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Abstract

Since proving many fixed point theorems in a given space requires either growing the space itself or growing the self-
mapping that works on it, both of these options are good. The operators’ ideal generated by a weighted binomial matrix in the
Nakano sequence space of extended s-fuzzy functions is constructed. Some structures for it based on geometry and topology
are presented. It has been proven that the Kannan contraction operator has a unique fixed point in this class. Lastly, sufficient
conditions such that a fuzzy non-linear matrix system of Kannan-type has a unique solution in this ideal class are investigated
and a numerical example to explain our results are given.
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1. Notations

(1) N: The set of nonnegative integers.

(2) R: The set of real numbers.

(3) co: The space of convergent to zero sequences of reals.

(4) {: The space of bounded sequences of reals.

(5) £4: The space of g-absolutely summable sequences of reals.

(6) ID(G,V): The space of all bounded linear operators from an infinite-dimensional Banach space G into
an infinite-dimensional Banach space V.
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(7) ID(G): The space of all bounded linear mappings from an infinite-dimensional Banach space G into
itself.

(8) F(G,V): The space of all finite rank linear mappings from G into V.

(9) A(G,V): The space of approximable linear mappings from § into V.

(10) X(9,V): The space of compact linear mappings from G into V.

(11) D: The ideal of bounded mappings between each two infinite-dimensional Banach spaces.
(12) wF: The class of all sequence spaces of fuzzy reals.

(13) ET: The linear space of sequences of fuzzy functions.

(14) [r]: The integral part of the real number r.

(15) e, = (0,0,...,1,0,0,...), where 1 displays at the r" place.

(16) 6 =(0,0,0,...).

(17) J: The space of finite sequences of fuzzy numbers.

(18) 1: The space of every monotonic increasing sequences of positive reals.
(19) |: The space of every monotonic decreasing sequences of positive reals.
(20) |F: The space of every monotonic decreasing sequences of fuzzy functions.
@1 R+7: The space of every sequences of positive reals.

(22) Sp and Vy: Arbitrary Banach spaces.

(23) I4: The unit mapping on the g-dimensional Hilbert space {5

(24) o (T): The r-th approximation number of the bounded linear operator T.

(25) d.(T): The r-th Kolmogorov number of the bounded linear operator T.

2. Introduction

Probability theory, fuzzy set theory, soft sets, and rough sets all help explore uncertainty. These
theories have limitations, though. [1, 11, 13, 16, 19, 21, 38] have more details and examples. Let ® be the
set of all closed and bounded intervals on fR. If h = [hy, hy] and j = [j1,j2] in @, define a metric p on @ by

p(h,j) = max{|hy —jil, [ha —jal}

Matloka [20] showed that p is a metric on ® and (®, p) is a complete metric space. The A-level set of a
fuzzy real number h, 0 < A < 1, denoted by h?, is defined as

h* ={p € R: h(p) > Al

The set of all upper semi-continuous, normal, convex fuzzy number, and h” is compact, is denoted by
R([0,1]). The set R can be embedded in PR([0, 1]), if we define t € %R([0,1]) by

_ B 1, y=t,
t(y)_{o, yEt
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The additive identity and multiplicative identity in %[0, 1] are denoted by 0 and 1, respectively. Assume
h,j € MR[0,1] and the A-level sets are [h]* = [h{‘,h%‘], G1A = [ji‘,j;‘], A e [0,1]. If p: R[0,1] xR[0,1] —
Rt U{0} is defined by p(h,j) = sup, <l p(h*,3M), then (RR[0,1],p) is a complete metric space. For more

details on fuzzy functions and their properties, see [3, 12, 17, 24, 25]. If (w) € SR+N, we have defined the
space (E, ,(q,w))_under T as:

(EEN(q,w))T = {ﬁ = (hm) € w' : T(6h) < oo, for some ¢ > 0},

_ m — = Wm
where t(h) = > 5 _, (p(Zzo ?i?jf'“’zhz’o)) ,quz € (0,00), forall ,z € N, and A(l,z) = m uzvt—z,

Clearly, if (wy) € lso N R+™, then
(Ei,v(qzw)),f = {h = (hy) € w’ T(8h) < oo, for all & > 0}
Notations 2.1 ([8]).

