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Abstract
Since proving many fixed point theorems in a given space requires either growing the space itself or growing the self-

mapping that works on it, both of these options are good. The operators’ ideal generated by a weighted binomial matrix in the
Nakano sequence space of extended s-fuzzy functions is constructed. Some structures for it based on geometry and topology
are presented. It has been proven that the Kannan contraction operator has a unique fixed point in this class. Lastly, sufficient
conditions such that a fuzzy non-linear matrix system of Kannan-type has a unique solution in this ideal class are investigated
and a numerical example to explain our results are given.
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1. Notations

(1) N: The set of nonnegative integers.

(2) R: The set of real numbers.

(3) c0: The space of convergent to zero sequences of reals.

(4) `∞: The space of bounded sequences of reals.

(5) `q: The space of q-absolutely summable sequences of reals.

(6) D(G,V): The space of all bounded linear operators from an infinite-dimensional Banach space G into
an infinite-dimensional Banach space V.
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(7) D(G): The space of all bounded linear mappings from an infinite-dimensional Banach space G into
itself.

(8) F(G,V): The space of all finite rank linear mappings from G into V.

(9) A(G,V): The space of approximable linear mappings from G into V.

(10) K(G,V): The space of compact linear mappings from G into V.

(11) D: The ideal of bounded mappings between each two infinite-dimensional Banach spaces.

(12) ωF: The class of all sequence spaces of fuzzy reals.

(13) EF: The linear space of sequences of fuzzy functions.

(14) [r]: The integral part of the real number r.

(15) er = (0, 0, . . . , 1, 0, 0, . . .), where 1 displays at the rth place.

(16) θ = (0, 0, 0, . . .).

(17) F: The space of finite sequences of fuzzy numbers.

(18) ↑: The space of every monotonic increasing sequences of positive reals.

(19) ↓: The space of every monotonic decreasing sequences of positive reals.

(20) ↓F: The space of every monotonic decreasing sequences of fuzzy functions.

(21) R+N: The space of every sequences of positive reals.

(22) G0 and V0: Arbitrary Banach spaces.

(23) Iq: The unit mapping on the q-dimensional Hilbert space `a2 .

(24) αr(T): The r-th approximation number of the bounded linear operator T .

(25) dr(T): The r-th Kolmogorov number of the bounded linear operator T .

2. Introduction

Probability theory, fuzzy set theory, soft sets, and rough sets all help explore uncertainty. These
theories have limitations, though. [1, 11, 13, 16, 19, 21, 38] have more details and examples. Let Φ be the
set of all closed and bounded intervals on R. If h = [h1,h2] and j = [j1, j2] in Φ, define a metric ρ on Φ by

ρ(h, j) = max{|h1 − j1|, |h2 − j2|}.

Matloka [20] showed that ρ is a metric on Φ and (Φ, ρ) is a complete metric space. The λ-level set of a
fuzzy real number h, 0 < λ < 1, denoted by hλ, is defined as

hλ = {p ∈ R : h(p) > λ}.

The set of all upper semi-continuous, normal, convex fuzzy number, and hλ is compact, is denoted by
R([0, 1]). The set R can be embedded in R([0, 1]), if we define t ∈ R([0, 1]) by

t(y) =

{
1, y = t,
0, y 6= t.
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The additive identity and multiplicative identity in R[0, 1] are denoted by 0 and 1, respectively. Assume
h, j ∈ R[0, 1] and the λ-level sets are [h]λ = [hλ1 ,hλ2 ], [j]

λ = [jλ1 , jλ2 ], λ ∈ [0, 1]. If ρ : R[0, 1]×R[0, 1] →
R+ ∪ {0} is defined by ρ(h, j) = sup06λ61 ρ(h

λ, jλ), then (R[0, 1], ρ) is a complete metric space. For more

details on fuzzy functions and their properties, see [3, 12, 17, 24, 25]. If (wl) ∈ R+N, we have defined the
space

(
EFu,v(q,w)

)
τ

under τ as:(
EFu,v(q,w)

)
τ
=
{
h = (hm) ∈ ωF : τ(δh) <∞, for some ε > 0

}
,

where τ(h) =
∑∞
m=0

(
ρ(
∑m
z=0A(m,z)qm,zhz,0)

(u+v)m

)wm
, ql,z ∈ (0,∞), for all l, z ∈ N, and A(l, z) =

[
l
z

]
uzvl−z.

Clearly, if (wl) ∈ `∞ ∩R+N, then(
EFu,v(q,w)

)
τ
=
{
h = (hb) ∈ ωF : τ(δh) <∞, for all δ > 0

}
.

Notations 2.1 ([8]).

Ds
EF :=

{
Ds

EF(G,V)
}

, where Ds
EF(G,V) :=

{
V ∈ D(G,V) : ((sj(V))∞j=0 ∈ EF

}
,

Dα
EF :=

{
Dα

EF(G,V)
}

, where Dα
EF(G,V) :=

{
V ∈ D(G,V) : ((αj(V))∞j=0 ∈ EF

}
,

Dd
EF :=

{
Dd

EF(G,V)
}

, where Dd
EF(G,V) :=

{
V ∈ D(G,V) : ((dj(V))∞j=0 ∈ EF

}
,(

Ds
EF

)γ
:=
{ (

Ds
EF

)γ
(G,V)

}
, where(

Ds
EF

)γ
(G,V) :=

{
V ∈ D(G,V) : ((γb(V))∞b=0 ∈ EF and ‖V − ρ(γb(V), 0)I‖ = 0 , for all b ∈ N

}
.

Only this one try was ever made as [4, 22, 23, 26, 28] shows that much attention has been paid to the
s-number operators’ ideal in functional analysis. Supposing that G ∈ Ds

(EFu,v(q,w))
τ

(G,V), Π : N2 → R,
f : N×R[0, 1]→ R[0, 1], and P ∈ D(G,V). Consider the fuzzy non-linear Matrix systems [32]:

sz(G) = sz(P) +

∞∑
m=0

Π(z,m)f(m, sm(G)) (2.1)

and W : Ds
(EFu,v(q,w))

τ

(G,V)→ Ds
(EFu,v(q,w))

τ

(G,V) is defined as

W(G) =

(
sz(P) +

∞∑
m=0

Π(z,m)f(m, sm(G))

)
I. (2.2)

Since the Banach Fixed Point Theorem book [9] was published, mathematicians have studied potential
extensions and applications. Nonlinear analysis relies on the Banach contraction principle [10, 31, 37].
Kannan [18] offered a group of mappings with the same actions at specified locations as contractions.
This collection is somewhat discontinuous. Tripathy et al. [33–36] looked into a fixed point theorem
in a generalized fuzzy metric space, fixed point and periodic point theorems in fuzzy metric space,
Banach’s and Kannan’s fixed point results in fuzzy 2-metric spaces, and some fixed point theorems in
generalized M-fuzzy metric space. An explanation of Kannan operators in modular vector spaces was
formerly attempted in Reference [15]. Bakery and Mohamed [6] offered the idea of a pre-quasi norm
on the Nakano sequence space with a variable exponent that fell somewhere in the range (0, 1]. They
talked about the conditions that must be met to generate pre-quasi Banach and closed space when it is
endowed with a specified pre-quasi norm, as well as the Fatou property of various pre-quasi norms on it.
They also determined a fixed point for Kannan pre-quasi norm contraction mappings on it, in addition



A. O. Mustafa, A. A. Bakery, J. Math. Computer Sci., 30 (2023), 48–66 51

to the ideal of pre-quasi Banach mappings derived from s-numbers in this sequence space. Both of these
ideals were established. In addition, several fixed point findings of Kannan non-expansive mappings on
generalized Cesàro backward difference sequence space of a non-absolute type were discovered in [7].
Given that proving several fixed point theorems in a given space necessitates either extending the space
itself or expanding the self-mapping that acts on it, both of these methods are possible. The aim of this
paper to develop a new operators’ ideal class Ds

(EFu,v(q,w))
τ

. We have provided geometric and topological
structures for it. In this class, the existence of a unique fixed point for the Kannan contraction operator is
confirmed. In conclusion, we describe an application of solutions to the fuzzy non-linear matrix system
and provide a numerical example of our findings.

