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Abstract

Here, we prove two existence theorems for the solutions a hybrid nonlinear functional integral inclusion and study some
properties and applications of these two theorems. A Chandrasekhar quadratic integral inclusion and a nonlinear cubic Chan-

drasekhar functional integral equation are studied as an application. The continuous dependence of the solutions on some
functions is proved.
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1. Introduction

The classical theory of the integral equations and inclusions have been generalized with the help of
the Volterra-Stieltjes and Urysohn-Stieltjes integral operators (see [4, 6-8, 16-29] and reference therein).
The hybrid differential and integral equations are important in many applications (see [13-15, 35] and
reference therein). Some publications have investigated the quadratic and cubic Chandrasekhar integral
equations (see [2, 5, 9-12, 31]).

Let us mention that these equations find numerous applications in the theories of radiative transfer,
neutron transport and in the kinetic theory of gases ([3, 9-12, 31-35]).

Let I = [0,1]. Consider the nonlinear hybrid integral inclusion of Urysohn-Stieltjes type

1 1
€ J d)(t,s,x(s),J h(s,0,x(0))dg X2 (s,G))ds x1(t,s), tel (1.1
0 0

*Corresponding author
Email address: shorouk.alissa@liu.edu.lb. (Sh. M. Al-Issa)

doi: 10.22436/jmcs.028.01.03
Received: 2021-11-28 Revised: 2022-02-09  Accepted: 2022-03-10


http://dx.doi.org/10.22436/jmcs.028.01.03
http://dx.doi.org/10.22436/jmcs.028.01.03
http://crossmark.crossref.org/dialog/?doi=10.22436/jmcs.028.01.03&domain=pdf

Sh. M. Al-Issa, A. M. A. El-Sayed, Y. M. Y. Omar, J. Math. Computer Sci., 28 (2023), 21-36 22

Here we prove two existence theorems for the solution x € C[0,1] of the nonlinear hybrid Urysohn-
Stieltjes integral inclusion (1.1) and continuous dependence on the functions 3, (i =1,2), and on the set
of selection S will be proved.

As an application of the first existence theorem, we study the existence of solutions x € C[0, 1] of the
nonlinear hybrid Chandrasekhar functional integral inclusion

x(t) — n(t, x(t))
w(t,x(t))

1 1
c L His <1><01(S)X(S),JO Sjeﬁz(S)X(e) d9> ds, tel (1.2)

and for the second existence theorem, we investigate the existence of solutions x € C(I) for the nonlinear
cubic Chandrasekhar integral equation

1

1
x(t) = n(t, (1) + w(t,x(tnj t

olents) (|

S+ecrz(s)x(6) do)ds, tel. (1.3)
0

The paper is stated as follows. In Section 2 we present first existence theorems by establish the existence
and uniqueness results for (1.1), we discuss some special case by present the existence of solutions for
(1.2). There is an example included, we also prove the continuous dependence of solution x;, (i =1,2)
and on the set of selection Sgp. In Section 3 we present second existence theorem and as application,
we discuss the existence of solutions for (1.3), an example is given, and finally, Section 4 presents our
conclusions.

2. Existence theorem I

Check out the following assumptions for the functional integral equation (1.1).
(i) Let ®:IxIxR xR — P(R), satisfy the following assumptions.

a) The set ®(t,s,u,v) is nonempty, closed and convex for all (t,s,u,v) € Ix I x R x R.
(t,s,u,v) is upper semicontinuous in x and y for every t,s € I.
(t,s,u,v) is measurable in t,s € I for every u,v € R.

(a)
(b)
(©

)

(d) There exist two continuous functions @1, k7 : I x [ = R, with

0]
0]

|D(t,s,w,v)|| =sup{ldl: b € O(t,s,u,v)} < @1(t,8) + ki (t, s)(lul + [v]).

Remark 2.1. From the assumption (i) we can deduce that (see [1, 3, 27]) there exists ¢ € D(t,s,x,y), such
that
d(t,s,u,v) < @1(t,8) + Kk (t, s) (uf +[v])

and
x(t) — n(t,x(t))
w(t,x(t))

1 1
= J d)(t, s,x(s),J h(s,0,x(0))dg X2 (s,@)) ds x1(t,s), tel (2.1)

0 0
So, every solution of (2.1) is a solution of (1.1)
(i) h: IxI xR — R is continuous function and there exist two continuous functions @j,ky : I x I —
R, with
Rt s, u)|l < @a(t, ) + kot s)lul.
Kk =sup{ki(t,s):t,s € I}, and @ =sup{w@i(t,s):t,se I}, i=1,2.

(@i)n:IxR - Rand w : I xR — R are continuous functions and there exist a bounded mappings
li: I - R", i=1,2, such that

Mt w) —n(tu2)l < L(t) ug(t) —up(t)],
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lw(t,ug) —w(t, up)] < la(t) lug (t) —ua(t)]

for all u;,uy € Rand t € [0,1].
Note
Nt x) < U+, |wt,x)] < LX({H)+G,

where H = supn(t,0)| and G = sup |w(t,0)].
tel tel

(iv) xi: I xR — R, i=1,2 are continuous functions with
u = max{sup | x; (t,1)[+sup|x; (t,0)], on I}

(v) For all t1,t € I, t; < tp the functions s — xi(tp,s) — xi(t1,s) are nondecreasing on I.
(vi)xi(0,s) =0, for any s € L.
(vii) The following algebraic equation

A+ L P+ +A+ckp) @ pb+1+K)Gk 2 —Dr+H+(1+ kWG @ ] =0,

has a positive root 1.
The following lemma can be easily proved.

