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Abstract

Conformal maps or horizontally conformal maps are very useful for characterization of harmonic morphisms. Nowadays,
many medical problems (directly or indirectly) such as brain imaging (brain surface mapping, [Y. L. Wang, L. M. Lui, X. F. Gu,
K. M. Hayashi, T. F. Chan, A. W. Toga, P. M. Thompson, S.-T. Yau, IEEE Transactions on Medical Imaging, 26 (2007), 853–865],
[Y. L. Wang, X. F. Gu, K. M. Hayashi, T. F. Chan, P. M. Thompson , S.-T. Yau, Tenth IEEE International Conference on Computer
Vision (ICCV’05), 2005 (2005), 1061–1066]) computer graphics ([X. F. Gu, Y. L. Wang, T. F. Chan, P. M. Thompson, S.-T. Yau,
IEEE Transactions on Medical Imaging, 23 (2004), 949–958]) etc. can be solved using conformal Riemannian maps. In this paper,
as a generalization of conformal Riemannian maps and conformal bi-slant submersions, we introduce conformal quasi-bi-slant
Riemannian maps from almost Hermitian manifolds to Riemannian manifolds. We study the geometry of leaves of distributions
which are involved in the definition of the conformal quasi bi-slant Riemannian maps. We work out conditions for such maps
to be integrable, totally geodesic and pluriharmonic. We present two examples for the introduced notion.
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1. Introduction

In Riemannian geometry, the theory of smooth maps between Riemannian manifolds is a fascinating
topic that continually generates new ideas which are very helpful in comparing geometric structures
between manifolds. In this point of view, isometric immersions and submersions are basic such maps
studied by O’Neill [18] and Gray [10]. In 1992, Fischer introduced the notion of Riemannian maps [8]
as a generalization of isometric immersions and Riemannian submersions. More precisely, a smooth
map π : (B1,gB1) → (B2,gB2) between Riemannian manifolds such that 0 < rankπ < min{m,n}, where
dimB1 = m and dimB2 = n. It satisfies the equation:

gB1(V1,V2) = gB2(π∗V1,π∗V2), for V1,V2 ∈ Γ(kerπ∗)⊥.
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It follows that isometric immersions and Riemannian submersions are particular cases of Riemannian
maps with kerπ∗ = {0} and (rangeπ∗)⊥ = {0}, respectively. If we denote the kernel space of π∗ by kerπ∗
and the orthogonal complementary space of kerπ∗ by (kerπ∗ )⊥ in TB1, then the TB1 has the following
orthogonal decomposition:

TB1 = kerπ∗ ⊕ (kerπ∗ )⊥.

Also, if we denote the range of π∗ by rangeπ∗ and for a point p ∈ B1 the orthogonal complementary
space of (rangeπ∗)π(p) by (rangeπ∗)⊥π(p) in Tπ(p)B2, then the tangent space Tπ(p)B2 has the following
orthogonal decomposition:

Tπ(p)B2 = (rangeπ∗)π(p) ⊕ (rangeπ∗)⊥π(p).

A differentiable map π : (B1,gB1) → (B2,gB2) is called a Riemannian map at p ∈ B1 if the hori-
zontal restriction πh∗p : (kerπ∗)⊥p → (rangeπ∗)π(p) is linear isometry between the inner product space
((kerπ∗p)⊥, (gB1)(p)|(kerπ∗p)⊥) and (rangeπ∗π(p)

, (gB2)(π(p))|(rangeπ∗p)) (for details see [5]).
Fischer showed that such maps could be used to solve the generalized eikonal equation, i.e., it satisfies

the generalized eikonal equation ‖ π∗ ‖2= rankπ. Since rankπ is an integer valued function and ‖ π∗ ‖2

is continuous function on the Riemannian manifold so the equality implies that rankπ is locally constant
and globally constant on connected components. Since energy density 2e(π) =‖ π∗ ‖2= rankπ, i.e.,
density is quantized to integer if the Riemannian manifold is connected. Thus the eikonal equation is a
bridge between geometric optics and physical optics. On the other hand, horizontally conformal maps
were defined by Fuglede [9] and Ishihara [14] and these maps are useful for characterization of harmonic
morphisms. Horizontally conformal maps (conformal maps) have applications in mathematics as well
as in physics. Especially, within the Yang-Mills theory [6], Kaluza-Klein theory [12], supergravity and
superstring theories ([7],[13]) redundant robotic chains [4] etc. Thus, the notion of Riemannian maps
deserves through study from different perspectives.

Furthermore, Sahin [28] introduced the notion of conformal Riemannian maps between Rieman-
nian manifolds, their harmonicity and decomposition Theorems. After that, several kinds of conformal
Riemannian maps were introduced and studied, some of them are like: conformal Riemannian maps
([28, 31]), conformal anti-invariant Riemannian maps [1], conformal semi-invariant Riemannian maps
([2, 32]), conformal slant Riemannian maps ([3]), etc. Likewise, these maps have been studied widely by
many geometers (see also [15, 19–25, 27, 29, 30]) etc.

The present article is organized as follows. Section 2 contains some basic definitions needed through-
out this paper. In Section 3, we define conformal quasi bi-slant Riemannian map from almost Hermitian
manifolds to Riemannian manifolds and obtain some results on conformal quasi bi-slant Riemannian map
from Kähler manifold to Riemannian manifold. In Section 4, some examples for this notion are provided.

2. Preliminaries

An almost Hermitian manifold (N1,g1, J) is called a Kähler manifold [36] if

(∇W1J)W2 = 0, (2.1)

for W1,W2 ∈ Γ(TN1) with almost complex structure J and almost Hermitian metric g1 on N1.
Watson introduced the fundamental tensors of a submersion in [35]. It is known that the fundamental

tensor play similar role to that of the second fundamental form of a submersion [16]. O’Neill’s tensors T

and A [18], for vector fields V1,V2 ∈ Γ(TN1), are defined as

AV1V2 = V∇HV1HV2 +H∇HV1VV2, TV1V2 = H∇VV1VV2 +V∇VV1HV2, (2.2)

where V and H are the vertical and horizontal projections and ∇ is Levi-Civita connection N1. On the
other hand, from (2.2), we have

∇Y1Y2 = TY1Y2 +V∇Y1Y2, (2.3)
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∇Y1U1 = H∇Y1U1 + TY1U1, (2.4)
∇U1Y1 = AU1Y1 +V∇U1Y1, (2.5)
∇U1U2 = H∇U1U2 +AU1U2, (2.6)

for Y1, Y2 ∈ Γ(kerπ∗) and U1,U2 ∈ Γ(kerπ∗)⊥, where V∇Y1Y2 = ∇̂Y1Y2. If U1 is basic, then AY1U1 =
H∇U1Y1.

It is seen that for p ∈ N1, Y1 ∈ Vp and U1 ∈ Hp the linear operators AU1 , TY1 : TpN1 → TpN1 are
skew-symmetric, that is

g1(AU1Z1,Z2) = −g1(Z1,AU1Z2) and g1(TY1Z1,Z2) = −g1(Z1,TY1Z2), (2.7)

for each Z1,Z2 ∈ Γ( TpN1).
Let π : (N1,g1) → (N2,g2) is a smooth map between Riemannian manifolds. Then the differential

π∗ of π can be observed a section of the bundle Hom(TN1,π−1TN2) → N1, where π−1TN2 is the bundle
which has fibres (π−1TN2)p = Tπ(p)N2, has a connection ∇ induced from the Riemannian connection and
∇N1 pullback connection. Then the second fundamental form of π is given by

(∇π∗)(V1,V2) =
N1

∇πV1π∗(V2) − π∗(H
N2

∇πV1V2), (2.8)

for any vector fields V1,V2 ∈ Γ(TN1), where ∇π is the pullback connection. We recollection that a differ-
entiable map π between two Riemannian manifolds is called totally geodesic if

(∇π∗)(Y1, Y2) = 0, for Y1, Y2 ∈ Γ(TN1).

