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with respect to conjugate points

Daud Mohamad, Nur Hazwani Aqgilah Abdul Wahid*
Faculty of Computer and Mathematical Sciences, Universiti Teknologi MARA, 40450 Shah Alam, Selangor, Malaysia.

Abstract

In this paper, we consider a subclass of tilted starlike functions with respect to conjugate points in an open unit disk.
For functions in this subclass, we obtain the upper bounds for the initial coefficients and the Zalcman coefficient functional.
Furthermore, we present several (known or new) consequences of our results based on the special choices of the involved
parameters.
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1. Introduction

Let A denote the class of analytic functions f (z) with the normalized conditions f (0) = f'(0)—1 =0
in an open unit disk E ={z € C : |z| < 1} and of the form

f(z)=z+ Z anz™, z € k. (1.1)

n=2

We also denote by S the subclass of A consisting of univalent functions in E.
Let P denote the class of analytic functions p (z) defined in E which satisfy the condition Rep (z) > 0
and of the form

plz)=1+ Z pnz", z € E (1.2)
n=1

This class is also known as the class of Carathéodory functions.
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Let H denote the class of Schwarz functions w (z) which are analytic in E given by
oo
w (z2) :Zbkzk, z€E
k=2

and satisfying the conditions w (0) =0 and |w (z)| < 1.

Next, we recall the definition of subordination. The analytic function F(z) is subordinate to another
analytic function G (z) and is symbolically written as F(z) < G (z), if there exists a Schwarz function
w (z) € Hsuch that F(z) = G (w (z)) for all z € E. Further, if G (z) is univalent in E, then F(z) < G (z) &
F(0)=G(0)and F(E) =G (E).

In 1987, El-Ashwah and Thomas [10] defined the class S¢* which satisfies the condition

m{hﬁm}>azea
f(z)+f(2)

The functions in the class S¢* are called starlike functions with respect to conjugate points and of the
form (1.1). In 1991, Halim [11] defined the class Sc* () consisting of functions of the form (1.1) and
satisfying the condition

/
Re L(i >5,0<d6<1,z€eE.
f(z)+f(z)

In 2009, in terms of subordination, Dahhar and Janteng [5] defined the class Sc¢* (A, B) consisting of
functions of the form (1.1) and satisfying the condition

2z (2) 1+ Az

fz) 17 1+B2

~1<B<A<1,z€cE (1.3)

From (1.3), it follows that f (z) € Sc¢* (A, B) if and only if

2zf'(z) 14+ Aw(z)
f(z)+f(z) 1+Bwl(z)’

w (z) € H.

In 2015, Wahid et al. [33] introduced the class S¢* («, 6) which satisfies the condition

. f’
Re{e‘“Z (Z)}>6,0<6< 1, |cx\<1[,zeE,
g(z) 2

where g(z) = w Further, in terms of subordination, they defined the class S¢* («, 3, A, B) consist-

ing of functions of the form (1.1) and satisfying the condition

’
(ot -smoma L <P c1emencien )
od

where tys = cos x— b > 0. The functions in the class S¢* («, 5, A, B) are called tilted starlike functions with
respect to conjugate points of order 4 and of the form (1.1). From (1.4), it follows that f (z) € S¢* («, 5, A, B)

if and only if
i(xzf’(z)_ o 1 1+Aw(z)
{e 79 B d—isinx tos _71—1—8(1)(2)' w (z) € H.
The functions in these classes Sc* (8), Sc™ (A,B), Sc*(«,8) and Sc* («, 5, A, B) are the subclass of the
class SC*, i.e., SC* (0) = SC*, SC* (1,—1) = SC*, SC* (0,0) = SC* and SC* (0,0,1, —1) = SC*.
Throughout this paper, we shall consider the class Sc¢* («, 5, A, B) introduced in (1.4). Now we will
present some special cases of this class by suitably specializing the parameters «, 5, A, and B.
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Remark 1.1.

(@) If welet x =06 =0,A =1and B = —1, then the class Sc* («, 5, A, B) reduces to the class Sc¢*.
(b) If welet « =0,A =1 and B = —1, then the class Sc¢* («, 6, A, B) reduces to the class Sc¢* (9).
(c) If we replace @ = & =0, then the class Sc¢™* («, 5, A, B) reduces to the class S¢* (A, B).