Lemma 2.2. If the solution of the equation (2.1) exists then it can be expressed with the integral equation

1

1
(b(t, s,x(s),J h(s,0,x(0))dg x» (s,G)) ds xq(t,8), tel

X(8) = n(t,x) + w(t x) J O

0

Theorem 2.3. Assume that assumptions (i)-(vii) are valid. Then the functional integral equation (2.1) has at least
one continuous solution x € C(I) (consequently, (1.1)).

Proof. Let A be operator as
1

Ax(t) =n(t, x) + w(t,x) J

1
¢<t,s,X(S),J h(s,0,x(0))de x2 (5,6)>ds X1 (t,s), tel
0

0

and let the set Q. be defined by

Qr={xeR: x| <7} CC(I), x| = suplx(t)l,
tel

where 7 is a positive solution of
M+ ) LI+ +04+ckpw) @b+ 14+)G k2 —Dr+[H+ (14 kWG @ p] =0.
The set Q is obvious to be nonempty, closed, bounded, and convex. Set x € Q.. Then

1 1
[Ax(t)] = n(t,x) + w(t, x) L d)(t, s,x(s),J'0 h(s,0,x(0))dg x2 (s,@)> ds x1 (t,s)]

1 1
< i)+ "”“”‘)'L \cp(t, s,x(s),Jo (s, 0,x(6))do x5 (s,e)) lds 1 ()

1

1
< [Ulx(t)]+ H] + [lax(t) + Gl J (a)l(t/ s) + ki (t, s) (Ix(t)] +J

0 0 ‘h(sl 9,X(9))|d9 X2 (S/e))>ds X1 (tls)

< [bhx()]+ H + [L2x(t)[ + Gl

1 1
X Jo <a)1(t,s) + K1 (t,8) (Ix(t)] +J0 (@2(s,0) + Ka(s,0)[x(8)de X2 (s,0)))ds X1 (t,s))
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1

< (W +3H) + (lor + G)J (@1(t,s) + k1(t, ) (Ix(t)] + (@ 4 «kr) w)ds X7 (t,8)
0

<(Ur+H) + (Lr+G) (@ +k(r+ (@ +kr) w))u < .

This shows that the the class {Ax} and the operator A: Qr = Qy, are uniformly bounded on Q.
After that, for x € Q; and y(s fo s,0,x(0)) dg X2 (s,0). Sets are defined as

04 (8) =sup{ld(ta, s, x, y) —d(ty,s,x,y)l: t1,to,s €], t1 <ty lto—t1/ <, X[ <1, Yl <1,
05 (8) = sup{n(ta, x) —m(ty, x)[: t1,t2 €I, [t1 —t2f <O, [x[ <1},
0w (0) =supllw(ty, x) —w(ty,x)|: ti,t2 €, [t —t2| <3, x| <7},

then based on the function ¢ : I x I x Q; x Q — R is uniform continuity, assumptions (i) and (ii), we
have concluded 04(5) -0, 64(8) =0, and 0,(8) =0, as & — 0 independent of x, y € Q.
Let ty, t1 € I, [t — t1] < 6. Then we have

[AX(t2) — Ax(t1)]

1 1
— nlta x(t2)) + w(ta, x(t2)) L d)(tz,s,X(S),J (s, 0,%(6)) do x2 (s,e)>ds % (s, )

0
1 1
—ﬂ(tlfx(tl)) - w(tllx(tl)) JO d)<tll S/X(S)I J() h(sl elx(e)) de X2 (Sze)>ds X1 (tlr S)‘
< lt, x(t2)) =ty x(t1))]

1 1
+ ‘w(tZIX(tZ)) ¢<t2151X(S)/J h(S,e X( de [XZ S, e >ds X1 t2/ )

0 0
rl rl
(t1, (tl))JO Cb(’Ez,S,X(S) . (s,0,%x(0)) de x2 (s,0 >ds X1 (t2,8)
rl rl
+(U(t1,X(t1)) d)<t2/ SIX(S)I h(sl e/X( de X2 S/ >ds X1 t2/
JO J
rl rl
—(U(tl,X(tl)) d)<t2/ S/X(S)/ h(sl e/X( de X2 S/ >ds X1 tl/
JO J
rl rl
+G)(t1,X(t1)) d)<t2/ S/X(S)/ h(sl e/X( de X2 S/ )ds X1 t]/
JO J
rl rl
—G)(tl,X(tl)) 0 d)<tllslx(s)/ 0 h(sl GIX( de X2 S/ ) s X1 tl/ ‘

< In(tz, x(t2)) —n(t2, x(t1))| + nlte, x(t1)) —n(ty, x(t1))|
+ [Jw(tz, x(t2)) — wltz, x(t1))]| + |w(t2, x(t1)) — w(t1, x(t1))|]

1 1
X JO (I)(tz,S,X(S),J h(sl eIX(e)) de X2 (S/e)>‘ X1 (tZIS)‘

0
1 1
+ ‘w(tlrx(tl))HJO ’¢<t2, S,X(S),JO h(s, 0,x(0)) de x2 (5,9)) ||ds x1 (t2,8) — ds X7 (t1,8)]

+ |w(ty, x(t1))]

1 1
xj d><tz,S,X(S), J n(s,8,x(8))do xz(s,e)>—¢<t1,s,x(s),J
0

0 0
1
< Ulx(ta) = x(t1)| + 0 (81) + [Lalx(t2) — x(t1)| + O (82)] JO (@1(t,s) + kit s)(IxXI+ YD) x1(tz,s)

1
X1 (tll S)

h(slelx’(e)) d9 X2 (Sre)>

1

+ [l2)x(t1)] + G] Jo (@1(t,8) + ki (t, s)(IxI+ [yl) |ds x1 (t2,8) — ds X1 (t1,5))|
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1
+ ity + G| JO 8(5) dy 1 (t1,5).