DS gr = { Ser(S } where DS ¢+ (G, V) = {v eD(S,V) : ((5;(V))2 € eF},

D&, = { (G } where D%+ (G, V) := {v €D(S,V) : (o5 (V))32g € 8F},
D, = {DdgF } where D4+ (G, V) = {v eD(S,V): (GV))2 € sF},

(D%er)” == { (D%r)" (S, V)], where

(Dser)? (,V) = {v eD(S,V) : (Yo (V)2 € €F and ||V —B(yo(V),0)I| =0, forall b € N}.

Only this one try was ever made as [4, 22, 23, 26, 28] shows that mt@ attention has been paid to the
s-number operators’ ideal in functional analysis. Supposing that G € ]DS(EF (qw)) (G,V), TT: N2 — 5,

f: N xR[0,1] — R[0,1], and P € ID(G, V). Consider the fuzzy non-linear Matrix systems [32]:

52(G) =s2(P)+ ) _ Tl(z,m)f(m, s,n(G)) (2.1)

m=0

and W : W(Eﬁ,v(q,W)) (G, V) — W(EF (aw)), (G,V) is defined as

W(G) = <sZ(P) + ) Tz, m)f(m,sm(G))> L. 2.2)
m=0

Since the Banach Fixed Point Theorem book [9] was published, mathematicians have studied potential
extensions and applications. Nonlinear analysis relies on the Banach contraction principle [10, 31, 37].
Kannan [18] offered a group of mappings with the same actions at specified locations as contractions.
This collection is somewhat discontinuous. Tripathy et al. [33-36] looked into a fixed point theorem
in a generalized fuzzy metric space, fixed point and periodic point theorems in fuzzy metric space,
Banach’s and Kannan’s fixed point results in fuzzy 2-metric spaces, and some fixed point theorems in
generalized M-fuzzy metric space. An explanation of Kannan operators in modular vector spaces was
formerly attempted in Reference [15]. Bakery and Mohamed [6] offered the idea of a pre-quasi norm
on the Nakano sequence space with a variable exponent that fell somewhere in the range (0,1]. They
talked about the conditions that must be met to generate pre-quasi Banach and closed space when it is
endowed with a specified pre-quasi norm, as well as the Fatou property of various pre-quasi norms on it.
They also determined a fixed point for Kannan pre-quasi norm contraction mappings on it, in addition
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to the ideal of pre-quasi Banach mappings derived from s-numbers in this sequence space. Both of these
ideals were established. In addition, several fixed point findings of Kannan non-expansive mappings on
generalized Cesaro backward difference sequence space of a non-absolute type were discovered in [7].
Given that proving several fixed point theorems in a given space necessitates either extending the space
itself or expanding the self-mapping that acts on it, both of these methods are possible. The aim of this

paper to develop a new operators’” ideal class W(EF (qw)). We have provided geometric and topological

structures for it. In this class, the existence of a unique fixed point for the Kannan contraction operator is
confirmed. In conclusion, we describe an application of solutions to the fuzzy non-linear matrix system
and provide a numerical example of our findings.

3. Definitions and preliminaries

Lemma 3.1 ([2]). If wy > 0and xp,zp € R, for all b € N, and h = max{1, sup, wy,}, then

xp +zu["V" < 2™ (I ™ 4 [z ™) 3.1)

Definition 3.2 ([29]). A s-number is a function s : ID(G, V) — R+ that givesall V € ID(G,V) a (sa(V))3,
that satisfies the following conditions:

@ V[ =s0V) = s1(V) 2 s2(V) = -+ 20, forall V € ID(G,V);

(2) sa(VYW) < ||V|salY) |[W]], if for every W € ID(9,9), Y € D(G,V), and V € D(V, Vy);
3) siya—1(Vi+ V) <s1(Vi) +5sa(Vz), when for every Vi, Vo € ID(G,V) and |, d e N;

@) if Ve ID(G,V) and vy € R, then sq(vV) = lylsa(V);

(5) if rank(V) < d, then sq(V) =0, forall V € ID(G, V),

6) s1>a(la) =0o0r si.q(la) =1.

