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Abstract

This study focused on the existence and uniqueness(EU) and stability of the solution for a system of fractional differential
equations(FDEs) via Atangana-Baleanu derivative in the sense of Caputo (ABC) with ¢y-Laplacian operator. Green function
G°(t,s), m <8 <m+1, m > 4 used for converting the suggested problem to an integral equation. Guo-Krasnoselskii theorem
used for proving the EU of solution for the suggested problem. The stability of the solution was derived by Hyers-Ulam stability
method(HUS). One illustrative example is used for manifesting the results.
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1. Introduction

Fractional calculus is a mathematical part that aims to model problems that have integration and dif-
ferentiation with fractional order. It has been exploited in different aspects of sciences and engineering
to accurately demonstrate the dynamics of many systems by using the differential equations of frac-
tional order. For example, the researchers in [8, 12, 15] used FDEs for studying the dynamics of viruses
transmissions and disease treatment and control. In [3, 4], the researchers used numerical methods to
analyse some differential equations with fractional order, such as nonlinear Schrédinger equations in
multi-dimentional space. Another studies exploited FDEs for solving some time and time-delay prob-
lems, nonlinear dynamical systems, and heat transfer equations; for details, see [10, 16, 26, 30]. The usual
used fractional derivatives are Riemann-Liouville (RL) fractional derivative [18], Caputo derivative [13],
and Atangana-Baleanu (AB) derivative [9].

Some researchers recently applied FDEs with singularity by using some mathematical theories and
techniques. For example, Zhang [31] proved some theorems that are related to EU of nonlinear FDEs.
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The existence and HUS of positive solutions for nonlinear FDEs with a singularity are studied in [7,
27]. In [5, 6, 28], the authors studied the positive solution’s uniqueness and stability for singular and
hybrid FDEs with integral boundary value conditions. In the past decades, all of the fractional operators
had kernel singularities that involve their kernels, which cause many troubles, especially when those
operators are used for modeling some complex phenomena. For getting more efficient models, Caputo et
al. [14] introduced a new fractional derivative called Caputo-Fibroize derivative (CF), which is efficiently
used for FDEs without singular kernel. In 2016, Atangana and Baleanu [9] introduced a new fractional
derivative with the nonlocal and nonsingular kernel, which was applied for heat transfer modelling. In
[11], the authors established collocation methods for FDEs with the nonsingular kernel. Many studies
were conducted on the EU of FDEs with ¢,-Laplacian operator. For more details, the readers can see
[19, 24, 25].
In 2018, Jarad et al. [20] discussed the EU of the following equation

{QBCDYQ&) —3(t,9(t)),

where 2BCDY is ABC derivative with fractional order, and Y € (0,1), 2BCDYQ(t), 9(t, Q(t)) € Cla, b].
Khan et al. [23] have discussed the EU and stability of the following non-linear ABC derivative with
dp operator with singularity

{(/)\Bc@a(q,p(@BCDﬁQ(t))J = —d(t,Q(1)), (1.1)

¢p((]ABCDBQ(t))|t:0 = 01 Q(]-) = 01

where MBCD* and MBCDP are ABC-derivative with order « and B respectively, such that 0 < &, < 1,
and J(t,Q(t)) € Cla, b].

In [22], the authors studied the existence and stability for a system of FDEs with singularity based on
ABC derivative with ¢p-Laplacian operator given by:

dp(§DPA(1))ltmo = 2 (0) = 2™ (1) =0, 9Q(1) =2™)(0), (1.2)

{S\BCW(%((?@BQ&))) —3(t,Q(1)),

wherek=1,2,..., m—1, @BCQ“ is ABC derivative with order « such that 0 < o« < 1, g@ﬁ is the Caputo
derivative with the order  such that m < < m+1, and J(t,Q(t)) € Cla,b]. The studies [22, 23]
established the existence and stability of the FDEs mentioned in the Equations (1.1) and (1.2) for the value
of 0 < o < 1. In [21], the existence and stability of the positive solution were investigated for the FDEs
with the nonlinear singular ¢,-Laplacian operator that has the form

DY (dpp(DIQ(t)) + U(1)I(t, Q1)) =0,
(p(D2Q(1)) |z =0,k=1,2,...,m—1,

"

Q"(1) =09 (0) =0,

where DY and D? are the Caputo derivative of the fractional order m —1 < Y,d < m, m > 4, and
¢p € C[0,1]. No one studied the existence and stability of the FDEs in the domain of x € (m, m+1],
m > 4 for nonlinear singular FDEs with ABC derivative. In this study, Guo-Krasnoselskii Theorem is used
for studying the EU of solution and HUS-Theorem for studying the stability of solution for the following