(d) If we replace A =1 and B = —1, then the class S¢* («, 5, A, B) reduces to the class Sc¢* («, d).

Some problems in geometric function theory are to study the coefficients and the functionals made up
of combinations of the coefficients of f (z) in (1.1) for various defined subclasses of S. The upper bounds
for the coefficients give several properties of functions, for example, the bound for the second coefficient
gives growth and distortion theorems for functions in the class S. This problem has gained much attention
after the Bieberbach conjecture, i.e., [an| < n, n > 2 for f(z) € S came into the picture in 1916. Several
attempts were made to prove the Bieberbach conjecture and in 1985, De Branges [6] finally solved it using
the famous Hayman Regularity theorem.

In 1960, as an approach to prove the Bieberbach conjecture, Lawrence Zalcman proposed a Zalcman
conjecture that each f(z) € S satisfies the inequality |an? — amn_1| < (n— 1)?, n > 2. This conjecture is
also known as the Zalcman coefficient functional and its importance is that it implies the famous Bieber-
bach conjecture (see [4]). The generalized version of Zalcman coefficient functional Aan?—agn_1, A >0
has also been proposed for various subclasses of S [4, 9, 20-22, 25]. For n = 2, it simplifies to the well-
known Fekete-Szego functional. This observation clearly defines the role of the generalized Zalcman
coefficient functional in the class S. The Zalcman coefficient functional and its generalized version also
appeared frequently in the coefficient formulas for the inversion transformation in the theory of univalent
functions.

Besides that, in 1999, Ma [23] proposed a generalized Zalcman coefficient functional that each f (z) € S
satisfies the inequality |anam — anym—1/ < (n—1) (m—1), n > 2, m > 2. But, this inequality only holds
for the class of starlike functions with real coefficients. For f(z) € S, Krushkal [17, 19] also proved the
Zalcman coefficient functional for n = 3,4,5, 6. In addition, Krushkal [18] proved the Zalcman coefficient
functional for n > 2 using complex geometry and universal Teichmiiller spaces. The estimation for the
Zalcman coefficient functional and its generalized version have also been studied for several well-known
subclasses of S, for example, starlike functions and typically real functions [4], close-to-convex functions
[22], but are still an open problem. This also led to several papers related to the Zalcman conjecture
for different subclasses of S [1, 3, 12, 15, 16, 24, 26-28, 30, 31]. However, there were few studies on this
problem in the existing literature related to the subclass of starlike functions with respect to other points,
i.e., symmetric points, conjugate points and symmetric conjugate points (see [10, 28] for details).

Thus, motivated by the previous works, in the present paper, we obtain the upper bounds for the
initial coefficients |an|, n = 2,3,4,5,6,7 for functions in the class Sc* («, §, A, B) . Further, we determine
the estimates on the Zalcman coefficient functionals |an2 — arn_1|, n =2,3,4.

The paper is structured as follows. In Section 2, we give some lemmas required for the proofs. In
Section 3, we provide estimates for the initial coefficients and some particular cases of the Zalcman
coefficient functional for functions from the class Sc¢* («, 5, A, B). In Section 4, we give the conclusion.

2. Preliminaries

In this section, we give some lemmas to prove our main results.

Lemma 2.1 ([7]). For a function p (z) € P of the form (1.2), the sharp inequality |pn| < 2 holds for each n > 1.
Equality holds for the function p (z) = 12

11—z

Lemma 2.2 ([8]). Let p (z) € P of the form (1.2) and n € C. Then

[P — wpkPn—kl < 2max{l,2p—1]}, 1<k <n—1.

If 21— 1| > 1, then the inequality is sharp for the function p (z) = {22 or its rotations. If [2u—1| < 1, then the

inequality is sharp for the function p (z) = %fiz or its rotations.
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3. Main results

This section is devoted to the proof of our main results. We will now determine the bounds on the
first six initial coefficients for functions in the class Sc* («, , A, B) . Further, this result shall be used in
order to estimate the Zalcman coefficient functional for the case of n =2, n =3, and n = 4.