By the the above inequality, the class of functions {Ax} is equicontinuous. As a result, according to the
Arzela-Ascoli Theorem [33], A is compact.
For {xn} C Qr, Xxn — x. We have

1

1
¢’<tlslxn(s)IJ h(sl eIXn(e)) de X2 (Sle)> dS X1 (t,S),

Axn(t) =t xn (1)) + w(t, xn(t))J O

0

1 1
lim Axn(t) = lim (n(t, xn(t)) +w(t,xn(t))J ¢<t S,Xn(S),J f(s, 6,xn(0))de x2 (5,9))ds X1 (t,8)),
0

n—oo n—oo 0
and we can get from assumption (ii) that (see [30])

im Axn(t)

n—oo

1 1
= lim (n(t,xn(t)) + lim w(t,xn(t))J lim ¢<t,s,xn(s),J f(s,0,xn(0)) dg X2 (s,G)) ds X1 (t,8)

1 1
= lim (n(t,xn(t)) + lim w(t,xn(t))J ¢(t,s,T}i_r>réoxn(s),J h(s,G,nli_rgoxn(G))de Xo (5,6)) ds xq (t,8)

1

1
d><t, s,x(s),J h(s,0,x(0)) dg X2 (s,G)) ds X1 (t,8) = Ax(t).

—(t,x(t)) +w(t,x(t))J 0

0

This establishes the continuity of Axy (t) = Ax(t) and A.
Hence (see [30]), A has at least one fixed point x € Q, and (2.1) (consequently, (1.1)) has at least one
solution x € Q, C C(I). O

2.1. Uniqueness of the solution
We have the following conditions for the uniqueness of the solution for (2.1).
(i*) Let @ : I x R x RT — 2R" satisfy the following assumptions:

(d)** The Lipschitzian set-valued map ® : I x I x R x R — P(R), with a Lipschitz constant k; > 0, is a
nonempty compact convex subset of 2R such that

[D(t,s,u1,v1) — @(t, 5, Uz, v2)|| < K1 (Jug — upl + [v1 —val).

Remark 2.4. Based on an assumption and Theorem [3, Sect. 9, Chap. 1, Th. 1], we can conclude the set of
Lipschitz selections of @ is not empty and there exists ¢ € @, with

(5,11, v1) — (L, 5,12, v2)| < Ky (lwg — gl + vy —val).
(ii*) The continuous function h : I x I x R — R satisfies the Lipschitz condition
h(t,s,u) —h(t,s,v)| < klu—v|.
Conditions (i)* and (ii)*, give
[b(t, s, uls),vis)) < kaful+ V) + @1, and [R(t, s, uls))] < koful+ @2,
where

@1 = sup [P(t,s,0,0), and @ = sup [(t,s,0)],

txselxI txselxI

with @ = max{®, @3}, and k = max{ky, k2}.
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Theorem 2.5. Assume that conditions (i)*-(ii)* and (iii)-(vi) hold, if
[+ LT+ G)(uk+ k*p?) + (@ +k(r+ (@ + &) w)p] < 1.

Then x € C(1) is unique solution of equation (2.1).

Proof. For x1,x2 be solutions of (2.1)

1

cl)(t,s,xl(s),JO (s, 0,x1(0)) do X2 (s,0))ds X1 (t,s)

1

xa(t) — xa(0)] = In(t, x1) +w(t,xl)J0
1

1
it x2) + w(t, x2) L o(t, s,xZ(s),JO (s, 8, x2(0)) do 2 (s,0))ds w1 (1, 5)|

1

d)(t/ Slxl(s)l J(] h(sl elx’l(e)) de X2 (Sle))ds X1 (t/ 5)

< (%) =t x2)| + w(t, 1) jol
~wi(tx) ot Slxz(s),j (s, 8,%2(8)) do xa (5,8))ds x1 (t,5)
+wl(t,x) : o(t, s,xz(s),:ol h(s,0,%2(0)) do x2 (s,0))ds x1 (t,5)
— wl(t, %) : b, s,xz(s),: h(s,0,%2(0)) do x2 (s,0))ds x1 (t,5)

1 1
< |T](t/X1) _n(t/XZN + |w(t/Xl)|JO |CI)(t,S,X](S),JO h(S, e,Xl(e)) d@ X2 (S/e))

1

o, s,m(s),jo (s, 8, x2(0)) do 2 (s,0))|ds x1 (t, )

1 1
T lwlt (1) —w(t,xZ(tmL |¢<t, s,xZ(sJ,L h(s,0,%2(0)) do 2 (s,e)> lds w1 (4,5)
< llxq (t) —x2(t)] + [a2fxq (t)] + G]

1 1
x L " <|xl(s) —xals)l + L (h(s,8,x1(0)) — h(s, 0, x2(8)))ldo x2 (s,e)> d w1 (1, 5)