Definition 2.1. Let (N1,g1) and (N2,g2) are two Riemannian manifolds with dimensions m and n, re-
spectively. If π : (N1,g1)→ (N2,g2) is a smooth map, then π is a conformal Riemannian map at p ∈ N1 if
0 < rankπ∗p < min{m,n} and π∗p maps Hp = (kerπ∗p)⊥ conformally onto range(π∗p), i.e., there exists a
number λ2(p) 6= 0 such that

λ2(p)g1(V1,V2) = g2(π∗V1,π∗V2),

for V1,V2 ∈ (kerπ∗p)⊥. π is called conformal Riemannian map if π is a conformal map at each point
p ∈ N1. A conformal Riemannian map π is proper if λ 6= 1.

On the other hand, let π : (N1,g1) → (N2,g2) be a conformal map between Riemannian manifolds.
Then, we get

(∇π∗)(V1,V2)|rangeπ∗ = V1(ln λ)π∗(V2) + V2(ln λ)π∗(V1) − g1(V1,V2)π∗(grad ln λ),

where V1,V2 ∈ (kerπ∗p)⊥. From equation (2.8), we get

N1

∇πV1π∗(V2) = π∗(H
N2

∇πV1V2) + V1(ln λ)π∗(V2) + V2(ln λ)π∗(V1)

− g1(V1,V2)π∗(grad ln λ) + (∇π∗)⊥(V1,V2),
(2.9)

where (∇π∗)⊥(V1,V2) is the component of (∇π∗)(V1,V2) on (rangeπ∗)⊥ for V1,V2 ∈ (kerπ∗p)⊥. Thus if we
denote the (rangeπ∗)⊥ component of (∇π∗)(V1,V2) by (∇π∗)(V1,V2)|(rangeπ)⊥ , we can write (∇π∗)(V1,V2)
as

(∇π∗)(V1,V2) = (∇π∗)(V1,V2)|(rangeπ) + (∇π∗)(V1,V2)|(rangeπ)⊥ ,

for V1,V2 ∈ (kerπ∗p)⊥.

Definition 2.2. Let (N1,g1, J) be an almost Hermitian manifold and (N2,g2) be a Riemannian manifold
with dimension m and n, respectively. A map π from an almost Hermitian manifold (N1,g1, J) to Rie-
mannian manifold (N2,g2) is pluriharmonic map [17] if

(∇π∗)(Z1,Z2) + (∇π∗)(JZ1, JZ2) = 0,

for Z1,Z2 ∈ Γ(TN1).
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3. Conformal quasi bi-slant Riemannian maps

Definition 3.1. Let (N1,g1, J) be an almost Hermitian manifold and (N2,g2) be a Riemannian manifold.
A Riemannian map π : (N1,g1, J)→ (N2,g2) is called a conformal quasi bi-slant Riemannian map if there
exist three mutually orthogonal distributions D,D1, and D2 such that

(i) kerπ∗ = D⊕D1 ⊕D2;
(ii) J(D) = D, i.e., D is invariant;

(iii) J(D1) ⊥ D2 and J(D2) ⊥ D1;
(iv) for any non-zero vector field Y1 ∈ (D1)p, p ∈ N1, the angle θ1 between JY1 and (D1)p is constant and

independent of the choice of point p and Y1 in (D1)p;
(v) for any non-zero vector field Y2 ∈ (D2)q, q ∈ N1, the angle θ2 between JY2 and (D2)q is constant and

independent of the choice of point q and Z2 in (D2)q.

These angles θ1 and θ2 are called slant angles of the Riemannian map.
Let π be conformal quasi bi-slant Riemannian map from an almost Hermitian manifold (N1,g1 , J) to a

Riemannian manifold (N2,g2). Then, we have

TN1 = kerπ∗ ⊕ (kerπ∗)⊥.

Now, for any vector field U1 ∈ Γ(kerπ∗), we have

U1 = PU1 +QU1 + RU1, (3.1)

where P,Q and R are projection morphisms of kerπ∗ onto D,D1 and D2, respectively. For W1 ∈ Γ(kerπ∗),
we get

JW1 = φW1 +ωW1, (3.2)

where φW1 ∈ (Γ kerπ∗) and ωW1 ∈ (Γ kerπ∗)⊥. From equations (3.1) and (3.2), we have

JU1 = J(PU1) + J(QU1) + J(RU1) = φ(PU1) +ω(PU1) +φ(QU1) +ω(QU1) +φ(RU1) +ω(RU1).

Since JD = D, we get ωPU1 = 0. Therefore, above equation reduces to

JU1 = φ(PU1) +φQU1 +ωQU1 +φRU1 +ωRU1.

Now, we have the following decomposition

J(kerπ∗) = D⊕ (φD1 ⊕φD2)⊕ (ωD1 ⊕ωD2),

where ⊕ denotes orthogonal direct sum. Further, let V1 ∈ Γ(D1) and V2 ∈ Γ(D2). Then, we get

g1(V1,V2) = 0, g1(JV1,V2) = g1(V1, JV2) = 0, g1(φV1,V2) = 0, g1(V1,φV2) = 0.

If W1 ∈ Γ(D), W2 ∈ Γ(D1) and W3 ∈ Γ(D2), then

g1(φ W1,W2) = 0,g1(φW1,W3) = 0,g1(φW2,φW3) = 0,g1(ωW2,ωW3) = 0.

So, we can write φD1 ∩φD2 = {0},ωD1 ∩ωD2 = {0}. Since ωD1 ⊆ (kerπ∗)⊥, ωD2 ⊆ (kerπ∗)⊥, so we can
write

(kerπ∗)⊥ = ωD1 ⊕ωD2 ⊕ µ,

where µ is orthogonal complement of (ωD1 ⊕ωD2) in (kerπ∗)⊥. Also, for any non-zero vector field
X1 ∈ (kerπ∗)⊥, we have

JX1 = BX1 +CX1, (3.3)

where BX1 ∈ Γ(kerπ∗) and CX1 ∈ Γ(µ).
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Lemma 3.2. If π is a conformal quasi bi-slant Riemannian map, then

φ2U1 +BωU1 = −U1,ωφU1 +CωU1 = 0, ωBU2 +C
2U2 = −U2,φBU2 +BCU2 = 0,

for U1 ∈ Γ(kerπ∗) and U2 ∈ Γ(kerπ∗)⊥.

Proof. Using equations (3.2) and (3.3), we have Lemma 3.4.

The proof of the following Lemma is exactly the same as that one for quasi bi-slant submersion, see
Lemma 3.2 of [26]. So, we omit it.

Lemma 3.3. If π is a conformal quasi-bi-slant Riemannian map, then

(i) φ2Y1 = −(cos2 θi)Y1;
(ii) g1(φY1,φY2) = cos2 θig1(Y1, Y2);

(iii) g1(ωY1,ωY2) = sin2 θig1(Y1, Y2), for Y1, Y2 ∈ Γ(Di), where i = 1, 2.

Lemma 3.4. If π is a conformal quasi-bi-slant Riemannian map, then

V∇Y1φY2 + TY1ωY2 = φV∇Y1Y2 +BTY1Y2, (3.4)
TY1φY2 +H∇Y1ωY2 = ωV∇Y1Y2 +CTY1Y2, (3.5)

V∇U1BU2 +AU1CU2 = φAU1U2 +BH∇U1U2, (3.6)
AU1BU2 +H∇U1CU2 = ωAU1U2 +CH∇U1U2, (3.7)
V∇Y1BU1 + TY1CU1 = φTY1U1 +BH∇Y1U1, (3.8)
TY1BU1 +H∇Y1CU1 = ωTY1U1 +CH∇Y1U1, (3.9)
V∇U1φY1 +AU1ωY1 = BAU1Y1 +φV∇U1Y1, (3.10)
AU1φY1 +H∇U1ωY1 = CAU1Y1 +ωV∇U1Y1, (3.11)

for any Y1, Y2 ∈ Γ(kerπ∗) and U1,U2 ∈ Γ(kerπ∗)⊥.

Proof. Using equations (2.1), (2.3), (2.4), (2.7), (2.8), (3.2), and (3.3), we get equations (3.4)-(3.11).