3.1. Initial coefficient estimates

Theorem 3.1. If f (z) € A and of the form (1.1) belongs to Sc™ («, 5, A, B) , then

laa| < T,

lasl < S l-£+ 7 1],

lasg] < g (I-3&+4Y —2|+|&2 —3YE + 277,

las| < % [2—4E +6Y — 3+ |[—6&2 + & (—3 +22Y) +6Y (1 —3Y)| + |£3 —6YE2 + 1172 — 673,
T

a
2l

< g (61756 +8Y — 41+ 4587 +5€ (1 +4Y) +6Y (2 3Y)|

+ [ 1083 + 587 (=3 4+ 14Y) + 10YE (7 — 15Y) + 472 (—19 + 24Y)|
+ & —107E3 + 357282 — 50Y3E + 2474

and

T
la7] < 7o 401—& +3Y = 3] + 61587 + 3£ (=8 + 217) + 207 (2 - 3|

+2|—6087 + £ (—45 + 314Y) + 1207 (1 — 3Y)| + &> — 15VEH + 85Y2E — 225Y5 2 + 274V — 12077 |
+ | 4583 + 1587 (—1 +25Y) + 2V (45 — 478Y) 4+ 20Y? (—6 + 37Y)|
+ [ 158 + 1087 (—4 + 17Y) + 75YE? (4 — 9Y) + 4Y2E (—173 + 274Y) + 12075 (4 —5Y)

where § =Te ', T =Wtys, YV =A —B, tys =cosa—05,and Y =1+B.

Proof. Let f(z) € Sc*(«,0,A,B) and of the form (1.1). By definition of subordination, there exists a
Schwarz function w (z) such that

i 2t (2)
g(z)

. 1 1+Aw(z)
—5— —_— = 3.1
vsm oc] tos 1+Bw(z) 3-1)

f(z)+f(Z)
2

where g(z) = and tys = cos o — d. Let the function

z

Clt+w(z) > n
0@ _1+RZ_1knz .

hiz) = 1—w

Obviously, the function h (z) € P and

_hiz)—1
Substituting (3.2) into (3.1), we get
ei"‘ZfI (z) _ Q" —T)+h(z) (QF + T)’ (3.3)

g(z) 1-B+h(z)(1+B)
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where T = Wtys, Y = A—B, tgs = cosa—58, Q~ = el*(1—B) and QF = el*(1+ B). Substituting the
expansions of f (z), g(z), and h(z) in (3.3), and after simplifying, we obtain
Q7 (z+42a22* +3a32° +4aygz* + 5a52° + 60a62° + 7azz” +- - )
+Q% (z+ 2a02% 4+ 3a32° + 4aszt +5a52° + 606z’ + 7azz’ + - - )
. (1 + K1z + Kpz? + k3z® + kaz* + k52° + k20 + ky2” + - - )
=(Q —T)(z+ 22+ a3z + auzt + a5z’ + agz® + a7z’ + - )
+ (Q+ + T) (z + apz? + a3 + agzt + a52° + agz® + ayz’ + - )
(14 Kz +koz? + ka2’ + kazt + sz’ + kez® + ).

(3.4)

By equating the coefficients of 22, 23, z*, 2°, 2%, and 27 in (3.4) and for simplicity, we denote & = Te i«

and ¥ =1+ B, we get

@ = %E (3.5)

as = % 2k + K42 (E—T)], (3.6)

a4 = % [8ks + kika (68— 8Y) +kq° (€2 —3YE+2Y?)], (37)

as = 324 [48ky + kiks (328 — 48Y) + ko? (128 —24Y) + kq* (E3 — 6YE? + 11725 — 6Y7) (3.8)
+ki%ka (1282 — 447 +3677)],

ap = 38(310 [384Kks + kika (2408 — 384Y) + koks (1608 — 384Y) + kq ko2 (6052 _280YE + 304Y2)
+ k1 %Kka (2063 — 140TE2 + 30072 — 1927°) + Ky (E* — 1073 + 357262 — 5073 +-2474)  (3.9)
+k1%ks (80E% — 3207'E, + 288Y2)]

and
az = 46580 [3840ks + ko® (12087 — 720YE +9607?) + ks? (6408 — 1920Y)

+ k1%kq (720E2 — 3024 E + 288072) + kiks (2304 — 3840Y) + kaoks (1440& — 38407) (3.10)
+ kikaks (960&2 —5024YE + 5760Y2) + kq*ka (306 — 3407 E? + 1350722 — 2192Y3¢ + 12007*)

+¥q® (87 —15YE + 857283 — 22573E2 4 27474 — 1207°)

+ k1 %ko? (180&3 — 15007 E? + 3824Y2E —296073) +kq°ks (1603 — 12002 + 2768Y2E — 19207%)] .