3. Definitions and preliminaries

Lemma 3.1 ([2]). If wb > 0 and xb, zb ∈ R, for all b ∈ N, and  h = max{1, supbwb}, then

|xb + zb|
wb 6 2 h−1 (|xb|

wb + |zb|
wb) . (3.1)

Definition 3.2 ([29]). A s-number is a function s : D(G,V)→ R+N that gives all V ∈ D(G,V) a (sd(V))
∞
d=0

that satisfies the following conditions:

(1) ‖V‖ = s0(V) > s1(V) > s2(V) > · · · > 0, for all V ∈ D(G,V);

(2) sd(VYW) 6 ‖V‖sd(Y) ‖W‖, if for every W ∈ D(G0,G), Y ∈ D(G,V), and V ∈ D(V,V0);

(3) sl+d−1(V1 + V2) 6 sl(V1) + sd(V2), when for every V1,V2 ∈ D(G,V) and l, d ∈ N;

(4) if V ∈ D(G,V) and γ ∈ R, then sd(γV) = |γ|sd(V);

(5) if rank(V) 6 d, then sd(V) = 0, for all V ∈ D(G,V);

(6) sl>a(Ia) = 0 or sl<a(Ia) = 1.

Definition 3.3 ([5]). A sub class U of D is said to be a mappings’ ideal if every U(G,V) = U ∩D(G,V)
satisfies the following settings.

(i) IΓ ∈ U, where Γ indicates Banach space of one dimension.

(ii) The space U(G,V) is linear over R.

(iii) If W ∈ D(G0,G), X ∈ U(G,V), and Y ∈ D(V,V0), then YXW ∈ U(G,V0).

Definition 3.4 ([14]). A function H ∈ [0,∞)U is said to be a pre-quasi norm on the ideal U, if the following
conditions are verified:

(1) Suppose V ∈ U(G,V), H(V) > 0 and H(V) = 0, if and only if, V = 0;

(2) we have Q > 1, such that H(αV) 6 D|α|H(V), for all V ∈ U(G,V) and α ∈ R;

(3) there are P > 1, such that H(V1 + V2) 6 P[H(V1) +H(V2)], for every V1,V2 ∈ U(G,V);

(4) there are σ>1, such that if V ∈ D(G0,G), X ∈ U(G;V), and Y∈D(V,V0), then H(YXV)6σ ‖Y‖H(X) ‖V‖.

Theorem 3.5 ([14]). Each quasi norm on the ideal U is a pre-quasi norm.

Lemma 3.6 ([28]). If W ∈ D(G,V) and W /∈ A(G,V), then there are P ∈ D(G) and A ∈ D(V) such that
AWPej = ej, for all j ∈ N.
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Theorem 3.7 ([28]). If EF is an infinite-dimensional Banach space, then

F(EF) & A(EF) & K(EF) & D(EF).

Definition 3.8 ([28]). A Banach space EF is said to be simple, when D(EF) has a unique non-trivial closed
ideal.

Definition 3.9 ([6]). A mapping W : Ds
EF(G,V)→ Ds

EF(G,V) is said to be a Kannan Ξ-contraction, when
there is ζ ∈ [0, 1

2) with Ξ(WV −WT) 6 ζ(Ξ(WV − V) + Ξ(WT − T)), for all V , T ∈ Ds
EF(G,V).

4. Properties of the operators’ ideal class Ds(EFu,v(q,w))
τ

Some geometric and topological properties of the operators’ ideal class Ds
(EFu,v(q,w))

τ

are investigated
in this section.

Definition 4.1. The space EF is said to be a private sequence space of fuzzy functions (pssff), when the
next conditions are established:

(a1) If b ∈ N, then eb ∈ EF;

(a2) If f = (fb) ∈ ωF, |g| = (|gb|) ∈ EF and |fb| 6 |gb| so that b ∈ N, then |f| ∈ EF;

(a3)
(∣∣∣h[b2 ]∣∣∣)∞b=0

∈ EF, whenever
(∣∣hb∣∣)∞b=0 ∈ EF.

Theorem 4.2. Presume the linear sequence space EF is a pssff, then Ds
EF is an operators’ ideal.

Proof.

(i) If V ∈ F(G,V) and rank(V) = n with n ∈ N, as ei ∈ EF, for all i ∈ N, and EF is a linear space, then

(si(V))
∞
i=0 = (s0(V), s1(V), . . . , sn−1(V), 0, 0, 0, . . .) =

n−1∑
i=0

si(V)ei ∈ EF,

hence V ∈ Ds
EF(G,V) so F(G,V) ⊆ Ds

EF(G,V).

(ii) Presume V1,V2 ∈ Ds
EF(G,V), and β1,β2 ∈ R then from Definition 4.1 condition (iii), we have

(s[ i2 ]
(V1))

∞
i=0 ∈ EF and (s[ i2 ]

(V1))
∞
i=0 ∈ EF. As i > 2[ i2 ], from the definition of s-numbers and si(P) is

a decreasing sequence, we get

si(β1V1 +β2V2) 6 s2[ i2 ]
(β1V1 +β2V2) 6 s[ i2 ]

(β1V1) + s[ i2 ]
(β2V2) = |β1|s[ i2 ]

(V1) + |β2|s[ i2 ]
(V2),

for every i ∈ N. By Definition 4.1 condition (ii) and EF is a linear space, then (si(β1V1 +β2V2))
∞
i=0 ∈ EF,

then β1V1 +β2V2 ∈ Ds
EF(G,V).

(iii) Suppose P ∈ D(G0,G), T ∈ Ds
EF(G,V), and R ∈ D(V,V0), then (si(T))

∞
i=0 ∈ EF and as si(RTP) 6

‖R‖si(T) ‖P‖, from Definition 4.1 conditions (i) and (ii) we obtain (si(RTP))
∞
i=0 ∈ EF, hence RTP ∈

Ds
EF(G0,V0).

