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Abstract

This paper investigates the initial value problem of singular difference systems with maxima. An
algorithm based on quasilinearization is suggested to solve the initial value problem for the nonlinear
singular difference system with maxima, and the quadratic convergences of the sequence of successive
approximations are obtained. (©)2016 All rights reserved.
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1. Introduction

Difference equations with maxima are a special type of difference equations that contain the
maximum of the unknown function over a previous interval(s). The presence of the maximum
function in the equation requires not only more complicated calculations but also a development of
new methods for qualitative investigations of the behavior of their solutions (see the monograph [5]
and references cited therein). Some results of difference equations with maximum are presented in
[4, @, 10], 12}, 15], in which, Hristova, Golev and Stefanova [10] discussed the initial value problem for
difference equations with maximum by using the method of quasilinearization [6, [I1] which has been
used in the proof of the existence results for a wide variety of nonlinear problems.

Recently, much attention has been paid to singular discrete systems as they exist extensively in
application fields (see [IL [7, [§]). For example, the discrete dynamic input-output system is a typical
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singular system [16], the mathematical modeling of which is
z(k) = Az(k) + Blx(k+ 1) — z(k)] + d(k),

where z(k) is a n x 1 output vector, d(k) is a n x 1 final consume vector. A = (a;;)nxn IS a consume
coefficient matrix; B = (b;;)nxn is an investment coefficient matrix, which is usually singular. Hence,
besides their theoretical interest, they are very important in terms of applications.

Up till now, there have been a few results for singular difference equations (SDEs). Anh and
Loi [3] have studied the solvability of initial-value problems for SDEs; Wang and Zhang [14] have
investigated the existence of extremal solutions for singular discrete systems by employing a monotone
iterative technique combined with the method of upper and lower solutions; Anh and Hoang [2] have
obtained some necessary and sufficient conditions for the stability properties of SDEs by employing
Lyapunov functions and Wang and Kong [I3] have analyzed the rapid convergence of solution of
nonlinear singular difference system. However, we have not found any results for singular difference
systems with maxima.

In this paper, we discuss the convergence of approximate solutions for nonlinear singular difference
systems with maximum by the method of quasilinearization and prove the quadratic convergence of
the successive approximations.

2. Preliminaries

First of all, we introduce some notations and definitions.
Let Z be the set of all integers, Z[a,b] ={z € Z:a <z <b} fora, b€ Z, a <b.
Consider the following nonlinear singular difference system with “maxima”

Ax(k+1) = f(ko(k), max z(s)), k€], (2.1)
oK) = g(k), ke |

where A is a singular n X n matrix, z(k) € R* forall k€ J, f : J; X R* x R* — R", ¢ : J, — R",
J1 =Z[0,K], Jo = Z|—h,0], J = J; U Jy, h and K is any positive integer.

For x(k), y(k) € R", k € Z, (k) < y(k) means z;(k) < y;(k),i=1,2,--- ,n. z(k)y(k) =
(@1 (k)yr(K), 2 (k)ya(k), - 2 (k)yn (k)T

Let the functions ay, fp : J — R™ be such that ag(k) < Gy(k), and define the following sets.

= n n <zr< <y <

Qag, fo) ={(k,z,y) € J1 X R* x R" | ap(k) <z < Bo(k)’se?ﬁi}i,k} ap(s) <y < Seg{}i}z’k} Bo(s)}-
Definition 2.1. The function «p : J — R" is said to be a lower solution of ([2.1)) if it satisfies the
following difference inequalities

{ Aapg(k+1) < f(k’ao(k)’se%cai}i,k] ap(s)), ke Jy, (22)
ao(k) < k), ke o

An upper solution of is defined analogously by reversing the above inequalities.

In our further discussion, we will need some results on linear singular difference systems and
inequalities.

For the linear singular difference system

Azx(k+ 1)+ M(k)x(k) = g(k), x(0) =z9, k€ Jy, (2.3)

where A and M (k) are n x n matrices and g(k) is a vector in R" for all k£ € J, we have the following
result.
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Lemma 2.2 ([7], Theorem 3.6.2). Assume that the following conditions hold.

(Ha1) There exists a constant A such that L(k) = [NA+ M (k)]™' > 0 ewists, A = L(k)A is a constant
matriz and M = L(k)M(k) =1 — XA on J;.