Now, we define

(∇V1φ)V2 = V∇V1φV2 −φV∇V1V2, (∇V1ω)V2 = H∇V1ωV2 −ωV∇V1V2,
(∇U1C)U2 = H∇U1CU2 −CH∇U1U2, (∇U1B)U2 = V∇U1BU2 −BH∇U1U2,

(3.12)

for any V1,V2 ∈ Γ(kerπ∗) and U1,U2 ∈ Γ(kerπ∗)⊥.

Lemma 3.5. If π is a conformal quasi-bi-slant Riemannian map, then

(∇W1φ)W2 = BTW1W2 − TW1ωW2, (∇W1ω)W2 = CTW1W2 − TW1φW2,
(∇Z1C)Z2 = ωAZ1Z2 −AZ1BZ2, (∇Z1B)Z2 = φAZ1Z2 −AZ1CZ2,

for any vectors W1,W2 ∈ Γ(kerπ∗) and Z1,Z2 ∈ Γ(kerπ∗)⊥.

Proof. Using equations (3.4), (3.5), (3.6), (3.7), and (3.12), we get all equations of Lemma 3.5.

If the tensors φ and ω are parallel with respect to the linear connection ∇ on N1, respectively, then

BTY1Y2 = TY1ωY2,CTY1Y2 = TY1φY2,

for any Y1, Y2 ∈ Γ(TN1).
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Theorem 3.6. D is integrable if and only if

V∇V1JV2 −V∇V2JV1 ∈ Γ(D),φ(TV1−V2ωZ1) ∈ Γ(D1 ⊕D2),

for V1,V2 ∈ Γ(D) and Z1 ∈ Γ(D1 ⊕D2).

Proof. Using equations (2.1), (2.3), (2.4), and (3.2), we have

g1([V1,V2],Z1) = g1(∇V1JV2, JZ1) − g1(∇V2JV1, JZ1)

= g1(∇V1JV2,φZ1) − g1(∇V2JV1,φZ1) + g1(∇V1JV2,ωZ1) − g1(∇V2JV1,ωZ1)

= g1(V∇V1JV2 −V∇V2JV1,φZ1) − g1(JV2,∇V1ωZ1) + g1(JV1,∇V2ωZ1)

= g1(V∇V1JV2 −V∇V2JV1,φZ1) + g1(V2,φTV1ωZ1) − g1(V1,φTV2ωZ1),

for V1,V2 ∈ Γ(D) and Z1 ∈ Γ(D1 ⊕D2), which completes the proof.

Theorem 3.7. D1 is integrable if and only if

1
λ2

{
g2((∇π∗)(U1,PW1),π∗(ωφU2)) − g2((∇π∗)(U2,PW1),π∗(ωφU1))

+ g2((∇π∗)(U1,ωU2) − (∇π∗)(U2,ωU1),π∗(ωRW1))

− g2(π∗(ωU2),π∗(U1, JPW1)) + g2(π∗(ωU1),π∗(U2, JPW1))
}

= g1(H∇U1ωU2 −H∇U2ωU1,ωRW1) + g1(V∇U1φU2 −V∇U2φU1,φRW1)

+ g1(TU1ωU2 − TU2ωU1,φRW1),

for U1,U2 ∈ Γ(D1) and W1 ∈ Γ(D⊕D2).

Proof. For U1,U2 ∈ Γ(D1) and W1 ∈ Γ(D⊕D2), we have

g1([U1,U2],W1) = g1(∇U1U2,W1) − g1(∇U2U1,W1).

Using equations (2.1), (2.3), (2.4), (3.1), (3.2), and Lemma 3.3, we have

g1([U1,U2],W1) = g1(∇U1JU2, JW1) − g1(∇U2JU1, JW1)

= cos2 θ1g1(∇U1U2,PW1) − cos2 θ1g1(∇U2U1,PW1) + g1(ωφU2,TU1PW1)

− g1(ωφU1,TU2PW1) + g1(V∇U1φU2 −V∇U2φU1,φRW1) + g1(TU1ωU2

− TU2ωU1,ωRW1) − g1(ωU2,∇U1JPW1) + g1(ωU1,∇U2JPW1)

+ g1(TU1ωU2 − TU2ωU1,φRW1) + g1(H∇U1ωU2 −H∇U2ωU1,ωRW1).

Since π is conformal Riemannian map, using equations (2.8) and (2.9), we have

g1([U1,U2],W1) − cos2 θ1g1([U1,U2],W1)

= g1(H∇U1ωU2 −H∇U2ωU1,ωRW1) + g1(V∇U1φU2 −V∇U2φU1,φRW1)

−
1
λ2g2((∇π∗)(U1,PW1),π∗(ωφU2)) +

1
λ2g2((∇π∗)(U2,PW1),π∗(ωφU1))

−
1
λ2g2((∇π∗)(U1,ωU2) − (∇π∗)(U2,ωU1),π∗(ωRW1)) +

1
λ2g2(π∗(ωU2),π∗(U1, JPW1))

−
1
λ2g2(π∗(ωU1),π∗(U2, JPW1)) + g1(TU1ωU2 − TU2ωU1,φRW1),

which completes the proof.

The proof of the following theorem is similar as the Theorem 3.7.
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Theorem 3.8. D2 is integrable if and only if

1
λ2 {g2((∇π∗)(Y1,PX1),π∗(ωφY2)) − g2((∇π∗)(Y2,PX1),π∗(ωφY1))

+ g2((∇π∗)(Y1,ωY2) − (∇π∗)(Y2,ωY1),π∗(ωRX1))

− g2(π∗(ωY2),π∗(Y1, JPX1)) + g2(π∗(ωY1),π∗(Y2, JPX1))}

= g1(H∇Y1ωY2 −H∇Y2ωY1,ωRX1) + g1(V∇Y1φY2 −V∇Y2φY1,φRX1)

+ g1(TY1ωY2 − TY2ωY1,φRX1),

for Y1, Y2 ∈ Γ(D2) and X1 ∈ Γ(D⊕D1).

Theorem 3.9. (kerπ∗)⊥ is integrable if and only if

g1(CY2, grad ln λ)g1(Y1,ωη) − g1(Y1,CY2)g1(grad ln λ,ωη)
− g1(CY1, grad ln λ)g1(Y2,ωη) + g1(Y2,CY1)g1(grad ln λ,ωη) − g1(V∇Y1BY2 −V∇Y2BY1,φη)

=
1
λ2 {g2((∇π∗)(Y2,BY1) − (∇π∗)(Y1,BY2),π∗(ωη))

− g2((∇π∗)(Y2,φη),π∗(CY1)) + g2((∇π∗)(Y1,φη),π∗(CY2))

+ g2(∇Y1π∗(CY2) −∇Y2π∗(CY1),π∗(ωη))},

for Y1, Y2 ∈ Γ(kerπ∗)⊥ and η ∈ Γ(kerπ∗).

Proof. We note that Γ(kerπ∗)⊥ is integrable if and only if g1([Y1, Y2],η) = 0, for all Y1, Y2 ∈ Γ(kerπ∗)⊥ and
η ∈ Γ(kerπ∗). Now, using equations (2.1), (2.5), (2.6), (3.2), and (3.3), we have

g1([Y1, Y2],η) = g1(∇Y1Y2,η) − g1(∇Y2Y1,η),
= g1(V∇Y1BY2,φη) − g1(AY1φη,CY2) + g1(AY1BY2,ωη) + g1(H∇Y1BY2,ωη)
− g1(V∇Y2BY1,φη) + g1(AY2φη,CY1) − g1(AY2BY1,ωη) − g1(H∇Y2BY1,ωη).

Since π is conformal Riemannian map, using equations (2.8) and (2.9), we have

g1([Y1, Y2],η) = g1(V∇Y1BY2 −V∇Y2BY1,φη) −
1
λ2g2((∇π∗)(Y1,BY2) − (∇π∗)(Y2,BY1),π∗(ωη))

−
1
λ2g2((∇π∗)(Y2,φη),π∗(CY1)) +

1
λ2g2((∇π∗)(Y1,φη),π∗(CY2))

+
1
λ2g2(∇Y1π∗(CY2) −∇Y2π∗(CY1),π∗(ωη)) − g1(CY2, grad ln λ)g1(Y1,ωη)

+ g1(Y1,CY2)g1(grad ln λ,ωη) + g1(CY1, grad ln λ)g1(Y2,ωη)
− g1(Y2,CY1)g1(grad ln λ,ωη),

which completes the proof.