Definition 4.3. A subspace of the pssff is called a pre-modular pssff when we have a function τ : EF →
[0,∞) that satisfies the next setups:

(i) if h ∈ EF, then h = θ⇐⇒ τ(|h|) = 0, and τ(h) > 0;

(ii) suppose h ∈ EF and ε ∈ R, then we have E0 > 1 with τ(εh) 6 |ε|E0τ(h);

(iii) there are G0 > 1, such that τ(f+ g) 6 G0(τ(f) + τ(g)), for all f,g ∈ EF;



A. O. Mustafa, A. A. Bakery, J. Math. Computer Sci., 30 (2023), 48–66 53

(iv) assume |fb| 6 |gb|, for every b ∈ N, then τ(|fb|) 6 τ(|gb|);

(v) we have D0 > 1, such that τ(|f|) 6 τ(|f[.]|) 6 D0τ(|f|);

(vi) the closure of F = EFτ;

(vii) there are ε > 0, such that τ(ν, 0, 0; 0, . . .) > ε|ν|τ(1, 0, 0, 0, . . .).

Definition 4.4. The pssff EFτ is said to be a pre-quasi normed pssff, if τ verifies the settings (i)-(iii) of
Definition 4.3. The space EFτ is called a pre-quasi Banach pssff, whenever EF is complete equipped with τ.

Theorem 4.5. If EFτ is a pre-modular pssff, then it is pre-quasi normed pssff.

Theorem 4.6. If

(b1) u+ v > 1;

(b2) (wp)p∈N ∈ `∞∩ ↑;
(b3) (A(a,k)qa,k)

∞
k=0 ∈↓ or, (A(a,k)qa,k)

∞
k=0 ∈↑ ∩`∞ and there exists C > 1, such that

A(a, 2k+ 1)qa,2k+1 6 CA(a,k)qk;

(b4) and (A(a,k)qa,k)
∞
a=0 ∈↓,

then (EFu,v(q,w))τ is a pre-quasi Banach pssff.

Proof. We show that (EFu,v(q,w))τ is a pre-modular pssff.

(i). Evidently, τ(|h|) = 0⇔ h = θ and τ(h) > 0.

(a1) and (iii). If f,g ∈ (EFu,v(q,w))τ, then

τ(f+ g) =

∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,z
(
fz + gz

)
, 0
)

(u+ v)l

wl

6 2 h−1

 ∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,zfz, 0
)

(u+ v)l

wl + ∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,zgz, 0
)

(u+ v)l

wl
= 2 h−1(τ(f) + τ(g)) <∞.

Therefore, f+ g ∈ (EFu,v(q,w))τ.

(ii). Presume λ ∈ R, f ∈ (EFu,v(q,w))τ, and as (wl) ∈↑ ∩`∞, hence

τ(λf) =

∞∑
m=0

(
ρ
(∑m

z=0A(m, z)qm,zλfz, 0
)

(u+ v)m

)wm
6 sup

m

|λ|wm
∞∑
m=0

(
ρ
(∑m

z=0A(m, z)qm,zfz, 0
)

(u+ v)m

)wm
6 E0|λ|τ(f) <∞,

where E0 = max
{

1, supl |λ|
wl−1

}
> 1. So λf ∈ (EFu,v(q,w))τ. Assume (wl) ∈↑ ∩`∞, then

∞∑
m=0

ρ
(∑m

z=0A(m, z)qm,z(eb)z, 0
)

(u+ v)m

wm =

∞∑
m=b

(
A(m,b)qm,b

(u+ v)m

)wm
6

∞
sup
m=b

(A(m,b)qm,b)
wm

∞∑
m=b

(
1

(u+ v)m

)wm
<∞.

So eb ∈ (EFu,v(q,w))τ, for every b ∈ N.
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(a2) and (iv). If |fm| 6 |gm|, for each m ∈ N and |g| ∈ (EFu,v(q,w))τ, then

τ(|f|) =

∞∑
m=0

(
ρ
(∑m

z=0A(m, z)qm,z|fz|, 0
)

(u+ v)m

)wm
6

∞∑
m=0

(
ρ
(∑m

z=0A(m, z)qm,z|gz|, 0
)

(u+ v)m

)wm
= τ(|g|) <∞.

Therefore, |f| ∈ (EFu,v(q,w))τ.

(a3) and (v). Suppose (|fz|) ∈ (EFu,v(q,w))τ with (wl) ∈↑ ∩`∞ and (A(l, z)ql,z)
∞
z=0 ∈↓, hence

τ(|f[ z2 ]|) =

∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,z|f[ z2 ]|, 0
)

(u+ v)l

wl

=

∞∑
l=0

ρ
(∑2l

z=0A(l, z)ql,z|f[ z2 ]|, 0
)

(u+ v)2l

w2l

+

∞∑
l=0

ρ
(∑2l+1

z=0 A(l, z)ql,z|f[ z2 ]|, 0
)

(u+ v)2l+1

w2l+1

6
∞∑
l=0

ρ
(∑2l

z=0A(l, z)ql,z|f[ z2 ]|, 0
)

(u+ v)l

wl + ∞∑
l=0

ρ
(∑2l+1

z=0 A(l, z)ql,z|f[ z2 ]|, 0
)

(u+ v)l

wl

6
∞∑
l=0

ρ
(
A(l, 2l)ql,2l|fl|+

∑l
z=0 (A(l, 2z)q2z +A(l, 2z+ 1)ql,2z+1) |fz|, 0

)
(u+ v)l

wl

+

∞∑
l=0

ρ
(∑l

z=0 (A(l, 2z)q2z +A(l, 2z+ 1)ql,2z+1) |fz|, 0
)

(u+ v)l

wl

6 2 h−1

 ∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,z|fz|, 0
)

(u+ v)l

wl + ∞∑
l=0

2ρ
(∑l

z=0A(l, z)ql,z|fz|, 0
)

(u+ v)l

wl
+

∞∑
l=0

2ρ
(∑l

z=0A(l, z)ql,z|fz|, 0
)

(u+ v)l

wl 6 D0τ(|f|) <∞,

where D0 > (22 h−1 + 2 h−1 + 2 h) > 1. So (|f[ z2 ]|) ∈ (EFu,v(q,w))τ.

(vi). Clearly, the closure of F = EFu,v(q,w).

(vii). There are 0 < δ 6 supl |λ|
wl−1, such that τ(λ, 0, 0, 0, . . .) > δ|λ|τ(1, 0, 0, 0, . . .), for every λ 6= 0 and

δ > 0 if λ = 0. Assume Theorem 4.5 is established, then (EFu,v(q,w))τ is a pre-quasi normed pssff. Second,
to prove that (EFu,v(q,w))τ is a Banach space, if hi = (hik)

∞
k=0 is a Cauchy sequence in (EFu,v(q,w))τ.

Therefore, for every γ ∈ (0, 1) one gets i0 ∈ N, for every i, j > i0, then

τ(hi − hj) =

∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,z
(
hiz − f

j
z

)
, 0
)

(u+ v)l

wl < γ h.

So ρ
(∑l

z=0A(l, z)ql,z
(
hiz − h

j
z

)
, 0
)
< γ. As (R[0, 1], ρ) is a complete metric space. Hence (hjk) is a

Cauchy sequence in R[0, 1], for fixed k ∈ N. So it is convergent to h0
k ∈ R[0, 1]. Then τ(hi − h0) < γ h, for

all i > i0. Clearly, from condition (iii) we have h0 ∈ (EFu,v(q,w))τ.

Suppose Theorems 4.2 and 4.6 are satisfied, then we have the next Theorem.
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Theorem 4.7. Suppose the conditions of Theorem 4.6 are confirmed, then Ds
EFu,v(q,w) is an operators’ ideal.