Further, taking modulus on both sides of (3.5)-(3.10) and suitably arranging the terms in (3.6)-(3.10),
respectively, we have

£l lk
0o} = 0l (3.11)
B »
las| = —~ ‘kz — ki, (3.12)
&
lag| = |48| [8 ks — vikikal + [kq[* |2 —3YE 4272 } (3.13)
las| = 3@1 [48 ks — Mk ksl + [kal 126 — 247 [ky — 1ok ?| + [k [* | €3 — 62 + 1172¢, — 6Y3] (3.14)
lag| = & 384 ks — Aikikal + [ka| [160& — 3847 [ko — Aoky?| (3.15)

3840
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|,

+ [ka| [ka| [60&% — 2807E + 30472 | |k2 — Aska?| +[ka” £ — 10VE? +35Y2E2 — 50Y3E + 2474

and
laz| = 46%'80 [3840 ke —v1ks?| + [kal® [120£2 — 7207E 4 96072 [kp — y2ki?|
+ |k1| ‘23045 — 3840Y| |k5 —‘Y3k1k4| + |k2| ‘14405 — 3840Y| |k4 —‘Y4k1k3| (316)
+ [ka[® |€% — 15TE* + 857283 — 225Y382 + 27474 E — 12077
ki 16087 — 12007&2 + 276872 — 192072 [ks — yskikal |,
where
&£+ —3&+47
H1 = 5 V1= 1
_ —2543Y | —BEZ+117E—9Y?
N = 3 ’ N2 = 35,_ 6Y s
—5¢+8Y —582 +207¢ — 1872
A=, Ay = /
8 108 — 24Y
A, _ TE +35YE —T75Y2E 4 48Y° _—E+3Y
ST T 12— 70vE 17672 =T
4583 4 375YE2 — 956Y2E + 74073 1582+ 63YE — 6072
Y2= 30:2— 180V +240Y2 ' °T 7 48g—s0v
_ —30&%+1577E— 18072 1584 +170VE> — 675Y2E2 4+ 1096Y2E, — 6007
Ya= 458 — 1207 ' v 80E3 — 600 E2 + 138472 — 9603

Hence, by applying Lemmas 2.1 and 2.2, and by triangle inequality, from (3.11)-(3.16), respectively, we get
the desired results. O

Corollary 3.2. For special values of the parameters «, 5, A and B, we have following.

(a) If f(z) € A given by (1.1) belongs to Sc* (0,0,1,—1) = Sc*, then
laol <2, lazl <3, |agl <4, las| <5, lag| < 6and |ay| <7.

(b) If f (z) € A given by (1.1) belongs to Sc¢™ (0,5,1,—1) = Sc* (), then

laa| < 20,

lag| < @ (20 +1),

lag| < % 2(1+3D +20%)],

las| < % [18® +3|+ 3D [4D + 1|+ 4D7],

lag| < % 315 +2| + 100 20 + 1| + 502 |40 + 3| +40*],

a7l < % (10120 + 3| + 1502 |6D + 1| + 18 [5D + 4| + 15D [8D + 3| + 8D° +20D° [3D + 4[],
where ® =1 —5.

(c) If f(z) € A given by (1.1) belongs to Sc¢* (0,0,A,B) = Sc™* (A, B), then

lao| <V,



D. Mohamad, N. H. A. A. Wahid, J. Math. Computer Sci., 29 (2023), 40-51 46

las| < 2\ —Y+v-1],
lagl < %}ﬂ —3Y +4Y — 2|+ [W2 - 37V + 272,
las| < %[m AY +6Y — 3|+ [—6¥? + W (=3 +22Y) +6Y (1 —3Y)| + [W* —6YW2 +1172Y —6Y3|],
|agl < 1\50 [6—5Y + 8Y — 4]+ 4|—5W* + 5¥ (—1 +4Y) + 6Y (2—3Y)|
+ [—1093 + 592 (=3 + 14Y) + 10YY (7 — 15Y) +4Y? (—19 + 24Y)|
+\\y‘*—10w3+35Y21y2—50Y3w+24Y4],
a7l < o5 [}—90‘1’2+18‘{/( 8+21Y) + 1207 (2 —37Y)

