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1. Introduction

In this paper we present a variety of new collectively fixed point and coincidence point results and
from these existence theorems we establish some new maximal type element results for majorized type
maps (see [12]). The maps considered in this paper are Kakutani maps (or more generally, admissible
maps with respect to Gorniewicz) and multivalued maps with continuous selections (see [3, 4, 10, 11] and
the references therein).

Now we describe the maps considered in this paper. Let H be the Cech homology functor with com-
pact carriers and coefficients in the field of rational numbers K from the category of Hausdorff topological
spaces and continuous maps to the category of graded vector spaces and linear maps of degree zero. Thus
H(X) = {Hq(X)} (here X is a Hausdorff topological space) is a graded vector space, Hq(X) being the g-
dimensional Cech homology group with compact carriers of X. For a continuous map f : X — X, H(f) is
the induced linear map f, = {f.q} where f, 4 : Hq(X) — Hq(X). A space X is acyclic if X is nonempty,
Hq(X) =0 for every q > 1, and Hp(X) ~ K.

Let X, Y, and I be Hausdorff topological spaces. A continuous single valued map p : I' — X is called a
Vietoris map (written p : I' = X) if the following two conditions are satisfied:

(i) for each x € X, the set p~!(x) is acyclic;
(ii) p is a perfect map, i.e., p is closed and for every x € X the set p~!(x) is nonempty and compact.
Let ¢ : X — Y be a multivalued map (note for each x € X we assume ¢(x) is a nonempty subset of Y). A

pair (p, q) of single valued continuous maps of the form X & T 3 Yis called a selected pair of ¢ (written
(p, q) C ¢) if the following two conditions hold:
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(i) p is a Vietoris map; and
(i) q(p~1(x)) C d(x) for any x € X.

Now we define the admissible maps of Gorniewicz [7]. A upper semicontinuous map ¢ : X — Y with
compact values is said to be admissible (and we write ¢ € Ad(X,Y)) provided there exists a selected
pair (p,q) of ¢. An example of an admissible map is a Kakutani map. A upper semicontinuous map
¢ : X — K(Y) is said to Kakutani (and we write ¢ € Kak(X, Y)); here K(Y) denotes the family of nonempty,
convex, compact subsets of Y.

The following classes of maps will play a major role in this paper. Let Z and W be subsets of Hausdorff
topological vector spaces Y; and Y, and G a multifunction. We say G € DKT(Z, W) [4] if W is convex
and there exists a map S : Z — W with co(S(x)) € G(x) for x € Z, S(x) # 0 for each x € Z and the
fibre S~'(w) = {z € Z : w € S(z)} is open (in Z) for each w € W. We say G € HLPY(Z, W) [11] if W is
convex and there exists a map S : Z — W with co(S(x)) € G(x) for x € Z, S(x) # 0 for each x € Z and
Z=(intS'(w): we Wl

Now we consider a general class of maps, namely the PK maps of Park. Let X and Y be Hausdorff
topological spaces. Given a class X of maps, X(X,Y) denotes the set of maps F : X — 2Y (nonempty
subsets of Y) belonging to X, and X the set of finite compositions of maps in X. We let

F(X)={Z: FixF#0 forall Fe X(Z,2)},

where Fix F denotes the set of fixed points of F.
The class U of maps is defined by the following properties:

(i) U contains the class C of single valued continuous functions;
(ii) each F € U, is upper semicontinuous and compact valued; and
(iii)) B™ € F(U.) foralln €{1,2,...}; here B* ={x ¢ R™: ||x|| <1}

We say F € PK(X,Y) if for any compact subset K of X there is a G € U.(K,Y) with G(x) C F(x) for each
x € K. Recall PK is closed under compositions.

For a subset K of a topological space X, we denote by Covx(K) the directed set of all coverings of K by
open sets of X (usually we write Cov(K) = Covx(K)). Given two maps F,G : X — 2Y and « € Cov(Y), F
and G are said to be x-close if for any x € X there exists Uy € &, y € F(x) N Uy and w € G(x) N U,.

