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Abstract

In this paper, we consider the stationary problem in three dimensional thin domain Q¢ with maximal monotone graph and
Tresca conditions. In the first step, we present the problem statement and give the variational formulation. We then study the
asymptotic behavior when one dimension of the domain tends to zero. In the latter case a specific Reynolds limit equation is
obtained and the uniqueness of the displacement of the limit problem are proved.
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1. Introduction

The asymptotic behavior of linear elasticity has been studied by several authors. The study of the
non linear problem in a stationary regime in a three dimensional thin domain with non linear friction of
Tresca has been considered in [3]. In [13], Lions studied theoretically a problem governed by the Laplace
equation with Dirichlet boundary conditions. He proved the existence of a solution based essentially on
the method of compactness and the uniqueness of the solution by imposing conditions on the data. The
asymptotic analysis of a contact problem in a three dimensional with friction between two elastic bodies
was investigated in [12]. The authors in [4] studied the non linear boundary value problem governed
by partial differential equations which describe the evolution of linear elastic materials. The asymptotic
behavior of a Bingham fluid in a thin domain with boundary conditions non linear was studied in [10].
In [22] the authors worked on the asymptotic convergence of a dynamical problem of a non isothermal
linear elasticity with friction of Tresca type. In the last few years, some research papers have been written
dealing with the asymptotic analysis of an incompressible fluid in a three-dimensional thin domain, when
one dimension of the fluid domain tends to zero (see, e.g., [1, 6, 7] and the references cited therein). More
recently, the authors in [2] have studied the asymptotic analysis of a dynamical problem of isothermal
elasticity with non linear friction of Tresca type but without the intervention of the nonlinear term. The
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problem of the junction between three dimensional and two dimensional linearly elastic structures and
various asymptotic developments for the junction between plates can be found in [8].

The purpose of this paper is to study the asymptotic analysis of a stationary problem for the linear
elasticity represented by a thin domain Q¢ in R® with Tresca and maximal monotone graph boundary
conditions. We consider the Dirichlet boundary conditions on I'f UTf where Tf is the lateral one, the
maximal monotone graph condition at the top surface I'f, finally, a non-linear Tresca interface condition
at the bottom one w.

This work is organized as follows. In Section 2 we introduce some notations and give the problem

X3
statement and variational formulation. In Section 3, we use the change of variable z = —, to transform

the initial problem posed in the domain Q¢ into a new problem posed in a fixed domain Q independent
of the parameter ¢. We find some estimates on the displacement of the small parameter and prove the
convergence theorem by using several inequalities. In Section 4, we investigate the convergence results of
the weak problem and its uniqueness.

2. Problem statement and variational formulation
We consider a homogeneous, elastic and isotropic body domain defined by:
Qf ={(x,x3) €R®: %' = (x1,%2) € w, 0 < x3 < eh(x')},

where w is a non-empty bounded domain of IR? with a Lipschitz continuous boundary, h (.) is a Lipschitz
continuous function defined on w such that 0 < h, < h(x’) <h*, V(x/,0) € w and ¢ is a small parameter
that will tend to zero. We decompose the boundary of Q¢ as I'* =T UT} U w with

{(x',x3) € QF 1 x3 =0},
{(x',x3) € Q% : (x/,0) € w, x3=c¢h(x)},
{(x',x3) € Q% :x' € 0w, 0 < x3 < eh(x')},

l“m"‘m 8

where w is the bottom of the domain, I is the upper surface and I{ the lateral part of I'* (see Fig.
1). Let uf(.) : Q° — R3 be the displacement and S the set of all symmetric 3 x 3 matrices. Then

. . € ouf ..
D (u®) € S denotes the symmetric gradient of u® whose components are % (?;;T ai? ), 1<1,j <3 Let
j i

ot = (GU) i,j =1,2,3 denotes the stress tensor, with
o (u) = 2udij (1) + Ady (u) 845,

where p and A are elasticity coefficients with A > 0 and A+ > 0, 8;; the symbol of Kronecker.

X3

FS
e h(x)|

o I

Figure 1: The domain Q¢.