+ [—45W° + 15W2 (—1 + 25Y) + 2V (45 — 478Y) 4 20Y2 (—6 + 37Y)|

+ WP — 157 W* 4 85Y2W3 — 225Y5W2 + 27474y — 12077

+ [—120¥2 + 2 (—45 + 314Y) +240Y (1 —3Y)| + 40 |—¥ +3Y — 3|

+ [—15W* + 10¥° (—4 + 17Y) + 757 Y? (4 — 9Y) +4 Y2W (—173 +274Y) + 12073 (4 — 5Y)]] .

d) If f(z) € A given by (1.1) belongs to Sc¢™ («,5,1,—1) = Sc™ (e, d), then

| <
|a3| < tws |2tocée_wc

7 [23tase "+ 1| +4tas’],
2 [[8tase ™ 43| + Btas [4tase  + 1] +4tas’],

lagl < 3 |5tase ' 42|+ 10tys [2tase X+ 1] +5tas” |dtase " * +3| +4tas],

X
<
oc6
75[
a7l <t |

10 [2tqse "™ + 3] 4+ 15tas” [6tase "™ + 1| 4+ 18tqs |Stase " * +4| + 15ty [8tase ™ + 3|
+8tas” +20ts” [Btase " +4|].

Corollaries 3.2 (a)-(d) show the upper bounds for the initial coefficients for functions from the subclasses
studied by El-Ashwah and Thomas [10], Halim [11], Dahhar and Janteng [5], and Wahid et al. [33],
respectively. It is observed that [an| <1, n=2,3,4,5,6,7 in Corollary 3.2 (a) coincides with the result of
the well-known class of starlike functions S* (see [7] for details).

3.2. Zalcman coefficient functional
Theorem 3.3. If f (z) € A and of the form (1.1) belongs to S¢™* («, 5, A, B), then

la2% — a3 < T|‘5+2Y_1|

where § =Te ' T =Wtys, Y =A —B, tys =cosx—6and Y =1+ B.
Proof. In view of (3.5) and (3.6), we have

2282 2NE  ki?(E2—YE) ‘

&
: . 5 — ‘4‘ k2 — o1k?|, (3.17)

a2 —as| =

where 01 = % By applying Lemma 2.2, from (3.17), we see that

ko — o1ke?| <216 +7Y —1].
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Hence, using the triangle inequality, (3.17) yields the desired result. This completes the proof of Theorem
3.3. O

Corollary 3.4. For special values of the parameters «, 5, A, and B, we obtain following.

(@) Letf(z) € S¢c*(0,0,1,—1) =Sc*. Then
}(122—(13‘ < 1.

(b) Let f(z) € Sc*(0,8,1,—1) = Sc* (d). Then
|a2® —a3| < D20 1],

where ® =1 — 6.

(c) Let Sc* (0,0,A,B) = Sc* (A, B). Then

AY
‘azz—as‘ < -

(d) Letf(z) € S¢™ («,8,1,—1) =Sc* («,0). Then

‘az2 —a3| < tas VAt 52 — 4ty cos o+ 1.

Theorem 3.5. If f (z) € A and of the form (1.1) belongs to S¢* («, 5, A, B), then

T
|as? — as| < o [|[—6&% +&(—3—107) + 6Y (=1 +3Y)| +2[—4E + 6Y —3| +|58% — 6YE2 —5Y2E + 673

where &, =Te ', T=Wtys, Y =A—B, tys =cosx— 5, and Y =1+ B.

Proof. From (3.6) and (3.8), we have

|as? —as| = ﬁ [ko? (12& 4 24Y) + K7k (1287 +207E —36Y2) —48ks — kiks (32 — 48Y) (318)

+hat (583 —6YE2 —5Y2E+6Y7)]].

Further, by suitably arranging the terms, (3.18) yields

|as® — as| = ‘324 {ka (128 +24Y) [ko — x1k1?] — 48 [ks — xokikal +k1* (587 —6YE2 —5Y2E+6Y7)} |,
where
_ —3E2-5YE+9Y2
XM= 3 ver
and
—2&+3Y
x=TT

Hence, applying Lemma 2.2, we see that

—682+&(—3—107)+6Y (—1+37Y)
—y1ki?| €2 .
ka —x1K1?| ' 3167 (3.19)
and 48+ 6Y —3
— + —
ky —xokiks| <2 ‘3 ’ . (3.20)