(Hys) 1o lies in the set {W + R(A)}, where W = (I — AAP)MP§(0) and §(k) = L(k)g(k).
Then the unique solution x(k) of (2.3)) is given by

k—1
w(k) = (—APM)FAAPzo + AP [ AP M g(i) + (I — AAP)MPg(k),

=0

where index(A) = 1, the notations AP and MP indicate the Drazin inverse of the matrices A and

M respectively.
For the singular difference inequalities
Az(k+ 1)+ M(k)z(k) <0, z(0) <0, ke Jy, (2.4)

where A, M (k) are n x n matrices and A is singular on J;, we have the following result.

Lemma 2.3 ([13], Lemma 1.1). Assume that the condition (Hz1) of Lemma[2.2] holds, and
(Hy3) There exists a nonsingular matriz Q such that [L(k)Q]™! exists and Q=1 [L(k)Q], [L(k)Q]™! >

0, satisfying
. o C 0 —11" o Il—)\C 0
otio= (g )@= (" D).

where C' is a diagonal matriz with C~' <0, C~Y(I; = A\C)+ 1, < 0.

Then x(0) < 0 implies x(k) <0 on J;.

Now, we will prove the existence result which is of vital importance for our further discussion.

Lemma 2.4. Assume that the conditions (Hs1)-(Hy3) hold, and

(Hs4) The functions og, By : J — R" are lower and upper solutions of (2.1)), respectively, and
(k) < Bo(k) on J;

(Hy5) The function f : Q(ao, Bo) — R™ is continuous with respect to its second and third arguments,
the Fréchet derivative f, exists and is nonnegative, and

f(kv%u)_f(k’xvu) < M(x—y),

<y<zxr< <u< =
where apg(k) <y < x < By(k), Seg}i}z’k] ap(s) <u < SE%EEM Bo(s) and M = M(ky), k € Jp,
ko € Ji.

Then (2.1) has a solution x(k) that satisfies ag(k) < x(k) < Bo(k) on J.
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Proof. Let ay,11(k) and B,.1(k) be the solutions of the following singular difference systems:

{ A (k+1) = f(k, an(k), seg[}ca;}li,k] an(s)) — M(ant1(k) — an(k)), k€ Ji, (2.5)
() = (), K€y |

and

{ A (b+1) = 10,506, s 56D = M) =50, ke d
5n+1(k) = QD(/'{), ke Jo .

forn=0,1,2,---, which exist because of Lemma . Accordingly, we obtain the sequences {a,(k)}
and {5, (k)}.
First, we show that ag(k) < ay(k) < B1(k) < Bo(k) on J.
For this purpose, setting m(k) = ag(k) — ay1(k) so that m(k) < 0 on Jo, using the condition
(H,.4), we obtain
< —
Am(k +1) < f(k, ao(k), hax ao(s)) — [f(k, ao(k), max ao(s))
— M(on (k) — ao(k))]
< —Mm(k:), ke Jp.

By Lemma [2.3] we have ag(k) < ai(k) on Ji. Thus, we conclude that ag(k) < o;(k) on J. Analo-
gously, we can prove that 51 (k) < By(k) on J.
We next prove that aq(k) < (k) on J. Taking m(k) = ai(k) — B1(k) so that m(k) = 0 on Js,

and utilizing the condition (Hy5), we have

Am{k+1) = [F(k, oK), _max _als)) = M{aa(k) = ao(k))

) 9
= [F Ok Auk). _mass | Aols)) = M(B: () = Folk))]
) )
X (

< [f(kvoo(k). _masx  fo(s)) — M(en (k) — ao(k))]

— [f(k, Bo(k), g[}ca?zk]ﬁo s)) — M(Bi(k) — Bo(k))]
< M(Bo(k) — ao(k)) — M(au(k) — ao(k)) + M(B1(k) — Bo(k))
= —Mm(k), ke Jp.