SBEDY (b, (0DOQ(L))) = —HU(1)I(t, Q(1)),
0T 9(Q(t))lte0 =0, k=1,3,4,...,m,
($p (DOQ()) ¥y =0, k=1,2,...,m,
0D 2(Q(t))lt—1 =0,

(1.3)
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where m < Y, 0 <m+1, m >4, J(t,Q(t)) € C[0,1] are continuous functions, S\BCQY is ABC derivative
of order Y € (m,m+1],m > 4, and ¢D? is RL derivative with fractional order & € (m, m+ 1], m > 4.
The ¢, = [r|[P2r is the p-Laplacian operator provided with 1/p+1/q = 1, and ¢y ! = ¢4. The positive
solution Q(t) of the Equation (1.3) is the solution in which Q(t) >0, t € (0, 1].

2. Auxiliary results

For studying the existence and stability of the suggested problem (1.3), we will investigate some
preliminary concepts about ABC and RL fractional derivatives and Guo-Krasnoselskii Theorem. The
study will be achieved by converting the problem in Equation (1.3) to the equivalent form of the AB-
fractional integral I and RL-fractional integral.

Definition 2.1 ([22]). The RL fractional integral of a function Q(t) : (0,00) — R of order Y > 0 is given by

oI Q1) = r(lv) JO (t—s)Y1Q(s)ds,

where I'(Y') is gamma function given by

reY) _J e %s"lds, Re(Y)>0.
0

Definition 2.2 ([2]). By assuming that the function Q(t) : (0,00) — R is continuous function, the RL
fractional derivative of Q(t) is given by

DTQM) = () Jt(t— $)4- T 10(s)ds = (L) e16 T
0 re—v)d’ J, dt ’

provided the existence of the derivative, L = [Y] + 1, where [Y] is noted for the integer part of Y. For
pel0,Y),
DPITQ(t) =17 ~PQ(t).
Definition 2.3 ([9]). For 0 < « < 1, AB-fractional integral of the function Q(t) € H{*(a, b), a < b is defined
by
11—« o
ABrx x
I*9(t) = ——9(t) + ——(, I1%Q(1)),

P10 = 00 + s (o1%0(1)
where B(«) > 0 is a normalization function satisfies the condition B(0) = B(1) = 1.
Definition 2.4 ([1, 9]). For m < ¥ < m+1, and f is a function in which Q™) € H1(a,b), by setting
o =Y —m, then « € (0,1] and the ABC-derivative of order Y defines as following

QBC'DYQ(’[) — {}BCDoc[Q(t)](m).
The AB-integral of fractional order Y is given by:
alTTQ(t) =q TM(GPI*Q(L)).
Lemma 2.5 ([1, 9]). The ABC derivative of the function Q € H*(a, b), where b > a, « € (0, 1] is given as follows

B t o x
ABCpaq(y) :1(_“;LQ (S)Ea(—a(tl _S; )ds, a<t,

where IE(G) is Mittag-Leffler function with one parameter which is defined by
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Lemma 2.6 ([1]). For Q(t) defined on [a,b], and m <Y < m+1,m € N, we have

QPIVEPCDROM) =0~ )
k=0

Lemma 2.7 ([7, 29]). For a function Q(t) € C'™ VU, m < ¥ < m+1,m € N, and ¢DY is RL fractional
derivative, we have

ol (DY) = Q)+ art T T+ ant T P4 azt T B4 apt ™,
wherea; € R, 1=1,2,3,...,m
Lemma 2.8 ([7, 29]). For Y, p > 0, the following statements are satisfying

rr+1) vy,

'Y +1) Y—p B
FN1+7Y+p)

PPV = —— 1
MN1+Y—p)

v
, I°t

Lemma 2.9 ([17]). For a nonlinear operator ¢,
i for1<p<2 00,00 >0and ol lool = py >0, then |y (1) — dp ()l < (p—1)p\P 2oy — xal;
ii. ifp > 2, and oul, o] < pa, then |y (o) — dp(02)] < (p—1)p3" oy — ool

Theorem 2.10 (Guo-Krasnoselskii Theorem [17]). Let C* be a cone in a Banach space ©, and 41,3y are two
bounded subsets of © such that 0 € $ky, 8y C U, and suppose that A : C* N4y \ Uy — C* is a continuous operator

satisfying
i AT <||T) if T € C*Nothy, and | AT|| >||T|| if T € C* N oLy, or
ii. ||AT|| >||T|| if T € C*Nothy, and ||AT|| <||T|| if T € C* N oLlp.