Theorem 4.8. If s-type EFτ :=
{
h = (sj(H)) ∈ RN : H ∈ D(G,V) and τ(h) < ∞} and Ds

Eτ is an operators’
ideal, then

a. s-type EFτ ⊃ F;

b. if
(
sj(H1)

)∞
j=0
∈ s-type EFτ and

(
sj(H2)

)∞
j=0
∈ s-type EFτ, then

(
sj(H1 +H2)

)∞
j=0
∈ s-type EFτ;

c. if ε ∈ R and
(
sj(H)

)∞
j=0
∈ s-type EFτ, then |ε|

(
sj(H)

)∞
j=0
∈ s-type EFτ; and

d. presume
(
sj(U)

)∞
j=0
∈s-type EFτ and sj(T) 6 sj(U), for every j ∈ N, where T ,U ∈ D(G,V), then

(
sj(T)

)∞
j=0
∈

s-type EFτ, i.e., EFτ is a solid space.

Proof. Let Ds
Eτ be a mappings’ ideal.

a. We have F(G,V) ⊂ Ds
EFτ
(G,V). Hence for all X ∈ F(G,V), we have

(
sr(X)

)∞
r=0
∈ F. Hence

(
sr(X)

)∞
r=0
∈

s-type EFτ. So F ⊂ s-type EFτ.

b and c. The space Ds
EFτ
(G,V) is linear over R. Hence for every λ ∈ R and X1,X2 ∈ Ds

EFτ
(G,V), we have

X1 +X2 ∈ Ds
EFτ
(G,V) and λX1 ∈ Ds

EFτ
(G,V). So(

sr(X1)
)∞
r=0
∈ s-type EFτ and

(
sr(X2)

)∞
r=0
∈ s-type EFτ ⇒

(
sr(X1 +X2)

)∞
r=0
∈ s-type EFτ

and
λ ∈ R and

(
sr(X1)

)∞
r=0
∈ s-type EFτ ⇒ |λ|

(
sr(X1)

)∞
r=0
∈ s-type EFτ.

d. Let A ∈ D(G0,G), B ∈ Ds
EFτ
(G,V) and D ∈ D(V,V0), then DBA ∈ Ds

EFτ
(G0,V0). Therefore, since(

sr(B)
)∞
r=0
∈ s-type EFτ, then

(
sr(DBA)

)∞
r=0
∈ s-type EFτ. As sr(DBA) 6 ‖D‖sr(B) ‖A‖. By condition c,

let
(
‖D‖ ‖A‖sr(B)

)∞
r=0
∈ EFτ, then

(
sr(DBA)

)∞
r=0
∈ s-type EFτ. Hence s-type EFτ is a solid space.

Some properties of s-type (EFu,v(q,w))τ are presented in the next theorem according to Theorems 4.8
and 4.7.

Theorem 4.9.

a. s-type (EFu,v(q,w))τ ⊃ F.

b. If
(
sn(X1)

)∞
n=0
∈ s-type (EFu,v(q,w))τ and

(
sn(X2)

)∞
n=0
∈ s-type (EFu,v(q,w))τ, then(

sn(X1 +X2)
)∞
n=0
∈ s-type(EFu,v(q,w))τ.

c. Presume λ ∈ R and
(
sn(X)

)∞
n=0
∈ s-type (EFu,v(q,w))τ, then |λ|

(
sn(X)

)∞
n=0
∈ s-type (EFu,v(q,w))τ.

d. s-type (EFu,v(q,w))τ is a solid space.

Under the conditions of Theorem 4.6, some properties of the ideal constructed by (EFu,v(q,w))τ and
extended s-numbers are discussed.

Theorem 4.10. The conditions of Theorem 4.6 are sufficient only for the closure of F(G,V) = Dα
(EFu,v(q,w))τ(G,V).
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Proof. Clearly, the closure of F(G,V) ⊆ Dα
(EFu,v(q,w))τ(G,V) from the linearity of the space (EFu,v(q,w))τ

and em ∈ (EFu,v(q,w))τ, for all m ∈ N. To show that Dα
(EFu,v(q,w))τ(G,V) ⊆ the closure of F(G,V), if H ∈

Dα
(EFu,v(q,w))τ(G,V), hence (αl(H))

∞
m=0 ∈ (EFu,v(q,w))τ. As τ(αm(H))∞m=0 < ∞ and if γ ∈ (0, 1), so we

have l0 ∈ N− {0} so that τ((αm(H))∞m=l0
) < γ

2 h+3δj
, for some j > 1, and δ = max

{
1,
∑∞
l=l0

(
1

(u+v)l

)wl}
.

Since αl(H) ∈↓F, then

2l0∑
l=l0+1

ρ
(∑l

z=0A(l, z)ql,zα2l0(H), 0
)

(u+ v)l

wl 6 2l0∑
l=l0+1

ρ
(∑l

z=0A(l, z)ql,zαz(H), 0
)

(u+ v)l

wl

6
∞∑
l=l0

ρ
(∑l

z=0A(l, z)ql,zαz(H), 0
)

(u+ v)l

wl < γ

2 h+3δj
.

(4.1)

Hence U ∈ F2l0(G,V) with rank(U) 6 2l0 and

3l0∑
l=2l0+1

ρ
(∑l

z=0A(l, z)ql,z‖H−U‖, 0
)

(u+ v)l

wl 6 2l0∑
l=l0+1

ρ
(∑l

z=0A(l, z)ql,z‖H−U‖, 0
)

(u+ v)l

wl

<
γ

2 h+3δj
.

(4.2)

Since (wl) ∈↑ ∩`∞, we get

∞
sup
l=l0

ρwl

(
l0∑
z=0

A(l, z)ql,z‖H−U‖, 0

)
<

γ

22 h+2δ
.

Therefore,
l0∑
l=0

ρ
(∑l

z=0A(l, z)ql,z‖H−U‖, 0
)

(u+ v)l

wl < γ

2 h+3δj
.

From inequalities (2.1)-(4.2), one obtains

d(H,U)

= τ
(
αl(H−U)

)∞
l=0

=

3l0−1∑
l=0

ρ
(∑l

z=0A(l, z)ql,zαz(H−U), 0
)

(u+ v)l

wl + ∞∑
l=3l0

ρ
(∑l

z=0A(l, z)ql,zαz(H−U), 0
)

(u+ v)l

wl

6
3l0∑
l=0

ρ
(∑l

z=0A(l, z)ql,z‖H−U‖, 0
)

(u+ v)l

wl

+

∞∑
l=l0

ρ
(∑l+2l0

z=0 A(l+ 2l0, z)ql+2l0,zαz(H−U), 0
)

(u+ v)l+2l0

wl+2l0

6
3l0∑
l=0

ρ
(∑l

z=0A(l, z)ql,z‖H−U‖, 0
)

(u+ v)l

wl + ∞∑
l=l0

ρ
(∑l+2l0

z=0 A(l+ 2l0, z)ql+2l0,zαz(H−U), 0
)

(u+ v)l

wl
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6 3
l0∑
l=0

ρ
(∑l

z=0A(l, z)ql,z‖H−U‖, 0
)

(u+ v)l

wl

+

∞∑
l=l0

ρ
(∑2l0−1

z=0 A(l+ 2l0, z)ql+2l0,zαz(H−U) +
∑l+2l0
z=2l0

A(l+ 2l0, z)ql+2l0,zαz(H−U), 0
)