We consider now the following mechanical problem.
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Problem 2.1. Find a displacement field u® : Q¢ — RR® such that

—divo® + («f)?uf =f° in QF, (2.1)
u®*=0 only,
P(u®) —of(u®)n = Bg(u®) only, (2.2)

u'n=0 onlfUw,

of|<k® = ut =0
o] T on w,

o] =k* = Jy >0:uf =—yof (2.3)

where n = (n1, ny, n3) is the unit outward normal to I'¢, and

£ 13 £

up =u‘n, uf=u*—(up)n, o =(c°n)n, of=oc"n—(og)n,

are, respectively the normal and the tangential components of u® on the boundary w and the components
of the normal and the tangential stress tensor on w. We denote by P the differential operator of the first
order to coefficients lipschitzians and B¢ defined by Bz = & 1(I1+J¢) with & > 0, the Yosida’s approach
of B where Jz = —(I1+ &B)~! is the resolvante of B which is the maximal monotone graph such that
0 € B(0). Boundary condition (2.2) is the regularized condition of Yosida. Condition (2.3) represents
a Tresca friction law on w where k¢ is the friction coefficient and ¢ = (fi®)1<i<3 is the body forces.
Furthermore, the equation (2.1) represents the equilibrium equation, here o* > 0.

To get a weak formulation, we introduce the closed convex
Ve = {ve H! (Q)*:v=0o0nTf andv.nzoonwurf}.

By standard calculations, the variational formulation of the problem 2.1 is given by following.

Problem 2.2. Find a displacement field u® € V¢ such that

a(uﬂ,@—uﬁ)—J P(uﬂ)(«p—uﬁ)dwjrsBa(uﬁ)(@—uﬁ)m

re (2.4)
+i° (@) =" (u®) = (f5, o —u®) Ve e V5,
where
a(uf, @)= ZpJ dij (u®) dyj (@) dx + AJ div (u®) div (@) dx + (ocs)zj uf@dx,
Qs Qs Qs
(o) = | kelolax,
w

(f, @) = J fipidx.
Theorem 2.3. Problems 2.1 and 2.2 are equivalent.
Proof. See [3]. O

3. Change of the domain and some estimates

For the asymptotic analysis of problem 2.1, we use the approach which consist in transporting the

initially posed problem in the domain QO which depends on a small parameter ¢ to an equivalent problem
with a fixed domain QO which is independent of ¢. For that, we introduce the change of the variable z = X—j,

which changes (x/,x3) in Q¢ to (x/,z) in Q where

Q={(x,z) € R3, (x,0) ewand 0<z<h(x)},
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and we denote by I' = @ U Ty UTL its boundary, then we define the following functions in Q

{ (0 ,/Z):uf (X//X3)/ i:1/2/
~ /

(x
—us (¥, x3) .
f(x z) = e2f€ (x',x3), k=¢k®and & = cx

(x',z) = ¢

W e m

Let us assume the following

Let
{ Hl(Q)3:@zOOnFL;ch.n:OoanFl},
0
= {v- (vi,v2) € 12 (Q)*: avzl €l?(Q),i=1,2and v=_0on FL},

(p:00nFL}.

\'%
Vz

M(V) = { = (01,02) € H (Q)

V, is the Banach space with norm
2 vy |I? :
vy, = (3 (sl + |32 -
z ; t (Q) aZ I_Z(Q)

By injecting the new data and unknown factor in (2.4) and after multiplication by ¢, we deduce

ouE  ous\ 9
2 E ) A ~E /
~— | 5 (@i —15)dx'd
. 5= J <ax] axi>ax]~ (@1 —0) dx'dz
2
ous O1LE 9 3
+H§ JQ(6;+826X3> |:az(¢)1_af)—|—gzax (@3—&;)] dx’dz
i=1 i i

ot 0
o B ((@3—u3)dx’dz+7\£2J div (v
Q

) div (¢ —10%) dx'dz

a§(©3—ﬂ§)dX’dZ+J k(161 —[a°)) ax’