Then 2 has a fixed point at C* N \ 4.

3. Main results

Theorem 3.1. Let J(t, Q(t)) € CI[O0, 1] be an integrable function holding (1.3), then, for m <Y, 0 < m+1,m > 4,
the unique solution for (1.3) is given by

1
Q) :J G9(s, )by (RBTTIL(D (L, O(6))])ds,

where

t <1,

1.

(3.1)

1 0—1 0—2 1
$ot s):{r(é)(ts)( 0 gy (=),

5-2) 1
! )2r(871) (1—s),

//\ //\
NN

S

Proof. If we apply AB-fractional integral operator B1" on (1.3) and use Lemma 2.6, we get
m DI (k)
pplprory) - Y P BT ae g o), k=012..m
k=0 ’

By using the condition (¢ (D9Q(1))) M9 =0,k =0,1,2,..., m, we have
bplDP2(t)] =~ BT [()F(t, Q(1))).
By applying the operator ¢! = ¢4, we have

0DQ(t) = —dq (FBIVISUL)I(t, Q1))
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Applying RL fractional integral, we have
Qt) = —I°[dq ((PITUB)(L, QD] + art? T+ apt? 2+ ast? P 4o+ apt® ™, (3.2)

By using the condition oI*9(Q(t))lte0 =0,k =1,3,4,...,m, the constants a; = a3 = a4 = --- = am = 0.
By substituting the values of the constants in (3.2), we get

Q(t) = —I%ldq (3P TV L) (t, Q1)) + aat® 2.
By using the condition 0D%72(Q(t))]t—1 = 0, and Lemma 2.8, we have

1

Fo 1) ol [bg (0P TV (D)3 (t, Q1)) =1

ay =
So, the solution of problem (1.3) will become

Q(t) = —oIPdq (MBI IU()I(t, Q(t))])] + 72 0P [dq (0PI IU()I(t, Q)] =1

ro—1)

B _r(lc’a) L (t—5)" g (g "I IU(DI(L, Q1)) ds

1
Hazzr(;” Lu — ) (PBITIL(1)I (L, Q1)) ds

_ ! 1 9-1 , 02 1 AB1Y
_L[—r(a)(t—s) 2 (1= g (T3, Ot

where G2(t, s) is the green function defined in (3.1). O

Lemma 3.2. The green function G9(t,s) defined in (3.1) holds the following assumptions:
My : G9(t,s) > 0 forall s, t € (0,1];

My GO(t,s) is increasing function such that maxc 1] G9(t,s) = G9(1,s);

Ms : 95(’[, s) > {01 maxie[o 1] 95(’(, s), where s, t € (0,1].

Proof. For proving M;, we consider two cases.

Case 1: If s <t,

3 N B e _

G°t,s) = o) (t—s) +1t 721“(5—1)(1 s)
_ 01 Svo-1 , ,0-2 1
B LA RS A
> 0 1o lyd2__ 1 g g
>“moore-nt Y Y oS
>_—t571 (1—8)0 14t ———(1—5)%!
2 T B-Dro-1 TE—1)
9! 51, -1 1

- Gor )20

It implies that
G9(t,s) =0, s<t< 1. (3.3)
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Case2: Ifs>t, G9(t,s) = t8*22r(51771)(1 —s) > 0. It implies that

G9(t,s) >0, t<s<1. (3.4)
From (3.3) and (3.4), it is shown that

3°(t,s) = 0, s, t€(0,1]. (3.5)

M, can be proved by considering two cases.

Case 1: If s < t, we have

0%°%(t,s) -1 5_0 5.5 1
n T (t—s)°""+ (0—2)t 72”5_2)(1—3)
ot Svg-—2 , -3 1
~Te-pt Y Y arpogytod 66
> ez (1—s)924+ w21 (1—s)92 |
~ (8-2)r(6-2) 2I'(0 —2)
_ o2, —1 1
oY (gt 2t
Case 2: Fors >t, we have d—2,t9 3,10 —1),(1—5s) >0, so
05%(t,s) g3 1

From (3.5) and (3.6), it is clear that 692(:’5) > 0, which shows G9(t, s) is increasing function for s, t € (0,1),
and we get

1 1
3 b o geeny b oD ct<
max §°(t,s) 16 (t—s) + E 1) (1—-5)=5%1,s), s<t<1
Similarly for t < s < 1, we have
1
3 _ ) —cd
max S%(t,s) = To-1) (1—s)=35(1,s).