Let Q be a class of topological spaces. A space Y is an extension space for Q (written Y € ES(Q)) if
for any pair (X, K) in Q with K C X closed, any continuous function fp : K — Y extends to a continuous
function f : X — Y. A space Y is an approximate extension space for Q (written Y € AES(Q)) if for any
o € Cov(Y) and any pair (X, K) in Q with K C X closed, and any continuous function fp : K — Y there
exists a continuous function f : X — Y such that f|x is «x-close to f.

Let V be a subset of a Hausdorff topological vector space E. Then we say V is Schauder admissible
if for every compact subset K of V and every covering o € Covy(K) there exists a continuous function
Ty : K — V such that

(i) My and 1: K — V are a-close;
(ii) m«(K) is contained in a subset C C V with C € AES(compact).

X is said to be g-Schauder admissible if any nonempty compact convex subset Q) of X is Schauder admis-
sible.

Theorem 1.1 ([1, 8]). Let X be a Schauder admissible subset of a Hausdorff topological vector space and ¥V €
PK(X, X) a compact upper semicontinuous map with closed values. Then there exists an x € X with x € ¥(x).

Remark 1.2. Other variations of Theorem 1.1 can be found in [9].

We now list two well known results from the literature [12] (see also [2]).
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Theorem 1.3. Let X and Y be two topological spaces and A an open subset of X. Suppose Fy : X — 2Y, Fp: A — 2Y
are upper semicontinuous such that Fy(x) C Fy(x) for all x € A. Then the map F : X — 2V defined by

~J R(x), x€A,
Fox) = { B, xeA

is upper semicontinuous.

Theorem 1.4. Let X and Y be topological spaces. If F, G : X — 2V have compact values and are upper semicontin-
uous then F N G is also upper semicontinuous.

We recall that a point x € X is a maximal element of a set valued map F from a topological space X to
another topological space Y if F(x) = 0.

2. Maximal element type results

In this section we begin by presenting collectively fixed point results in a variety of settings. Our goal
later is to consider collectively coincidence results.

Theorem 2.1. Let {Xi}}.; be a family of compact sets each in a Hausdorff topological vector space Ei. For each
ie{l,...,N}suppose F; : X = Hll Xi — Xj is upper semicontinuous with nonempty convex compact values
(ie, Fi € Kak(X, Xi)). Also assume X is a Schauder admissible subset of the Hausdorff topological vector space
E= HiN:1 Ei. Then there exists an x € X with x; € Fi(x) for i € {1,..., N} (here x; is the projection of x on Xy).

Proof. Let F(x) = H?I:l Fi(x) for x € X and note F € Kak(X, X) (see [2]). Now Theorem 1.1 guarantees the
result. O]

Remark 2.2.
(i). Note we could replace {Xi}iN:1 with {Xi}ic1 (where I is an index set) in Theorem 1.1.

(ii). In Theorem 1.1 we could replace F; € Kak(X,X;) with F; € Ad(X,Xj) (recall a finite product of
admissible maps is admissible). This remark could also be applied to other results in this paper.

Theorem 2.3. Let {X;}}) | be a family of sets each in a Hausdorff topological vector space E;. For eachi € {1,..., N}
let Ky be a nonempty compact subset of Xi and suppose Fi : X = ]_[iN:1 Xi — Ky is upper semicontinuous with
nonempty convex compact values (i.e., F; € Kak(X,Ky)). Also assume K = [, Ky is a Schauder admissible
subset of the Hausdorff topological vector space E = Hll Ei. Then there exists an x € K with x; € Fi(x) for

ie{l,...,N}L
Proof. Let F(x) = H]iil Fi(x) for x € K and note F € Kak(K, K). Now apply Theorem 1.1. O

Theorem 2.4. Let {X;}}\ | be a family of sets each in a Hausdorff topological vector space Ei. For each i €
{1,...,N} let Ky be a nonempty subset of Xi and suppose Fi : X = H{il Xi = Ki. Let F: X — K be given
by F(x) = H]i\I:1 Fi(x) with K = ]_[iN:1 Ky and assume co(K) C X is compact and F : X — co(K) is upper
semicontinuous with nonempty convex compact values (i.e., F € Kak(X, co(K))). Also suppose co(K) is a Schauder

admissible subset of the Hausdorff topological vector space E = [, Ei. Then there exists an x € co(K) with
xi € Fi(x) forie{l,...,N}L