(u+ v)l

wl

6 3
l0∑
l=0

ρ
(∑l

z=0A(l, z)ql,z‖H−U‖, 0
)

(u+ v)l

wl

+ 2 h−1
∞∑
l=l0

ρ
(∑2l0−1

z=0 A(l+ 2l0, z)ql+2l0,zαz(H−U), 0
)

(u+ v)l

wl

+ 2 h−1
∞∑
l=l0

ρ
(∑l+2l0

z=2l0
A(l+ 2l0, z)ql+2l0,zαz(H−U), 0

)
(u+ v)l

wl

6 3
l0∑
l=0

ρ
(∑l

z=0A(l, z)ql,z‖H−U‖, 0
)

(u+ v)l

wl

+ 2 h−1
∞∑
l=l0

ρ
(∑2l0−1

z=0 A(l+ 2l0, z)ql+2l0,zαz(Z−U), 0
)

(u+ v)l

wl

2 h−1
∞∑
l=l0

ρ
(∑l

z=0A(l+ 2l0, z+ 2l0)qz+2l0αz+2l0(H−U), 0
)

(u+ v)l

wl

6 3
l0∑
l=0

ρ
(∑l

z=0A(l, z)ql,z‖H−U‖, 0
)

(u+ v)l

wl

+ 22 h−1 ∞
sup
l=l0

ρwl

(
l0∑
z=0

A(l, z)ql,z‖H−U‖, 0

) ∞∑
l=l0

(
1

(u+ v)l

)wl

+ 2 h−1
∞∑
l=l0

ρ
(∑l

z=0A(l, z)ql,zαz(H), 0
)

(u+ v)l

wl < γ.

Next, one gets a negative example as I2 ∈ Dα
(EFu,v(q,w))τ(G,V), where A(l, z)ql,z = 1, for every l, z ∈ N and

w = (0,−1, 2, 2, 2, . . .). However, (wl) /∈↑. One obtains a negative answer of Rhoades [30] open problem
about the linearity of s-type (EFu,v(q,w))τ spaces.

Throughout the article we will use the notation Ξ(H) = τ
(
(sb(H))

∞
b=0

)
, where H ∈ Ds

(EFu,v(q,w))τ .

Theorem 4.11. The class
(

Ds
(EFu,v(q,w))τ ,Ξ

)
is a pre-quasi Banach ideal.

Proof. It is clear that Ξ is a pre-quasi norm on Ds
(EFu,v(q,w))τ , since τ is a pre-quasi norm on (EFu,v(q,w))τ.

Let (Xm)m∈N be a Cauchy sequence in Ds
(EFu,v(q,w))τ(G,V) and since D(G,V) ⊇ Ds

(EFu,v(q,w))τ(G,V), we
have

Ξ(Hj −Hm) =

∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,zsz(Hj −Hm), 0
)

(u+ v)l

wl > (q0,0 ‖Hj −Hm‖
)w0 .
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Therefore, (Hm)m∈N is a Cauchy sequence in D(G,V). As D(G,V) is a Banach space, then H ∈ D(G,V)
such that limm→∞ ‖Hm −H‖ = 0. As (sl(Hm))∞l=0 ∈ (EFu,v(q,w))τ, for all m ∈ N. In view of Definition
4.3 conditions (ii), (iii), and (v), we have

Ξ(H) =

∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,zsz(H), 0
)

(u+ v)l

wl

6 2 h−1
∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,zs[ z2 ](H−Hm), 0
)

(u+ v)l

wl

+ 2 h−1
∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,zs[ z2 ](Hm), 0
)

(u+ v)l

wl

6 2 h−1
∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,z ‖H−Hm‖, 0
)

(u+ v)l

wl

+ 2 h−1D0

∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,zsz(Hm), 0
)

(u+ v)l

wl <∞.

Then (sb(H))
∞
b=0 ∈ (EFu,v(q,w))τ, so H ∈ Ds

(EFu,v(q,w))τ(G,V).

Theorem 4.12. If 1 < w(1)
b < w

(2)
b and 0 < q(2)

b,z 6 q
(1)
b,z, for all b, z ∈ N, then

Ds(
EFu,v((q

(1)
b,z),(w(1)

b ))
)
τ

(G,V) $ Ds(
EFu,v((q

(2)
b,z),(w(2)

b ))
)
τ

(G,V) $ D(G,V).

Proof. Presume H ∈ Ds(
EFu,v((q

(1)
b,z),(w(1)

b ))
)
τ

(G,V), then (sb(H)) ∈
(
EFu,v((q

(1)
b,z), (w

(1)
b ))

)
τ

. Hence

∞∑
b=0

ρ
(∑b

z=0A(b, z)q(2)
b,zsz(H), 0

)
(u+ v)b

w
(2)
b

<

∞∑
b=0

ρ
(∑b

z=0A(b, z)q(1)
b,zsz(H), 0

)
(u+ v)b

w
(1)
b

<∞.

So H ∈ Ds(
EFu,v((q

(2)
b,z),(w(2)

b ))
)
τ

(G,V). Take (sb(H))
∞
b=0 with ρ

(∑b
z=0A(b, z)q(1)

b,zsz(H), 0
)
=

(u+v)b

w
(1)
b
√
b+1

, then

H ∈ D(G,V) with

∞∑
b=0

ρ
(∑b

z=0A(b, z)q(1)
b,zsz(H), 0

)
(u+ v)b

w
(1)
b

=

∞∑
b=0

1
b+ 1

=∞
and

∞∑
b=0

ρ
(∑b

z=0A(b, z)q(2)
b,zsz(H), 0

)
(u+ v)b

w
(2)
b

6
∞∑
b=0

ρ
(∑b

z=0A(b, z)q(1)
b,zsz(H), 0

)
(u+ v)b

w
(2)
b

=

∞∑
b=0

( 1
b+ 1

)w(2)
b

w
(1)
b <∞.
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Hence H /∈ Ds(
EFu,v((q

(1)
b,z),(w(1)

b ))
)
τ

(G,V) and H ∈ Ds(
EFu,v((q

(2)
b,z),(w(2)

b ))
)
τ

(G,V). Clearly,

Ds(
EFu,v((q

(2)
b,z),(w(2)

b ))
)
τ

(G,V) ⊂ D(G,V).

Fix (sb(H))
∞
b=0 with

ρ

(
b∑
z=0

A(b, z)q(2)
b,zsz(H), 0

)
=

(u+ v)b

w
(2)
b
√
b+ 1

.

So H ∈ D(G,V) and H /∈ Ds(
EFu,v((q

(2)
b,z),(w(2)

b ))
)
τ

(G,V).

Recall that, by Dvoretzky’s Theorem [27] we have G/Yj and Mj ⊆ V mapped onto `j2 through isomor-
phisms Vj and Xj such that ‖Vj‖‖V−1

j ‖ 6 2 and ‖Xj‖‖X−1
j ‖ 6 2, for all j ∈ N. If Tj is the quotient operator

from G onto G/Yj, Ij is the identity operator on `j2, and Jj is the natural embedding operator from Mj into
V. Let mj be the Bernstein numbers [26].