Definition 3.3 ([5]). A sub class U of D is said to be a mappings” ideal if every U(G,V) = UNID(G,V)
satisfies the following settings.

(i) Ir € U, where I indicates Banach space of one dimension.
(ii) The space U(9, V) is linear over fA.
(iii) If W e ID(Gy,9), X e U(G, V), and Y € ID(V, V), then YXW € U(G, Vo).

Definition 3.4 ([14]). A function H € [0, co)¥ is said to be a pre-quasi norm on the ideal U, if the following
conditions are verified:

(1) Suppose V € U(9,V), H(V) > 0 and H(V) =0, if and only if, V = 0;

(2) we have Q > 1, such that H(«V) < D|x|H(V), for all V € U(G,V) and « € R;

(3) there are P > 1, such that H(V; + V,) < P[H(V1) + H(V,)], for every Vi, Vo € U(S,V);

(4) there are 0>1, such thatif V € ID(Gy, G), X € U(G; V), and YEID(V, Vy), then H(YXV) <o ||Y|H(X) || V]l
Theorem 3.5 ([14]). Each quasi norm on the ideal U is a pre-quasi norm.

Lemma 3.6 ([28]). If W € ID(G,V) and W ¢ A(S,V), then there are P € ID(G) and A € ID(V) such that
AWPe; = ej, forall j € N.
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Theorem 3.7 ([28]). If £F is an infinite-dimensional Banach space, then
EN G AEN G K(ET) & D(EN).

Definition 3.8 ([28]). A Banach space £ is said to be simple, when ID(EF) has a unique non-trivial closed
ideal.

Definition 3.9 ([6]) A mapping W : DS ¢¢(G,V) — D3¢+ (G, V) is said to be a Kannan =Z-contraction, when
there is ¢ € [0, ) with Z(WV —WT) < {(Z(WV = V) +=Z(WT —T)), forall V, T € Ds¢¢(G, V).

4. Properties of the operators’ ideal class W(EEN( aw))

T

Some geometric and topological properties of the operators” ideal class W(EF (

Lo (qw)), are investigated

in this section.

Definition 4.1. The space &' is said to be a private sequence space of fuzzy functions (pssff), when the
next conditions are established:

(@l) If b e N, then ey € &F;
@2) If T = (fp) € w, [gl = (Igs]) € €F and [fu| < [gp] so that b € N, then [f| € &F;

@) ([hgy, € €r.

o o o0
)b:o € &F, whenever (‘hb})b:()

Theorem 4.2. Presume the linear sequence space £V is a pssff, then DS ¢r is an operators’ ideal.

Proof.
() If Ve F(SG,V) and rank(V) =n withn € N, as &5 € €F, forall i € N, and &F is a linear space, then

(si(V)) = (s0(V),51(V),...,5n-1(V),0,0,0,. Z si(V)er e €F,

hence V € D3¢¢(5,V) so F(G,V) C Ds¢k(G, V).

(i) Presume Vi,V, € Ds¢¢(G,V), and B1,B2 € R then from Definition 4.1 condition (iii), we have
(s[%}(Vﬂ)?’:O e &F and (s[%](Vﬂ)‘{":O c&f. Asi> 2[5], from the definition of s-numbers and s;(P) is
a decreasing sequence, we get

si(B1Vi + B2V2) <

Sory (B1V1+B2Va) < 515y (B1Vi) 4513y (B2V2) = [Bals 3y (Vi) +1Bals 5, (V2),

for every i € N. By Definition 4.1 condition (ii) and &F is a linear space, then (si(B1 Vi + B2V2)){2, € er,
then 31V1 + B2V2 € DS¢e(G, V).