Q

w

0f) 1+|Vh5(x')|2dx’—s3J P1(15) (3 —15) /1 + |Vhe(x/)[Pdx’
w

2
~e ) | mca o us
i=1+W
) 1+|Vh£(x’)|2dx’+sj B (1) (@3 —05) \/1+ [Vhe () Pax’
w

—0f) dx'dz + eZaZJ

2
+ZJ Be(0) (¢
i=1"%®
2
>ZJ ﬂ((f)i—ﬂ{')dx’dz—i—sj f3 (@3 —105) dx'dz, V@ €V,
i=170 Q
where
2 d
_ ) !/ !/
P = ; al(X )aXi + aO(X )/

Py is differential operator of the first order and

Be (1) = ePg(us).

We introduce some results which will be used later.
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Lemma 3.1 ([4, Poincaré inequality]). We have

2
dx.

ou®

aX3

J e dx<2sh*J e dT+2(£h*)2J
€ QE

e

Lemma 3.2 ([4, Korn inequality]). We have

2
IVuslaan <2

Q¢

ID(u“')Izdx+C(Ff)J P dr,

I
2
1+] .
C(w) Clw)

J |ﬁ£|2dr’<C(Q)J (|a8|2+|va€|2) dx'dz,
I Q

where

0
)
aX2

9 e

IF)=2
C( 1) ‘ ax1

Lemma 3.3 ([4]). We have

where C(Q) is a constant independent of .

Lemma 3.4 ([12]). Let ax(x') € C! for k =0, 1,2, we get
J P (0%)dx’ < c* J [ dx/,
w w

where c* is a constant independent of .
Now we will obtain a priori estimates for the displacement field 1* in the domain Q.
Theorem 3.5. Assuming that f € 12 (Q)°>, the friction coefficient k € L™ (w) and under the assumpions

1 15 " a2 U8 .
€ — _ * — = * — =
eC(I7) < " 16u>(1+c +2)C(Q,h) ¢, & >(1+c ~|—2>C(Q,h) ¢,

there exists a constant ¢ > 0,1 = 1,2, 3 independent of € such that

2 Z (|loas 2 )
2 i
€ + = +e€
2 ; (H 0z LZ(Q))

ij=1

2 2 2

y €
ol

an

N E N E
o5 o5

0z

4

N

+ &
L2(Q)

X C
axi !

L2(Q) L2(Q)
c2, fori=1,2,

C3.

[0 ll12(0) <
<

05l 12(q)

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)
(3.6)

Proof. Let u® be a solution of the variational problem (2.4). Choosing ¢ = 0 as test function in (2.4), we

get
a(uf,uf) —J

P(us)uedT—i—J Be(u)usdr+ij® (uf) < (f5,uf).
re re

As j® (uf) is positive and B¢ is increasing lipschitzian with 3z (0) = 0, we have

24 EID(uE)Ide+(oc£)2J Iualzdx—J’ P(u)ufdr < (f5,uf).

iy

€

By (3.2) and (3.3), we have

20| DR dx > [Vl o —kCITY) | P de
Q¢ re

(3.7)

(3.8)
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> VU 2 ~ RO | e \/1+4 VR (x) e

w
> VUl 2 qe) — RC(Tf ) maxy/1+ |Vh€(x')|2j uf* dx’
w
> [V ey —iCOmaxy/ 1+ 1Vhe (x| <P o
1
> 12 € ~ €2 ~ g2 /
> 1 Vuf |22 ) — nC(TF)C(O, ) Ll (0P +1vacP) av'az,
where
C(Q,h) = C(Q)maxy/1+ |[Vh(x)]%,
x'ew
as

(F5,u®) <% llziqe) iz e .
by (3.1) (Poincaré inequality), we obtain
1
2

(F5,u) <[]l 2 e | V2eh* (J |u£|2d’t> + V2" VUl 20y |
rf

we have
/8 e
V2eh* [[£9] 2 ey VUS| 206y = V2eR* " 12 (e 8 [Vuslli2(qe -
Using Young’s inequality, we get