Theorem 4.13. Suppose
(∑l

z=0A(l,z)ql,z
(u+v)l

)∞
l=0

/∈ `((wl)), then Dα
(EFu,v(q,w))τ is minimum.

Proof. Presume Dα
EFu,v(q,w)(G,V) = D(G,V), hence we have γ > 0, such that Ξ(H) 6 γ‖H‖, for every

H ∈ D(G,V) and Ξ(H) =
∑∞
b=0

(
ρ(
∑b
z=0A(b,z)qb,zαz(H).0)

(u+v)b

)wb
. Then

1 = mz(Ij) = mz(XjX
−1
j IjVjV

−1
j ) 6 ‖Xj‖mz(X−1

j IjVj)‖V
−1
j ‖

= ‖Xj‖mz(JjX−1
j IjVj)‖V

−1
j ‖

6 ‖Xj‖dz(JjX−1
j IjVj)‖V

−1
j ‖

= ‖Xj‖dz(JjX−1
j IjVjTj)‖V

−1
j ‖ 6 ‖Xj‖αz(JjX

−1
j IjVjTj)‖V

−1
j ‖.

If 0 6 m 6 j, hence

m∑
z=0

A(m, z)qm,z 6 ρ

(
m∑
z=0

‖Xj‖A(m, z)qm,zαz(JjX
−1
j IjVjTj)‖V

−1
j ‖, 0

)
⇒

(∑m
z=0A(m, z)qm,z

(u+ v)m

)wm
6 (‖Xj‖‖V−1

j ‖)
wm

ρ
(∑m

z=0A(m, z)qm,zαz(JjX
−1
j IjVjTj), 0

)
(u+ v)m

wm .

So for some λ > 1, we obtain

j∑
m=0

(∑m
z=0A(m, z)qm,z

(u+ v)m

)wm
6 λ‖Xj‖‖V−1

j ‖
j∑

m=0

ρ
(∑m

z=0A(m, z)qm,zαz(JjX
−1
j IjVjTj), 0

)
(u+ v)m

wm ⇒
j∑

m=0

(∑m
z=0A(m, z)qm,z

(u+ v)m

)wm
6 λ‖Xj‖‖V−1

j ‖Ξ(JjX
−1
j IjVjTj) 6 λγ‖Xj‖‖V

−1
j ‖‖JjX

−1
j IjVjTj‖ 6 4λγ.

By taking j → ∞, hence we have a contradiction. So G and V both cannot be infinite-dimensional,
whenever Dα

EFu,v(q,w)(G,V) = D(G,V).

Theorem 4.14. Presume
(∑l

z=0A(l,z)ql,z
(u+v)l

)∞
l=0

/∈ `((wl)), then Dd
EFu,v(q,w) is minimum.
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Theorem 4.15. If 1 < w(1)
l < w

(2)
l and 0 < q(2)

l,z 6 q(1)
l,z , for every l, z ∈ N, hence

D
(

Ds(
EFu,v((q

(2)
l,z ),(w(2)

l ))
)
τ

(G,V), Ds(
EFu,v((q

(1)
l,z ),(w(1)

l ))
)
τ

(G,V)
)

= A
(

Ds(
EFu,v((q

(2)
l,z ),(w(2)

l ))
)
τ

(G,V), Ds(
EFu,v((q

(1)
l,z ),(w(1)

l ))
)
τ

(G,V)
)

.

Proof. Presume X ∈ D
(

Ds(
EFu,v((q

(2)
l,z ),(w(2)

l ))
)
τ

(G,V), Ds(
EFu,v((q

(1)
l,z ),(w(1)

l ))
)
τ

(G,V)
)

and

X /∈ A
(

Ds(
EFu,v((q

(2)
l,z ),(w(2)

l ))
)
τ

(G,V), Ds(
EFu,v((q

(1)
l,z ),(w(1)

l ))
)
τ

(G,V)
)

.

According to Lemma 3.6, then there are Y ∈ D(
Ds(

EFu,v((q
(2)
l,z ),(w(2)

l ))
)
τ

(G,V)
)

and Z ∈ D
(

Ds(
EFu,v((q

(1)
l,z ),(w(1)

l ))
)
τ

(G,V)
)

with ZXYIb = Ib. So for every

b ∈ N, one gets

‖Ib‖Ds(
EFu,v((q

(1)
l,z ),(w(1)

l
))

)
τ

(G,V) =

∞∑
l=0

ρ
(∑l

z=0A(l, z)q
(1)
l,z sz(Ib), 0

)
(u+ v)l

w
(1)
l

6 ‖ZXY‖‖Ib‖Ds(
EFu,v((q

(2)
l,z ),(w(2)

l
))

)
τ

(G,V)

6
∞∑
l=0

ρ
(∑l

z=0A(l, z)q
(2)
l,z sz(Ib), 0

)
(u+ v)l

w
(2)
l

.

So, there is contradictions with Theorem 4.12. Hence

X ∈ A
(

Ds(
EFu,v((q

(2)
l,z ),(w(2)

l ))
)
τ

(G,V), Ds(
EFu,v((q

(1)
l,z ),(w(1)

l ))
)
τ

(G,V)
)

.

Corollary 4.16. If 1 < w(1)
l < w

(2)
l and 0 < q(2)

l,z 6 q(1)
l,z , for every l, z ∈ N, hence

D
(

Ds(
EFu,v((q

(2)
l,z ),(w(2)

l ))
)
τ

(G,V), Ds(
EFu,v((q

(1)
l,z ),(w(1)

l ))
)
τ

(G,V)
)

= K
(

Ds(
EFu,v((q

(2)
l,z ),(w(2)

l ))
)
τ

(G,V), Ds(
EFu,v((q

(1)
l,z ),(w(1)

l ))
)
τ

(G,V)
)

.

Proof. The proof follows, since A ⊂ K.

Theorem 4.17. The class Ds
(EFu,v(q,w))τ is simple.

Proof. Let the closed ideal K(Ds
(EFu,v(q,w))τ(G,V)) include a mapping H /∈ A(Ds

(EFu,v(q,w))τ(G,V)). Ac-
cording to Lemma 3.6, hence we have P,A ∈ D(Ds

(EFu,v(q,w))τ(G,V)) such that AHPIj = Ij. Therefore,
IDs

(EFu,v(q,w))τ
(G,V) ∈ K(Ds

(EFu,v(q,w))τ(G,V)). Hence D(Ds
(EFu,v(q,w))τ(G,V)) = K(Ds

(EFu,v(q,w))τ(G,V)). So

Ds
(EFu,v(q,w))τ is a simple Banach space.

Theorem 4.18. If infl
(∑l

z=0A(l,z)qz
(u+v)l

)wl
> 0, then

(
Ds

(EFu,v(q,w))τ

)γ
(G,V) = Ds

(EFu,v(q,w))τ(G,V).



A. O. Mustafa, A. A. Bakery, J. Math. Computer Sci., 30 (2023), 48–66 61

Proof. Suppose H ∈
(

Ds
(EFu,v(q,w))τ

)γ
(G,V), then (γm(H))∞m=0 ∈ (EFu,v(q,w))τ and ‖H− ρ(γm(H), 0)I‖ =

0, for every m ∈ N. We have H = ρ(γm(H), 0)I, for all m ∈ N, hence

ρ(sm(H), 0) = ρ(sm(ρ(γm(H), 0)I), 0) = ρ(γm(H), 0),

for all m ∈ N. Hence (sm(H))∞m=0 ∈ (EFu,v(q,w))τ. So H ∈ Ds
(EFu,v(q,w))τ(G,V).

