

and
δxφ

∗∗
i− 1

2 ,j = δxφ
∗
i− 1

2 ,j + k[−µδ
2
xφ
∗
ij + aδ

2
x(δxφ

∗
i− 1

2 ,j)] +O(k
2 + kh).

This fact, together with relation (2.22) yield

φ∗∗ij = φ∗ij + k
(
aδ2
xφ
∗
ij − µδxφ

∗
i− 1

2 ,j

)
+ k2 (γ̂∗ij + γ∗∗ij )+O(k3 + kh), (2.23)

where
γ̂∗ij = µ

2δ2
xφ
∗
ij − 2aµδ2

x(δ
xφ∗ij) + a

2δ4
xφ
∗
ij.

A combination of equations (2.21) and (2.23) results in

1
2

(
φ∗∗ij +φ

∗∗
ij

)
= φ∗ij + k

(
−µδxφ∗ij + aδ

2
xφ
∗
ij

)
+
k2

2
(
γ∗ij + γ̂

∗
ij + γ

∗∗
ij

)
+O(k3 + kh2), (2.24)
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where the second order error term O(h2) comes from the approximation

φ∗x,ij = δ
xφ∗ij +O(h

2) =
1
2

(
δxφ

∗
i+ 1

2 ,j + δxφ
∗
i− 1

2 ,j

)
+O(h2).

Similarly, starting with the one-dimensional equation: φt+µφy−aφyy = f(φ), expanding the Taylor
series about (xi,yj, t∗∗) (where t∗∗ is the time used at the last step in a time-split MacCormack technique)
at both predictor and corrector steps with time step k/2 and mesh size h, using forward and backward
difference representations, it is not difficult to show that

1
2

(
φn+1
ij +φn+1

ij

)
= φ∗∗ij +

k

2
(
−µδyφ∗∗ij + aδ

2
yφ
∗∗
ij + f(φ

∗∗
ij )
)
+
k2

2

(
θ∗∗ij + θ̂

∗∗
ij + θ

n+1
ij

)
+O(k3 + kh2),

(2.25)
where

θαij =
1
8

{
a2δ2

y(δ
2
yφ
α
ij) − 2aµδ2

y(δyφ
α
i,j± 1

2
) + µ2δ2

yφ
α
ij − µδy(f(φ

α
i,j± 1

2
)) + aδ2

y(f(φ
α
ij))

+
[
−µδyφ

α
i,j± 1

2
+ aδ2

yφ
α
ij + f(φ

α
ij)
]
f
′
(φαij)

}
,

(2.26)

where we set α = ∗∗,n+ 1 and

θ̂∗∗ij =
1
4

{
a2δ4

yφ
∗∗
ij − 2aµδ2

y(δ
yφ∗∗ij ) + µ

2δ2
yφ
∗∗
ij − µδy(f(φ

∗∗
i,j− 1

2
)) + aδ2

yf(φ
∗∗
ij )

+
[
−µδyφ

∗∗
i,j+ 1

2
+ aδ2

yφ
∗∗
ij + f(φ

∗∗
ij )
]
f
′
(φ∗∗ij )

}
,

with δyφαij =
δyφ

α

i,j+ 1
2
+δyφ

α

i,j− 1
2

2 .
In order to provide a full description of a three-level explicit time-split MacCormack method for

solving the two-dimensional nonlinear time-dependent convection-diffusion-reaction equation (1.1) with
initial and boundary conditions (1.2) and (1.3), respectively, we should follow the ideas developed in
[21, 27, 32]. We must neglect the second order terms together with the error term O(k3 +kh2) in equations
(2.16), (2.24), and (2.25). Furthermore, the terms φ∗ij, φ

∗∗
ij , and φn+1

ij are defined as the average of predicted
and corrected values,

φ∗ij =
φ∗ij +φ

∗
ij

2
, φ∗∗ij =

φ∗∗ij +φ
∗∗
ij

2
, and φn+1

ij =
φn+1
ij +φn+1

ij

2
. (2.27)

By definition, equations

φ∗ij = Ly(k/2)φnij, φ
∗∗
ij = Lx(k)φ

∗
ij, and φn+1

ij = Ly(k/2)φ∗∗ij ,

are equivalent to

φ∗ij = φ
n
ij +

k

2
(
−µδyφnij + aδ

2
yφ
n
ij + f(φ

n
ij)
)

,

φ∗∗ij = φ∗ij + k
(
−µδxφ∗ij + aδ

2
xφ
∗
ij

)
,

φn+1
ij = φ∗∗ij +

k

2
(
−µδyφ∗∗ij + aδ

2
yφ
∗∗
ij + f(φ

∗∗
ij )
)

.

(2.28)

From the definition of the operators Ly(k/2) and Lx(k), it is not hard to observe that the operator
Ly(k/2)Lx(k)Ly(k/2) is symmetric. This fact, together with relations (2.16), (2.24), and (2.25) suggest
that the new method is a three-level approach, an explicit predictor-corrector scheme, second order ac-
curate in time and fourth order convergent in space. This theoretical result is confirmed by a wide set
of numerical examples (see Section 5). Furthermore, it comes from the definition of the linear operators
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”δx”, ”δy”, ”δ2
x” and ”δ2

y” given in relation (2.1) that equation (2.28) can be rewritten as follows. For
n = 0, 1, . . . ,N− 1;

φ∗ij = φ
n
ij +

k

2

[ a
h2 (φ

n
i,j+1 − 2φnij +φ

n
i,j−1) −

µ

2h
(φni,j+1 −φ

n
i,j−1) + f(φ

n
ij)
]

, i = 0, 1, . . . ,M; j = 1, . . . ,M− 1, (2.29)

φ∗∗ij = φ∗ij + k
[ a
h2 (φ

∗
i+1,j − 2φ∗ij +φ

∗
i−1,j) −

µ

2h
(φ∗i+1,j −φ

∗
i−1,j)

]
, i = 1, 2, . . . ,M− 1; j = 0, 1, . . . ,M, (2.30)

φn+1
ij = φ∗∗ij +

k

2

[ a
h2 (φ

∗∗
i,j+1 − 2φ∗∗ij +φ

∗∗
i,j−1) −

µ

2h
(φ∗∗i,j+1 −φ

∗∗
i,j−1) + f(φ

∗∗
ij )
]

, i = 0, 1, . . . ,M; j = 1, . . . ,M− 1, (2.31)

subject to the initial and boundary conditions. For i, j = 0, 1, . . . ,M,

φ0
ij = φ0(xi,yj), φni0 = ϕni0, φniM = ϕniM, φn0j = ϕ

n
0j, φnMj = ϕ

n
Mj, φ∗0j = ϕ

n+1
0j ,

φ∗Mj = ϕ
n+1
Mj , φ∗j0 = ϕn+1

j0 , φ∗jM = ϕn+1
jM , φ∗∗0j = ϕn+1

0j , φ∗∗Mj = ϕ
n+1
Mj , φ∗∗j0 = ϕn+1

j0 ,

φ∗∗jM = ϕn+1
jM , φNi0 = ϕNi0, φNiM = ϕNiM, φN0j = ϕ

N
0j , φNMj = ϕ

N
Mj.

(2.32)

Equations (2.29)-(2.32) represent a detailed description of a three-level explicit time-split MacCormack
method applied to nonlinear convection-diffusion-reaction equations (1.1)-(1.3).

In the following, we analyze the stability, the error estimates and the convergence rate of the numerical
scheme (2.29)-(2.32), under the time step requirement

max
{

2ak
h2 ,

|µ|k

h

}
6 1, (2.33)

where a > 0 and µ are physical parameters given in equation (1.1). We assume that the analytical solution
φ ∈ L∞(0, T ;L2(Ω)) ∩H1(0, T ;H3(Ω)) ∩H2(0, T ;H1(Ω)) ∩H2(0, T ;L2(Ω)) ∩ L2(0, T ;H4(Ω)), that is, there is
a positive constant C̃, that does not depend neither on the time step k nor the mesh size h, so that

‖|φ|‖L∞(0,T ;L2(Ω)) + ‖|φ|‖H1(0,T ;H3(Ω)) + ‖|φ|‖H2(0,T ;H1(Ω)) + ‖|φ|‖H2(0,T ;L2(Ω)) + ‖|φ|‖L2(0,T ;H4(Ω)) 6 C̃. (2.34)

To end this section, we state the following result (Lemma 2.1) which plays a crucial role in the proof of
the stability analysis of the numerical scheme (Theorem 3.1).