(iii) Suppose P € D(Gy,G), T € Ds¢r(G,V), and R € D(V, V), then (si(T))$ 0 € &F and as s;(RTP) <
|R[[si(T) ||P||, from Definition 4.1 conditions (i) and (ii) we obtain (s{(RTP))*, € €, hence RTP €
D5 ¢+ (S0, Vo). O

Definition 4.3. A subspace of the pssff is called a pre-modular pssff when we have a function t : €F —
[0, 00) that satisfies the next setups:

() if h e &F, thenh =0 < 1(|h]) =0, and t(h) > 0;
(i) suppose h € EF and ¢ € R, then we have Eq > 1 with t(eh) < |e|Egt(h);

(iii) there are Gy > 1, such that t(f +7) < Go(T(f) +7(g)), for all f, g € £F;
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(iv) assume [fp| < [gp], for every b € N, then 1(|fu]) < T([gol);

(v) we have Dg > 1, such that t(|f]) < (IEI) < Dot(|f]);

(vi) the closure of F = 85;

(vii) there are ¢ > 0, such that t(¥,0,0;0,...) > ¢/v|t(1,0,0,0,...).

Definition 4.4. The pssff € is said to be a pre-quasi normed pssff, if T verifies the settings (i)-(iii) of
Definition 4.3. The space Ef is called a pre-quasi Banach pssff, whenever £F is complete equipped with .

Theorem 4.5. If EF is a pre-modular pssff, then it is pre-quasi normed pssfy.

Theorem 4.6. If

(b1) ut+v>1;

(b2) (Wp)pen € N T,

(b3) (A(a,k)qax)pg €40 (Ala, K)qax)no €T Nlo and there exists C > 1, such that
Ala,2k+1)qa2x+1 < CA(a, Kk)qi;

(b4) and (A(a,k)qax)o o €L,

then (EfL,\,(q,w))T is a pre-quasi Banach pssff.

Proof. We show that (Efw(q,w))T is a pre-modular pssff.

(i). Evidently, T(|h]) =0 < h =0 and t(h) > 0.

(al) and (iii). If f, g € (Ef,(q,W))«, then

B :i 5( L AL Z)q: (F2+32), 0) .
= (u+v)t
— (1 = A\ "™ — (1 — s\\"™
(& (F(ZioAn2)anT D) = (5(ZL0AlL2)d1:550)
<2 (IZO ( (w+v)t +Z (u+v)t

1=0
=21 (1(f) + 1(g)) < oo.

Therefore, f+g € (EF, v(q,w))e.
(ii). Presume A € R, f € (E uv(q, w))., and as (wy) €1 Ny, hence

T i (p e A(m,Z)qm’ZMZ,O)>wm < sup A" i (p (2 A(m,z)qm,zfz,())>wm

(u+v)m (u4v)m

m=0 m=0

< EoAIT(f) < oo,

where Eg = max {1,sup, A1} > 1. So Af € (EF (g, w))<. Assume (W) €1 Nls, then
pl u,v q

= (5(ZroAm Zamale)s0) ) S Afm, bgme )
Z e - mZ_b (w)

Soep € (Euv(q, w)) <, for every b € N.
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(a2) and (iv). If [fn] < [gml, for each m € N and [g] € (EL, ,(q, W)+, then

() = Z <p (ZZ_OA(m,Z)Qm,szLO)) < Z < T oAM, 2)qm 29z, 0)) — 1(g]) < o0

= (utv)m (u+v)m

Therefore, |f| € (Ei,v(q,w))T.
(a3) and (v). Suppose (|f.|) € (Efw(q,w))T with (W) € Nls and (A(L, z)qu,2)5. €1, hence