Proof. Note F € Kak(co(K), co(K)) and apply Theorem 1.1. O

The conclusion in the above results is the existence of a x € X with x; € Fi(x) fori € {1,...,N}. One
can adjust so that the conclusion is the existence of a x € Xand ai € {1,..., N} with x; € Fi(x). To see this
we will consider Theorem 2.1 in this setting.
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Theorem 2.5. Let {Xi}I\ | be a family of convex compact sets each in a Hausdorff topological vector space E;.
For each i € {1,...,N} suppose F; : X = []1; Xy — X is upper semicontinuous with convex compact values.
Assume X is a Schauder admissible subset of the Hausdorff topological vector space E = Hll Ei. Also suppose
for each x € X there exists an i € {1,...,N} with Fi(x) # 0. Finally assume for each i € {1,...,N} that
Ui ={x € X : Fi(x) # 0} is open in X. Then there exists an x € X and a ip € {1,..., N} with xi, € Fi,(x).

Proof. Fixi € {1,...,N}. Define a map G; : X — Xj by
. _ Fi(x)l X € ui/
Gilx)) = { Xi, xeX\Ui.

Note G; has nonempty convex compact values and G; : X — Xj is upper semicontinuous from Theorem
1.3 (i.e., G; € Kak(X, Xj)). Let G : X — X be given by

N

G(x)=]]Gj(x) for x e X.

j=1
Note G € Kak(X, X). Now Theorem 1.1 guarantees ay € X withy € G(y)) = ]_[}il Gj(y), ie, yi € Gi(y)
for i € {1,...,N}. Now by assumption there exists an iy € {1,..., N} with F; (y) # 0. Thus y;, € Gy, (y) =
Fio (y) O

Collectively fixed point theory can be rewritten as a maximal element type result. To illustrate this we
will consider Theorems 2.1 and 2.5.

Theorem 2.6. Let {Xi}}\., be a family of convex compact sets each in a Hausdorff topological vector space E;. For
eachi e {1,...,N}suppose F; : X = H{il Xi — Xy is upper semicontinuous with convex compact values. Also
assume X is a Schauder admissible subset of the Hausdorff topological vector space E = ]_[iN:1 Ei. Now suppose for
each x € X there exists a j € {1,..., N} with x; & Fj(x). Then there exists an x € X and a ip € {1,..., N} with
Fio (X) = @

Proof. Suppose the conclusion is false. Then for each x € X we have Fi(x) # 0 for all i € {1,..., N}
Thus F; € Kak(X,X;) for all i € {1,...,N}. Now Theorem 2.1 guarantees a x € X with x; € F;(x) for
ie{l,...,N}, a contradiction. O

Theorem 2.7. Let {X;}\ ;| be a family of convex compact sets each in a Hausdorff topological vector space E;. For
eachi € {1,...,N}suppose Fy : X = [, Xi — Xi is upper semicontinuous with convex compact values. Assume
X is a Schauder admissible subset of the Hausdorff topological vector space E = [}, Ei. Also suppose for all
ie{l,..., N} that x; ¢ Fi(x) for each x € X. Finally suppose for each i € {1,...,N} that U; = {x € X : Fi(x) # 0}
is open in X. Then there exists an x € X with Fi(x) =0 foralli € {1,..., N}

Proof. Suppose the conclusion is false. Then for each x € X there exists an i € {1,..., N} with F;(x) # 0.
Now Theorem 2.5 guarantees an x € Xand ai € {1,..., N} with x; € Fi(x), a contradiction. O

We next discuss majorized type maps motivated from the literature (see [10, 12]). Let Z and W be sets
in a Hausdorff topological vector space with Z paracompact and W convex and compact.

Remark 2.8. In the setting we presented above recall (i). compact sets are paracompact; and (ii). if Q is a
compact subset of a topological vector space then co(Q) is paracompact (see [4]).