Lemma 2.1. Let φnij = φ(xi,yj, tn) be the numerical solution provided by the scheme (2.29)-(2.32), φnij =

φ(xi,yj, tn) be the exact one and let enij = φ
n
ij−φ

n
ij be the error. We recall thatφ∗ij =

φ
∗
ij+φ

∗
ij

2 andφ∗∗ij =
φ
∗∗
ij+φ

∗∗
ij

2 ,
satisfy relations (2.16) and (2.24), respectively. φ∗ij and φ∗∗ij are given by equations (2.29) and (2.30), respectively.
Then, it holds

a < δ2
xe
n
ij, e

n
ij >x = h2

M−1∑
j,i=1

a

h2

(
eni+1,j − 2enij + e

n
i−1,j

)
enij = −a‖δxen‖2

L2(Ω), (2.35)

a < δ2
ye
n
ij, e

n
ij >y = h2

M−1∑
j,i=1

a

h2

(
eni,j+1 − 2enij + e

n
i,j−1

)
enij = −a‖δyen‖2

L2(Ω), (2.36)

and
M−1∑
j,i=1

(
eni,j+1 − e

n
i,j−1

)
enij = 0. (2.37)

Proof. Equations (2.35) and (2.36) are proved in [27].
Now, let prove equation (2.37). Firstly, it is easy to see that

(eni,j+1 − e
n
i,j−1)e

n
ij = e

n
i,j+1e

n
ij − e

n
ije
n
i,j−1.
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Summing this up from i, j = 1, 2, . . . ,M− 1, to get

M−1∑
i,j=1

(
eni,j+1 − e

n
i,j−1

)
enij =

M−1∑
i,j=1

(
eni,j+1e

n
ij − e

n
ije
n
i,j−1

)
=

M−1∑
i=1

(eniMe
n
i,M−1 − e

n
i1e
n
i0). (2.38)

But, it comes from the boundary condition (2.32) that eniM = eni0 = 0. Using this fact, equation (2.38)
becomes

M−1∑
i,j=1

(
eni,j+1 − e

n
i,j−1

)
enij = 0.

With the above tools, we are ready to analyze the stability of the three-level time-split MacCormack
method (2.29)-(2.32) applied to the initial-boundary value problem (1.1)-(1.3).

3. Stability analysis of a three-level time-split MacCormack scheme

This section considers the stability analysis of the numerical scheme (2.29)-(2.32) for solving the two-
dimensional nonlinear unsteady convection-diffusion-reaction equations (1.1)-(1.3).

Theorem 3.1. Consider φ to be the numerical solution obtained from the scheme (2.29)-(2.32). Under the time step
restriction (2.33), the approximate solution φ satisfies

max
06n6N

‖φn‖L2(Ω) 6 C̃+ exp

(
7CT

2
g(C,µ,a)(1 + g(C,µ,a))2

5∑
l=0

(Ck)l
)

,

where g(C,µ,a) = 1 + µ2

4aC + C
8 + 9

4C , C is a positive constant independent of the time step k and the mesh size h,
µ and a > 0, are two physical parameters and C̃ is the constant given by equation (2.34).

Proof. Plugging equations (2.16), (2.27), and (2.29), straightforward computations result in

e∗ij = e
n
ij +

k

2

(
aδ2
ye
n
ij − µδ

yenij + f(φ
n
ij) − f(φ

n
ij)
)
+
k2

2
(
ρnij + ρ̂

n
ij + ρ

∗
ij

)
+O(k3 + kh2), (3.1)

where ραij (α = n, ∗) and ρ̂nij are given by (2.8) and (2.15), respectively. From the definition of the linear
operator ”δ2

y”, equation (3.1) can be rewritten as

e∗ij = e
n
ij +

k

2

( a
h2 (e

n
i,j+1 − 2enij + e

n
i,j−1) −

µ

2h
(eni,j+1 − e

n
i,j−1) + f(φ

n
ij) − f(φ

n
ij)
)

+
k2

2
(
ρnij + ρ̂

n
ij + ρ

∗
ij

)
+O(k3 + kh2).

(3.2)

Since the formulas can become quite heavy, for the sake of readability, we must neglect the terms of
higher order in time step k and mesh grid h. Because the aim of this section is to analyze the stability
of the numerical scheme, the truncation of the second order term and the infinitesimal term does not
compromise the result. This fact, together with equation (3.2) provides

e∗ij = e
n
ij +

k

2

( a
h2 (e

n
i,j+1 − 2enij + e

n
i,j−1) −

µ

2h
(eni,j+1 − e

n
i,j−1) + f(φ

n
ij) − f(φ

n
ij)
)

. (3.3)

Taking the square, equation (3.3) yields

(e∗ij)
2 = (enij)

2 + k
[ a
h2 (e

n
i,j+1 − 2enij + e

n
i,j−1) −

µ

2h
(eni,j+1 − e

n
i,j−1) + f(φ

n
ij) − f(φ

n
ij)
]
enij

+
k2

4

( a
h2 (e

n
i,j+1 − 2enij + e

n
i,j−1) −

µ

2h
(eni,j+1 − e

n
i,j−1) + f(φ

n
ij) − f(φ

n
ij)
)2

.
(3.4)
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Applying equality (a− b)(a+ b) = a2 − b2, together with inequalities (a± b)2 6 2(a2 + b2) and (a± b±
c)2 6 3(a2 + b2 + c2), for any a,b, c ∈ R, direct calculations give

(eni,j+1 − 2enij + e
n
i,j−1)

2 6 2
[
(eni,j+1 − e

n
ij)

2 + (eni,j−1 − e
n
ij)

2] , (3.5)

(eni,j+1 − e
n
i,j−1)

2 6 2
[
(eni,j+1)

2 + (eni,j−1)
2] , (3.6)

2a
h2 (e

n
i,j+1 − 2enij + e

n
i,j−1)

(
f(φnij) − f(φ

n
ij)
)
6
a

h2 (e
n
i,j+1 − 2enij + e

n
i,j−1)

2 +
a

h2

(
f(φnij) − f(φ

n
ij)
)2

, (3.7)

(eni,j+1 − e
n
i,j−1)(e

n
i,j+1 − 2enij + e

n
i,j−1) =

[
(eni,j+1 − e

n
ij) + (enij − e

n
i,j−1)

]
×
[
(eni,j+1 − e

n
ij) − (enij − e

n
i,j−1)

]
(3.8)

= (eni,j+1 − e
n
ij)

2 − (enij − e
n
i,j−1)

2,

µ

h
(eni,j+1 − e

n
i,j−1)

(
f(φnij) − f(φ

n
ij)
)
6
µ2

4h2 (e
n
i,j+1 − e

n
i,j−1)

2 +
(
f(φnij) − f(φ

n
ij)
)2

. (3.9)

Since f ∈ C1(R) is a Lipschitz function, there exists a positive constant C independent of the time step k
and the grid spacing h so that

|f(φnij) − f(φ
n
ij)| 6 C|e

n
ij|. (3.10)

Using estimate (3.10), it is not difficult to see that

(
f(φnij) − f(φ

n
ij)
)
enij 6 C(e

n
ij)

2 and
(
f(φnij) − f(φ

n
ij)
)2

6 C2(enij)
2. (3.11)

From estimates (3.5)-(3.11), it holds

[ a
h2 (e

n
i,j+1 − 2enij + e

n
i,j−1) −

µ

2h
(eni,j+1 − e

n
i,j−1) + f(φ

n
ij) − f(φ

n
ij)
]2

=
µ2

4h2 (e
n
i,j+1 − e

n
i,j−1)

2 +
a2

h4 (e
n
i,j+1 − 2enij + e

n
i,j−1)

2

+
(
f(φnij) − f(φ

n
ij)
)2

−
aµ

h3 (e
n
i,j+1 − e

n
i,j−1)(e

n
i,j+1 − 2enij + e

n
i,j−1)

−
µ

h
(eni,j+1 − e

n
i,j−1)

(
f(φnij) − f(φ

n
ij)
)
+

2a
h2 (e

n
i,j+1 − 2enij + e

n
i,j−1)

(
f(φnij) − f(φ

n
ij)
)

6
µ2

2h2 (e
n
i,j+1 − e

n
i,j−1)

2 +
2a2

h2

[
δy(e

n
i,j+ 1

2
)2 + δy(e

n
i,j− 1

2
)2
]
+
(

2 +
a

h2

)(
f(φnij) − f(φ

n
ij)
)2

+
a

h2 (ei,j+1 − 2enij + e
n
i,j−1)

2 −
aµ

h

[
δy(e

n
i,j+ 1

2
)2 − δy(e

n
i,j− 1

2
)2
]

6
µ2

h2

[
(eni,j+1)

2 + (eni,j−1)
2]+ 2a2

h2

[
δy(e

n
i,j+ 1

2
)2 + δy(e

n
i,j− 1

2
)2
]
+C2

(
2 +

a

h2

)
(enij)

2

+
3a
h2

[
(eni,j+1)

2 + 4(enij)
2 + (eni,j−1)

2]+ aµ
h

[
δy(e

n
i,j+ 1

2
)2 + δy(e

n
i,j− 1

2
)2
]

.