Next, assume H ∈ Ds
(EFu,v(q,w))τ(G,V). Therefore, (sm(H))∞m=0 ∈ (EFu,v(q,w))τ. So

∞∑
m=0

ρ
(∑m

z=0A(m, z)qm,zsz(H), 0
)

(u+ v)m

wm > inf
m

(∑m
z=0A(m, z)qm,z

(u+ v)m

)wm ∞∑
m=0

[
ρ
(
sm(H), 0

)]wm
.

Then limm→∞ sm(H) = 0. If ‖H− ρ(sm(H), 0)I‖−1 exists, for all m ∈ N. So ‖H− ρ(sm(H), 0)I‖−1 exists
and bounded, for every m ∈ N. Then limm→∞ ‖H− ρ(sm(H), 0)I‖−1 = ‖H‖−1 exists and bounded. Since(

Ds
(EFu,v(q,w))τ ,Ξ

)
is a pre-quasi ideal, hence

I = HH−1 ∈ Ds
(EFu,v(q,w))τ(G,V)⇒ (sm(I))∞m=0 ∈ EFu,v(q,w)⇒ lim

m→∞ sm(I) = 0.

Therefore, we have a contradiction as limm→∞ sm(I) = 1. So ‖H − ρ(sm(H), 0)I‖ = 0, for all m ∈ N.

Hence ‖H− ρ(γm(H), 0)I‖ = 0, for all m ∈ N. That implies H ∈
(

Ds
(EFu,v(q,w))τ

)γ
(G,V).

5. Fixed points of Kannan contraction type

Suppose the conditions of Theorem 4.6 are established. In this section, we have offered the existence of
a fixed point of Kannan contraction mapping acting on Ds

(EFu,v(q,w))τ . A numerical example is presented
to investigate our results.

In this part, we will use Ξ(V) = τ
(
(sb(V))

∞
b=0

)
=

[∑∞
l=0

(
ρ(
∑l
z=0A(l,z)ql,zsz(V),0)

(u+v)l

)wl] 1
 h

, for all V ∈

Ds
(EFu,v(q,w))

τ

(G,V).

Definition 5.1. A function Ξ on Ds
EF holds the Fatou property, if for all {Vb}b∈N ⊆ Ds

EF(G,V) with
limb→∞ Ξ(Vb − V) = 0 and all T ∈ Ds

EF(G,V), we have Ξ(T − V) 6 supb infj>b Ξ(T − Vj).

Theorem 5.2. The function Ξ does not verify the Fatou property.

Proof. If {Wm}m∈N⊆Ds
(EFu,v(q,w))

τ

(G,V) so that limm→∞ Ξ(Wm−W) = 0. ThenW ∈ Ds
(EFu,v(q,w))

τ

(G,V).

As for every V ∈ Ds
(EFu,v(q,w))

τ

(G,V), then

Ξ(V −W) =

 ∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,zsz(V −W), 0
)

(u+ v)l

wl
1
 h

6

 ∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,zs[ z2 ](V −Wi), 0
)

(u+ v)l

wl
1
 h

+

 ∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,zs[ z2 ](W −Wi), 0
)

(u+ v)l

wl
1
 h

6 (22 h−1 + 2 h−1 + 2 h)
1
 h sup
m

inf
i>m

 ∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,zsz(V −Wi), 0
)

(u+ v)l

wl
1
 h

.
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Therefore, Ξ does not satisfy the Fatou property.

Definition 5.3. Presume G : Ds
EF(G,V) → Ds

EF(G,V) and B ∈ Ds
EF(G,V). The operator G is called Ξ-

sequentially continuous at B, if and only if, when limm→∞ Ξ(Wm−B) = 0, then limm→∞ Ξ(GWm−GB) =
0.

Theorem 5.4. Consider G : Ds
(EFu,v(q,w))

τ

(G,V)→Ds
(EFu,v(q,w))

τ

(G,V). The mapping A∈Ds
(EFu,v(q,w))

τ

(G,V)
is the only fixed point of G when the following conditions are verified:

(i) G is Kannan Ξ-contraction;

(ii) G is Ξ-sequentially continuous at A ∈ Ds
(EFu,v(q,w))

τ

(G,V);

(iii) there is B ∈ Ds
(EFu,v(q,w))

τ

(G,V) with {GmB} has {GmiB} converges to A.

Proof. Presume A is not a fixed point of G, then GA 6= A. By the parts (ii) and (iii), we have

lim
mi→∞Ξ(GmiB−A) = 0 and lim

mi→∞Ξ(Gmi+1B−GA) = 0.

AS G is Kannan Ξ-contraction operator, then

0 < Ξ(GA−A) = Ξ
(
(GA−Gmi+1B) + (GmiB−A) + (Gmi+1B−GmiB)

)
6 (22 h−1 + 2 h−1 + 2 h)

1
 hΞ
(
Gmi+1B−GA

)
+ (22 h−1 + 2 h−1 + 2 h)

2
 hΞ (GmiB−A)

+ (22 h−1 + 2 h−1 + 2 h)
2
 h ζ

(
ζ

1 − ζ

)mi−1

Ξ(GB−B).

By letting mi → ∞, which is a contradiction, so A is a fixed point of G. To show the uniqueness of the
fixed point A, let we have two different fixed points A,D ∈ Ds

(EFu,v(q,w))
τ

(G,V) of G. So

Ξ(A−D) 6 Ξ(GA−GD) 6 ζ
(
Ξ(GA−A) + Ξ(GD−D)

)
= 0.

Then A = D.

Example 5.5. Suppose that

M : Ds(
EFu,v

((
1

(l+z+4)A(l,z)

)∞
l=0

,( 2l+3
l+2 )

∞
l=0

))
τ

(G,V)→ Ds(
EFu,v

((
1

(l+z+4)A(l,z)

)∞
l=0

,( 2l+3
l+2 )

∞
l=0

))
τ

(G,V)

and

M(H) =

{
H
6 , Ξ(H) ∈ [0, 1),
H
7 , Ξ(H) ∈ [1,∞).

For every H1,H2 ∈ Ds(
EFu,v

((
1

(l+z+4)A(l,z)

)∞
l=0

,( 2l+3
l+2 )

∞
l=0

))
τ

, if Ξ(H1),Ξ(H2) ∈ [0, 1), one gets

Ξ(MH1 −MH2) = Ξ(
H1

6
−
H2

6
) 6

√
2

4
√

125

(
Ξ(

5H1

6
) + Ξ(

5H2

6
)
)
=

√
2

4
√

125

(
Ξ(MH1 −H1) + Ξ(MH2 −H2)

)
.

Assume Ξ(H1),Ξ(H2) ∈ [1,∞), one obtains

Ξ(MH1 −MH2) = Ξ(
H1

7
−
H2

7
) 6

√
2

4
√

216

(
Ξ(

6H1

7
) + Ξ(

6H2

7
)
)
=

√
2

4
√

216

(
Ξ(MH1 −H1) + Ξ(MH2 −H2)

)
.