Suppose H : Z — W and for each x € Z assume there exists a map Ay : Z =+ W and an open set Uy
containing x with H(z) C A\(z) for every z € Uy, Ax : Uy — W is upper semicontinuous with convex
compact values. We claim there exists a (compact) map ¥ : Z — W with H(z) C ¥(z) for z € Z and
Y : Z — W is upper semicontinuous with convex compact values. To see this note {Uy}xcz is an open
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covering of Z and since Z is paracompact there exists [5, 6] a locally finite open covering {Vxlxez of Z
with x € Vy and V. C Uy for x € Z, and for each x € Z let

[ Ax(z), z€eVy,
Qx(z) = { W,  zeZ\V

Now Theorem 1.3 guarantees that Q« : Z — W is upper semicontinuous with convex compact values.
Next note H(z) € Qx(z) for every z € Z since if z € Vj, then since Vx C Uy and H(w) C A(w) for
w € Uy, we have H(z) C Q«(z) whereas if z € Z\Vy, then it is immediate since Qx(z) = W. Now define
V:Z — Wby
Y(z) = ﬂ Q«(z) for ze Z.
xeZ

Note ¥ : Z — W has convex compact values with H(w) C W(w) for w € Z since H(z) C Q«(z) for every
z € Z (for each x € X). It remains to show ¥ : Z — W is upper semicontinuous. Let u € Z. There exists
an open neighbourhood Ny, of u such that {x € Z : Ny NVx # 0} = {x1,...,%xn,} (a finite set). Note if
X & {x1,...,xn,}, then § = V4, NNy so Qx(z) = W for z € Ny, and so we have

Y(z)=[) Qxlz) = ﬁ Qx;(z) for z € Ny.
j=1

XEZ

Now for j € {1,...,ny} note Qy; : Z — W is upper semicontinuous (so Q;J_ : Ny — W, the restriction of
QXj to Ny, is upper semicontinuous) so Theorem 1.4 guarantees that ¥ : N,, — W is upper semicontinu-
ous (at u). Since Ny, is open we have that ¥ : Z —+ W is upper semicontinuous (at u).

We will combine the above discussion with Theorems 2.6 and 2.7 to illustrate the method involved.

Theorem 2.9. Let {Xi}}\ | be a family of convex compact sets each in a Hausdorff topological vector space E;.
For each i € {1,...,N} suppose H; : X = [[";Xi — X; and for each x € X assume there exists a map
Aix : X = Xy and an open set U; x containing x with Hi(z) C Aix(z) for every z € Ui, Aix @ Uix — X is
upper semicontinuous with convex compact values, and also assume for each w € X there exists a jo € {1,..., N}
(which does not depend on x) with wj, & A, x(w). Suppose X is a Schauder admissible subset of the Hausdorff
topological vector space E = 1_[]1\':1 Ei. Then there exists an x € Xand a ip € {1,..., N} with Hy,(x) = (.

Proof. Let i € {1,...,N}. From the discussion after Theorem 2.7 (with Z = X, W = X;, H = H; and
Ax = Ajx) there exists a map ¥; : X — X; with Hi(z) C ¥i(z) for z € X and ¥; : X — X is upper
semicontinuous with convex compact values: here {U; x}xcx is an open covering of X so there exists a
locally finite open covering {V; x}xex of X with x € Vj x and V; x C U, « for x € X, and for each x € X,

. _ Ai,x (Z), zZ e vi,xz
Qix(z) = { Xi, z € X\Vix,

and ¥; : X — Xj is
Yi(z) = m Qix(z) for ze X.
xeX
We now claim for each w € X there exists a k € {1,...,N} with wy, ¢ Y (w). To see this fix w € X.
From our assumption for each x € X there exists a jo € {1,...,N} (which does not depend on x) with
Wj, & Ajpx(W). Now since {Vj, x}xex is a covering of X there exists an x)° € X with w € VjO,XjO SO
Wi w) = () Qiox(W) € Qjp 0 (W) = A 5o (W),
xeX