(3.12)

Combining equation (3.4) and estimate (3.12), straightforward calculations result in

(e∗ij)
2 6 (enij)

2 + k
{
−
µ

2h
(eni,j+1 − e

n
i,j−1)e

n
ij +

a

h2 (e
n
i,j+1 − 2enij + e

n
i,j−1)e

n
ij +C(e

n
ij)

2
}

+
µ2k2

4h2

[
(eni,j+1)

2 + (eni,j−1)
2
]
+
a2k2

2h2

[(
δye

n
i,j+ 1

2

)2
+
(
δye

n
i,j− 1

2

)2
]

+
aµk2

4h

[(
δye

n
i,j+ 1

2

)2
+
(
δye

n
i,j− 1

2

)2
]
+
C2k2

4

(
2 +

a

h2

)
(enij)

2 +
3ak2

4h2

[
(eni,j+1)

2 + 4(enij)
2 + (eni,j−1)

2
]

.
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Summing this up from i, j = 1, 2, . . . ,M− 1, and rearranging of terms, we obtain

M−1∑
i,j=1

(e∗ij)
2 6

M−1∑
i,j=1

(enij)
2 −

µk

2h

M−1∑
i,j=1

(eni,j+1 − e
n
i,j−1)e

n
ij +

ak

h2

M−1∑
i,j=1

(eni,j+1 − 2enij + e
n
i,j−1)e

n
ij +Ck

M−1∑
i,j=1

(enij)
2

+
C2k2

4

(
2 +

a

h2

)M−1∑
i,j=1

(enij)
2 +

µ2k2

4h2

M−1∑
i,j=1

[
(eni,j+1)

2 + (eni,j−1)
2
]

+
3ak2

4h2

M−1∑
i,j=1

[
(eni,j+1)

2 + 4(enij)
2 + (eni,j−1)

2
]
+
ak2

2

( a
h2 +

µ

2h

)M−1∑
i,j=1

[(
δye

n
i,j+ 1

2

)2
+
(
δye

n
i,j− 1

2

)2
]

,

which implies

M−1∑
i,j=1

(e∗ij)
2 6

M−1∑
i,j=1

(enij)
2 −

µk

2h

M−1∑
i,j=1

(eni,j+1 − e
n
i,j−1)e

n
ij +

ak

h2

M−1∑
i,j=1

(eni,j+1 − 2enij + e
n
i,j−1)e

n
ij

+Ck

[
1 +

µ2k

2Ch2 +
Ck

4

(
2 +

a

h2

)
+

9ak
2Ch2

]M−1∑
i,j=1

(enij)
2

+
ak

2

(
2ak
h2 +

µk

h

)M−1∑
i=1

M−1∑
j=0

(
δye

n
i,j+ 1

2

)2
.

(3.13)

Multiplying both sides of estimate (3.13) by h2, and using equations (2.36)-(2.37) of Lemma 2.1, it is not
hard to see that

‖e∗‖2
L2(Ω) 6 ‖e

n‖2
L2(Ω) − ak‖δye

n‖2
L2(Ω) +Ck

[
1 +

µ2k

2Ch2 +
Ck

4

(
2 +

a

h2

)
+

9ak
2Ch2

]
‖en‖2

L2(Ω)

+
ak

2

(
2ak
h2 +

µk

h

)
‖δyen‖2

L2(Ω)

= ‖en‖2
L2(Ω) − ak

[
1 −

1
2

(
2ak
h2 +

µk

h

)]
‖δyen‖2

L2(Ω)

+Ck

[
1 +

µ2k

2Ch2 +
Ck

4

(
2 +

a

h2

)
+

9ak
2Ch2

]
‖en‖2

L2(Ω).

(3.14)

From the time step requirement (2.33), i.e., max
{

2ak
h2 , |µ|k

h

}
6 1, it is easy to see that 2ak

h2 + µk
h 6 2, which

is equivalent to 1 − 1
2

(
2ak
h2 + µk

h

)
> 0. This fact, together with estimate (3.14) provide

‖e∗‖2
L2(Ω) 6 ‖e

n‖2
L2(Ω) +Ck

[
1 +

µ2

4aC
+
C

8
+

9
4C

+
Ck

2

]
‖en‖2

L2(Ω)

= ‖en‖2
L2(Ω) +Ck

[
g(C,µ,a) +

Ck

2

]
‖en‖2

L2(Ω),
(3.15)

where

g(C,µ,a) = 1 +
µ2

4aC
+
C

8
+

9
4C

.

Similarly, using equations (2.24), (2.27), and (2.30), adapting the proof for ‖e∗‖2
L2(Ω)

, by replacing k
2 by k,

it not difficult to show that

‖e∗∗‖2
L2(Ω) 6 ‖e

∗‖2
L2(Ω) + 2Ck [g(C,µ,a) +Ck] ‖e∗‖2

L2(Ω). (3.16)
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Finally, plugging equations (2.25), (2.27), and (2.31), following the proof for ‖e∗‖2
L2(Ω)

, but replacing n
and ∗ by ∗∗ and n+ 1, respectively, it is easy to see that

‖en+1‖2
L2(Ω) 6 ‖e

∗∗‖2
L2(Ω) +Ck

[
g(C,µ,a) +

Ck

2

]
‖e∗∗‖2

L2(Ω). (3.17)

In what follows, we must find a relationship between ‖en+1‖2
L2(Ω)

and ‖en‖2
L2(Ω)

. Combining esti-
mates (3.15), (3.16), and (3.17), direct computations yield

‖en+1‖2
L2(Ω) 6

[
1 +Ck

(
g(C,µ,a) +

Ck

2

)]2

[1 + 2Ck (g(C,µ,a) +Ck)] ‖en‖2
L2(Ω)

=

{
1 + 3Cg(C,µ,a)k+C2 [3 + 5g(C,µ,a)] k2 +C3g(C,µ,a)

[
7 + 2g(C,µ,a)2] k3

+C4
[

9
4
+ 4g(C,µ,a)2

]
k4 +

5
2
C5g(C,µ,a)k5 +

1
2
C6g(C,µ,a)k6

}
‖en‖2

L2(Ω).

Summing this up from n = 0, 1, 2, ..,p− 1, for any positive integer p satisfying 1 6 p 6 N, it is easy to see
that

‖ep‖2
L2(Ω) 6 ‖e

0‖2
L2(Ω) +Ck

{
3g(C,µ,a) +C [3 + 5g(C,µ,a)] k+C2g(C,µ,a)

[
7 + 2g(C,µ,a)2] k2

+C3
[

9
4
+ 4g(C,µ,a)2

]
k3 +

5
2
C4g(C,µ,a)k4 +

1
2
C5g(C,µ,a)k5

} p−1∑
n=0

‖en‖2
L2(Ω).

(3.18)

It comes from the initial condition given in (2.32) that e0
ij = 0, for i, j = 0, 1, ..,M. So ‖e0‖2

L2(Ω)
= 0.

Applying the Gronwall Lemma, estimate (3.18) provides

‖ep‖2
L2(Ω) 6 exp

{
Ckp

[
3g(C,µ,a) +C [3 + 5g(C,µ,a)] k+C2g(C,µ,a)

[
7 + 2g(C,µ,a)2] k2

+C3
(

9
4
+ 4g(C,µ,a)2

)
k3 +

5
2
C4g(C,µ,a)k4 +

1
2
C5g(C,µ,a)k5

]}
.

(3.19)

But p 6 N and k = T
N , so Ckp 6 CT . A combination of this inequality together with estimate (3.19) gives

‖ep‖2
L2(Ω) 6 exp

{
CT
[
3g(C,µ,a) +C [3 + 5g(C,µ,a)] k+C2g(C,µ,a)

[
7 + 2g(C,µ,a)2] k2

+ C3
(

9
4
+ 4g(C,µ,a)2

)
k3 +

4
2
C4g(C,µ,a)k4 +

1
2
C5g(C,µ,a)k5

]}
6 exp

{
7CTg(C,µ,a) (1 + g(C,µ,a))2

5∑
l=0

(Ck)l

}
.

Taking the square root, it holds

‖ep‖L2(Ω) 6 exp

{
7CT

2
g(C,µ,a) (1 + g(C,µ,a))2

5∑
l=0

(Ck)l

}
. (3.20)

Since ‖φp‖L2(Ω) − ‖φ
p‖L2(Ω) 6 ‖φp −φ

p‖L2(Ω) = ‖ep‖L2(Ω), estimate (3.20) implies

‖φp‖L2(Ω) 6 ‖φ
p‖L2(Ω) + exp

{
7CT

2
g(C,µ,a) (1 + g(C,µ,a))2

5∑
l=0

(Ck)l

}
.