Then, making use of (3.19), (3.20) and Lemma 2.1, and by triangle inequality, we obtain the desired result.
Thus, the proof of Theorem 3.5 is completed. O
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Corollary 3.6. For special values of the parameters involved, we obtain following.
(@) Letf(z) € Sc*(0,0,1,—1) =Sc*. Then
23

‘(132—(15‘ < 3

(b) Let f(z) € Sc*(0,85,1,—1) = Sc™* (8). Then

|as® — as] < % 30 [4® + 1|+ 8D + 3| +2007],

where ® =1 —6.
(c) Let f(z) € Sc*(0,0,A,B) =Sc*(A,B). Then

Y
|as® — as| < o [|—6W2 +W (=3 —107) +6Y (=1 +3Y)| +2|—4¥ +6Y — 3|
+ 598 — 6YW2 — 572y 4679
(d) Letf(z) € S¢™ («,8,1,—1) =Sc* («,0) . Then
t . )
|as® — as] < %5 [Btos |[4tase " + 1| + [Btase " + 3| +20tqs’] -
Theorem 3.7. If f (z) € A and of the form (1.1) belongs to Sc™ («, 5, A, B) , then

T
las® —ar7| < 70 [24]—6& +10Y — 5| + 6 | 1582 + 3& (5 — 217) + 207 (—2 + 3Y))|

+ [ 13583 + 1587 (—8 + 7Y) + 4YE (=77 + 159Y) +20Y? (36 — 37Y)|

+ [158* (=7 —4Y) + 1083 (—4 +29Y — 36Y2) + 5V &> (—36 +47Y +32Y?)
+36Y2E (17 —26Y) + 12072 (—4 +5Y)| + 40 |E + 3| + |£° (19 — 60Y) + 5V E?H (—9 +44Y)
+15Y2E3 (-3 —16Y) +5Y%E2 (45 + 16Y) — 274Y*E + 120Y°| +15 | &2 + 6YE—8Y?|],

where & =Te 1 T=Wtys, Y =A—B, tys =cosx— 5, and ¥ =1+ B.
Proof. Using (3.7) and (3.10), we obtain

‘ a?— (17’ - ﬁ {kf (640& + 19207) + k1 koks (960&2 4 24647E — 5760Y2) KoKy (—14408 + 38407)

k1 (42052 +720YE — 960Y2) + kks (—2304Z + 38407) + k; 2ky (42052 +30247E — 2880Y2)
o (16053 48073 + 72072 + 3207262 — 2448Y2¢, + 1920Y3>

+ k1*ky (21054 +1207E* —3407E3 + 7207283 — 6307282 — 32073E2 + 187238 — 120074)

+kq© (1955 —60VE> —45VE* + 2207264 — 457283 — 2407383 + 225732 1 80V HE?

0744 + 120?5) 2Kk, (540&3 _ 420VE2 — 254472F + 2960Y3) - 3840k6} ‘ .

Further, by suitably arranging the terms in above equation, we get

46080
+ kika (960&2 + 2464YE — 57607?) [ks — v3ki ko]
+ki1® (1608 —480YE> + 720YVE? + 32072E2 — 2448Y2E + 192073) [ks — vakiko]
+ ka2 (6408 + 1920Y) + kq1© (198> — 60V E> — 45V E* + 220728 — 45723 — 24073 €3
+225Y3E2 + 80V4E2 — 274V 4L + 1207°) +ko? (—12082 + 7207E — 9607?) }

|as® —a7| = ‘ & 13840 ks — vykiks] + kg (—14406 + 3840Y) [k —v2kq?]

(3.21)

7




D. Mohamad, N. H. A. A. Wahid, J. Math. Computer Sci., 29 (2023), 40-51 49

where
by _ 3E+S5Y
—
o — 1582 — 63YE + 6072
—30£+80Y '
oy —135&% +-105Y&* + 636Y2E — 7407

24082 4 616YE — 144072 ’
158 (=7 —4Y) +107E3 (17 —36Y) + 5Y2E2 (63 + 32Y) — 936 V3¢ + 6007+
B 80E3 (1 —3Y) +407E2 (9 +4Y) — 1224728 + 96073 '