and as a result wj; ¢ ¥; (w). Thus our claim is true. Now apply Theorem 2.6 (with F; = ¥;) so there exists
anx € Xand a ip € {1,..., N} with ¥; (x) = (). Now since H;(z) C ¥;(z) for z € X, then H;,(x) = 0. O
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Theorem 2.10. Let {X;})\; be a family of convex compact sets each in a Hausdorff topological vector space E;.
For each i € {1,...,N} suppose H; : X = [[";Xs — X; and for each x € X assume there exists a map
Aix 1 X = Xi and an open set U . containing x with Hi(z) C Aix(z) for every z € Uiy, Aix : Uix — Xy
is upper semicontinuous with convex compact values, and also assume wi ¢ Ajx(w) for each w € X. Suppose
X is a Schauder admissible subset of the Hausdorff topological vector space E = [N, E;. Finally assume for each
ie{l,..., N} that Uy = {x € X : Hi(x) # 0} is open in X. Then there exists an x € X with Hi(x) = 0 for all
ie{l,...,N}L

Proof. Leti € {1,...,N} and let Vi, Qix and ¥; be as in Theorem 2.9. We now claim that w; ¢ ¥;(w)
for each w € X. To see this fix w € X. Then there exists an x* € X with w € Vj x» (recall {Vix}xex is a
covering of X) so

ﬂ le C Ql x*( ) = Ai,x* (W)/

xeX

and thus since w; ¢ A x»(w) we have w; ¢ ¥i(w), and our claim is true.
Define a map G; : X — X by

. Wi(x), x € Uy :{XGX: Hi(X)#Q)},
Gilx) = { Xi,  x€X\U.

Note G; has nonempty convex compact values (to see the nonemptyness let x € X and note if x € X\U;
then it is immediate whereas if x € U;, then Hi(x) # () implies W¥;(x) # 0 since Hi(z) C ¥i(z) for z € X)
and G;j : X — Xj is upper semicontinuous from Theorem 1.3 (i.e., G; € Kak(X,X;)). Let G : X — X be
given by

N
= HGj(x) for x € X.
j=1
Note G € Kak(X, X). Now Theorem 1.1 guarantees ay € X withy € G(y)) = ]_[}\121 Gj(y), ie, yi € Gi(y)

for i €{1,..., N} If there exists an ip € {1,..., N} with H;,(y) # 0 then y € U;, so yi, € Gy, (y) =¥, (y), a
contradiction. Thus Hi(y) =0 foralli e {1,...,N}. O

Now we present collectively coincidence results in a variety of settings.

Theorem 2.11. Let {X;}}\,, {Yi}l\lol be families of convex sets each in a Hausdorff topological vector space E;
and {Y} ) is also a family of compact sets. For each i € {1,...,No} suppose Fy : X = [T, X — Vi and
F; € Kak(X,Y;). Foreachj € {1,...,N} suppose G; : Y = H?J:Ol Yy — Xj and G; € DKT(Y, X;). Then there
existsan x € Xand ay € Y withy; € Fj(x) forj € {1,...,No}and x; € Gi(y) fori € {1,...,N}.

Proof. Now Y is compact, G; € DKT(Y, Xj) so for each i € {1,..., N} from [3, 4] there exists a continuous
(single valued) selection q; : Y — Xj of G; with qi(y) € Gi(y) for y € Y and there exists a finite set R; of X;
with qi(Y) C co(R;) = Q;. Let Q = H1 1 Qi (€ X) and note Q is compact. Let Fi denote the restriction
of F; to Q and let F*(x) = HNO Fr(x) for x € Q. Note F* € Kak(Q, Y) (so in particular F* € Ad(Q,Y)). Let
qy) = l_[]i\]:1 qi(y) fory € Y and note q : Y — Q is continuous (note q; : Y — Q;). Then q F* € Ad(Q, Q)
(recall Ad maps are closed under compositions) and note Q is a compact convex in a finite dimensional
subspace of E = ]_[]i\]:1 Ei, so Theorem 1.1 guarantees a x € Q with x € q(F*(x)). Now let y € F*(x) with
x = ((y). Notey € F(x) soyj € Fj(x) forall j € {1,...,No}. Also x; = qi(x) € Gi(y) forie{1,...,N}. O

Remark 2.12.
(). In Theorem 2.11 we could replace G; € DKT(Y, X;) with Gj € HLPY(Y, X;).