For M3, we have two cases.
Case 1: Fors <t,

§(t,5) =~ (£ 517 T 41021 )

__tj(g; (1—i)5‘1+t5—22r(61_1)(1—s) o

> 191 r()(1—5)51+t12r(51_ 1)(1—3)] |

> 0 s (197 e (19 = max 6714,5) = 91671, s),

Case 2: For t < s, we have
§(t,5) =7 21 )
(1) (3.9)
1

> 971 (1—s5)] =t2"! max §°(t,s) = t916%(1,s).

20 —1) te[0,1]
From (3.7) and (3.8), we conclude that §9(t,s) = t91 maXieo1) G9(t,s) =t9199(1, s). O]
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4. Existence solutions

Let P € C[0,1] is a Banach space with the norm ||x|| = maxcjo1){x(t) : x € P} and let P be a cone
consisting of positive functions in the space y such that P = {x € y : x(t) > t€||x||,t € [0,1]}. Consider
B(r) ={x € P:|x|| < r} and 0B(r) = {x € P :||x| = 1}, and by using Theorem 3.1, the alternative form of
the solution that is shown in Theorem 3.1 is

1
Q(t) = JO G7(t, )dbq (LT ()AL, 2(1))])ds. (1)

Define T: P\ {0} — P by

1
TO() = JO G7(t, 5)bq ((BTT (1) (1, (1)) ds.

With the help of Theorem 3.1, the fixed point of the operator T is equivalent to the solution of equation
(1.3), and it is defined as
TO(t) = Q(t). (4.2)

The following are satisfied:

Ni:J:(0,1) x (0,00) — [0, 00) is continuous and ||J(t, Q(t))]| < Y < oo;
Nz : 4:(0,1) x [0,00) = [0, 00) is non-vanishing and continuous on (0,1) such that

|4]] = max [¢(t)] < oo;
te(0,1]

N3: for a positive number dj, dy, and k € [0, 1], the function J fulfills
30t QI < dg(d1|QV)* + da);
Ny: for all u,v € P, there exist positive constant a;, such that
3t u) —3(t,v)| < arfuft) —v(t)].

Theorem 4.1. If the conditions N1-N3 are hold, T is an operator with completely continuous property.

Proof. For any x € P(12) \ P(r1), from (4.2) and Lemma 3.2, we have

1 1

59(t, s)bq (0PI ILU(1)A(t, Q1)) ds < L 57(1,8)bq (0PI LD (t, Q(1))])ds (4.3)

TO(t) = J

0

and

1 1
TO(t) = L 50(t,8)dq (0 PITIEU(B)I(t, Q1)) ds >t L S2(1,8)pq(FPIVI(D)(t, Q(t))])ds.  (44)

With the help of the (4.3) and (4.4), we obtain

TA(t) > t91|TQ(t)||, t € [0,1].

This implies P(r7) \ P(r1) — P. For proving the continuity of 7, we need to show || TQ,, —TQ|| — 0 as
m — oo.

1 1

G2t s) g (MBI IEL(1)T(t, Qm(t))])ds — L GOt 8)dq (0 BIVILL(1)T(t, Q(1))])ds|
(4.5)

1
< L 15°(t, $)ll(dq (0 BTV L) (L, Qun (1)) — dq (3" BTV [LU()T(t, Q(1))]))lds.

|T7Qm — TQ| = |L
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Because of (4.5) and the continuity of J, we have ||T7Q., —TQ|| as m — oo. This shows that T is continuous.

In the next step, we need to show the uniform boundedness of 7. Making use of (4.1), and pre-
assumption N, we obtain

1
79| — |j G0(t, )dq (2P T S(B)3(%, 2(1))])]ds

0

—_

< |J G9(1, 5)dq ({PTTS4()3(, Q1)) lds

0

L 15901, 8)ldq (BT UL)(L, 2(1))])ds

1
j S°(1,5)lba (5 uun p(d]Q]* + dy))
0 (4.6)
Y—1 k
+B(T)rmj (s—w) ||u||(d>p(d1HQH +da))dw)ds

1 1 k
< T+ 3T P B I (2] + &)
Y k
+m”u”(¢p(dl”QH +dy)(0+1))
1 1 1-7 Y
(F(6+1) * 4r(6—1))d’q(]13(1r)zm+ lB(Y)F(Y+2)9m =

where I :HLLH(cl)p(dlﬂQHk + d2)). Equation (4.6) shows that the operator P(rz) \ P(r1) is a uniformly
bounded operator.