A. O. Mustafa, A. A. Bakery, J. Math. Computer Sci., 30 (2023), 48–66 63

If Ξ(H1) ∈ [0, 1) and Ξ(H2) ∈ [1,∞), hence

Ξ(MH1 −MH2) = Ξ(
H1

6
−
H2

7
) 6

√
2

4
√

125
Ξ(

5H1

6
) +

√
2

4
√

216
Ξ(

6H2

7
) 6

√
2

4
√

125

(
Ξ(MH1 −H1) + Ξ(MH2 −H2)

)
.

So M is Kannan Ξ-contraction and Mm(H) =

{
H
6m , Ξ(H) ∈ [0, 1),
H
7m , Ξ(H) ∈ [1,∞).

It is clear that M is Ξ-sequentially continuous at the zero operator Θ and {MmH} has a {MmjH}

converging to Θ. According to Theorem 5.4, Θ is the only fixed point of M. If

{H(a)} ⊆ Ds(
EFu,v

((
1

(l+z+4)A(l,z)

)∞
l=0

,( 2l+3
l+2 )

∞
l=0

))
τ

with lima→∞ Ξ(H(a) −H(0)) = 0, where H(0) ∈ Ds(
EFu,v

((
1

(l+z+4)A(l,z)

)∞
l=0

,( 2l+3
l+2 )

∞
l=0

))
τ

such that Ξ(H(0)) = 1.

As Ξ is continuous, then

lim
a→∞Ξ(MH(a) −MH(0)) = lim

a→∞Ξ
(H(0)

6
−
H(0)

7

)
= Ξ

(H(0)

42

)
> 0.

Hence M is not Ξ-sequentially continuous at H(0). This explains M is not continuous at H(0).

6. Application on fuzzy non-linear dynamical system

The solution of nonlinear matrix equations (2.1) at D ∈ Ds
(EFu,v(q,w))

τ

(G,V) under the conditions of

Theorem 4.6 are explained in this part, where Ξ(G) =

[∑∞
l=0

(
ρ(
∑l
z=0A(l,z)ql,zsz(G),0)

(u+v)l

)wl] 1
 h

, for every

G ∈ Ds
(EFu,v(q,w))

τ

(G,V).

Theorem 6.1. The fuzzy non-linear Matrix systems (2.1) includes a unique solution D ∈ Ds
(EFu,v(q,w))

τ

(G,V)
when the following settings are confirmed:

(1) T ∈ D(G,V) and for all z ∈ N we have a positive real κ with supz κ
wz
 h ∈ [0, 0.5) so that∣∣∣∣∣∑

m∈N
Π(z,m)

(
f(m, sm(G)) − f(m, sm(T))

)∣∣∣∣∣
6κ

[∣∣∣∣∣sz(P) − sz(G) + ∑
m∈N

Π(z,m)f(m, sm(G))

∣∣∣∣∣+
∣∣∣∣∣sz(P) − sz(T) + ∑

m∈N
Π(z,m)f(m, sm(T))

∣∣∣∣∣
]

;

(2) W is Ξ-sequentially continuous at a point D ∈ Ds
(EFu,v(q,w))

τ

(G,V);

(3) we have B ∈ Ds
(EFu,v(q,w))

τ

(G,V) with {WaB} has a {WaiB} converging to D.

Proof. We have

Ξ(WG−WT)

=

 ∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,z(sz(G) − sz(T)), 0
)

(u+ v)l

wl
1
 h
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=

 ∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,z
∑
m∈N Π(z,m)

(
f(m, sm(G)) − f(m, sm(T))

)
, 0
)

(u+ v)l

wl
1
 h

6 sup
z

κ
tz
 h

 ∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,z
(
sz(P) − sz(G) +

∑
m∈N Π(z,m)f(m, sm(G))

)
, 0
)

(u+ v)l

wl
1
 h

+ sup
z

κ
tz
 h

 ∞∑
l=0

ρ
(∑l

z=0A(l, z)ql,z
(
sz(P) − sz(T) +

∑
m∈N Π(z,m)f(m, sm(T))

)
, 0
)

(u+ v)l

wl
1
 h

= sup
z

κ
tz
 h (Ξ(WG−G) + Ξ(WT − T)) .

In view of Theorem 5.4, one obtains a unique solution of equation (2.1) at D ∈ Ds
(EFu,v(q,w))

τ

(G,V).

Example 6.2. Assume that Ds(
EFu,v((

1
(l+z)! ),( 2l+3

l+2 ))
)
τ

(G,V), where

Ξ(G) =

√√√√√√ ∞∑
l=0

ρ
(∑l

z=0
A(l,z)
(l+z)!sz(G), 0

)
(u+ v)l


2l+3
l+2

,

for all G ∈ Ds(
EFu,v((

1
(l+z)! ),( 2l+3

l+2 ))
)
τ

(G,V). Consider the fuzzy non-linear Matrix systems:

sz(G) = e−(2z+3) +

∞∑
m=0

tan(2m+ 1) cosh(3m− z) cosb |sz−2(G)|

sinhd |sz−1(G)|+ sinmz+ 1
, (6.1)

for every z > 2, b,d > 0, and if W : Ds(
EFu,v((

1
(l+z)! ),( 2l+3

l+2 ))
)
τ

(G,V)→ Ds(
EFu,v((

1
(l+z)! ),( 2l+3

l+2 ))
)
τ

(G,V) is defined

as

W(G) =

(
e−(2z+3) +

∞∑
m=0

tan(2m+ 1) cosh(3m− z) cosb |sz−2(G)|

sinhd |sz−1(G)|+ sinmz+ 1

)
I. (6.2)

Suppose W is Ξ-sequentially continuous at a point D ∈ Ds(
EFu,v((

1
(l+z)! ),( 2l+3

l+2 ))
)
τ

(G,V) and we have B ∈

Ds(
EFu,v((

1
(l+z)! ),( 2l+3

l+2 ))
)
τ

(G,V) such that {WaB} has a {WaiB} converging to D. Obviously,

∣∣∣∣∣
∞∑
m=0

cosh(3m− z) cosb |sz−2(G)|

sinhd |sz−1(G)|+ sinmz+ 1

(
tan(2m+ 1) − tan(2m+ 1)

)∣∣∣∣∣
6

1
25

∣∣∣∣∣e−(2z+3) − sz(G) +

∞∑
m=0

tan(2m+ 1) cosh(3m− z) cosb |sz−2(G)|

sinhd |sz−1(G)|+ sinmz+ 1

∣∣∣∣∣
+

1
25

∣∣∣∣∣e−(2z+3) − sz(T) +

∞∑
m=0

tan(2m+ 1) cosh(3m− z) cosb |sz−2(T)|

sinhd |sz−1(T)|+ sinmz+ 1

∣∣∣∣∣ .
From Theorem 6.1, the dynamical system (6.1) includes a unique solution D.
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7. Conclusion

We presented in this article some topological and geometric properties of Ds
(EFu,v(q,w))

τ

. The existence
of a fixed point in the Kannan contraction mapping on this class is explored. To put our findings to the test,
we introduce a numerical experiment. In addition, an effective implementation of the fuzzy non-linear
dynamical system is discussed. The ideal spectrum of mappings, the fixed points of any contraction
mappings on this new fuzzy functions class, and a new general class of solutions for many stochastic
nonlinear dynamical systems are investigated.
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