(ii). In Theorem 2.11 we could replace {Xi}iN:y {Y,-L}i]\lzo1 with {Xi}ie1, {Yiliej (Where I and ] are index sets);
here to apply Theorem 1.1 we need to assume X is q-Schauder admissible.



D. O’Regan, J. Math. Computer Sci., 27 (2022), 77-85 83

(iii). The assumption {Yi}]iiol are convex sets is not needed in the statement of Theorem 2.11.

(iv). In the proof of Theorem 2.11 note F*q € Ad(Y,Y) so one could apply Theorem 1.1 if Y is a Schauder
admissible subset of HIN:O1 Ei. This remark could also be applied to other results in this section.
Theorem 2.13. Let {X;}}\ , {Yi}iN:O1 be families of convex sets each in a Hausdorff topological vector space. For each
ie{l,...,No}suppose Fi : X = H}il Xi = Yiand Fy € Kak(X, Yi) and in addition assume there is a compact set
Ki with Fi(X) € Ky C Y;. Foreachj € {1,...,N} suppose G : Y = ]_[1;01 Y; — Xj and G; € DKT(Y, X;). Then
there exists an x € X and ay € Y with y; € Fj(x) forj € {1,...,No}and x; € Gi(y) fori e {1,..., N}

Proof. Let qi, Ri, Qi, Q, Ff and F* be as in Theorem 2.11. Note F* € Kak(Q,Y) (so in particular F* €
Ad(Q,Y)). Now F(Q) C Fi(X) C Ky for each i € {1,...,Ng} so F*(Q) C K = [N Ki. Let q(y) =
H{il qi(y) for y € Y and note q F* € Ad(Q, Q) is a compact map. Also Theorem 1.1 guarantees a x € Q
with x € q (F*(x)) and now the result follows from the argument in Theorem 2.11. O

Theorem 2.14. Let {X;}} |, {Yi}lol be families of convex sets each in a Hausdorff topological vector space and
{Yi}il\':o1 is also a family of compact sets. For each i € {1,...,No} suppose F; : X = ] Xy — Y is upper
semicontinuous with convex compact values. For each j € {1,...,N} suppose G; : Y = Hl"l Yy — Xj and
Gj € DKT(Y,X;). Also assume for each x € X there exists an i € {1,...,No} with Fi(x) # 0. Finally suppose
foreach i € {1,...,No} that U; = {x € X : Fi(x) # 0} is open in X. Then there exists an x € X, ay € Y and a

jo €{1,...,No} with y;, € F5,(x) and x; € Gi(y) fori€{1,...,N}L

Proof. Let qi, Ri, Qi and Q be as in Theorem 2.11. Leti € {1,..., Ng} and define a mapping ®; : X — Y;
by

X _ Fi(x)r X € ui/
©i(x)) = { Y,  xeX\Ui.

Note ®; has nonempty convex compact values and @; : X — Y; is upper semicontinuous from Theorem
1.3 (i.e., @; € Kak(X,Y;)). Let @ : X — Y be given by

No
D(x) = HCD)-(X) for x € X.
j=1

Note @ € Kak(X,Y). Let ®* denote the restriction of ® to Q and note ®* € Kak(Q,Y). Let q(y) =
H]iil qi(y) for y € Y and note q ®* € Ad(Q, Q). Theorem 1.1 guarantees a x € Q with x € q (®*(x)).
Now let y € ®*(x) with x = q(y). Notey € ®(x) and x; = qi(y) € Gi(y) fori € {1,...,N}. Now from our
assumption there exists an ip € {1,..., No} with F; (x) # 0, i.e., x € U;, and so iy € @y, (x) = Fy,(x). O

Now we will rewrite Theorems 2.13 and 2.14 as maximal element type results.