1
. . Ih(s,0,%x2(0))|de x2 (5,9))> ds xq (t,8)
< lihxa(t) —x2(t)]
1

1
+12|xl(t)—xZ(t)J (wl(t,s)+K1(t,s)(|xZ(t)|+J

1

k1 ([xa(s) —X2(8)|+J K2(|x1(0) —x2(0)]) do x2 (s,0))ds x1 (t,5)

T Mo (0] + G]j
0

0
+ Lafxq (t) —x2(t)]

1 1
‘ JO (col(t,s) Tt s) (xal®) +L (@2(s,0) + kals, 8] xa(6) do 2 (s,e)))>ds <1 (4 9)
1

< Ul (8) — xa(8)] + alx (1)] + GJ L (1 (s) — xa(8)] + kallxt — xal|)ds 1 (t,)

1
+ Lofx1 (1) —x2(t)] JO (@1(t,8) + kit s)(Ix(t) + (@ + k) ) ds %1 (t, 5)

< flx1 — x| + (o T+ G) [k|[x1 — %[ + K?||x1 — X2 || 11?]
+ Ll —xafl (@ + k(r + (@ + «7) W) .

Hence, we have

x1 =%l < [+ (Lo 7+ G)(uk + K2 1?) + b (@ + k(1 + (@ + k1) W) 1] |[[x1 —x2||,
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and
(1—[U+ T+ G)(uk+ K*p?) + b(@ + k(r+ (@ + k1) W) u])|x1 —x2| <0,
which implies
x1(t) = xa(t).

2.2. Application

As an application of the nonlinear set-valued functional integral equations (1.1). Allow for the use of
the functions x; specified by

t+s
Ml(t,s)—{tln , forte(0,1], sel,

0, fort =0, sel,
and
slnst® forse (0,1, 0 €1,
— s
x2(s, 0) { 0, fors =0, fel

Let Ai(t, s, x(s)) = o2(s) x(s), and @(t,s,x(s),z(s)) = @ (o1(s) x(s),z(s)), where

2(s) = JO s os)x(O)as,

in (1.1). The nonlinear Chandrasekhar functional integral inclusion is also obtained by utilizing the fact
that functions x; meet conditions (iv)-(vi),

Lot Lo
x(t) € n(t, x) + w(t, x) Jo t+s®<01(s)x(s),J0 erecm(s)x(@)dﬁ) ds t,el (2.2)

We can now formulate the existence result for (2.2) as follows.

Theorem 2.6. Assume that conditions of Theorem 2.5 hold, then there must be at least one continuous solution
x € C(I) for inclusion (2.2).

2.3. Example
Consider the following Chandrasekhar nonlinear functional integral inclusion

x(t) — 55z + L sin(v/X)| . Jl t Ve x(s) Jl S5 (0)dods t,€ [0,1]. (2.3)

Jie + S () o t+s(m+et)(s2+1) Jps+0es

If we choose @ : [0,1] x R — 2R" in (2.3) as

Ve Stx(s) [T s Vs
T+ et)(s2+1)J (s +——x(0)) dods|,

@ (by(s)x(s),y(s)) = [0,( 0S+0 es

this inclusion, as we can see, is a special example of inclusion (2.2).
Further, let us notice that a list of terms used in (2.2) as

—t —t
Mt x() = 55— + o lsin(vAl Wt x{t]) = <t 2]
1
yls) = JO = e\e/fx(e)de, R(t, s, x(s)) = ttt\/{ x(s),
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with o1(s) = leﬁ’ o2(s) = esi\/fll L=13lb=5m Ki= W\/il)’ and kp = 1.
Define the continuous map ¢ : [0,1] x R — R, notice that for ¢ € Sg, then we have

N
— S 37— X1 — Xl
[ (o1(s)xa(s), yi(s)) — dlo1(s)xa(s), y2(s))l < (n+1)\X1 x|
and ,
[t s, %1 (1) —R(t s, xa(t)] < —ha —xal
As a result, conditions (i) and (ii)* are met with k = %, =1 H = ﬁ and G = i . By considering the

above-mentioned facts, we might conclude that condition (vii*) with form
14+ Ll + LU+A+ckp @ pb+1+K)Gk 2 —Dr+[H+(1+ k)G ol =0

has r as a positive solution. Thus, if we choose 1 = 6.83214, or v ~ 355.459, then assumption (vii*) will be
hold by assuming one of this values. As all requirements of Theorem 2.6 are hold, so inclusion (2.3) has
at least one solution x € C(I).

2.3.1. Continuous dependence on the functions x;
Definition 2.7. The solutions of (2.1) are continuously dependent on the functions xi(t,s), i = 1,2, if
Ve>0,36>0,then

[xi(t,s) —xi(t,s)<d = [[x—x"| <e.

Theorem 2.8. Assume that conditions of Theorem 2.5 hold. Then the solution of (2.1) is continuously dependent
on xi(t,s),i=1,2.

Proof. For given 6 > 0, with | x; (t,8) — x{(t,s)| <&, Vt > 0, we obtain

1

1
c[><t,s,x(s),J h(s,0,x(0)) dg X2 (s,G)) ds x1 (t,s)

(1) — x*(8)] = In(t, %) + w(t,x)J 0

0
1 1
c|><t, s,x*(s),J h(s,0,x"(0)) do x5 (s,@)> ds X7 (t,8))]

n(t,x*)er(t,x*)J .