As before, we obtain that a4 (k) < 81(k) on J. Thus, we have

ag(k) < ar(k) < Bi(k) < Bo(k), ke

Continuing with this process, by induction, we conclude that

Fixed any fixed k& € J, the sequence {a,(k)} is monotone nondecreasing and bounded by [y(k).
Therefore, the nondecreasing sequence {a,(k)} converges pointwise to a function z(k) that satisfies
ao(k) < z(k) < Bo(k). In view of (2.5)), we can easily see that z(k) is a solution of (2.1]). Therefore,
has a solution z(k) which satisfies ag(k) < z(k) < Bo(k) on J. The proof is complete. O
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3. Main results

In this section, we use the method of quasilinearization for nonlinear singular difference system
with maxima. We will prove that the convergence of the sequence of successive approximations is

quadratic.

Theorem 3.1. Assume that

(As1) The function f: Q(ap, By) — R™ is continuous with respect to its second and third arguments,
the Fréchet derivatives fuy, fuy, fyy exist, and the following equalities are valid for (k,z,y) €

Q<a0>ﬁ0)"
fzx(k7x;y> > Oa fxy(kaxay) > 07 fyy(kaxay> > O;

(As2) The conditions (Hy1)-(Has) and the nonnegative matriz M for M (k) = — f.(k,z,y), N(k) =

~

—fy(k,z,y), N(k) = L(k)N(k), (k,z,y) € Q, fo) hold, where

s—1

SEZ[0,K] -
1=

0= {1~ max {— AP S [CAPNIPTNG) ~ (1 - AAD)MDN(S)}}l.

Then there exist two monotone sequences {a,(k)}, {Bn(k)} which converge to the solution of ({2.1))

on J and the convergence is quadratic.

Proof. Tt follows from the assumption (Asz;) that the inequality

f(k,z,00) = f(k,22,92) + fo(k, 22, y2) (1 — y1) + [y (R, 22, 92) (22 — y2)

holds for (k,z1,1), (k,72,92) € Qao, o), 1 > Ta, Y1 > Ya.
Now, consider the following singular difference systems with maxima

([ Ax(k+1) = f(k,an(k), max oy,(s))

= Fn(k’x(k)’se%fﬁ,k]x(s))’ ke Jy,
z(k) = p(k), ke .

\

and

( Ay(k +1) = f(k, Bo(k), max 5n(3))

SEL[k—h,k]

+ folkyon(k), max  an(s))(y(k) = Ba(k))

= Gn(kvy(ijseér[}fi}}ik]y(s))a ke le
L y(k) = o(k), ke

SEZ[k—h,k]
+ falk, on(k), _max  on(s))(z(k) — an(k))
+ fy(k; an(k), omax O‘”(s))(se%ﬁ,k] x(s) — s an(s))

+ fy<k> an(k)a Seg[}fi)’i’k] an(‘S))(seg[}ff;:l’k} y<8) o seg[}ca—}ii,k]

(3.2)

(3.3)

Let n = 0 in (3.2) and (3.3]). Initially, we can prove that ag(k) and Gy(k) are lower and upper
solutions of (3.2)), respectively. Then, by Lemma [2.4] we conclude that there exists a solution o (k)

of (3.2) with oy (k) = ¢(k) on Jy such that ag(k) < a;(k) < Bo(k) on J.
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Similarly, we can also prove that «;(k) and Sy(k) are lower and upper solutions of (3.3|) respec-
tively. Then, it follows from Lemmas [2.4] that (3.3)) has a solution (k) such that aq(k) < f1(k) <

Bo(k) on J.
Furthermore, using the above results, we can prove that a;(k) and (;(k) are lower and upper

solutions of ({2.1)) respectively. Hence, we have

ag(k) < ai(k) < Bi(k) < Po(k), ke J

The method of mathematical induction can be applied to prove that for all n

ao(k) < (k) < oo < (k) < Bulk) < . < Bu(k) < Bo(k), k€ .

Since «,,, 3, are lower and upper solutions of ([2.1)) respectively, and all the assumptions of Lemma
are satisfied, we can conclude that there exists a solution z(k) of (2.1)) such that a, (k) < z(k) <
Bn(k) on J. Hence, we have

ao(k) < a1 (k) < .. < an(k) < 2(k) < Bulk) < .. < Bi(k) < Bo(k), k€ J

For any fixed k € J, the sequences {«,(k)}, {f.(k)} are monotone nondreasing and monotone
nonincreasing, and they are bounded by ag(k), Bo(k), respectively. Therefore, they are convergent
on J, that is, there exist functions p(k), r(k) such that

lim an(k) = p(k) < 2(k) < r(k) = lim B, (k).