V4

By Lemma 2.2, we observe that

—6£4+10Y —5
ke — v1kiks| < 2 ’H5 ) (3.22)
1582 4+ 3& (5 —21Y) +20Y (—2 4+ 37Y)
ky —Uoki?| <2 , 2
[z —vzka?| ' —15 + 407 (323)
— 1353 4+ 582 (=24 +21Y) + 4YE (—77 4+ 159Y) + 2072 (36 — 37Y)
ks — U3k ko| < 24
ks —vskala ‘ 60£2 + 154TE — 36072 (3.24)
584 (—21—12Y) + 1083 (—4 +29Y — 36Y2) + 5Y§&2 (—36 + 47Y + 3272
K —vakrkal < | 22 ) 1087 ) +5TE ) a2
2083 (1 —3Y) +10YE2 (9 +4Y) — 306Y2& + 24073

+12Y2£ (51 — 78Y) + 12073 (—4 + 5Y)
2083 (1 —37) +107E2 (9 +4Y) — 306Y2¢ + 24073

Thus, using (3.22)-(3.25) and Lemma 2.1, and by triangle inequality, (3.21) yields the desired result. This
completes the proof of Theorem 3.7. O

Corollary 3.8. For special values of the parameters «, 5, A, and B, we obtain following.
(@) Let f(z) € Sc*(0,0,1,—1) = Sc*. Then
73

‘042— Cl7| < 5

(b) Let f(z) € Sc*(0,8,1,—1) = Sc* (8). Then
@
las® —a7| < gg [612® +5] 4450 2@ +1] + 3002 (9D + 4| + 200 21D + 4] + 200 +150° + 1520°]

where ® =1 —6.
(c) Let Sc*(0,0,A,B) =Sc*(A,B). Then

v
|as® — a7] < 70 [24|—6Y +10Y — 5| + 6 [15¥* + 3¥ (5 — 217) +20Y (—2 4 3Y))|

+ [—135Y° + 15Y2 (—8 + 7Y) + 4YW (—77 + 159Y) + 2072 (36 — 37Y))|

+ [15W* (=7 — 4Y) + 10¥° (—4 + 297 — 36Y?) + 5YY? (=36 +47Y +327Y?)

+36Y2W (17 — 26Y) + 1207 (—4 + 57)| + 40 [ + 3Y[ + [W° (19 — 60Y) + 5YW* (—9 -+ 44Y)
+ 157293 (=3 — 16Y) +5Y°W2 (45 4+ 16Y) — 274Y*Y + 1207°| +15 |—¥* + 6YW —8Y?|].

(d) Letf(z) € S¢™ («,8,1,—1) =Sc* (o, 8) . Then

tas
90
+20tas” [21tqse " * + 4| + 20tas +15tqs” + 152t s’ -

las® — a7| < 22 [6[12tqse '™ + 5] + 45t s [2tase " + 1| +30tas” |Itase ™ + 4|
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Corollaries 3.4, 3.6, and 3.8 show the upper bounds for the Zalcman coefficient functional for n =
2, n = 3, and n = 4, respectively, for functions from the subclasses studied by El-Ashwah and Thomas
[10], Halim [11], Dahhar and Janteng [5], and Wahid et al. [33]. Estimation of Zalcman coefficient
functional in Corollaries 3.4, 3.6, and 3.8 was not given before.

4. Conclusion

Motivated significantly by several recent works, we have obtained the upper bounds for the initial
coefficients and some particular cases of the Zalcman coefficient functional for functions in the class
Sc* (e, 8,A,B). It is shown that for the specific choices of parameters «, 5, A, and B, the results pre-
sented in this paper can be reduced to a number of unknown results for the subclasses S¢*, Sc™ (9),
Sc*(A,B), and Sc™ («,8) which are stated in the corollaries. For future work, by using the result in
Theorem 3.1, it is natural to devote further investigation to other properties for functions in the class
Sc* («, 8, A, B) such as the Fekete-Szego functional, Hankel and Toeplitz determinants, Krushkal inequal-
ity and logarithmic coefficients. One may also refer to, for example, [2, 13, 14, 24, 26, 29] for some ideas
on these properties for newly defined subclasses of analytic and univalent functions. Meanwhile, the
results obtained in Theorems 3.3 and 3.5 could lead to an alternative method different from [32] in find-
ing the upper bound for the third Hankel determinant for functions in the class Sc¢* («, 5, A, B) (see for
instance [2, 24]). Moreover, the method used in this paper perhaps could be applied to solve problems of
bounds on the coefficients and functionals made up of combinations of the coefficients of f (z) for different
subclasses of univalent functions.
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