!
< Il x) — (7)) + w(t, )| J: (5065, j: hs,0,x(6) do 2 (5,0) ) ds wa (9
—w(t,x") : cb<t,s,x*(s), : h(s,0,x*(0)) dg X2 (s,0) )ds X1 (t,8)
+ w(t,x") : c[)<t,s,x*(s), : h(s,0,x*(0)) dg X2 (s,0) |ds X1 (t,8))
— wit,x") "01¢<t,s,x*(s), 01 h(s,0,x(0)) do 3 (5,0)

ds X7 (t,8)]

N—— —— —

1

1
d)(t, s,x(s),J h(s,0,%x(0)) dg x» (S,B))

0

< Itx) —nltx*) + |w(t,x)|j0

1
—d)(t, s,x*(s),J h(s,0,x*(0)) dg X2 (3,9)>

0

dS X1 (tls)

1 1
d)(t, s,x*(s),J h(s,0,x*(0)) dg X2 (5,6)) ds X1 (t,8)

0

+ |w(t, x) —w(t,x*)lj0

1

1
¢<t,s,x*(s),J h(s,0,x%(0)) dg X» (s,@)) ds X1 (t,8)

—I—w(t,x*)J .

0



Sh. M. Al-Issa, A. M. A. El-Sayed, Y. M. Y. Omar, J. Math. Computer Sci., 28 (2023), 21-36 29

1

1
w(t,x*)J d><t,s,x*(s),JO h(s,0,x"(0)) do x5 (3,9)>dS X7 (t,s)

0
1

< Llx(t) — X (8)] + [Lx(D)] + G L " <|x(s) —x*(s)]

1
+J [h(s,0,x(0)) —h(s,0,x*(0)) do X2 (8,9)) ds X1 (t,5)
0

1

1
+ Lolx(t) —X*(t)|L @1 4 K1 [X*(s)] +J [h(s,0,x"(0))] dg x2 (5/9))](15 X1 (t,s)

0

1 1
T w(t %) J ¢(t,s,x*(s),J h(s,6,x*(0)) do xz(s,e))dsm(t,s))
0 0
1 1
_ ¢<t,s,x*(s), (s, 8, (0)) do K (s,e>> d, %1 (4,5))
0 0
1 1
+ ¢<t,s,x*(s), (s, 8,x"(0)) do K (s,e>> d %1 (4,5))
0 0
1 1
_ ¢<t,s,x*(s), R(s, 8,x*(6)) do x5 (s,0))ds x (4,5))
0 0

1 1
< bx(t) = x* (1) + [L2lx(t)[ + G] L K(IX(S) —x"(s)] +L K|x(0) —x"(6)] do 2 (8,9)> ds %1 (t, 5)
1

1
T Lfx(t) =< (1) L (ml () +JO(®2 T ol (0)])de X2 (s,e))>ds <1 (4 9)

1 1
+ [Lx*(t)] + G] Jo d)(t, s,x*(s),JO h(s,0,x%(0)) dg x> (S,B))

ds x1 (t,8))

1
—d)(t, s,x*(s),J0 h(s,0,x"(0)) do x5 (5,6))

[ds X1 (t,S) - dS IXT (t,S)]

1
¢ (t, s,x*(s),J h(s,0,x"(0)) dogs (s, 6)>

1
T Tl (8)] + G]j
0 0

< bfx(t) —x* ()]

1 1
+ [Lx ()] + G] JO K(X(S) —x"(s) +JO K[x(6) —x*(8)] do x> (Sﬁ)) ds %1 (t, 5)

rl

1
+ L [x(t) —x*(t)| L <®1 + K (X (1) + . (@2 + Kk2[x*(0)[)de x2 (8,6))> ds X1 (t,8)

+ L (1) + )
1

X J K(
0

T Tl (8)] + G] L

rl

1
J R(s,0,%*(8)) do x (5,0) — | Ti(s,0,x"(8)) do x3 (s,e)Dds %1 (t,5))
0

JO

1
[ds X1 (t,S) - dS IXT (t,S)]

1
d)(t, s,x*(s),J h(s,0,x"(0)) de x; (s,@))

0

1

1
<UD~ (V14 (0] + 61| K(|x(s) ()l L x(68) —x*(6)] o x2 (s,e)) a1 (&)

0

1 1
(1) — x* (1) L (wl (b ()] +JO(®2 + kb (0))do w2 (s,e))>ds <1 (t,5)

1

1
+ [Llx*(t)] + G]J K(L h(s,0,x"(0))|[ do x2 (s,0) — do X3 (s,@)])ds X1 (t,8))

0
+ [LX*(t)[+ G]
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1

X Jl [a) + k(Ix*(s)I +J

0 0
< hifx(t) —x*(t)]

(s, 0,x"(6))] de x; (8,9))} [ds x1 (t,8) — ds X7 (t,5)]

1 1
+ [Lx ()] + G] JO K(X(S) —x"(s) +J0 K[x(0) —x"(6)] do 2 (Sﬁ)) ds %1 (t, 5)

1 1
FLfx(t) =< (1) L (wl () +JO(®2 T ol (0)])de x2 (s,e))>ds < (4 9)
1

1
+ [LIx* ()] + G] jo K(L [@ + klx* ()] do x2 (5,8) — do x5 (s,0)])ds x1 (¢, 5) + [Lolx* ()| + G]