n—o0 n—00

To show the quadratic convergence. Define the function a,1(k) as follows:
s (K) = (k) — ar (k) 20, ke

Let k € Jo. It is clear that a,1(k) = 0.
Let k € J;. Using the mean value theorem and the assumption f, > 0, we arrive at

Aapii(k+1) = fo(k, an(k), e @ n(8))(x(k) — ans1(k))
+ fy(k, an(k), ) el an(S))(Seﬁaﬁyk}w(S) s n41(8))
— fa(k; an (), eg[}ca)li M an(s))(x(k) — an(k))
— Jy(k, an(F), X O (8))(%%@; k]x(S) T e an(s))

/ fuo(k,ox(k)+ (1 —0)a,(k), max x(s))da) (x(k) — an(k))

SEZ[k—h,k]

fy (k,an(k),0 max xz(s)+ (1 —o0) max ozn(s))da)

0 s€Z[k—h,k] sCZ[k—h,k]
< pmax  ols) = max  an(s))

< —_

< falk,an(k), _mmax | an(s))(@(k) = ansa (k)

+ fy<k, an(k>7 seg[}cafz,k] an(5>) se?[}ffz,k](x(s) — Qpp (S))

+ [fe(k, x(k), max a(s)) — fo(k,an(k), max an(s))](z(k) — an(k))

SEL[k—h,k] SEZ[k—h,k]
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+ 1k, an(k), max (s)) = fy(k, an(k), max a,(s))]

s€Z[k—h,k] s€Z[k—h,k]
X (RS 1y ) T R,y ()
< —M(k)ay1(k) — N(k) erZr[laic }anﬂ( s)+ A + By,
where
Av=fok o(k), _max 2(5) = falkyon(k), max  on(s))](z(k) = an(k)),
By =1fy(k,onlk), max  a(s)) = fy(k,on(k), max  an(s)]x ( max a(s)— max an(s)).

Using the mean value theorem and the condition (Ajs;), we get

n / Foalk, oz(k) + (1 — 0)an(k), max x(s))da)an(k)

SEZ[k—h,k]

+( max a,(s))" (/0 fay(k, o (k),0 max x(s)+ (1 —0) max ozn(s))da>

s€Z[k—h,k] s€Z[k—h,k] s€Zlk—h,K]
X an (k)
< A _ 2
< (3 el owlh) + (1 =)l g, () an(0)

+%<Z|fzjy(/€,oén( ;o max x(s)+ (1 —o0) max (Jcn(s))])(an(k))2

SEL[k—h,k] SEZ[k—hk]

1 meﬂ (k,an(k),0 max z(s)+(1—0) max a,(s))])( max a,(s))?
2

SELlk—h,k] SEZlk—h,k] SEZ[k—h,k]
1 1
< My (ay, ~Miy(an(k))* + =M n(s))?
< My (an(K))* + 5 Miz(an(k))” + 5 13(56%92?2,19]& (s))
1
< [My + s (Mip+ M n(s)|?
< [My + 2( 12 + Mi3)] seg[l?ifk] |an(s)|",
and
B, < (86%2132 k]a / Tuw(k aseér[}caﬁ k]x(s) +(1—o0) nax o (s))do
X max  a,(s)
SEZLlk—h,k]
2
< (X st 0nl®). o _mae a(s) & (1=0) a0 (s))])( gma. ()

<M 2
< Mg seg[l—a}fl(] ’an(s)’ )

where Z?:l |ijx(ka$7y)| < Mlla Z?:l |f$jy(k7xay>| < Ml?a Z?:l |fij(k‘,l‘,y)| < M137
2?21 | fyy(ksz,y)| < My for (k,z,y) € Q(ag, o), M1 Mia, Myz and My, are positive matrices.
Then, from the above discussion, we have
Atpi1(k+1) + M(k)ap1 (k) < =N(k) max  apyi(s)+ M, max |a,(s)|?, k€ Jy,
SE€Z|—h,K] SE€Z|—h,K]

ani1(k) =0, k€ Jo,
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where M, = M, + = (M12 + M3) + Myy. According to Lemma [2.3] we find that a,.1(k) < z(k) on
Ji, where u(k) is a solutlon of

Au(k +1) + M(E)u(k) = =N (k " M ()%, ke,
u(k+1) + M(kyu(k) = =N(K) maxanii(s) + My _maxJan(s)| 1

U(k’) = 0, ke JQ.