Regarding the operator 7, its equicontinuity can be prove by using the assumption N3, Theorem 2.10,
and (4.1), which gives us the following: For t;,t; € [0,1], we have

1

1TOty) — TQ(t)] = |j0 67 (ta, 8)dq (( BTV ISH()3 (L, Q1)) ds

1
—J 90 (t1,s)pq (AT U(L)A(E, Q(0)])ds

0

1
< L(|95(tz,s)—|95(t1,s)|)d>q Huu Pp (d[| Q< + da))

Y ) Y1 k
+IB(Y)F(YH)L“’W) 44| (bp (d1]|QIIF + d2))dw)ds

5 5 1-7 Y
< (19%(t2,9) ~ 19° t1,5))bg (Y)m+B(Y)r(Y+2)m(0+1)J

(t9 —9] [t 2072 " Y

Forn) T ar@o1) Il B BT 2

<

As ty — t1,|TQ(t2) —TQ(t1)| — 0, so T: P(r2)\P(r1) is equicontinuous. By using Arzela-Ascoli Theorem,

T: P(r2)\P(r1) is compact. It indicates T is compact in P(12)\P(r1). Then T: P(r2)\P(r1) — P is completely
continuous.

For controlling the growth of nonlinear function J(t, Q(t)), the hight functions are defined as follows:

r, r>0, te(0,1),

<
<r, r>0, te(0,1).

{cbmax(t,r) — max{g(t, Q(t))} : t¥Lr )

<9
Gmin(t,7) =min{J(t, Q(t))}: t" 1r < Q

Theorem 4.2. Assume that N1-N3 are hold, and 1, py € R with one of the next conditions is fulfilled:
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3{1 .
rl
N 59(1,8)dq (G BIV [U() dmind (t, 1)])ds < oo,
and
rl
) G521, 8)dq (BT [U(t) Pmaxd (t, 12)])ds <
j‘fz .
rl
) G2(1,8)dq (0 BTV [U(t) Pmaxd (t, m1)])ds < w1,
and
rl
h2 < | G2(1,8)q (0BT [U(t) Pmind (t, p2)])ds < co.

Then, the suggested problem (1.3) has an increasing solution Q € P, such that py <||Q|| < pa.

Proof. Without loss of generalization, we consider the case ;. By assuming Q € 0Pu;, we have ||Q|| = py,
and t9 1y < Q(t) < py, t €[0,1]. By using (4.7), it shows that ¢min(t, Q) < J(t, Q(t)), which gives

1
I79(0)] = max j G7(t, )b (APITIL(L)(L, Q(6))])ds
tel(0,1]

> o1 jo G7(L, s)q (2PITI(1)3(, Q1)) ds

1
> L G2(1,8)bq (G BT [U(t) Pmind (t, p1)])ds = py =[|Q].

If 9 € 3Pu,, we have ||Q| = up, and t9 1y, < Q) < wp,t € [0,1]. By using (4.7), it shows that
d)max(t/ Q) = H(t, Q(t)), which gives
1

ITO(t)]| = min | §°(t,s)dbq (0PI W(1)A(t, Q(t)])ds
te(0,1]

%

0

< t5‘1J 5°(1,5)q (3 PTYIUB)I(t, Q1)) ds

1
< J G7(1, 8)dg (BT L1 dmad (t, m2)])ds < w2 =2

By exploiting Lemma 2.9, the operator T has a fixed point, assume Q* € P(u2)\P(p1). Then, u; <J|Q*|| <
tp. By applying Theorem 3.1 and Lemma 3.2, we obtain Q*(t) > t5_1\|Q*| > t?1,t € [0,1]. This intend
that Q* is a positive solution. Again Theorem 3.1 and Lemma 3.2 were applied, and it gave

1

O o= 2 _[ 9 ABTY *
52970 = 5T = | 26704, 900 (T M(3LE, 2 ()])ds,
This indicates that the solution Q*(t) is increasing and positive. O

5. Stability analysis

In this part, we use HUS for our proposed ABC derivative problem with nonlinear operator ¢, (1.3).
For this task, we follow many related studies [7, 21, 22].

Definition 5.1. Equation (4.1) satisfies HUS if this condition holds: For each positive number vy, there
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exists a positive constant p such that, if

1

(1) —JO G9(t, s) g (APTTU(1)3(t, 2(0)])ds| < v,

there is a Z(t) satisfying
1

2t) = L G0(t, )dbq (APTT(B)(L, O(6)])ds, (5.1)

which implies |Q(t) — Z(t)] < vp.