1 1
xj [@ k(e (s) +J (@ + kix*(0)]] do x5 (3,9))] lde w5 (65) — de 7 (4,5)]
0 0
S| (L
+ bl = x| [(@ + k[[x[Du+ (@ + k[[x[Dw)p] + [ v + Glk[@ + krulxa(s, 1) — x5 (s,1)]
+ T +Gl® +klr+ @ + krllulxq(t, 1) — x5 (t,1)],

taking supremum over t € I, we obtain

I —x*|| < Ullx —x*|| + [lo T + G [kpl|x — x*[| + K[ x —x*|]
+ Lofx = x*[|[(@ + kx| )p+ ((@ + k|[x[Jp)u] + [l2 T + Glk[@ + kr]ud
+ [l r + Gll® + k[r+ @ + kr]]us,

then
x| < Lt +Glk[@+kr]ud + [l v + Gl[@ + k[r + @ + kr]]ud _.
Sl (L A+ 4+ Gllkp+ k2] + Lil(@ + «||x])p + (@ + «||x|)p)ul)
As a result, we can deduce the solution of (2.1) is continuously dependence on x;, i =1,2. O

Now, we have the following corollary.

Corollary 2.9. Let assumptions of Theorem 2.8 be satisfied. Then the solutions of the inclusions (2.1) continuously
dependence on functions x;, i =1,2.

2.3.2. Continuous dependence on the set of selection Sq
Definition 2.10. The solutions of the inclusion (1.1) depend continuously on the set S, if Ve >0, 38 >
0, such that

lb(t, s, x,y)—d"(t,s,x,y)<d, &, d"€Sqp, tel

Then |x —x*|| < €, where x and x* are two solutions of inclusion (1.1) corresponding to the two
selections ¢, ¢* € So.

Theorem 2.11. Let assumptions of Theorem 2.5 be satisfied. Then the solutions of the inclusion (1.1) depend
continuously on the set Sq of all Lipschitzian selections of ®.

Proof. Let x(t) and x*(t) be the two solutions of inclusion (1.1) corresponding to the two selections
o, d* € S, we have

1

1
c|><t, s,x(5), | @1s,0,x(0)) do 2 (s,e)> d, 1 (4 5)

() — x*(8)] = In(t,x) + w(t,x)j 0

0
1 1
o* (t,s,x*(s),J R(s, 0,x*(6)) de x2 (s,e)))ds % (&, 5)]

—n(t,x*)+w(t,x*)J .

0
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1 1
<t x) = nle)+ it | 0(tsxts) [ nis 6 x@)1d0 w2 50))
0 0
1
—w(t,x*)Pp* (t, s,x*(s),J h(s, 0,x"(0))do X2 (5,6))> ds X1 (t,8)
0
1 1
<t =t it )] [ o (s xis) | nis,x@)da e (5,0))
1
—d)(t,s,x*(s),J h(s,0,x"(0))de X2 (s,S)) ds X1 (t,8)
0
1 1
+ ’w(t,x)]J cl)<t,s,x*(s),J h(s,0,x"(0))de X2 (3,6)>
0 0
1
— 0" (t, s,x*(s),J h(s, 0,x"(0))de X2 (s,@)) ds X1 (t,8)
0
1 1
+ ]w(t,x) — w(t,x*)‘J b* <t,s,x*(s),J h(s,0,x"(0))de X2 (s,9)> ds X1 (t,8)
0 0
< bx(t) =x* () + [Lalx(t)] + G]
1 1
XJ K1<|x(s) —x"(s)] +J f(s, 0,x(0)) —h(s, 0,x"(6))|de x> (5,6)> ds X1 (t,s)
0 0
1
L0+ 615 | doxa (t9)
0
1 1
+ Lo |x(t) —x*(1)] Jo (@1 + k1 (Ix* (1) + Jo [h(s,0,x*(0))|dg X2 (3,9))> ds x1 (t,8)
< blx(t) =x*(t)] + [Lalx(t)] + G]
1 1
<[ s ()01 + [ (o) - @)do w2 5,0) ) wa 1,9
1
(D) + G]sL dygi(t,s)
1 1
F1fx(t) = (©] | (@1 k(004 ] (@24 ke (0))d 2 (5,0)) ) o1 (1)
< e = 4 [afx ]| + Glkp[x = x* || + K22 [x — x* (|1 + 2| x| + Glop
+ Lol = x| [(@ + k(x| + (@ + «[x[) ) .
Hence
] < 12 + Glow _
S T + o x] + Gk + <242 + L@ + Kl + (@ + <X )
As a result of the previous inequality, we obtain
[x—=x"| <.
This establishes the solution’s continuous dependence on the set S . O

Now, we have the following corollary.

Corollary 2.12. Let assumptions of Theorem 2.11 be satisfied. Then the solutions of the inclusion (2.2) depend

continuously on the set of selections S .
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3. Existence of solutions II

Conditions (i) (d) and (vii) are now being replaced by following.
(i)

d*) There exist two continuous functions @1, k1 : I x I — R, such that
|D(t,s,u,v)|| =sup{ld]: b € O(t,s,u,v)} < @1(t,8) + ki (t, s)([ul.vl).

Note: From the assumptions (a)-(d*) we can deduce that (see [1, 3, 5, 11]) there exists ¢ € D(t,s,u,v),
such that

d(t,s,u,v)} < @1(t, s) + ke (L, s)(Juf - V).
(vii**) The following cubic algebraic equation
KL P+’ LGoap+G P )P+ (L +Geokp’+@ply, —1) 1+H =0,
has a positive root 1.