8¢Zh*2

* 2 H 2
V2eh* £ 12 006y IVUE 20y < N2 ey + 16 [Vu([f2(qe) -

In the same way, we have

1

1
2 2
| € /
\/28]’1* Hfg”LZ(Qg) (J |LL£|2 dT) = vV 2eh* a HfguLZ(Qs) % (J |u£|2 dT)
rs re

21, *
e“h 2 B 2
< fe c —i—J [uf” dt
. 1FNT2(qs) 2 )1
21, %
e“h 2 H 2J 2 .
< fe e — 14 |Vhe(x!/ Sl
" 15112 @e) + 5 maxy/1+[Vhe(x')] wlul X
e2h*
< EE I an + 300N JQ (10°P + 1<) ax'de

Thus

882]’1*2 gzh*
s ]WHLZ T .

(F¢,u¢) < [ e, h)J (|a5|2+|va€|2> dx'dz.  (39)
Q

2¢
On the other hand, by Lemma 3.4, we have

2
J P(u£)u5dT:ZJ P ()it 1+|Vh5(x’)|2dx’+£2J P1(6)05 /1 + |Vhe (') Pdx’
e =1 YW w

2
< maxvl—i—IVhE (ZJ asdx’ +¢ J P1(A§)ﬂ§dx’>

x'ew
i=1 w
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2

< c*maxy/1+ |Vhe (x/)]? (ZJ

x'Ew B
i=1-®

< c¢*maxy/1+|Vhe (x’)lzj s dx’

x'Ew w

< c*maxy/1+|Vhe (x’)IZJ s dr’

X' Ew n

[P dx + €2 J s dx’> (3.10)
w

<cClQ, h)J (|a5 2 4+ |va€|2) ax’'dz.
Q

By injecting (3.8), (3.9), and (3.10) in (3.7) it becomes

15
VUt a0 + (o&)zj e ? dx — (uC(Ff) NS %) clQ, h)J (|a€|2 + |va€|2) dx'dz
Qe Q
e2h* (3.11)
< (8h* +1) ][22 e -
Multiplying inequality (3.11) by ¢ and using
2 _ A2
EZHfSHLZ(QE) =e [|f 12(Q)’
we obtain
15 . . R . .
{16;1— (1 Yoty g) ClQ, h)] V0S| R2 ) + [ocz - (1 ot %) clQ, h)] 10511220
h* . A2
< m (8h" +1) HfHLZ(Q) :
Assume that 15
. u) . ( .1 .
— 1 = Q = 1 - QO =
16“>( +e+)can =g &> (1+c +2)C( ) =6,
SO
~e2
VA i2(q) <1,
we deduce (3.4) with
h* N 212
“1=0 (8h™ +1) HfHLZ(Q) ’
and
Hﬁigu%_z(ﬂ) <cep, fori=1,2, H€ﬁ§||2L2(Q) < Cs.
O]
4. Convergence results and the limit problem
Theorem 4.1. Under the same assumptions as in Theorem 3.5, there exists u* = (uj,uy) € V, such that
0 —uj, i=1,2, weaklyinV,, (4.1)
olf .. .9
3 o —0, 1,j=1,2, weaklyin L°(Q), 4.2)
j
a’\E
13 b I 0, weakly in 2(Q),
0z
5,005 ) o
€ I —0, i1=1,2, weaklyin L°(Q), (4.3)

et — 0, weaklyin1?(Q).
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Proof. From (3.4) and (3.5), we deduce (4.1). Also (4.2) follows from (3.4) and (4.1). From (3.4) and (3.6)
we obtain (4.3). O