This completes the proof of Theorem 3.1 thanks to estimate (2.34).
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4. Error estimate of the numerical scheme

This section deals with the error estimates of the three-level explicit time-split MacCormack method
(2.29)-(2.32) applied to the nonlinear convection-diffusion-reaction problem (1.1)-(1.3). We assume that
the analytical solution φ satisfies inequality (2.34).

Firstly, we introduce the following discrete norms

‖|φ|‖L∞(0,T ;L2(Ω)) = max
06n6N

‖φn‖L2(Ω), ‖|φ|‖L2(0,T ;L2(Ω)) =

(
k

N∑
n=0

‖φn‖2
L2(Ω)

) 1
2

,

and

‖|φ|‖L1(0,T ;L2(Ω)) = k

N∑
n=0

‖φn‖L2(Ω), for φ ∈ Uh, (4.1)

where Uh = {φnij, 0 6 n 6 N; 0 6 i, j 6 M}, is the space of grid functions defined on Ωh ×Ωk. This
discrete space is defined in Section 2.

Theorem 4.1. Suppose φ be the approximate solution provided by the three-level time-split MacCormack method
(2.29)-(2.32). Under the time step requirement (2.33), the error term e = φ−φ, verifies

‖|e|‖L∞(0,T ;L2(Ω)) 6 (1 + k+ k2)2
√
CTψ(k,h) exp

{
CT

2
(1 + k+ k2)5

}
(k+ h4),

where C > 0, is a constant that does not depend on the time step k and the grid spacing h, and ψ(k,h) =
1 + k2 + k3 + h2 + (1 + k)(1 + h4 + h8).

The proof of Theorem 4.1 requires some intermediate results (Lemmas 2.1, 4.2, and 4.3).

Lemma 4.2. Suppose v ∈ H4(Ω), be a function that satisfies v|[xi,xi+1] ∈ C6[xi, xi+1]. Then, it holds

1
h
(vi+1 − vi) = vx,i +

h

2
v2x,i +

h2

6
v3x,i + · · ·+

h5

720
v6x(θ

(3)
i ), for i = 0, 1, . . . ,M− 1,

1
h
(v2x,i+1 − v2x,i) = v3x,i +

h

2
v4x,i +

h2

6
v5x,i +

h3

720
v6x(θ

(3)
i ), for i = 0, 1, . . . ,M− 1,

1
h2 (vi+1 − 2vi + vi−1) − v2x,i =

h2

12
v4x,i −

h4

720

[
v6x(θ

(3)
i ) + v6x(θ

(4)
i )
]

, for i = 1, 2, . . . ,M− 1,

where θ(4)
i ∈ (xi−1, xi), θ

(3)
i ∈ (xi, xi+1) and vmx denotes the derivative of order m of v. Furthermore, for

i = 2, 3, . . . ,M− 2,

1
h4 (vi+2 − 4vi+1 + 6vi − 4vi−1 + vi−2) − v4x,i = h

2
{

1
720

[
v6x(θ

(1)
i ) + v6x(θ

(2)
i )
]
+

241
3220

[
v6x(θ

(3)
i ) + v6x(θ

(4)
i )
]}

,

where θ(2)
i ∈ (xi−2, xi−1), θ

(4)
i ∈ (xi−1, xi), θ

(3)
i ∈ (xi, xi+1) and θ(1)

i ∈ (xi+1, xi+2).

Proof. The proof of the first equation is obvious according to the Taylor series expansion about xi using
forward difference representation. For the proof of the other equations, we refer the readers to [27].

Lemma 4.3. The terms ραij and ρ̂nij given by equations (2.8) and (2.15), respectively, can be bounded as

|ρnij|, |ρ∗ij|, |ρ̂nij| 6 Ĉ1

[
1 + Ĉ2h

2 + Ĉ3h
4
]

,

where Ĉl, l = 1, 2, 3, are positive constant independent of the time step k and the grid spacing h.
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Proof. It comes from equation (2.8) that

ρnij =
1
8

{
a2δ2

y(δ
2
yφ
n
ij) − 2aµδ2

y(δyφ
n
i,j+ 1

2
) + µ2δ2

yφ
n
ij − µδy(f(φ

n
i,j+ 1

2
)) + aδ2

y(f(φ
n
ij))

+
[
−µδyφ

n
i,j+ 1

2
+ aδ2

yφ
n
ij + f(φ

n
ij)
]
f
′
(φ
n
ij)
}

,

which is equivalent to

ρnij =
1
8

{
µ2

h2

(
φ
n
i,j+1 − 2φnij +φ

n
i,j−1

)
−

2aµ
h3

[(
φ
n
i,j+2 − 2φni,j+1 +φ

n
ij

)
−
(
φ
n
i,j+1 − 2φnij +φ

n
i,j−1

)]
+
a2

h4

(
φ
n
i,j+2 − 4φni,j+1 + 6φnij − 4φni,j−1 +φ

n
i,j−2

)
−
µ

h

[
f(φ

n
i,j+1) − f(φ

n
ij)
]
+
a

h2

[
f(φ

n
i,j+1) − 2f(φnij)

+ f(φ
n
i,j−1)

]
+
[
−
µ

h

(
φ
n
i,j+1 −φ

n
ij

)
+
a

h2

(
φ
n
i,j+1 − 2φnij +φ

n
i,j−1

)
+ f(φ

n
ij)
]
f
′
(φ
n
ij)
}

.

This fact together with Lemma 4.2, result in

ρnij =
1
8

{
µ2φ

n
2y,ij +

µ2h2

12
φ
n
4y,ij −

µ2h4

720

[
φ
n
6y(xi, θ

(3)
j ) +φ

n
6y(xi, θ

(4)
j )
]
−

2aµ
h

[
φ
n
2y,i,j+1 −φ

n
2y,ij

+
h2

12

(
φ
n
4y,i,j+1 −φ

n
4y,ij

)
−
h4

720

((
φ
n
6y(xi, θ

(3)
j+1) +φ

n
6y(xi, θ

(4)
j+1)

)
−
(
φ
n
6y(xi, θ

(3)
j ) +φ

n
6y(xi, θ

(4)
j )
))]

+ a2
[
φ
n
4y,ij + h

2
(

1
720

[
φ
n
6y(xi, θ

(1)
j ) +φ

n
6y(xi, θ

(2)
j )
]
+

241
3220

[
φ
n
6y(xi, θ

(3)
j ) +φ

n
6y(xi, θ

(4)
j )
])]

− µ

[
foφ)ny,ij +

h

2
foφ)n2y,ij +

h2

6
foφ)n3y,ij +

h3

24
foφ)n4y,ij +

h4

120
foφ)n5y,ij +

h5

720
foφ)n6y(xi, θ

(3)
j )

]
× a

[
foφ)n2y,ij +

h2

12
foφ)n4y,ij −

h4

720

(
foφ)n6y(xi, θ

(3)
j ) + foφ)n6y(xi, θ

(4)
j )
)]

+

[
−µ

(
φ
n
y,ij +

h

2
φ
n
2y,ij

+
h2

6
φ
n
3y,ij +

h3

24
φ
n
4y,ij +

h4

120
φ
n
5y,ij +

h5

720
φ
n
6y(xi, θ

(3)
j )

)
+ a

(
φ
n
2y,ij +

h2

12
φ
n
4y,ij −

h4

720

(
φ
n
6y(xi, θ

(3)
j ) +φ

n
6y(xi, θ

(4)
j )
))
f
′
(φ
n
ij)

]
+ f(φ

n
ij)f

′
(φ
n
ij)

}
.

Since φ(x, ·, t)|[yj,yj+1], foφ(x, ·, t)|[yj,yj+1] ∈ C6([yj,yj+1]), for every x ∈ (0, 1), t ∈ (0, T) and j = 0, 1, 2, . . . ,
M − 1, ‖|φ|‖L∞(0,T ;L2(Ω)) 6 C̃ (according to estimate (2.34)), f

′
(the derivative of f) is continuous and

h 6 1 + h2, taking the modulus of ρnij, there exist positive constants Ĉl, l = 1, 2, 3, which do not depend
on the time step k and the mesh grid h such that

|ρnij| 6 Ĉ1

[
1 + Ĉ2h

2 + Ĉ3h
4
]

, for n = 0, 1, . . . ,N and i, j = 0, 1, . . . ,M.

In way similar, one proves the other estimates. This completes the proof of Lemma 4.3.

Using Lemmas 2.1, 4.2, and 4.3, we are ready to prove Theorem 4.1.