Theorem 3.1. Let assumptions of Theorem 2.3 be satisfied with (i) (d) and (vii) being replaced by (i**) (d**) and
(vii*), respectively, then, there exists at least one solution x € C(I) for equation (2.1).

Proof. The A* operator is defined as

1

A*x(t) =n(t,x) + w(t,x) J
0

1
¢)<tISIX(S)IJ h(sl GIX(G)) de X2 (Sle)> ds X1 (tr S)/ te I/

0

and the set Qq by
Qu={xeR: K< cCI),

with 1 is an algebraic cubic equation’s positive root of
L) P+mep? b Gop+ Gk W) P+ (L +Gakp’+@ply —1) 1+H =0.
The set Qq is obvious to be nonempty, closed, bounded, and convex.

For x € Q, we have

1

1
[A*x(t)] = m(t,x) + w(t,x)J c[><t, s,x(s),J h(s,0,x(0)) dg X2 (5,6)> ds X1 (t,s)]

0 0
1 1
<M@MHMMJM;¢G&ﬂ%Lh&&ﬂmNemBﬁdeqwﬂ
< Ml(t)] + ) + Nobx(t) + GI
1
X (Cal(t s) + k1 (t, s)(Ix(t)]- ]J (s,0,x(0)) dewz(s,ﬁ))>}ds X1 (t,s)
JO

< [hhx()] + H] + [L2x(t)[ + G]

r1
. (mwﬂ+mwmej

JO 0

1

(@&@+@&@M@Mm&&m>kmwﬂ

1
Sl 1+F)+ (2 1+ G)L(wl(t,S) + k1 (t s)([x(t)] - (@ + k1) pwds xq (t, 5)

S l+H)+ L 1+6)(@+«(l- (@+«l) pu <L
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This demonstrates that A*: Qi — Qi and on Qq class {A*x} is uniformly bounded. Now define sets for
x € Qr and z(s Io h(s,0,x(0)) dg %2 (s,0),

63)(6) = Sup{|¢)(t2/ SIXIZ) _d)(tl/ S/X/Z)| D,y s € I/ t < tp, |t2 _t1| < 6/ |X| < l/ |y| < l}/
05, (8) =sup{n(t, x) —m(ty,x): t, 2 €L, [t1 —tal <5, X<,
05 (0) = sup{lw(ty, x) —w(ty,x)[: ti,t2 €L [t —t2] <5, x| < 1L

Then, based on the function ¢ : I x I x Qi x Qi — R, uniform continuity and assumptions (i) and (ii),
we deduce that 8’5)(6) — 0, 05,(8) — 0, and 07,(8) — 0, as 8 — 0 independent of x,y € Q1.
Now, let tp, t; € [0,1], with [t, —t1] < 6.

1

1
¢(tz,s,x(s), JO (s, 0,%(8)) do x5 (s,e)) a1 (ts,5)

1

A*x(t2) — A*x(t1)] = [nlte, x(t2)) + w(t2, x(t2)) L

1
(e () — it xlt) | ¢<t1,s,x(s),j0 h(s,0,%(8)) do x2 (s,e))ds <1 (t,s)|

0
< lt2, x(t2)) =n(ty, x(t1))]

1 1
+ ‘w(tzlx(tz))J d)(tz,S,X(S),J h(s,0,x(0)) de x2 (s,0) )ds X1 (t2,8)
0 0
rl rl
- w(tl,X(tl)) d)<t21 S,X(S), h(sle X de [XZ S, e
=+ w(tl,X(tl)) d) t2, S/X(S)/ h(sle X de [XZ S, e
JO

+w(ty,x(t1)) | ¢

rl 1
—w(ty, x(t1)) d)(tz,S,X(S), h(s,0,x(0)) dg x5 (s,0) )ds X1 (t1,8)

—w(tl,X(tl)) d) t1, S/X(S)/ h(sle X de [XZ S, 9
Jo JO

< Inltz, x(t2)) —=n(t2, x(t1))] + [n(t2, x(t1)) —n
+ [Jw(ta, x(t2)) — w(tz, x(t1)) | + |w(t2, x(t1)) — (tl X(tl))H
1

d)(tz, s, x(s), | h(s,0,x(0)) do X2 (S,@))‘ X1 (tz,S)‘ + }W(tl,x(tl))‘

(
0

1
X
0
1 1
XJ |¢(tZISIX(S)/J h(slelx(e)) de [XZ S, e >Hds X1 t2/ ) ds X1 (tlls)‘
0 0

1
d><tz, s,x(s),JO h(s,0,x(0)) dg xo (5,9))

1
+ \w(tl,x(tm\jg
1

X1 (t1,8)

—d)(tl,s,x(s),L h(s,0,%x(0)) dg xo (5,9))

< Lix(t2) —x(tq)] + 64 (81)
1

+ [Lalx(t2) — x(t1)] + 0 (82)] Jo (@1(t, s) + k1 (t, s)(IxI+yl)) xq (t2,8)

1
+ [lafx(t1)[ + G L (@1(t,8) + k1 (t, s)(Ix[ - [y ds[x1(tz, ) — X1 (tg, 5)]

1 1
+J0 8(5)dsg1(t2, 5) +L(w1(t,s) k1 (ts) (- Tyl ds [ (t, ) — 1 (b1, 5]
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The inequality above indicates the equicontinuous for class of functions {A*x}. A* is compact as a result
of the Arzela-Ascoli Theorem [33].
Assume {xn} C Qi, Xxn — x. Then

1

1
¢<t,s,xn(s),J (s, 0,%n (6)) o x2 (s,e)) a 1 (4, 5),

Axn () = 1(t, xn (1)) + (1, xn(t))J O

0

1 1
Iim Axn(t) = lim (n(t, xn(t)) —|—w(t,xn(t))J d)(t, s,xn(s),J h(s,0,xn(0))dg X2 (s,@))ds X1 (t,8)).