In the next theorem, we introduce and prove the stability of our proposed problem (1.3).

Theorem 5.2. By assuming that the assumptions N1, No, and Ny are satisfied, the problem (1.3) is HU stable.

Proof. Let Q(t) is an exact solution of (4.1) and Z(t) is an approximate solution and holds (5.1), we get

1

1
() — 2(1)] = 'L G7(t, )b (BB LD (L, Q(1))])ds — L G7(t, )dbq (( BT (1)L, 2(1)])ds

< (1c>—1)p1”2||11||“1(J1 §O(t, )2 (¢, Q(t)) — 3(t, Z(1)]
h o U BM T '
R )
+ BT . (5= 1w, 90w = low, 20ow)) [ dwlds)
1 1 1-7 Y(1-0)

197 12— 2,

) —1
<P =D I ey T ars =0 B T BT+ 2)

where vy = (p —1)pP2||U||971( F(61+1) + 4”%71) )[Hé(i\:) + ]BW)J(YH)]q_lp, therefore, the fractional integral

operator in (4.2) satisfies HUS. Based on HUS method, the solution of the proposed problem (1.3) is
stable. 0

6. Illustrative example

In this Section, we investigate one example for the application of our results that have proved in

Sections 4 and 5.
1 t+1

_ 05 _ _ _ _ _
Example 6.1. For t € [0,1], J(t,Q(t)) = Q°(t) + i) p=3,q=150=7Y =55, U(t) = o we

consider the following example for problem (1.3):

ABCDSS (3 (4D55Q(1))) + %(Q5(t) + 39%1@)) =0,

(d3(0D%°Q(1))) 4= =0, k =1,2,3,4,5,
oI55 (Q(t))lt=0 =0, k =1,3,4,5, ¢D>5(Q(t))ly=1 = 0.

6.1)

It is clear that the function Y € C((0,1),[0,00)),d(t,Q(t)) € C((0,1) x (0,00),[0,0)). We consider the
following height functions

9 45 1
<o)<t + —,
5

Pmax(t,7) = max{J(t, Q(t)) : t
3r

—_

(6.2)

Gmin(t, 7) = min{d(t, Q1)) : 31 < Q< 7} =10 +

7
5

(SN}

3t5r
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Then, for t € [0, 1], we have

1
L95(1,s)¢q(@BI*[u(wwmaxa(w,rndw)ds

1
< JO G9(1, )b (2P T LW Pmaxd (W, 1) dw) ds

1 1—-Y t+1 s 1
< | S 8)dg(mmm ———=(tT1" + —
Jog( S
Y s T—1 W+1 46 g 1
b (s— X P54 )dw)d
B)I(Y) Jo (s=w) T = T S )dw)ds
1 1-Y s+1 s 1 Y
<| ¢°@, — T )t e
Jy 8l =<+ 5+
S
xJ s—w) 1L 08 Dands < 004958 < 1,
0 1—w 3

and

1
L 91, )b (BT (W) Prmind (w, 7)1 dw) ds

1
> L 91, 5)pq (BT [5(w) damind (W, p2)]dw)ds

1 _
S
+ ]B(T\)FF(Y) L (s—w)" 1 V\iti\)( >4 3W13T% Jdw)ds
1 _
>y 96(1’5)%(;(% \;%(102)05 " 33311000§)
S
+ ]B(TTF(Y) ¢ —w)" V\;jv(loéOS * 3w§1looo§ Jdw)ds
1

6.3)

(6.4)

By the assistance of Theorem 4.2, the problem (6.1) has a unique solution which satisfies gz </|Q| < 1.

7. Conclusion

In this study, we have considered a system of fractional differential equations shown in the problem
(1.3) with singularity based on ABC-fractional derivative under boundary conditions with ¢- Laplacian
operator. The proposed problem (1.3) has converted into an integral equation through Green function.
Then, we examined Green function’s behavior for being decreasing or increasing, and negative or positive
function. The EU of the solution were evaluated via Guo-Krasnoselskiis fixed point theorem. HU-stability
was used for ensuring the stability of the solution. An illustrative example was investigated to show
the application of this study, and we used the Mathematica programming for calculating the numerical
values in (6.3) and (6.4). Future studies can be done by considering that system under various fractional

derivatives, such as Caputo-Fabrizio fractional derivative.
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