Furthermore, using the expression of z(k) in Lemma , we have

s—1
_ D _ ADArs—i—1 N1—1 .
max an(s) < {7 max {4 DA A+ MO)NG)

(I — AADYNIPDA + M(s)]_lN(s)}}_l

s—1
* g U AN DA MO gl
+ (I — AAPYMPINA + M(s)] 7'M, Seg[l_a}fm |an(s)|2}.
Then, by suitable estimates, we can get
|ans1lo < Kilanl5,
where K7 is a positive constant matrix and |a|o = max la(s)] = (I?Ga} lay (s)],--- ,max lan(s)[)T. The

convergence of {a,(k)} is quadratic.
Similarly, we define the function b,.1(k) as follows:

bui1(k) = Bnii(k) —x(k) >0, tel

Let k € J. We can see that b, (k) = 0.
Let k € J;. In view of the mean value theorem and the condition f,, > 0, it can be deduced that

Abpa(k+1) < folkyan(k), max  an(s)(Bura (k) — 2(k))

SEZL[k—h,k]
+ fy(k o), max an(s)) max (Bu(s) = (s))
= falh, Bu(k), _max  fn(s)) = falk, an(k), _max = an(s))(Bu(k) — (k)
+ fy(k z(k), max  Fu(s) — fy(k,an(k), max an(s))]
i )~ i, o)
< —M(E)ba (k) = N(k) max bui(s) + A2 + By,
where
Ay = [falk, Bulk), max  fu(s) = folk,an(k), max  au(s)](Ba(k) - 2(k)),

By = [fy(k,z(k), e Ba(s)) — fy(k,an(k),seg[}g’k} a,(s))] % (Seg[}faﬁ k]ﬁ (s) — Seg[}fagvk]x(s»-
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By using the mean value theorem and the assumption (As;), we can get

Ay < (bu(k) + an(k / Faa k. 0B, (R) + (1= o)atn (k). max B (5))dor )b (k)

s€L[k—h,k]
+( max b,(s)+ max a,(s))"

S€L[k—h,k] SEL[k—h,k]
/ Jay (e, an (K aseéﬁa)}(l . Bn(s)+ (1 —0) se%ka_)}cl,k] an(s))da> b, (k)

s(Zmﬂ(k,aﬁn(m(l—a)anac), e 5,(5))] ) (bu(k) + an ()b (K)

SEL[k—h,k]

(ny”kan o max Bu(s)+(1—0) max an<s))y)(bn(k))2

SEZ[k—hk] SEZ[k—h,k]

1

. T y U 9 n 1 - n )
+5 (Z [y (hsan(k).0_max  Buls) +(1=0) _max  an(s))

2 2
< |( max  an(s)”+ ( _max bn(s))]
1 1
< My (b (K))* + §M11(@n(k))2 + §M11(bn(k))2 + Mis(b,(k))?

1 2 1 2
+ §M13(s€£[}ca;}z,k] an(s)) + §M13(s€g[}§i}2,k] bn<8))
1

1
Lo, o n(8)]* + 5 (3My + 2Myz + M 2ol
2( 11+ Mis) eér[lftl?z{,K] |an(s)]" + 2(3 1+ 2My + Mia) seg[lfh’ffﬂ (o)

and

ng(an(k))T< /0 ok, 0w (k) + (1 — 0)an(k), max Bn(s))da) max  (ba(s))

SEZ[k—h,k] SEZ[k—h,k]

B ) iy )
([ dtbon®o o 8.6+ (1= 0) _max onls))dr) max s
< 5(; oy (b, oe(R) + (1= ey (k). _mmax 5,(5))]) (@ ())?
+ %(Z ek (k) + (1= 0)aa(h), _max 5u(s)])(_manx  bu(s))’
" (Z b o) _mas Auls) +(1—0) . on(s)])

bn n bn
< mmax  bu(s)+ max  an(s)) max  bn(s)

1 1 1
<-M t)? + =M P+ (M M bu(s))?
< 5 Mia(an(®))” + 5 14(36%892,@ an(s))” + 5 (Miz +3 14)(36%32,1@] (s))