Theorem 3.10. (kerπ∗)⊥ defines a totally geodesic foliation on N1 if and only if

1
λ2

{
g2(∇Z1π∗Z2,π∗(ωφPη+ωφQη+ωφRη)) −

1
λ2g2(∇Z1π∗(CZ2),π∗(ωη))

}
= g1(AZ1Z2,Pη+ cos2 θ1Qη+ cos2 θ2Rη) + g1(AZ1BZ2,ωη)
+ g1(Z1, grad ln λ)g1(Z2,ωφPη+ωφQη+ωφRη)
+ g1(Z1, grad ln λ)g1(Z2,ωφPη+ωφQη+ωφRη)
− g1(Z1,Z2)g1(grad ln λ,ωφPη+ωφQη+ωφRη)
− g1(Z1,ωη)g1(CZ2, grad ln λ) + g1(Z1,CZ2)g1(ωη, grad ln λ),

for Z1,Z2 ∈ Γ(kerπ∗)⊥ and η ∈ Γ(kerπ∗).
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Proof. For Z1,Z2 ∈ Γ(kerπ∗)⊥ and η ∈ Γ(kerπ∗), using equations (2.1), (3.2), and Lemma 3.3, we have

g1(∇Z1Z2,η) = g1(∇Z1JZ2, JPη) + g1(∇Z1JZ2, JQη) + g1(∇Z1JRZ2, JRη),

= g1(∇Z1Z2,Pη+ cos2 θ1Qη+ cos2 θ2Rη)

− g1(∇Z1Z2,ωφPη+ωφQη+ωφRη) + g1(∇Z1JZ2,ωQη+ωRη).

Since ωPη+ωQη+ωRη = ωη,ωPη = 0 and using equations (2.5) and (2.6), we get

g1(∇Z1Z2,η) = g1(AZ1Z2,Pη+ cos2 θ1Qη+ cos2 θ2Rη) + g1(AZ1BZ2,ωη)
− g1(H∇Z1Z2,ωφPη+ωφQη+ωφRη) + g1(H∇Z1CZ2,ωη).

Since π is conformal Riemannian map, using equations (2.8) and (2.9), we have

g1(∇Z1Z2,η) = g1(AZ1Z2,Pη+ cos2 θ1Qη+ cos2 θ2Rη) + g1(AZ1BZ2,ωη)

−
1
λ2g2(∇Z1π∗Z2,π∗(ωφPη+ωφQη+ωφRη)) +

1
λ2g2(∇Z1π∗(CZ2),π∗(ωη))

+ g1(Z1, grad ln λ)g1(Z2,ωφPη+ωφQη+ωφRη)
+ g1(Z1, grad ln λ)g1(Z2,ωφPη+ωφQη+ωφRη)
− g1(Z1,Z2)g1(grad ln λ,ωφPη+ωφQη+ωφRη)
− g1(Z1,ωη)g1(CZ2, grad ln λ) + g1(Z1,CZ2)g1(ωη, grad ln λ),

which completes the proof.

Theorem 3.11. (kerπ∗) defines a totally geodesic foliation on N1 if and only if

TW1PW2 + cos2 θ1TW1QW2 + cos2 θ2TW1RW2 −H∇W1ωφW2 −ωTW1ωW2 −CH∇W1ωW2 = 0,

for W1,W2 ∈ Γ(kerπ∗).

Proof. For W1,W2 ∈ Γ(kerπ∗), using equations (2.1), (2.3), (2.4), (2.8), (3.2), (3.3), and Lemma 3.3, we have

(∇π∗)(W1,W2) = π∗(J∇W1JW2),
= π∗(J∇W1φPW2 + J∇W1ωPW2 + J∇W1φQW2 + J∇W1ωQW2

+ J∇W1φRW2 + J∇W1ωRW2),

= π∗(−TW1PW2 −V∇W1PW2 − cos2 θ1TW1QW2 − cos2 θ1V∇W1QW2 − cos2 θ2TW1RW2

− cos2 θ1V∇W1RW2 + TW1ωφPW2 +H∇W1ωφPW2 + TW1ωφQW2 + TW1ωφRW2

+H∇W1ωφQW2 +H∇W1ωφRW2 +φTW1ωQW2 +ωTW1ωQW2 +BH∇W1ωQW2

+CH∇W1ωQW2 +φTW1ωRW2 +ωTW1ωRW2 +BH∇W1ωRW2 +CH∇W1ωRW2

+φTW1ωPW2 +ωTW1ωPW2 +BH∇W1ωPW2 +CH∇W1ωPW2).

Since PW2 +QW2 + RW2 =W2, ωPW2 +ωQW2 +ωRW2 = ωW2 and ωPW2 = 0, we get

(∇π∗)(W1,W2) = π∗(−TW1PW2 −V∇W1PW2 − cos2 θ1TW1QW2 − cos2 θ1V∇W1QW2

− cos2 θ2TW1RW2 − cos2 θ2V∇W1RW2 + TW1ωφW2 +H∇W1ωφW2

+φTW1ωW2 +ωTW1ωW2 +BH∇W1ωW2 +CH∇W1ωW2),

the proof follows from the above equation.

Theorem 3.12. D defines a totally geodesic foliation on N1 if and only if

ωV∇Y1JY2 +CTY1JY2 = 0,

for Y1, Y2 ∈ Γ(D).
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Proof. Since D is invariant distribution, we get JY1 = φY1, i.e., ωY1 = 0. Using equations (2.1), (2.3), (2.8),
(3.2), and (3.3), we have

(∇π∗)(Y1, Y2) = π∗(J∇Y1JY2) = π∗(φV∇Y1JY2 +ωV∇Y1JY2 +BTY1JY2 +CTY1JY2),

for all Y1, Y2 ∈ Γ(D), which completes the proof.

Theorem 3.13. D1 defines a totally geodesic foliation on N1 if and only if

H∇Y1ωφY2 +CH∇Y1ωY2 +ωTY1ωY2 = 0,

for Y1, Y2 ∈ Γ(D1).

Proof. For all Y1, Y2 ∈ Γ(D1), using equations (2.1), (2.3), (2.4), (2.8), (3.2), and Lemma 3.3, we have

(∇π∗)(Y1, Y2) = π∗(J∇Y1φY2 + J∇Y1ωY2) = π∗(− cos2 θ1∇Y1Y2 +∇Y1ωφY2 + JH∇Y1ωY2 + JTY1ωY2).

Now, using equations (2.4) and (3.3), we have

sin2 θ1(∇π∗)(Y1, Y2) = π∗(H∇Y1ωφY2 + TY1ωφY2 +BH∇Y1ωY2 +CH∇Y1ωY2 +φTY1ωY2 +ωTY1ωY2),

which completes the proof.

Theorem 3.14. D2 defines a totally geodesic foliation on N1 if and only if

H∇U1ωφU2 +CH∇U1ωU2 +ωTU1ωU2 = 0,

for all U1,U2 ∈ Γ(D2).

Proof. The proof of the above theorem follows the similar approach as the proof of Theorem 3.14.

Theorem 3.15. Let π be a conformal quasi-bi-slant Riemannian map from a Kähler manifold (N1,g1, J) to a Rie-
mannian manifold (N2,g2). Then, any two of following assertions imply the third one:

(i) the horizontal distribution (kerπ∗)⊥ defines totally geodesic foliation on N1;
(ii) the map π is a horizontally homothetic map;

(iii) ∇πJX1
π∗(CX2) = π∗(J[JX1,X2])+ (∇π∗)(CX1,CX2)

⊥+π∗(ACX2BX1 +ACX1BX2 +TBX1BX2), for X1,X2 ∈
(kerπ∗)⊥.