Theorem 2.15. Let {X;}} ;, {Yi}il\‘:o1 be families of convex sets each in a Hausdorff topological vector space and
{Yi}]iiol is also a family of compact sets. For each i € {1,...,No} suppose F; : X = [\, Xi — Y is upper
semicontinuous with convex compact values. For each j € {1,...,N} suppose G; : Y = ]_[?':01 Yy — Xj and
G; € DKT(Y,X;). Now suppose either for each (x,y) € X x Y there exists a j € {1,...,No} with y; & F;(x)
or for each (x,y) € X x Y there exists an i € {1,..., N} with x; ¢ Gi(y). Then there exists an x € X and a
ip €{1,...,No} with Fi, (x) =0.

Proof. Suppose the conclusion is false. Then for each x € X we have F;(x) # () for alli € {1,...,Ng}. Thus
F; € Kak(X,Y;) forall i € {1,...,No}. Now Theorem 2.11 guarantees a x € X, ay € Y with y; € Fj(x) for
je{l,...,No}and x; € Gi(y) forie{1,...,N}, a contradiction. O
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Theorem 2.16. Let {X;}} ;, {Yi}]i\’:o1 be families of convex sets each in a Hausdorff topological vector space and
{Yi}i:O1 is also a family of compact sets. For each i € {1,...,No} suppose F; : X = HL Xi — Y is upper
semicontinuous with convex compact values. For each j € {1,...,N} suppose G; : Y = ]_[F:‘Jl Yy — Xj and
Gj € DKT(Y, X;). Also assume for each i € {1,...,No} that Uy = {x € X : Fy(x) # 0} is open in X. Now suppose
either for each (x,y) € X x Y we have y; ¢ F;(x) for all j € {1,. No} or for each (x, y) € X x Y there exists an
ie{l,...,N}withx; ¢ Gi(y). Then there exzsts an x € X with F =0 forallie{l,...,Nok

Proof. Suppose the conclusion is false. Then for each x € X there exists an i € {1,..., No} with Fi(x) # 0.
Now Theorem 2.14 guaranteesa x € X, ay € Yand a jo € {1,...,No} with y;, € Fj,(x) and x; € Gi(y) for
ie{1,...,N}, a contradiction. O

We will now use the discussion after Theorem 2.7 to obtain our final results.

Theorem 2.17. Let {Xl}1 17 {Yi}]i\’:()1 be families of convex sets each in a Hausdorff topological vector space, {Yi}il\lzo1
is also a family of compact sets, and X = H{il Xi is paracompact. For each i € {1,...,No} suppose Hy : X — Y;
and for each x € X assume there exists a map Aj x : X — Yi and an open set U, « containing x with Hi(z) C A x(z)
forevery z € Uiy, Aix : Uix — Yi is upper semicontinuous with convex compact values. For each j € {1,...,N}
suppose Gy : Y = 1_[]1\‘:01 Yi — Xj and G € DKT(Y,X;). Also assume either for each x € X and for each
(w,y) € X XY there exists a jo € {1,...,No} (which does not depend on X) with y;, & Aj, x(w) or for each
(x,y) € X XY there exists an i € {1,..., N} with x; ¢ Gi(y). Then there exists an x € X and a ip € {1,...,No}
with Hio (X) = @

Proof. Let i € {1,...,Np}. From the discussion after Theorem 2.7 (with Z = X, W = Y;, H = H; and
Ax = Aiy) there exists a map ¥; : X — Y; with Hi(z) C ¥i(z) for z € X and ¥; : X — Y; is upper
semicontinuous with convex compact values: here {U; }xex is an open covering of X so there exists a
locally finite open covering {V;i x}xex of X (recall X is paracompact) with x € V;, and Vi, C U for
x € X, and for each x € X,
X _ Ai,x (Z)/ ze vi,X/

Quxlz) = { Yo zeXWiy,

and V; : X — Y; is
= ﬂ Qix(z) for ze X
xeX

We now claim for each x € X and for each (w,y) € X x Y there exists a jo € {1,..., No} with y;, ¢ ¥;,(w)
if in the statement of Theorem 2.17 we have for each x € X and for each (w,y) € X x Y there exists a
jo € {1,...,No} (which does not depend on X) with y;, & Aj, x(w). To see this fix (w,y) € X x Y. Now
for each x € X there exists a jo € {1,..., N} (which does not depend on x) with yj;, € Aj, x(w). Now since