Theorem 4.2. With the same assumptions of Theorem 3.5, the solution w* satisfies the following relations

i A2k £ s . 2
—u 6221 +&ui =1, fori=1,2, inl"(Q), (4.4)
21 w0 2
0 | O e Xzt &Y | (6w ada | ROGI- ) @y
i=170Q 0z 0z i=170Q w
5 (4.5)
>ZJ fi (@i —ul)dx'dz, Vo eTT(V).
i=170
Proof. The variational inequality (3.2) can be written as
4
Zli(s)—i—?\ezJ' div(ﬁs)div((f)—ﬂg)dx’dz—i-J k|l dx’
i=1 Q w
2
+&ZZJ ﬁf(@i—ﬂf)dx’dZvLszéch W5 (g3 —0§) dx'dz
i=170 Q
2
—sZJ P1(f) (@5 — 1) 1+|Vh€(x’)|2dx'—e3j P1(15) (@3 —15) \/1+[Vhe(x/)dx’
i=1"® w

fi (¢ —0f) dx'dz + SJ f3 (P3 —105) dx'dz,
o)

where

2 ~ nE
one  ous Fo)
I, = pe? Z J < bt + 2 > (@1 —10f) dX'dz,

pple} ox; 0%y aTJ
I, = uiijg (aat + 52223> a% (@1 — 1) dx'dz,
I; = Hi: L ¢2 (agf 4 ¢2 a@‘f) aii (3 —15) dx'dz,
I = szQ aza;j:z (@3 —105) dx'dz.
By the Theorem 4.1, we have
i= im—

lim J efs@sdx’dz =0,
e=0J)0
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hmeJ PLAE) (@ —05) /14 [Vhe(x)2dx' =0, i=1,2,

e—0
11me3J (65) (63— 15) /14 [Vhe (x))2dx’ =0,
e—=0 w
2
| TR <0, 1212
%;L £(0°) (91— 0f) /14 |Vhe (x')Pdx i
1 EJ Be(t —15) /14 |Vhe(x)Pdx' =0,
—0 w
because
8. ()| 82 €12 _£2 - ~ 2 2 1~E2 I
pelt )HLZ( = [leBe (u HL2 gHu ”L2(w)—§ . ;hiil + e[tz ] dx 5300.
1=

And as j is convex and lower semi-continuous (limgﬁo (ian K [08] dx/ > > J
w

w

K [u*| dx’), we obtain

2
ou; a . . . . o .
”ZJ e (o —ui) Xzt &2 )| (6 ) d'dat | R(GI- ) @y

Q i=1 Q w

> ZJ fi (@1 —10f) dx'dz.

i=17Q

(4.6)

We now choose in the variational inequality (4.6),
¢i =ui £y, vi € Hp(Q), i=1,2,

we get
2

2
oug albl / * / A ’
HZ J 0z az xdz+& Z J uipidx'dz = Z JQ fipidx'dz.

Q i—1

Using now the Green formula and choosing {1 = 0 and V> € H(l) (Q), then Yo =0 and P € H(l) (Q), we
obtain

0 (0 N
_J nL— ( Ui > lj)ldx dz + & J uftpidx’dz = J fill)idX/dZ.
Q Q Q

0z \ 0z
Thus
azuf A2 ok £ : : —1
—uﬁ +a&u; =1, fori=1,2 inH " (Q), 4.7)
and as f € L2 (Q), then (4.7) is valid in L2 (Q). O

Theorem 4.3. Under the same assumptions as in Theorem 4.2, we have the following inequality

J KW + s*| —|s*])dx’ —J ut pdx’ > 0 v € 12 (w)?, (4.8)
w w
LL|T*|<1:<éS*:0, (4.9)
ult*| =k = 3y > 0 such that s* = yt*, '
where 3
=M 0 0), s () =t (K,0), and s, (x) = u* (¢, h(x')).

0z
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Also w* and s* satisfy the following equality of Reynolds

h
J (J u* (x',z)dz—}zls*(x’)—gsﬁ(x/)—i—?(x’)—i—ﬂ*(x’)) V=0, YeH (w), (4.10)
w 0
where
T / 1 n / h ! ! z CA !
F(x):J F(x,z)dz——F(x,h), F(x,z):J J f(x,n)dCdn,
wJo 2u 0 Jo
and
¥ES / h&Z * / &2 n * / * / (¢ * /
u*(x') = u (x,h)—J u*(x,z)dz, U (x,z)—J J u* (x',m) dgdn.
2u w Jo 0 Jo