Proof. For all X1,X2 ∈ (kerπ∗)⊥, using equations (2.1), (2.3), (2.5), (2.8), (2.9), and (3.3), we get

π∗(∇JX1JX2) = ∇πJX1
π∗(CX2) − (∇π∗)(CX1,BX2) − (∇π∗)(BX1,BX2)

− (∇π∗)(BX1,CX2) − (∇π∗)(CX1,CX2),

= ∇πJX1
π∗(CX2) − (∇π∗)(CX1,CX2)

⊥ − π∗(ACX2BX1 +ACX1BX2 + TBX1BX2)

−CX1(ln λ)π∗(CX2) −CX2(ln λ)π∗(CX1) + g1(CX1,CX2)π∗(grad ln λ).

(3.13)

On the other hand, we get

∇JX1JX2 = J[JX1,X2] + J∇X2JX1, ∇X2X1 = J[JX1,X2] −∇JX1JX2. (3.14)

From equations (3.13) and (3.14), we have

π∗(∇X2X1) = π∗(J[JX1,X2]) −∇πJX1
π∗(CX2) + (∇π∗)(CX1,CX2)

⊥

+ π∗(ACX2BX1 +ACX1BX2 + TBX1BX2) +CX1(ln λ)π∗(CX2)

+CX2(ln λ)π∗(CX1) − g1(CX1,CX2)π∗(grad ln λ).

(3.15)
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Now, taking assertions (i) and (ii) in equation (3.15), we get the (iii). Taking assertions (ii) and (iii)
and equation (3.15), we get π∗(∇X2X1) = 0. Hence, the horizontal distribution (kerπ∗)⊥ defines totally
geodesic foliation on N1. Further, using assertions (i) and (iii) and equation (3.15), we have

CX1(ln λ)π∗(CX2) +CX2(ln λ)π∗(CX1) − g1(CX1,CX2)π∗(grad ln λ) = 0,

for CX1 ∈ Γ(µ). Taking X2 = X1 in the above equation, we obtain

CX1(ln λ)π∗(CX1) +CX1(ln λ)π∗(CX1) − g1(CX1,CX1)π∗(grad ln λ) = 0. (3.16)

Taking inner product in equation (3.16) with π∗(CX1), we get

λ2CX1(ln λ)g1(CX1,CX1) = 0. (3.17)

It gives λ is a constant on µ, for all Y1 ∈ Γ(kerπ∗) and ωY1 ∈ Γ(ωD1 ⊕ωD2). Similarly, taking inner
product in equation (3.16) with π∗(ωY1), we have

λ2ωY1(ln λ)g1(CX1,CX1) = 0. (3.18)

It means λ is a constant on Γ(ωD1⊕ωD2). Therefore, λ is constant on horizontal distribution. Thus, from
equations (3.17) and (3.18), we obtain (iii) one.

Theorem 3.16. Let π be a conformal quasi-bi-slant Riemannian map from a Kähler manifold (N1,g1, J) to a Rie-
mannian manifold (N2,g2). Then the map π, defines totally geodesic foliations on N1 if and only if

(i) the map π is a horizontally homothetic map; and

(ii)
N2
∇πXπ∗(X2) + (∇π∗)⊥(X1,X2) = π∗(AX1Y2 + TY1Y2 +H

N1
∇πY1

X2)
N2

+∇πX1
π∗(X2), provided for X, Y ∈ Γ(TN1),

where X1,X2 and Y1, Y2 are horizontal and vertical parts of X and Y, respectively.

Proof. From equations (2.4), (2.5), (2.6), and (2.8), we get

(∇π∗)(X, Y) =
N2

∇πXπ∗(X2) − π∗(
N1

∇πX1
Y2 +

N1

∇πY1
Y2 +

N1

∇πY1
X2 +

N1

∇πX1
X2)

=
N2

∇πXπ∗(X2) − π∗(AX1Y2 + TY1Y2 +H
N1

∇πY1
X2) − π∗(

N1

∇πX1
X2),

for X, Y ∈ Γ(TN1), X1,X2 and Y1, Y2 are horizontal and vertical parts of X and Y, respectively. Using
equation (2.9), we get

(∇π∗)(X, Y) =
N2

∇πXπ∗(X2) − π∗(AX1Y2 + TY1Y2 +H
N1

∇πY1
X2) −

N2

∇πX1
π∗(X2)

+X1(ln λ)π∗(X2) +X2(ln λ)π∗(X1) − g1(X1,X2)π∗(grad ln λ) + (∇π∗)⊥(X1,X2).
(3.19)

Since π defines totally geodesic foliation on N1, we have (3.19). When we take π is a horizontally homo-
thetic map then from equation (3.19), we get

X1(ln λ)π∗(X2) +X2(ln λ)π∗(X1) − g1(X1,X2)π∗(grad ln λ) = 0. (3.20)

From equation (3.20), we have
λ2X2(ln λ)g1(X1,X1) = 0, (3.21)

for X1 ∈ Γ(kerπ∗)⊥. From equation (3.21) , λ is a constant on horizontal distribution. Since π is a horizon-
tally homothetic map, we get assertion (i). Further, from equation (3.19), we have

N2

∇πXπ∗(X2) = π∗(AX1Y2 + TY1Y2 +H
N1

∇πY1
X2)

N2

+∇πX1
π∗(X2) − (∇π∗)⊥(X1,X2). (3.22)

From equation (3.22), we get (ii).
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Theorem 3.17. Let π be a conformal quasi-bi-slant Riemannian map from a Kähler manifold (N1,g1, J) to a Rie-
mannian manifold (N2,g2). If π is a D-pluriharmonic map then one of the below assertions imply the second one:

(i) D defines totally geodesic foliation on N1;

(ii) CTJX1X2 +ωV
N1
∇JX1X2 = 0, for X1,X2 ∈ Γ(D).

Proof. By definition of pluriharmonic map, we have

0 = (∇π∗)(X1,X2) + (∇π∗)(JX1, JX2),

for X1,X2 ∈ Γ(D). From equations (2.1), (2.4), (2.5), (2.8), (3.2), and (3.3), we get

π∗(
N1
∇X1X2) = −π∗(

N1

J(∇JX1X2)),

π∗(
N1
∇X1X2) = −π∗(J(TJX1X2 +V

N1
∇JX1X2)),

π∗(
N1
∇X1X2) = −π∗(BTJX1X2 +CTJX1X2 +φV

N1
∇JX1X2 +ωV

N1
∇JX1X2).

(3.23)

Taking assertion (i) in equation (3.23), we obtain (ii) as, CTJX1X2 +ωV
N1
∇JX1X2 = 0. Similarly, taking

assertion (ii) in equation (3.23), we get (i) one.

Theorem 3.18. Let π be a conformal quasi-bi-slant Riemannian map from a Kähler manifold (N1,g1, J) to a Rie-
mannian manifold (N2,g2). If π is aD1-pluriharmonic map then any two of the following assertions imply the third
one:

(i) D1 defines totally geodesic foliation on N1;
(ii) λ is constant on ωD1 and (∇π∗)⊥(ωY1,ωY2) = 0;

(iii) cos2 θ1(CTφY1Y2 +ωV
N1
∇φY1Y2) = (CH

N1
∇φY1ωφY2 +ωTφY1ωφY2)−(AωY2ωY1 +AωY1φY2), for Y1, Y2 ∈

Γ(D1).