{Vjo,xJxex is a covering of X there exists an X0 € X with w € V jo,xi0 S

m Q)o x ]0 *xJo (W) = Ajg,XjO (W);

xeX

and as a result y;, ¢ ¥j,(w). Thus our claim is true. Now apply Theorem 2.15 (with F; = ¥;) so there exists
anx € Xand a ip € {1,..., No} with ¥;,(x) = (). Now since H;(z) C ¥;(z) for z € X, then H;,(x) = 0. O

Theorem 2.18. Let {Xl}l 1/ {Yi}{iol be families of convex sets each in a Hausdorff topological vector space, {Y; iN:ol
is also a family of compact sets, and X = H]i\':l Xj is paracompact. For each i € {1,...,No} suppose Hi : X — Y;
and for each x € X assume there exists a map Aix : X — Yi and an open set U, « containing x with Hi(z) C
Aix(z) for every z € Ui, Aix : Uix — Yi is upper semicontinuous with convex compact values. For each
j€{l,...,N}suppose G : Y = H]i\':‘)l Yi — Xj and Gj € DKT(Y, Xj). Also assume for each i € {1,...,No} that
Ui ={x e X: Fi(x) # 0} is open in X. Finally suppose either for each x € X and for each (w,y) € X x Y we have
y; € Ajx(w) forallj €{1,. No} or for each (x, y) € X x Y thereexistsani € {1,..., N} with x; ¢ Gi(y). Then
there exists an x € X with H =0 forallie{l,...,Nok
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Proof. Leti e {1,...,No} and let Vi, Qix and ¥; be as in Theorem 2.17. We now claim for each (w,y) €
X xY we have y; ¢ ¥j(w) for j € {1,..., No} if in the statement of Theorem 2.18 we have for each x € X
and for each (w,y) € X x Y we have y; ¢ A; «(w) for all j € {1,..., Nog}. To see this fix (w,y) € X x Y and
fixie{1,...,No}. Now for each x € X we have y; ¢ A; (w). Since {Vj x}xex is a covering of X there exists
an x* € X with w € Vj 4+ so

Yiw) = (] QixW) € Qunr(w) = A s (W),
xeX

and thus since yi ¢ Aix+(w) we have y; ¢ ¥i(w), and our claim is true.
Letie{1,...,No} and define a map ®; : X — Y; by
(D(X) — \yi(x)/ Xeui:{xex: Hi(x) 7&0}/
t Y; x € X\Uj.

Note ®; has nonempty convex compact values and @; : X — Y; is upper semicontinuous from Theorem
1.3 (i.e., @; € Kak(X,Y})). Let ® : X — Y be given by

N
D(x) = H ®j(x) for x € X.
j=1

Note @ € Kak(X,Y). Let qi, Ri, Qi and Q be as in Theorem 2.11 and let ®* denote the restriction of ®
to Q and note ®* € Kak(Q,Y). Now let q(y) = ]_[]i\lz1 qi(y) fory € Y and note q : Y — Q is continuous
so q®* € Ad(Q, Q). Theorem 1.1 guarantees a x € Q with x € q (®*(x)). Lety € ®*(x) with x = q(y),
ie,y € O(x) with x; = qi(y) fori € {1,...,Ng}. For i € {1,...,Np} we have x; = qi(y) € Gi(y) which is
a contradiction if we assume in the statement of Theorem 2.18 that for each (x,y) € X x Y there exists an
ie{l,...,N} with x; ¢ Gi(y). Suppose there exists an iy € {1,..., No} with H; (x) # 0. Then x € U, so
we have y;, € @;,(x) = ¥;,(x), which is a contradiction if we assume in the statement of Theorem 2.18
that for each z € X and for each (w,y) € X x Y we have y; € A;j.(w) for all j € {1,...,Ng}. As a result
Hi(x) =0 forallie{1,...,NgkL O
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