Proof. Passing to the limit in (3.2) and using the Green formula then choosing ¢; = uf +1;, P; €
HlﬁUﬁ (Q) i=1,2, where

Hhor (Q)={@ € H' (Q): 9 =0on T UTL},

we obtain

2 2 2
%urt ouf N N
— E J i U;IJ,)idX/dZ—I- E J i u‘rubid0+6c2 E J ufflj)idx'dz+J klu*~|—lb|dx'—J ku* dx’
=170 i1 9% i=170 w

0z 0 w
2

> ZJ fipidx'dz.

i=1

But

our ou*
Jr 0 azl npido = —Jw H azl (x',0) hidx/,

then

2 2

2
o“uf
—E -d/d+AZEJ
J pazztblx z+ &

i—1 i—17Q

ui*Lbidx'dz+J 12(|1b+s*||s*|)dx’J wtipidx’
w

w

2
P> ZJ ﬂll)idx’dz.
Q

i=1
By (4.4), we deduce
J KW+ s*| —[s*)dx’ —J ut pdx’ > 0.
w

w
This inequality remain valid for any 1 € (D (w))z and by density of D (w) in 12 (w), we deduce (4.8). We
also obtain (4.9) as in [1].
To prove (4.10), we integrate twice (4.4) between 0 and z, we obtain
* / * / * 1 / 6(2 * !/
u (x,z) =s (x)—I-ZT —EF(X,Z)—FIU (x',z), (4.11)

where ¢
z
u*(x’,z) :J J u* (x/,n) d¢dn,
0 Jo
replacing z by h, we obtain
52

u* (X, h(x)) =s* (x') + ht* — iF(x', h(x')) + %U*(x/, h(x)),
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whence )
1 N
he = s, () =87 () [ FO< RO = %U*(x’,h(x’)), (4.12)
integrating (4.11) with respect to z in the interval (0, h(x')), we obtain
h h2 1 h &2 h
J u* (x,z) dz=hs* (x') + =1 — J F(x',z)dz + J u*(x’,z)dz.
0 2 H H
From (4.11) and (4.12), we deduce that

n * / h‘* / h* / / T
J u (x,z)dz—zs (x)—Esh(x)—l—F(x)—l—U (x') =0,
0

with

- 1 (" h N
F(x’):J F(x',z)dz— —F (¥, h), F(¥,z) :J J f (x',m) dcdn,
w o 2u 0 Jo
and
- hé? a2 (m = (¢
U (x') = —Uu* (x',h) — J u* (x,z)dz, U*(x,z) = J J u* (x',m) dcdn.
2 w Jo 0 Jo
Then

Theorem 4.4. The solution w* of our limit problem is unique.

Proof. Let u! and u? be two solutions of (4.5), then
2

au 0 & ) . o .
uZJ 52 aZ )dXdZJ“"ZZJ (¢i—ui) dX'dz+j (@) — )(ul)>Z(fi,cpi—u}),(4,13)

Q (0]

i=1 i=1
and
ouf 9 - 2 2 = 2
u_ZL) azla(@i ) dx'dz + & EJ —u?) dx/dz—i—j((f))—j(u)2;(fi,©i—ui), (4.14)
where

i (¢) =j 1l dx.
w

Taking ¢ = u? in (4.13) and ¢ = u! in (4.14), we get

2 2
au 0 A ' X
HZJ 32 2 (uf —uf) dx’ dz—l—o@ZJ P —up) dX'dz+j (u?) —j (uh) >Z( Lud—ui), (4.15)

Q Q

2 2
“ZJ aat aaz(u _u)d"d”@‘zZJ Pl —ud) dx'dz+j (uh) = (W) 2 ) (fiul —). (416)
i=1 0

11Q i=1

By adding the two inequalities (4.15) and (4.16), we obtain

uZJ (ul —u?) aaz (uf —uf) dx’ dz—l—&ZZJ ui —u?) (ul —uf) dx'dz <0,

11Q
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this impllies

By Poincaré inequality, we get

SO
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