Proof. By definition of pluriharmonic map, we get

0 = (∇π∗)(Y1, Y2) + (∇π∗)(JY1, JY2),

for Y1, Y2 ∈ Γ(D1). Using equations (2.1), (2.5), (2.9), and Lemma 3.3, we get

π∗(
N1
∇Y1Y2) = −π∗(

N1
∇φY1φY2) − π∗(

N1
∇ωY2φY1) − π∗(

N1
∇ωY1φY2) − π∗(

N1
∇ωY1ωY2),

= π∗(
N1

J∇φY1JφY2) − π∗(V
N1
∇ωY2φY1 +AωY2φY1 +V

N1
∇ωY1φY2 +AωY1φY2)

+ (∇π∗)⊥(ωY1,ωY2) +ωY1(ln λ)π∗(ωY2) +ωY2(ln λ)π∗(ωY1)

− g1(ωY1,ωY2)π∗(grad ln λ),

= − cos2 θ1π∗(BTφY1Y2 +CTφY1Y2 +φV
N1
∇φY1Y2 +ωV

N1
∇φY1Y2)

+ π∗(BH
N1
∇φY1ωφY2 +CH

N1
∇φY1ωφY2 +φTφY1ωφY2 +ωTφY1ωφY2)

− π∗(V
N1
∇ωY2φY1 +AωY2φY1 +V

N1
∇ωY1φY2 +AωY1φY2)

+ (∇π∗)⊥(ωY1,ωY2) +ωY1(ln λ)π∗(ωY2) +ωY2(ln λ)π∗(ωY1)

− g1(ωY1,ωY2)π∗(grad ln λ).

(3.24)
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Now, taking assertions (i) and (ii) in equation (3.24), we get

π∗(
N1
∇Y1Y2) = 0,

ωY1(ln λ)π∗(ωY2) +ωY2(ln λ)π∗(ωY1) − g1(ωY1,ωY2)π∗(grad ln λ) = 0,

(∇π∗)⊥(ωY1,ωY2) = 0,

respectively. We obtain (iii) as

cos2 θ1(CTφY1Y2 +ωV
N1
∇φY1Y2) = (CH

N1
∇φY1ωφY2 +ωTφY1ωφY2) − (AωY2ωY1 +AωY1φY2).

Taking assertions (ii) and (iii) in equation (3.24), we get (i) . Lastly, suppose that (i) and (iii) are satisfied
in equation (3.24). Then, we get

ωY1(ln λ)π∗(ωY2) +ωY2(ln λ)π∗(ωY1) − g1(ωY1,ωY2)π∗(grad ln λ) = 0. (3.25)

Taking inner product in equation (3.25) with π∗(ωY1), we get

λ2ωY2(ln λ)g1(ωY1,ωY1) = 0, (3.26)

for all ωY1 ∈ Γ(D1). We have ωY2(ln λ) = 0, from equation (3.26), i.e., ωD1(ln λ) = 0. Hence, we obtain
assertion (ii). Thus, we complete the proof.

In a similar way as above theorem, we obtain the following theorem.

Theorem 3.19. Let π be a conformal quasi-bi-slant Riemannian map from a Kähler manifold (N1,g1, J) to a Rie-
mannian manifold (N2,g2). If π is aD2-pluriharmonic map then any two of the following assertions imply the third
one:

(i) D2 defines totally geodesic foliation on N1;
(ii) λ is constant on ωD2 and (∇π∗)(ωZ1,ωZ2) = 0;

(iii) cos2 θ2(CTφZ1Z2 + ωV
N1
∇φZ1Z2) = (CH

N1
∇φZ1ωφZ2 + ωTφZ1ωφZ2) − (AωZ2ωZ1 + AωZ1φZ2),

for Z1,Z2 ∈ Γ(D2).

Theorem 3.20. Let π be a conformal quasi-bi-slant Riemannian map from a Kähler manifold (N1,g1, J) to a Rie-
mannian manifold (N2,g2). If π is a (kerπ∗)⊥-pluri-harmonic map then any two of the following assertions imply
the third one:

(i) (kerπ∗)⊥ defines totally geodesic foliation on N1;
(ii) λ is a constant on µ;

(iii)
N2
∇πX1

π∗(X2) = π∗(TBX1BX2 +ACX1BX2 +ACX2BX1) + (∇π∗)⊥(CX1,CX2), for X1,X2 ∈ Γ(kerπ∗)⊥.

Proof. By definition of pluri-harmonic map, we have

(∇π∗)(X1,X2) + (∇π∗)(JX1, JX2) = 0,

for X1,X2 ∈ Γ(kerπ∗)⊥. Now, using equations (2.1), (2.3) ,(2.5), and (2.9), we get

0 =
N2

∇πX1
π∗(X2) − π∗(

N1
∇X1X2) − π∗(TBX1BX2 +V

N1
∇BX1BX2

+ACX1BX2 +ACX2BX1 +V
N1
∇CX1BX2 +V

N1
∇CX2BX1)

+CX1(ln λ)π∗(CX2) +CX2(ln λ)π∗(CX1) − g1(CX1,CX2)π∗(grad ln λ) + (∇π∗)⊥(CX1,CX2).

(3.27)
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When (i) and (ii) are satisfied, from equation (3.27), we get

π∗(
N1
∇X1X2) = 0,

CX1(ln λ)π∗(CX2) +CX2(ln λ)π∗(CX1) − g1(CX1,CX2)π∗(grad ln λ) = 0. (3.28)

So, we get assertion (iii).

When assertions (ii) and (iii) are satisfied in equation (3.27), we obtain π∗(
N1
∇X1X2) = 0, which means

that (kerπ∗)⊥ defines totally geodesic foliation on N1, for all X1,X2 ∈ Γ(kerπ∗)⊥. Hence, assertions (ii)
and (iii) imply assertion (i). Further, when assertions (i) and (iii) are satisfied in equation (3.27), we obtain
equation (3.28). From equation (3.27), we get

λ2CX1(ln λ)g1(CX2,CX2) + λ
2CX2(ln λ)g1(CX2,CX1) − λ

2g1(CX1,CX2)CX2(ln λ) = 0,

λ2CX1(ln λ)g1(CX2,CX2) = 0,

for all CX1,CX2 ∈ Γ(µ). Here, we have CX1(ln λ) = 0 which implies that λ is a constant on µ. So we have
assertion (ii), which completes the proof.

4. Example

Note that given an Euclidean space R2k with coordinates (x1, x2, . . . , x2k−1,x2k), we can canonically
choose an almost complex structure J on R2k as follows:

J(a1
∂

∂x1
+ a2

∂

∂x2
+ · · ·+ a2k−1

∂

∂x2k−1
+ a2k

∂

∂x2k
) = −a2

∂

∂x1
+ a1

∂

∂x2
+ · · ·− a2k

∂

∂x2k−1
+ a2k−1

∂

∂x2k
,

where a1,a2, . . . ,a2k are C∞ functions defined on R2k. Throughout this section, we will use this notation.

Example 4.1. Define a map π : R10 → R6 by

π(x1, x2, . . . , x10) = e
5(x1 − x3, x4, 2021, x6 + x8, x7, 2022),

which is a conformal quasi-bi-slant Riemannian map, such that

X1 =
∂

∂x1
+

∂

∂x3
, X2 =

∂

∂x2
, X3 =

∂

∂x5
, X4 =

∂

∂x6
−

∂

∂x8
, X5 =

∂

∂x9
, X6 =

∂

∂x10
, kerπ∗ = D⊕D1 ⊕D2,

where

D =< X5 =
∂

∂x9
,X6 =

∂

∂x10
>,

D1 =< X1 =
∂

∂x1
+

∂

∂x3
,X2 =

∂

∂x2
>,

D2 =< X3 =
∂

∂x5
,X4 =

∂

∂x6
−

∂

∂x8
>,

(kerπ∗)⊥ =< H1 =
∂

∂x1
−

∂

∂x3
,H2 =

∂

∂x4
,H3 =

∂

∂x6
+

∂

∂x8
,H4 =

∂

∂x7
>,

π∗H1 = e5 ∂

∂v1
, π∗H2 = e5 ∂

∂v2
, π∗H3 = e5 ∂

∂v3
, π∗H4 = e5 ∂

∂v4
,

with quasi-bi-slant angle θ1 = π
4 and θ2 = π

4 . Hence, we have

g2(π∗H1,π∗H1) = (e5)2g1(H1,H1),g2(π∗H2,π∗H2) = (e5)2g1(H2,H2),

g2(π∗H3,π∗H3) = (e5)2g1(H3,H3),g2(π∗H4,π∗H4) = (e5)2g1(H4,H4).