Proof of Theorem 4.1. Firstly, it is worth noticing to recall that the error term provided by the time-split
method (2.29)-(2.32) is given by enij = φnij −φ

n
ij, where φ is the exact solution of equations (2.16), (2.24),

and (2.25) and φ represents the numerical solution given by the algorithm (2.29)-(2.32).
From equation (3.2), we know that

e∗ij = e
n
ij +

k

2

( a
h2 (e

n
i,j+1 − 2enij + e

n
i,j−1) −

µ

2h
(eni,j+1 − e

n
i,j−1) + f(φ

n
ij) − f(φ

n
ij)
)
+
k2

2
(
ρnij + ρ̂

n
ij + ρ

∗
ij

)
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+O(k3 + kh2),

which can be written as

e∗ij = e
n
ij +

k

2

( a
h2 (e

n
i,j+1 − 2enij + e

n
i,j−1) −

µ

2h
(eni,j+1 − e

n
i,j−1) + f(φ

n
ij) − f(φ

n
ij)
)
+
k2

2
(
ρnij + ρ̂

n
ij + ρ

∗
ij

)
+Cr(k

3 + kh2),

where Cr is a parameter which does not depend on the time step k and the grid spacing h, and whose
value can change from place to place, ραij and ρ̂nij are given by equations (2.8) and (2.15), respectively.
Performing simple calculations, it is not hard to see that

(e∗ij)
2 = (enij)

2 + k
{ a
h2

(
eni,j+1 − 2enij + e

n
i,j−1

)
enij −

µ

2h
(eni,j+1 − e

n
i,j−1)e

n
ij +

(
f(φnij) − f(φ

n
ij)
)
enij

}
+ k2 (ρnij + ρ̂nij + ρ∗ij) enij + 2Cr(k3 + kh2)enij +

k3

2

[ a
h2 (e

n
i,j+1 − 2enij + e

n
i,j−1)

−
µ

2h
(eni,j+1 − e

n
i,j−1) + f(φ

n
ij) − f(φ

n
ij)
] (
ρnij + ρ̂

n
ij + ρ

∗
ij

)
+Crk

2 (ρnij + ρ̂nij + ρ∗ij) (k3 + kh2)

+
k4

4
(
ρnij + ρ̂

n
ij + ρ

∗
ij

)2
+Crk

[ a
h2 (e

n
i,j+1 − 2enij + e

n
i,j−1)

−
µ

2h
(eni,j+1 − e

n
i,j−1) + f(φ

n
ij) − f(φ

n
ij)
]
(k3 + kh2) +C2

r(k
3 + kh2)2

+
k2

4

[ a
h2 (e

n
i,j+1 − 2enij + e

n
i,j−1) −

µ

2h
(eni,j+1 − e

n
i,j−1) + f(φ

n
ij) − f(φ

n
ij)
]2

.

(4.2)

Applying the inequalities: (a± b± c)2 6 3(a2 + b2 + c2), (a± b)2 6 2(a2 + b2) and 2ab 6 a2 + b2, for
every a,b, c ∈ R, together with the time step restriction (2.33) (that is, 2ak 6 h2 and |µ|k 6 h), equation
(4.2) provides

(e∗ij)
2 6 (enij)

2 + k
{ a
h2

(
eni,j+1 − 2enij + e

n
i,j−1

)
enij −

µ

2h
(eni,j+1 − e

n
i,j−1)e

n
ij +

(
f(φnij) − f(φ

n
ij)
)
enij

}
+

5k3

4

(
ρnij + ρ̂

n
ij + ρ

∗
ij

)2
+

5k
4
(enij)

2 + 2C2
r(k

5
2 + k

1
2h2)2 +

k4

2

(
ρnij + ρ̂

n
ij + ρ

∗
ij

)2
+ 2C2

r(k
3 + kh2)2

+
3k3

2

[
a2

h4 (e
n
i,j+1 − 2enij + e

n
i,j−1)

2 +
µ2

4h2 (e
n
i,j+1 − e

n
i,j−1)

2 +
(
f(φnij) − f(φ

n
ij)
)2
]
+
k2

4

[
a2

h4 (e
n
i,j+1

− 2enij + e
n
i,j−1)

2 +
µ2

4h2 (e
n
i,j+1 − e

n
i,j−1)

2 +
(
f(φnij) − f(φ

n
ij)
)2

−
aµ

h3 (e
n
i,j+1 − e

n
i,j−1)(e

n
i,j+1

− 2enij + e
n
i,j−1) −

µ

h
(eni,j+1 − e

n
i,j−1)

(
f(φnij) − f(φ

n
ij)
)
+

2a
h2 (e

n
i,j+1 − 2enij + e

n
i,j−1)

(
f(φnij) − f(φ

n
ij)
)]

,

which implies

(e∗ij)
2 6 (enij)

2 + k
{ a
h2

(
eni,j+1 − 2enij + e

n
i,j−1

)
enij −

µ

2h
(eni,j+1 − e

n
i,j−1)e

n
ij +

(
f(φnij) − f(φ

n
ij)
)
enij

}
+

15k3

4
[
(ρnij)

2 + (ρ̂nij)
2 + (ρ∗ij)

2]+ 5k
4
(enij)

2 + 4C2
r(k

5 + kh4) +
3k4

2
[
(ρnij)

2 + (ρ̂nij)
2 + (ρ∗ij)

2]
+

3k3

2

[
3a2

h4 [(eni,j+1)
2 + 4(enij)

2 + (eni,j−1)
2] +

µ2

2h2 [(e
n
i,j+1)

2 + (eni,j−1)
2] +

(
f(φnij) − f(φ

n
ij)
)2
]

+
k2

4

{
2a2

h2

[
(δye

n
i,j+ 1

2
)2 + (δye

n
i,j− 1

2
)2
]
+
µ2

2h2

[
(eni,j+1)

2 + (eni,j−1)
2]+ (f(φnij) − f(φnij))2

−
aµ

h3 (e
n
i,j+1 − e

n
i,j−1)(e

n
i,j+1 − 2enij + e

n
i,j−1) −

µ

h
(eni,j+1 − e

n
i,j−1)

(
f(φnij) − f(φ

n
ij)
)

+
a

h2 (e
n
i,j+1 − 2enij + e

n
i,j−1)

2 +
a

h2

(
f(φnij) − f(φ

n
ij)
)2
}
+ 4C2

r(k
6 + k2h4).
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Utilizing estimates (3.5)-(3.11), this becomes

(e∗ij)
2 6 (enij)

2 + k
{ a
h2

(
eni,j+1 − 2enij + e

n
i,j−1

)
enij −

µ

2h
(eni,j+1 − e

n
i,j−1)e

n
ij +C(e

n
ij)

2
}

+
3k3

2

(
5
2
+ k

)[
(ρnij)

2 + (ρ̂nij)
2 + (ρ∗ij)

2]+ 4C2
rk(k

5 + k4 + kh4 + h4) +
5k
4
(enij)

2

+
3k3

2

[
3a2

h4 [(eni,j+1)
2 + 4(enij)

2 + (eni,j−1)
2] +

µ2

2h2 [(e
n
i,j+1)

2 + (eni,j−1)
2] +C2(enij)

2
]

+
k2

4

{
2a2

h2

[
(δye

n
i,j+ 1

2
)2 + (δye

n
i,j− 1

2
)2
]
+
µ2

2h2

[
(eni,j+1)

2 + (eni,j−1)
2]+C2(enij)

2 −
aµ

h

[
(δye

n
i,j+ 1

2
)2

− (δye
n
i,j− 1

2
)2
]
+
µ2

4h2 (e
n
i,j+1 − e

n
i,j−1)

2 +C2(enij)
2 +

3a
h2 [(e

n
i,j+1)

2 + 4(enij)
2 + (eni,j−1)

2] +
aC2

h2 (enij)
2
}

.

Since kh4 6 k2 + h8, this implies

(e∗ij)
2 6 (enij)

2 + k
{ a
h2

(
eni,j+1 − 2enij + e

n
i,j−1

)
enij −

µ

2h
(eni,j+1 − e

n
i,j−1)e

n
ij +C(e

n
ij)

2
}

+
3k3

2

(
5
2
+ k

)[
(ρnij)

2 + (ρ̂nij)
2 + (ρ∗ij)

2]+ 4C2
rk(k

2 + k4 + k5 + h4 + h8) +
5k
4
(enij)

2

+
3k3

2

[
3a2

h4 [(eni,j+1)
2 + 4(enij)

2 + (eni,j−1)
2] +

µ2

2h2 [(e
n
i,j+1)

2 + (eni,j−1)
2] +C2(enij)

2
]

+
k2

4

{
2a2

h2

[
(δye

n
i,j+ 1

2
)2 + (δye

n
i,j− 1

2
)2
]
+
µ2

2h2

[
(eni,j+1)

2 + (eni,j−1)
2]+C2(enij)

2 −
aµ

h

[
(δye

n
i,j+ 1

2
)2

− (δye
n
i,j− 1

2
)2
]
+
µ2

4h2 (e
n
i,j+1 − e

n
i,j−1)

2 +C2(enij)
2 +

3a
h2 [(e

n
i,j+1)

2 + 4(enij)
2 + (eni,j−1)

2] +
aC2

h2 (enij)
2
}

.