Thus we can get from assumption (ii*) that (see [30])

lim A*x,(t) = lim (n(t,xn(t))

n—o00 n—00
i1
+ lim w(t,xn(t)) | lim d)<t,s,xn(s),

n—o0 Jo n—oo

rl

h(s,0,xn(0)) dg X2 (3,6)> ds x1 (t,s)
JO

= lim ((t, xn(t))

n—oo
ol o1
+ lim w(t, xn(t)) (])(t,s, Lm xn(s), | h(s,0, im x,(0))dg x> (s,@))ds X1 (t,s)
n—oo Jo n—oo Jo n—,oo

1

— n(t,x(1) + w(t, x(t)) JO

1
cb(t, s,x(s),J h(s,0,x(0)) dg x» (s,6)>ds X1 (t,8)

0
= A*x(t).

This establishes the continuity of A* with A*x,(t) = A*x(t). As a result (see [30]), the operator A* has
at least one fixed point x € Qq and there exists at least one solution x € Q C C(I) for (2.1). O

3.1. Application
1- Assume ¢(t,s,u,v) = d(t,s,wv), h(t,s, u(s)) = ox(t)u(s),

)1 (ts) = tln”Ts, fort e (0,1], s€l,
22077 o, fort =0, scl,

and

xa(s,0) = slnste, fors € (0,1], 0¢cl,
2570, fors =0, 0el,

in equation (2.1), then we can see that x;, x, satisfies our assumptions (iv)-(vi). We get the nonlinear
Chandrasekhar functional integral equation as a result,

1 1
(1) = n(t,x(t) + w(t,x(t))J tcb(t, s,x(s).JO

s aals)x(0)40 ) ds. @)

S
s+0

2- Let d(t,s,x(s).2(s)) = o1(s)x(s) - z(s), w(t,x(t)) =1, and

1
2(s) = L —soa(s)xle)de,

in equation (3.1), the Chandrasekhar quadratic functional integral equation of the following form is ob-
tained as a result

Ty Lo
x(t) = n(t, x(t)) +J0 t+801(s)x(s) . <Jo S+802(s)x(6)d6> ds. (3.2)
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For w(t,x(t)) = x(t), the Chandrasekhar cubic functional integral equation of the following form is
obtained as a result

1

1
tj_sal(s)x(s) - <J s (s)x(S)dG) ds, (3.3)

(0}
QS+9 2

x(t) = n(t,X(t))JrX(t)J

0

that are special cases of equation (2.1). The Chandrasekhar quadratic and cubic functional integral equa-
tions (3.2) and (3.3) have at least one solution x € C(I) given the conditions of Theorem 3.1 hold.

3.2. Example

Take into account the hybrid integral inclusion of Chandrasekhar quadratic type

5et |cosx(t)]
x(t) — ; T+[cosx(t)]

e, e P x (0]

R BN T(3 (3.4)

L s t 2 cos(s)x(s) T sin(s)
< [O'JO [9+et + t+s 7e2s (14 cos?(s)) <J0 s+0 4(1 + sin?(s)) x(e)de)]ds}

At the beginning let us notice that (3.4) is a particular case of (3.2) if we put

(tx) = 1 5e~t |cosx(t)]
M = ) T 7 T cosx(@)’
(t )_e—ﬂ?t e—ln(t+1)|x(t)|
O =T T T T R
h(t, s, x(s)) = m x(s),
Bl s x(3),y(5)) = oo - m Sy (s)
B Lo sin(s)
yls) = Jo S+94(1+sin2(s))x(e)de'

o 2cos(s) _ __ sin(s)
Gl(s) T Tel2s (1+COS2(S))’ O-Z(S) - 4(1+Sil’12(8))

As a result, (i), (ii*), and (iii) are hold with k = % and @ = %, and H = %, and G = % We can derive
from the above facts that the condition (vi*) of form

. 2 5
,withky =2, k=31 ==,and , =

KCRPL P+ @k LGopu+GKk2 )P+ (L 4Gk’ +oul, —1)1+H =0,

has an 1 positive solution . If we choose one of these numbers, for example, 1 ~ 5.191049018, or 1 =
0.6637589, then assumption (vi*) will be verified.

Equation (3.4) has at least one solution x € C(I), since all of the requirements of Theorem 3.1 are
fulfilled.

4. Conclusions

Here, we proved two existence results for the nonlinear hybrid integral Urysohn-Stieltjes inclusion
(1.1). As applications, we discuss the nonlinear Chandrasekhar functional integral inclusion (1.2) and a
nonlinear hybrid Chandrasekhar functional integral equation and for the nonlinear cubic Chandrasekhar
integral equation (1.3). The continues dependence of solution functions x; (i = 1,2) and on the set S
have been obtained. Additionally, illustrative examples for the obtained results are constructed.
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