Thus, π is a conformal quasi-bi-slant Riemannian map with λ = e5.
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Example 4.2. Let π : (R10,g10 = ex6(dx2
1 + dx

2
2 + dx

2
3 + dx

2
4 + dx

2
5 + dx

2
6 + dx

2
7 + dx

2
8 + dx

2
9 + dx

2
10)) →

(R4,g4 = (dv2
1 + dv

2
2 + dv

2
3 + dv

2
4)) defined by

π(x1, . . . , x10) = (2020,
x3 −

√
3x5

2
, x6,

x7 + x9√
2

),

which is a conformal quasi-bi-slant Riemannian map such that

X1 =
∂

∂x1
, X2 =

∂

∂x2
, X3 =

1
2
(
√

3
∂

∂x3
+

∂

∂x5
), X4 =

∂

∂x4
, X5 =

1√
2
(
∂

∂x7
−

∂

∂x9
), X6 =

∂

∂x8
, X7 =

∂

∂x10
,

kerπ∗ = D⊕D1 ⊕D2,

where

D =< X1 =
∂

∂x1
,X2 =

∂

∂x2
>,

D1 =< X3 =
1
2
(
√

3
∂

∂x3
+

∂

∂x5
),X4 =

∂

∂x4
>,

D2 =< X5 =
1√
2
(
∂

∂x7
−

∂

∂x9
),X6 =

∂

∂x8
,X7 =

∂

∂x10
>,

(kerπ∗)⊥ =< H1 =
1
2
(
∂

∂x3
−
√

3
∂

∂x5
),H2 =

∂

∂x6
,H3 =

1√
2
(
∂

∂x7
+

∂

∂x9
) >,

π∗H1 =
∂

∂v2
, π∗H2 =

∂

∂v3
, π∗H3 =

∂

∂v4
,

with conformal quasi-bi-slant angle θ1 = π
6 and θ2 = π

4 . Hence, we have

g2(π∗H1,π∗H1) = e
−2x6g1(H1,H1), g2(π∗H2,π∗H2) = e

−2x6g1(H2,H2), g2(π∗H3,π∗H3) = e
−2x6g1(H3,H3).

Thus, π is conformal quasi-bi-slant Riemannian map with λ = e−x6 .

The defined map π in above examples satisfies Lemma 3.3 for any Y1, Y2 ∈ Γ(D). One can easily
observe that (∇π∗)(Y1, Y2) = 0, i.e., D defines totally geodesic foliation on R10. So, the map π satisfies
Theorems 3.13 and 3.18.

Similarly the distribution D1 satisfies Theorems 3.14 and 3.19 and the distribution D2 satisfies Theo-
rems 3.15 and 3.20.
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Matemática Argentina, 60 (2019), 459–468. 1

[3] M. A. Akyol, B. Sahin, Conformal slant Riemannian Maps to Kähler Manifolds, Tokyo J. Math, 42 (2019), 225-237. 1
[4] C. Altani, Redundand robotic chains on Riemannian submersions, IEEE Transaction on Robotics and Automation, 2

(2004), 335–340. 1
[5] P. Baird, J. C. Wood, Harmonic Morphism between Riemannian Manifolds, The Clarendon Press, Oxford University

Press, Oxford, (2003). 1
[6] J.-P. Bourguignon, H. B. Lawson, Stability and isolation phenomena for Yang-Mills fields, Commun. Math. Phys., 79

(1981), 189–230. 1
[7] P. Candelas, G. T. Horowitz, A. Strominger, E. Witten, Vacuum configurations for superstrings, Nuclear Phys. B, 258

(1985), 46–74. 1
[8] A. E. Fischer, Riemannian maps between Riemannian manifolds, Contemp. Math., 132 (1992), 331–366. 1
[9] B. Fuglede, Harmonic morphisms between Riemannian manifolds, Ann. Inst. Fourier., (Grenoble), 28 (1978), 107–144.

1
[10] A. Gray, Pseudo-Riemannian almost product manifolds and submersions, J. Math. Mech., 16 (1967), 715–737. 1

https://www.scientificbulletin.upb.ro/rev_docs_arhiva/fullcfa_142137.pdf
https://www.scientificbulletin.upb.ro/rev_docs_arhiva/fullcfa_142137.pdf
https://doi.org/10.33044/revuma.v60n2a12
https://doi.org/10.33044/revuma.v60n2a12
https://projecteuclid.org/journals/tokyo-journal-of-mathematics/volume-42/issue-1/Conformal-Slant-Riemannian-Maps-to-K%C3%A4hler-Manifolds/10.3836/tjm/1502179277.short
https://ieeexplore.ieee.org/abstract/document/1284418/
https://ieeexplore.ieee.org/abstract/document/1284418/
https://books.google.com/books?hl=en&lr=&id=0HvDH84jsFEC&oi=fnd&pg=PR11&dq=Harmonic+Morphism+between+Riemannian+Manifolds&ots=_loiTInzr8&sig=R8B2VaKyRF0TA1eI8KAWLZoRazE
https://books.google.com/books?hl=en&lr=&id=0HvDH84jsFEC&oi=fnd&pg=PR11&dq=Harmonic+Morphism+between+Riemannian+Manifolds&ots=_loiTInzr8&sig=R8B2VaKyRF0TA1eI8KAWLZoRazE
https://link.springer.com/article/10.1007/BF01942061
https://link.springer.com/article/10.1007/BF01942061
https://doi.org/10.1016/0550-3213(85)90602-9
https://doi.org/10.1016/0550-3213(85)90602-9
https://books.google.com/books?hl=en&lr=&id=I1UcCAAAQBAJ&oi=fnd&pg=PA331&dq=Riemannian+maps+between+Riemannian+manifolds&ots=9S-hbUDf_n&sig=pQyVwfGA-mLVXk-o_9er4GYSqNU
http://www.numdam.org/item/AIF_1978__28_2_107_0/
https://www.jstor.org/stable/45277107


S. Kumar, S. Kumar, D. Kumar, J. Math. Computer Sci., 28 (2023), 335–349 349

[11] X. F. Gu, Y. L. Wang, T. F. Chan, P. M. Thompson, S.-T. Yau, Genus zero surface conformal mapping and its application
to brain surface mapping, IEEE Transactions on Medical Imaging, 23 (2004), 949–958.

[12] S. Ianus, M. Visinescu, Kaluza Klein theory with scalar fields and generalized Hopf manifolds, Class, Classical and
Quantum Gravity, 4 (1987), 1317–1325. 1

[13] S. Ianus, M. Visinescu, Space-time compactication and Riemannian submersions, In: The Mathematical Heritage of C.
F. Gauss, 1991 (1991), 358–371. 1

[14] T. Ishihara, A mapping of Riemannian manifolds which preserves harmonic functions, J. Math. Kyoto. Univ., 19 (1979),
215–229. 1

[15] S. Kumar, R. Prasad, S. K. Verma, Conformal semi-slant submersions from Cosymplectic manifolds, J. Math. Comput.
Sci., 11 (2021), 1323–1354. 1

[16] T. Nore, Second fundamental form of a map, Ann. Mat. Pura Appl. (4), 146 (1987), 281–310. 2
[17] Y. Ohnita, On pluriharmonicity of stable harmonic maps, J. London Math. Soc. (2), 2 (1987), 563–568. 2.2
[18] B. O’Neill, The fundamental equations of a submersion, Michigan Math. J., 33 (1966), 458–469. 1, 2
[19] K.-S. Park, Seoul, B. Sahin, Semi-slant Riemannian maps into almost Hermitian manifolds, Czechoslovak Math. J., 64

(2014), 1045–1061. 1
[20] R. Prasad, S. Kumar, Slant Riemannian maps from Kenmotsu manifolds into Riemannian manifolds, Global J. Pure Appl.

Math., 13 (2017), 1143–1155.
[21] R. Prasad, S. Kumar, Semi-slant Riemannian maps from almost contact metric manifolds into Riemannian manifolds,

Tbilisi Math. J., 11 (2018), 19–34.
[22] R. Prasad, S. Kumar, Conformal anti-invariant submersions from nearly Kähler Manifolds, Palest. J. Math., 8 (2019),

234–247.
[23] R. Prasad, S. Kumar, Semi-slant Riemannian maps from Cosymplectic manifolds into Riemannian manifolds, Gulf J.