Now, using the time step restriction (2.33) together with Lemma 4.3, straightforward computations give

(e∗ij)
2 6 (enij)

2 + k
{ a
h2

(
eni,j+1 − 2enij + e

n
i,j−1

)
enij −

µ

2h
(eni,j+1 − e

n
i,j−1)e

n
ij +C(e

n
ij)

2
}

+
9Ĉ2

1k
3

2

(
5
2
+ k

)[
1 + Ĉ2h

2 + Ĉ3h
4
]2

+ 4C2
rk(k

2 + k4 + k5 + h4 + h8) +
5k
4
(enij)

2

+
3k
2

[
3
4
[(eni,j+1)

2 + 4(enij)
2 + (eni,j−1)

2] +
µ2k

4a
[(eni,j+1)

2 + (eni,j−1)
2] + k2C2(enij)

2
]
+
ak

4

[
(δye

n
i,j+ 1

2
)2

+ (δye
n
i,j− 1

2
)2
]
+
µ2k

16a

[
(eni,j+1)

2 + (eni,j−1)
2
]
+
C2k2

4
(enij)

2 +
ak

4

[
(δye

n
i,j+ 1

2
)2 + (δye

n
i,j− 1

2
)2
]

+
µ2k

16a

[
(eni,j+1)

2 + (eni,j−1)
2
]
+
C2k2

4
(enij)

2 +
3k
8
[(eni,j+1)

2 + 4(enij)
2 + (eni,j−1)

2] +
C2k

8
(enij)

2
}

.

(4.3)

Summing estimate (4.3) up from i, j = 1, 2, . . . ,M− 1, and rearranging of terms we get

M−1∑
i,j=1

(e∗ij)
2 6

M−1∑
i,j=1

(enij)
2 +

ak

h2

M−1∑
i,j=1

(
eni,j+1 − 2enij + e

n
i,j−1

)
enij −

µk

2h

M−1∑
i,j=1

(eni,j+1 − e
n
i,j−1)e

n
ij

+
ak

2

M−1∑
i,j=1

[
(δye

n
i,j+ 1

2
)2 + (δye

n
i,j− 1

2
)2
]
+

3k
2

M−1∑
i,j=1

[
(eni,j+1)

2 + 4(enij)
2 + (eni,j−1)

2]
+
µ2k

8a
(1 + 3k)

M−1∑
i,j=1

[
(eni,j+1)

2 + (eni,j−1)
2]+ k(C+

5
4
+
C2

8
+
C2k

2
+

3C2k2

2

)M−1∑
i,j=1

(enij)
2

+
9Ĉ2

1k
3

2
(M− 1)2

(
5
2
+ k

)[
1 + Ĉ2h

2 + Ĉ3h
4
]2

+ 4C2
rk(M− 1)2(k2 + k4 + k5 + h4 + h8).

(4.4)
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From the boundary condition (2.32), eniM = eni0 = 0, for i = 0, 1, . . . ,M. Using this, it is not difficult to
observe that

M−1∑
i,j=1

[
(δye

n
i,j+ 1

2
)2 + (δye

n
i,j− 1

2
)2
]
=

M−1∑
i,j=1

(δye
n
i,j+ 1

2
)2 +

M−1∑
i,j=1

(δye
n
i,j− 1

2
)2

6
M−1∑
i=1

M−1∑
j=0

(δye
n
i,j+ 1

2
)2 +

M−1∑
i=1

M−1∑
j=0

(δye
n
i,j+ 1

2
)2 = 2

M−1∑
i=1

M−1∑
j=0

(δye
n
i,j+ 1

2
)2.

Furthermore, using inequality (1+ Ĉ2h
2 + Ĉ3h

4)2 6 3(1+ Ĉ2
2h

4 + Ĉ2
3h

8), Lemmas 2.1 and 4.3, multiplying
both sides of inequality (4.4) by h2 and performing simple calculations, we obtain

h2
M−1∑
i,j=1

(e∗ij)
2 6 h2

M−1∑
i,j=1

(enij)
2 − ak‖δyen‖2

L2(Ω) + ak‖δye
n‖2
L2(Ω) + 4C2

rk(M− 1)2h2(k2 + k4 + k5 + h4 + h8)

+ k

[
41
4

+
µ2

8a
+C+

C2

8
+

3µ2k

8a
+
C2k

2
+

3C2k2

2

]
h2
M−1∑
i,j=1

(enij)
2

+
27Ĉ2

1k
3

2
(M− 1)2h2

(
5
2
+ k

)[
1 + Ĉ2

2h
4 + Ĉ2

3h
8
]

6 h2
M−1∑
i,j=1

(enij)
2 + k

[
41
4

+
µ2

8a
+C+

C2

8
+

3µ2k

8a
+
C2k

2
+

3C2k2

2

]
h2
M−1∑
i,j=1

(enij)
2

+ 4C2
rk(k

2 + k4 + k5 + h4 + h8) +
27Ĉ2

1k
3

2

(
5
2
+ k

)[
1 + Ĉ2

2h
4 + Ĉ2

3h
8
]

,

which is implies

‖e∗‖2
L2(Ω)

6 ‖en‖2
L2(Ω)

+ Ĉ4k
{
(1 + k+ k2)‖en‖2

L2(Ω)
+ k2(1 + k)(1 + h4 + h8) + k2 + k4 + k5 + h4 + h8

}
, (4.5)

where we absorbed all the constants into a constant Ĉ4 > 0.
Analogously, it is not hard to show that

‖e∗∗‖2
L2(Ω)

6 ‖e∗‖2
L2(Ω)

+ Ĉ5k
{
(1 + k+ k2)‖e∗‖2

L2(Ω)
+ k2(1 + k)(1 + h4 + h8) + k2 + k4 + k5 + h4 + h8

}
, (4.6)

where all the constants have been absorbed into a positive constant Ĉ5, and

‖en+1‖2
L2(Ω)

6 ‖e∗∗‖2
L2(Ω)

+ Ĉ6k
{
(1 + k+ k2)‖e∗∗‖2

L2(Ω)
+ k2(1 + k)(1 + h4 + h8) + k2 + k4 + k5 + h4 + h8

}
, (4.7)

where we absorbed all the constants into a constant Ĉ6 > 0.
For the convenient of writing, we should set

θ1(k,h) = 1 + k+ k2, and θ2(k,h) = k2(1 + k)(1 + h4 + h8) + k2 + k4 + k5 + h4 + h8. (4.8)

Combining estimates (4.5)-(4.8), straightforward calculations result in

‖en+1‖2
L2(Ω) 6 ‖e

n‖2
L2(Ω) + k

{
Ĉ4 + Ĉ5 + Ĉ6 + k

[
Ĉ4Ĉ5 + Ĉ6(Ĉ4 + Ĉ5) + kĈ4Ĉ5Ĉ6θ1(k,h)

]
θ1(k,h)

}
+ θ1(k,h)‖en‖2

L2(Ω)

+ k
{
Ĉ4 + Ĉ5 + Ĉ6 + k

[
Ĉ4Ĉ5 + Ĉ4Ĉ6 + Ĉ5Ĉ6 + kĈ4Ĉ5Ĉ6θ1(k,h)

]
θ1(k,h)

}
θ2(k,h).
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Absorbing all the constants into a positive constant Ĉ7, we get

‖en+1‖2
L2(Ω) 6 ‖e

n‖2
L2(Ω) + Ĉ7k

{
[1 + k (1 + kθ1(k,h)) θ1(k,h)] θ1(k,h)‖en‖2

L2(Ω)

+ [1 + k [1 + kθ1(k,h)] θ1(k,h)] θ2(k,h)} .

Summing this up from n = 0, 1, 2, . . . ,p− 1, for any positive integer p such that 1 6 p 6 N, it is easy to
see that

‖ep‖2
L2(Ω) 6 ‖e

0‖2
L2(Ω) + Ĉ7k

{
[1 + k (1 + kθ1(k,h)) θ1(k,h)] θ1(k,h)

p−1∑
n=0

‖en‖2
L2(Ω)

+ p [1 + k [1 + kθ1(k,h)] θ1(k,h)] θ2(k,h)

}
.