IN

; |
“(Myp+ M ()P + = (Mg +3M ba(s)|%.
2( 12 + Miy) seg[l_affm |an(s)” + 2( 13+ 1) seg[l?f}:fﬂ ()]
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Then, we conclude from above discussion that
Aby1(E+ 1) + M(k)byyi(k) < —=N(k) max  b,1(s)
SE€Z[—h,K]

+ My max |a,(s)]* + Mz max |b,(s)]?, k€ J,
Ss€Z[—h,K] Ss€Z[—h,K]

boii(k) =0, ke Jo,

where M2 = %(Mll + M12 + M13 + M14), and M3 = %(3M11 + 2M12 + 2M13 -+ 3M14). Hence, by
Lemma [2.3) we obtain that b,41(k) < u(k) on J;, where u(k) is a solution of

Au(k + 1) + M (k)u(k) = —=N(k) max  bpi1(s)

SEZ[—h,K]
+ My, max |a,(s)|*+ Ms max |b,(s)|?, k€ Jy,
SE€Z[—h,K] SE€Z[—h, K]
u(k) = 0, ke JQ.
Then, using the expression of z(k) in Lemma 2.2 we have
bn

Seg[l_a}fm +1(8)

s—1
<3I- — APN [ APMPTTINA 4+ M) TN
< {7 - (= A7 AP AL MOING)

—_

Ss—

— (I — AAPYNIPAA + M(s)]_lN(s)}}_l max {AD [ APNI* Y AA + M ()]

SEZ[0,K]

I
o

1

M. n(s)]> + M bn ()]
< (Mp maxan(s)|+ My max |bn(s)[")

A AD\YrD -1 2 2
F (= AAPINPNA S M) (M _maan(s)” + My e [ba(s) )}.
Taking suitable computation, we obtain

brsilo < Kalbolg + Kslan3,

where K3 and K3 are positive constant matrices. Thus, the convergence of {3, (k)} is quadratic. The
proof is complete. O

Theorem 3.2. Assume that the condition (Ass) hold, and

(Ass) The function f: Q(ag, Bo) — R™ is continuous with respect to its second and third arguments,
the Fréchet derivatives fon, fuoy, [yy exist, and the following equalities are valid for k € Ji,

(ka T, y) € Q<&07 BO)

fxx(kwxay) S Oa fxy(kaxay) S 07 fyy(k7$7y> S 0.

Then there exist two monotone sequences {a,(k)}, {Bn(k)} which converge to the solution of ({2.1))
on J and the convergence is quadratic.
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Proof. Consider the following singular difference systems with maxima

((Az(k+1) = f(k,an(k), max ay(s))

SEZ[k—h,k]
+ Jo(k, Ba(k), _max | Bu(s))(@(k) — an(k))
+ fy(k, Bu(k), s B”(S))(seéﬁffi,k] x(s) — s an(s)) (3.4)

n( ,ZL‘( ),SGH[}CED}{LMQT(S)), Jl,
.1?(1{7) = QO(]C), k c JQ,

\

and
(Ay(k+1) = Sk (k). _max | F,(5)
+ falk, Bu(k), _max Ba(s))(y(k) = Fu(k))
+ fy(k, Bu(k), x| 5"(8))<5e§ﬁffi,k] y(s) — max Bn(s)) (3.5)
= Gu(k,y(k), max y(s), k€,
L y(k) = o(k), k€ Ja.
Analogous to the proof of Theorem [3.1], we can get the convergence is quadratic. O]

Remark 3.3. The above result can be extended to the situation where f(k,z,y) = F(k,z,y) —
g(k,z,y), and F'(k,z,y) and g(k, v, y) satisfy

Foo(k,z,y) >0, Fyy(k,z,y) >0, Fy,(k,z,y) >0,

Gzz (B, 2,y) 20, goy(k,2,y) >0, gyy(k,z,y) > 0.

By using the method of generalized quasilinearization, we can obtain the result that there exist two
monotone sequences which converge quadratically to the solution of (2.1]). Similarly, when F(k,x,y)
and g(k, z,y) satisfy

F:ltx(kax?y) S 07 Fl‘y<k7$)y) S 07 Fyy(k7$uy) S O)

Gaw(k, 2, y) <0, goy(k,z,y) <0, gyy(k,z,y) <O,

we can also obtain the quadratic convergence. We omit the details.
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