Math., 9 (2020), 62–80.
[24] R. Prasad, S. Kumar, S. Kumar, V. A. Turgut, On Quasi-Hemi-Slant Riemann-ian Maps, Gazi Univer. J. Sci., 34 (2021),

477–491.
[25] R. Prasad, S. Pandey, Semi-slant Riemannian maps from almost contact manifolds, An. Univ. Oradea Fasc. Mat., 25

(2018), 127–141. 1
[26] R. Prasad, S. S. Shukla, S. Kumar, On quasi bi-slant submersions, Mediterr. J. Math., 16 (2019), 18 pages. 3
[27] R. Prasad, P. K. Singh, S. Kumar, Conformal semi-slant submersions from Lorentzian para Kenmotsu manifolds, Tbilisi

Math. J., 14 (2021), 191–209. 1
[28] B. Sahin, Conformal Riemannian maps between Riemannian manifolds, their harmonicity and decomposition theorems, Acta

Appl. Math., 109 (2010), 829–847. 1
[29] B. Sahin, Semi-invariant Riemannian maps from almost Hermitian manifolds, Indag. Math., 23 (2012), 80–94. 1
[30] B. Sahin, Slant Riemannian maps from almost Hermitian manifolds, Quaest. Math., 36 (2013), 449–461. 1
[31] B. Sahin, S. Yanan, Conformal Riemannian maps from almost Hermitian manifolds, Turkish J. Math., 42 (2018), 2436–

2451. 1
[32] B. Sahin, S. Yanan, Conformal semi-invariant Riemannian maps from almost Hermitian manifolds, Filomat, 33 (2019),

1125–1134. 1
[33] Y. L. Wang, X. F. Gu, K. M. Hayashi, T. F. Chan, P. M. Thompson , S.-T. Yau, Surface parameterization using Riemann

surface structure, Tenth IEEE International Conference on Computer Vision (ICCV’05), 2005 (2005), 1061–1066.
[34] Y. L. Wang, L. M. Lui, X. F. Gu, K. M. Hayashi, T. F. Chan, A. W. Toga, P. M. Thompson, S.-T. Yau, Brain Surface

Conformal Parameterization Using Riemann Surface Structure, IEEE Transactions on Medical Imaging, 26 (2007), 853–
865.

[35] B. Watson, Almost Hermitian submersions, J. Differential Geometry, 11 (1976), 147–165. 2
[36] K. Yano, M. Kon, Structures on Manifolds, World Scientific Publishing Co., Singapore, (1984). 2

https://ieeexplore.ieee.org/abstract/document/1318721/
https://ieeexplore.ieee.org/abstract/document/1318721/
https://iopscience.iop.org/article/10.1088/0264-9381/4/5/026/meta
https://iopscience.iop.org/article/10.1088/0264-9381/4/5/026/meta
https://www.worldscientific.com/doi/abs/10.1142/9789814503457_0026
https://www.worldscientific.com/doi/abs/10.1142/9789814503457_0026
https://projecteuclid.org/journalArticle/Download?urlid=10.1215%2Fkjm%2F1250522428
https://projecteuclid.org/journalArticle/Download?urlid=10.1215%2Fkjm%2F1250522428
http://scik.org/index.php/jmcs/article/view/5292
http://scik.org/index.php/jmcs/article/view/5292
https://link.springer.com/article/10.1007/BF01762368
https://londmathsoc.onlinelibrary.wiley.com/doi/abs/10.1112/jlms/s2-35.3.563
https://projecteuclid.org/journals/michigan-mathematical-journal/volume-13/issue-4/The-fundamental-equations-of-a-submersion/10.1307/mmj/1028999604.short
https://link.springer.com/article/10.1007/s10587-014-0152-3
https://link.springer.com/article/10.1007/s10587-014-0152-3
https://www.ripublication.com/gjpam17/gjpamv13n4_02.pdf
https://www.ripublication.com/gjpam17/gjpamv13n4_02.pdf
https://projecteuclid.org/journals/tbilisi-mathematical-journal/volume-11/issue-4/Semi-slant-Riemannian-maps-from-almost-contact-metric-manifolds-into/10.32513/tbilisi/1546570882.short
https://projecteuclid.org/journals/tbilisi-mathematical-journal/volume-11/issue-4/Semi-slant-Riemannian-maps-from-almost-contact-metric-manifolds-into/10.32513/tbilisi/1546570882.short
https://www.researchgate.net/profile/Sushil-Kumar-34/publication/334679879_Conformal_anti-invariant_submersions_from_nearly_Kahler_Manifolds/links/60e00b76299bf1ea9edaa1fc/Conformal-anti-invariant-submersions-from-nearly-Kaehler-Manifolds.pdf
https://www.researchgate.net/profile/Sushil-Kumar-34/publication/334679879_Conformal_anti-invariant_submersions_from_nearly_Kahler_Manifolds/links/60e00b76299bf1ea9edaa1fc/Conformal-anti-invariant-submersions-from-nearly-Kaehler-Manifolds.pdf
https://gjom.org/index.php/gjom/article/view/451
https://gjom.org/index.php/gjom/article/view/451
https://dergipark.org.tr/en/pub/gujs/article/746652
https://dergipark.org.tr/en/pub/gujs/article/746652
https://www.researchgate.net/profile/Shashikant-Pandey-2/publication/325370061_SEMI-SLANT_RIEMANNIAN_MAPS_FROM_ALMOST_CONTACT_MANIFOLDS/links/5bf42940299bf1124fe03d46/SEMI-SLANT-RIEMANNIAN-MAPS-FROM-ALMOST-CONTACT-MANIFOLDS.pdf
https://www.researchgate.net/profile/Shashikant-Pandey-2/publication/325370061_SEMI-SLANT_RIEMANNIAN_MAPS_FROM_ALMOST_CONTACT_MANIFOLDS/links/5bf42940299bf1124fe03d46/SEMI-SLANT-RIEMANNIAN-MAPS-FROM-ALMOST-CONTACT-MANIFOLDS.pdf
https://link.springer.com/article/10.1007/s00009-019-1434-7
https://projecteuclid.org/journals/tbilisi-mathematical-journal/volume-14/issue-1/Conformal-semi-slant-submersions-from-Lorentzian-para-Kenmotsu-manifolds/10.32513/tmj/19322008115.short
https://projecteuclid.org/journals/tbilisi-mathematical-journal/volume-14/issue-1/Conformal-semi-slant-submersions-from-Lorentzian-para-Kenmotsu-manifolds/10.32513/tmj/19322008115.short
https://link.springer.com/article/10.1007/s10440-008-9348-6
https://link.springer.com/article/10.1007/s10440-008-9348-6
https://www.sciencedirect.com/science/article/pii/S0019357711000632
https://www.tandfonline.com/doi/abs/10.2989/16073606.2013.779968
https://journals.tubitak.gov.tr/math/vol42/iss5/27/
https://journals.tubitak.gov.tr/math/vol42/iss5/27/
http://www.doiserbia.nb.rs/ft.aspx?id=0354-51801904125S
http://www.doiserbia.nb.rs/ft.aspx?id=0354-51801904125S
https://ieeexplore.ieee.org/abstract/document/1544838/
https://ieeexplore.ieee.org/abstract/document/1544838/
https://ieeexplore.ieee.org/abstract/document/4214888/
https://ieeexplore.ieee.org/abstract/document/4214888/
https://ieeexplore.ieee.org/abstract/document/4214888/
https://projecteuclid.org/journalArticle/Download?urlid=10.4310%2Fjdg%2F1214433303
https://books.google.com/books?hl=en&lr=&id=RWYGCwAAQBAJ&oi=fnd&pg=PR5&dq=Structures+on+Manifolds&ots=p_Nv4yfBZ4&sig=h05VbHNyQq90Phb7cnotliESLkI

	Introduction
	Preliminaries
	Conformal quasi bi-slant Riemannian maps
	Example