(4.9)

It follows from the initial condition defined in (2.32), that e0
ij = 0, for 0 6 i, j 6M. The application of the

Gronwall Lemma to estimate (4.9) yields

‖ep‖2
L2(Ω)

6 Ĉ7pk exp
{
Ĉ7pk [1 + k (1 + kθ1(k,h)) θ1(k,h)] θ1(k,h)

}
[1 + k [1 + kθ1(k,h)] θ1(k,h)] θ2(k,h). (4.10)

But p 6 N and k = T
N , so Ĉ7kp 6 Ĉ7T . This fact combining with inequality (4.10) gives

‖ep‖2
L2(Ω) 6 Ĉ7T exp

{
Ĉ7T [1 + k (1 + kθ1(k,h)) θ1(k,h)] θ1(k,h)

}
[1 + k [1 + kθ1(k,h)] θ1(k,h)] θ2(k,h)2,

The square root of this provides

‖ep‖L2(Ω) 6
√
Ĉ7T [1 + k [1 + kθ1(k,h)] θ1(k,h)]

× exp

{
Ĉ7T

2
[1 + k (1 + kθ1(k,h)) θ1(k,h)] θ1(k,h)

}√
θ2(k,h).

(4.11)

Now, it comes from relation (4.8) that

θ2(k,h) = k2(1 + k)(1 + h4 + h8) + k2 + k4 + k5 + h4 + h8 6 (k+ h4)2ψ(k,h),

where ψ(k,h) = 1 + k2 + k3 + h2 + (1 + k)(1 + h4 + h8). Furthermore, 1 + k [1 + kθ1(k,h)] θ1(k,h) = 1 +
k
[
1 + (1 + k+ k2)

]
(1 + k+ k2) 6 (1 + k+ k2)4 and

[1 + k (1 + kθ1(k,h)) θ1(k,h)] θ1(k,h) =
[
1 + k

(
1 + k(1 + k+ k2)

)
(1 + k+ k2)

]
(1 + k+ k2) 6 (1 + k+ k2)5.

Finally, taking the maximum over p of estimate (4.11), for 0 6 p 6 N, and applying equation (4.1), this
ends the proof of Theorem 4.1.

5. Numerical experiments and convergence rate

In this section we construct exact solutions to the two-dimensional time-dependent nonlinear advection-
diffusion equation with constant coefficients (1.1)-(1.3). Furthermore, we consider another example de-
scribed in the literature [16] to demonstrate the efficiency and effectiveness of the proposed numerical
scheme in two-dimensional case. In each case we obtain satisfactory results, so our algorithm perfor-
mances provide good results for multidimensional problems. The predicted convergence rate from the
theoretical result is confirmed (see Section 2, page 8, paragraph below equation (2.28), lines 3-4). The
convergence rate is obtained by listing in Tables 1-6, the errors between the computed solution and the
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analytical one with different values of mesh size h and time step k, satisfying k = 1
2h

2. Finally, we look at
the error estimates of our proposed method for the parameter T = 1 and a = µ = 1.

In order to construct analytical solutions to the initial-boundary value problem (1.1)-(1.3), we should
assume that they can be expressed as φ(x,y, t) = [1 + exp(ct+ dx+ by)]α , where α is a real number. By
simple calculations, it is not difficult to observe that

φt(x,y, t) = αc exp(ct+ dx+ by) [1 + exp(ct+ dx+ by)]α−1 , (5.1)

φx(x,y, t) = αd exp(ct+ dx+ by) [1 + exp(ct+ dx+ by)]α−1 , (5.2)

φy(x,y, t) = αb exp(ct+ dx+ by) [1 + exp(ct+ dx+ by)]α−1 , (5.3)
and

φxx(x,y, t) = αd2 exp(ct+ dx+ by) [1 +α exp(ct+ dx+ by)] [1 + exp(ct+ dx+ by)]α−2 . (5.4)

In a similar manner

φyy(x,y, t) = αb2 exp(ct+ dx+ by) [1 +α exp(ct+ dx+ by)] [1 + exp(ct+ dx+ by)]α−2 . (5.5)

Combining equations (5.1)-(5.5), it is not hard to see that

φt +φx +φy − (φxx +φyy) = α exp(ct+ dx+ by) (1 + exp(ct+ dx+ by))α−1
{
c+ b+ d− (b2 + d2)

× [1 +α exp(ct+ dx+ by)] (1 + exp(ct+ dx+ by))−1
}

.

Setting c+ b+ d = −(d2 + b2), it holds

φt +φx +φy − (φxx +φyy) = −α(d2 + b2) exp(ct+ dx+ by) (1 + exp(ct+ dx+ by))α−1

×
{

1 + [1 +α exp(ct+ dx+ by)] [1 + exp(ct+ dx+ by)]−1
}

.
(5.6)

For α = 1, equation (5.6) becomes

φt +φx +φy − (φxx +φyy) = −2(d2 + b2) exp(ct+ dx+ by).

Assuming b 6= 0 and d2 + b2 = 1, this is equivalent to b2 = 1 − d2. Since b2 > 0, this implies d2 < 1.
We can take d = −

√
2

2 and b = −
√

2
2 . Thus c = −1 +

√
2. The analytical solution is given by φ(x,y, t) =

1 + exp
(
(−1 +

√
2)t−

√
2

2 x−
√

2
2 y
)

, for every t ∈ [0, 1], (x,y) ∈ [0, 1]2 and the function f is given by

f(φ) = 2(1 −φ). The initial and boundary conditions are determined by the exact solution.
Now, if α = −1, performing direct computations, equation (5.6) yields

φt +φx +φy − (φxx +φyy) = 2(d2 + b2) exp(ct+ dx+ by) [1 + exp(ct+ dx+ by)]−3 .

For b 6= 0 and d2 + b2 = 1, the values d = −
√

3
2 and b = − 1

2 satisfy this equation. It comes from
equation c + b + d = −(d2 + b2) that c = −1 +

√
3+1
2 . Thus, the exact solution is given by φ(x,y, t) =[

1 + exp
((

−1 +
√

3+1
2

)
t−

√
3

2 x−
1
2y
)]−1

, for any t ∈ [0, 1], (x,y) ∈ [0, 1]2 and the function f is defined as

f(φ) = 2(1 −φ)φ
2. The initial and boundary conditions are given by this solution.

In this analysis, we assume that the mesh size h ∈ { 1
2l , l = 1, 2, . . . , 5} and time step k = 2−l,

l = 1, 2, . . . , 11. In addition, we set k = 1
2h

2 and we compute the error estimates: ‖|E(φ)|‖L2(0,T ;L2),
‖|E(φ)|‖L∞(0,T ;L2) and ‖|E(φ)|‖L1(0,T ;L2) related to the three-level time-split method to see that the algo-
rithm is stable, second order convergent in time and fourth order accurate in space. Furthermore, we
plot the L2-norm of the analytic solution, the numerical one and the errors versus n. From this study, we
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observe that the three-level time-split MacCormack method is efficient and effective than a broad range
of numerical schemes widely studied in the literature. Finally, when h varies in the given range, it comes
from Tables 1-6 that the error terms O(kβ) +O(hθ) are dominated by the h-terms O(hθ) (or k-terms
O(kβ)). So, the ratio rmφ , where m = 1, 2,∞, of the approximate errors on two adjacent mesh levels Ω2h

and Ωh is approximately (2h)θ/hθ = 2θ, where m refers to the Lm(0, T ;L2(Ω)-error norm. Thus, we
can use rmφ to estimate the corresponding convergence rate with respect to h. Define the norms for the
approximate solution φ, the exact one φ, and the errors E(φ), as follows

‖|φ|‖L2(0,T ;L2) =

[
k

N∑
n=0

‖φn‖2
L2
f

] 1
2

, ‖|φ|‖L2(0,T ;L2) =

[
k

N∑
n=0

‖φn‖2
L2
f

] 1
2

,

‖|E(φ)|‖L2(0,T ;L2) =

[
k

N∑
n=0

‖φn −φ
n‖2
L2
f

] 1
2

, ‖|E(φ)|‖L1(0,T ;L2) = k

N∑
n=0

‖φn −φ
n‖L2

f
,

and
‖|E(φ)|‖L∞(0,T ;L2) = max

06n6N
‖φn −φ

n‖L2
f
.

Test 5.1. Let Ω be the unit square (0, 1) × (0, 1) and T be the final time, T = 1. We assume that the
parameters a = µ = 1, in such a way that the exact solution φ and the function f are given by

φ(x,y, t) = 1 + exp

(
(−1 +

√
2)t−

√
2

2
x−

√
2

2
y

)
, and f(φ) = 2(1 −φ).

The initial and boundary conditions are given by this solution. We recall that the mesh size and time step:
h ∈ {1

2 , 1
22 , 1

23 , 1
24 , 1

25 } and k ∈ { 1
22 , 1

23 , 1
24 , 1

25 , 1
26 , 1

27 , 1
28 , 1

29 , 1
210 , 1

211 }.

Table 1: Convergence rateO(hθ+∆tβ) for time-split MacCormack by rmφ , under the time step restriction (2.33), i.e., max{ 2k
h2 , kh } 6

1, with varying time step k = ∆t and mesh grid h = ∆x = ∆y and k = 1
2h

2.

h ‖|E(φ)|‖L2 r2
φ ‖|E(φ)|‖L∞ r∞φ ‖|E(φ)|‖L1 r1

φ

2−1 0.2720× 10−1 —- 0.3240× 10−1 —- 0.2700× 10−1 —-
2−2 0.6200× 10−2 4.3871 0.7500× 10−2 4.3200 0.6100× 10−2 4.4262
2−3 0.1600× 10−2 3.8750 0.2000× 10−2 3.7500 0.1600× 10−2 3.8125
2−4 0.4000× 10−3 4.0000 0.5000× 10−3 4.0000 0.4000× 10−3 4.0000
2−5 0.1062× 10−3 3.7665 0.1302× 10−3 3.8402 0.1049× 10−3 3.8132

Table 2: Convergence rateO(hθ+∆tβ) for time-split MacCormack by rmφ , under the time step restriction (2.33), i.e., max{ 2k
h2 , kh } 6

1, with varying time step k = ∆t and mesh grid h = ∆x = ∆y and k = h2.
h ‖|E(φ)|‖L2 r2

φ ‖|E(φ)|‖L∞ r∞φ ‖|E(φ)|‖L1 r1
φ

2−1 0.1109 —- 0.1292 —- 0.1095 —-
2−2 0.7120× 10−1 1.5576 0.1912× 100 0.6757 0.5130× 10−1 2.1345
2−3 0.3793× 1020 0.1877× 10−20 2.7815× 1020 0.6874× 10−21 0.7240× 1019 0.7086× 10−20

Test 5.2. Now, let Ω be the unit square (0, 1)2 and T = 1. The diffusive term a is assumed equals 1 and
the parameter µ = 1. The analytic solution φ together with the function f are defined as

φ(x,y, t) =

[
1 + exp

((
−1 +

√
3 + 1
2

)
t−

√
3

2
x−

1
2
y

)]−1

and f(φ) = 2(1 −φ)φ
2.
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The initial and boundary conditions also are given by the exact solution φ. Similar to Test 5.1 we take
both mesh size and time step: h ∈ {1

2 , 1
22 , 1

23 , 1
24 , 1

25 } and k ∈ { 1
22 , 1

23 , 1
24 , 1

25 , 1
26 , 1

27 , 1
28 , 1

29 , 1
210 , 1

211 }.

Table 3: Analysis of convergence rates O(hθ +∆tβ) for the three-level time-split MacCormack by rmφ , with varying spacing h
and time step k, under the time step restriction (2.33), that is, max{ 2k

h2 , kh } 6 1 and k = 1
2h

2.

h ‖|E(φ)|‖L2 r2
φ ‖|E(φ)|‖L∞ r∞φ ‖|E(φ)|‖L1 r1

φ

2−1 0.9100× 10−2 — 0.1680× 10−1 — 0.8500× 10−2 —
2−2 0.2100× 10−2 4.3333 0.4400× 10−2 3.8182 0.21× 10−2 4.0476
2−3 0.5000× 10−3 4.2000 0.1100× 10−2 4.0000 0.5000× 10−3 4.2000
2−4 0.1390× 10−3 3.5971 0.2820× 10−3 3.9007 0.1378× 10−3 3.6284
2−5 0.3520× 10−4 3.9448 0.7050× 10−4 4.0000 0.3490× 10−4 3.9484

Table 4: Analysis of convergence rates O(hθ +∆tβ) for the three-level time-split MacCormack by rmφ , with varying spacing h
and time step k, under the time step restriction (2.33), that is, max{ 2k

h2 , kh } 6 1 and k = h2.

h ‖|E(φ)|‖L2 r2
φ ‖|E(φ)|‖L∞ r∞φ ‖|E(φ)|‖L1 r1

φ

2−1 0.3350× 10−1 —- 0.4840× 10−1 —- 0.318× 10−1 —-
2−2 0.1110× 10−1 3.0180 0.2000× 10−1 2.4200 0.1030× 10−1 3.0874
2−3 NaN× 10251 — Inf× 10251 —- NaN× 10251 —-

Test 5.3. Finally, let Ω be the unit square (0, 1)× (0, 1) and T = 1. Assuming that a = µ = 1, the exact
solution φ is given in [16] by

φ(x,y, t) = exp(−t)xy(1 − x)(1 − y).

The function f(φ) = −φ+ exp(−t) [x(1 − x)(3 − 2y) + y(1 − y)(3 − 2x)] , the initial and boundary condi-
tions are given by the exact solution φ.

Similar to both Tests 5.1 and 5.2 both time step and grid spacing are chosen such that: k ∈ { 1
22 , 1

23 , 1
24 , 1

25 ,
1
26 , 1

27 , 1
28 , 1

29 , 1
210 , 1

211 } and h ∈ {1
2 , 1

22 , 1
23 , 1

24 , 1
25 }. We compute the error estimates: E(φ) related to a three-level

time-split MacCormack approach to see that the method is second order convergent in time and fourth
order accurate in space. Furthermore, we plot the errors together with the energies versus n to see the
efficiency and effectiveness of the considered algorithm.

Table 5: Convergence ratesO(hθ+∆tβ) for time-split MacCormack by rmu , with varying spacing h and time step ∆t and k = 1
2h

2.

h ‖|E(φ)|‖L2 r2
φ ‖|E(φ)|‖L∞ r∞φ ‖|E(φ)|‖L1 r1

φ

2−1 0.7900× 10−2 — 0.1140× 10−1 — 0.7600× 10−2 —
2−2 0.1400× 10−2 5.6429 0.2000× 10−2 5.7000 0.1400× 10−2 5.4286
2−3 0.3257× 10−3 4.2984 0.4412× 10−3 4.5331 0.3155× 10−3 4.4374
2−4 0.7920× 10−4 4.1124 0.1072× 10−3 4.1157 0.7660× 10−4 4.1188
2−5 0.1966× 10−4 4.0285 0.2662× 10−4 4.0270 0.1902× 10−4 4.0273

Table 6: Convergence rates O(hθ +∆tβ) for time-split MacCormack by rmu , with varying spacing h and time step ∆t and k = h2.
h ‖|E(φ)|‖L2 r2

φ ‖|E(φ)|‖L∞ r∞φ ‖|E(φ)|‖L1 r1
φ

2−1 0.2690× 10−1 —- 0.3670× 10−1 —- 0.2590× 10−1 —-
2−1 0.3800× 10−2 7.0789 0.4900× 10−2 7.4898 0.3800× 10−2 7.8158
2−1 0.663× 1018 0.573× 10−20 0.481× 1019 0.102× 10−20 0.130× 1018 0.292× 10−19
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The analysis discussed in Section 4, has shown that the numerical scheme is first order convergent
in time and fourth order accurate in space. If the result provided in Section 2, page 8, is to believe, this
suggests that the time-split MacCormack scheme is inconsistent. Fortunately, we observe from Tests 5.1-
5.3, precisely Figures 1-3, and Tables 1-3, that the three-level time-split MacCormack approach is stable,
second order accurate in time and fourth order convergent in space under the time step restriction (2.33),
which confirms the theoretical result provided in Section 2, page 8. Thus, the considered method is fast
and efficient.
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2.

6. General conclusion and future works

In this work, we have presented a detailed analysis of the stability, error estimates and convergence
rate of a three-level explicit time-split MacCormack scheme for solving the two-dimensional nonlinear un-
steady advection-diffusion equation with constant coefficients (1.1) subjects to suitable initial and bound-
ary conditions (1.2)-(1.3). Our study has shown that the considered method is stable, consistent, second
order accurate in time and fourth order convergent in space under the time step requirement (2.33). This
theoretical analysis is confirmed by a wide set of numerical evidences (Figures 1-6 and Tables 1-3). Nu-
merical experiments also suggest that the proposed algorithm is: (1) more efficient and effective than
a broad range of numerical schemes for solving the initial-boundary value problem (1.1)-(1.3); (2) fast
and robust tools for the integration of general systems of hyperbolic/parabolic partial differential equa-
tions. Thus, our future works will analyze an approximate solution of the two-dimensional unsteady
advection-diffusion equation with sink/source terms using the new approach.
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