ad ﬁ (Zz OA(l Z)qlz|f§ ‘ 0) "
’t(|f[%]|) = ;} (u+v)
i p (Zil OA(I' Z)qlz|f% ‘ 0) wa i = (ZZH—l A(L Z)qlzlf% | 0) W2ol+1
= +
=0 (u+v)2t — (1L v)2tH
© (5(Z20A02)q:MEL0)\ T = (5(Z2 AL afl0) )
s ;0 (u+w)t +Z (u+w)t
o ﬁ(A(l,zt)q1,21|ﬂ|+z;:0(A(t,2z)qZZ+A(t,zz+1)q1,zm)|E|,6) h
S lZ (uw+v)t
=0
(5 EL0 (AL 22)02 + AL 22+ 1 au221) 2,0) )
+) .
1=0 (w+v)
o (0(ZloAlDq:L0)\ " = (25 (Tl AL Z)aualfl0))
<oty P(Zz_o (L 2)quzlfz| ) s p(Z o AL 2)qu.[f2] )
o (wtv)! 2 W)

X

= (u+v)t

( 25 (£L ) AL a1.IT2 0)) < Do) <
0T oo

where Dg > (22"1 42" +-27) > 1. So (Ifz)]) € (Ef,(q, W)
(vi). Clearly, the closure of I = EF v(g,w).

(vii). There are 0 < & < sup, A", such that t(A,0,0,0,...) > 8|AIt(1,0,0,0,...), for every A # 0 and
5> 0if A = 0. Assume Theorem 4.5 is estabhshed then (EF (q, )) < is a pre-quasi normed pssff. Second,

u,v

to prove that (F_i,\,(q,vv))T is a Banach space, if hi = (h‘ )% is a Cauchy sequence in (Efw( q,W))r.
Therefore, for every v € (0,1) one gets ip € N, for every i,j > i, then

— i (p (ZLZOA(Lz)qLZ (hi—fZ) ,0))Wl o
1=0

(uw+v)t

So p (ZL o AL z)qyz (hT—h73> 6) < v. As (R[0,1],p) is a complete metric space. Hence (hT) is a

Cauchy sequence in R[0, 1], for fixed k € N. So it is convergent to hO € $RI0,1]. Then t(ht —h0) < y™, for
all i > ip. Clearly, from condition (iii) we have ho e (E u,\,(q, w))r. O

Suppose Theorems 4.2 and 4.6 are satisfied, then we have the next Theorem.



A. O. Mustafa, A. A. Bakery, ]. Math. Computer Sci., 30 (2023), 48-66 55

Theorem 4.7. Suppose the conditions of Theorem 4.6 are confirmed, then WEE L is an operators’ ideal.

q.w)

Theorem 4.8. If s-type EF = {H = (sj(H)) e RN : H e D(G,V) and t(h) < oo} and DS ¢ _ is an operators’
ideal, then

a. s-type EL O F;

b. if (m)>m o € s-type EF and (55(7H2)>00 o € s-type EL, then (W)oo

. . € s-type EF;
j= j= j=0

c. ife € Rand (sj (H))C_>o ) € s-type &L, then |e| (sj(H)yo , € s-type eX; and
j= j=

d. presume (sj (U))Cfo . es-type EF and s;(T) < s5(U), for every j € N, where T, U € ID(G, V), then (sj (T))Cfo . €
= j=
s-type €L, i.e., EX is a solid space.

Proof. Let Ds¢_ be a mappings’ ideal.

. € ¥. Hence (W)OO €

a. We have IF(G,V) C Ds¢¢(G, V). Hence for all X € F(G,V), we have (sAX))OO .
T r=

r=
s-type EE. So J C s-type SE.
b and c. The space ﬁgf{(g,V) is linear over R. Hence for every A € R and X1, Xz € WEE(S,V), we have
X1+ Xz € D¥¢r(G,V) and AX; € D (G, V). So

o0

(sAXﬂ)io € s-type 85 and (W))io € s-type EE = (m)> o € s-type 85

=

and

A€ Rand (sr(Xl))iO € s-type €F = |A| (sr(X1)>iO € s-type L.

d. Let A € D(50,9), B € D3¢r(G,V) and D € D(V, Vo), then DBA € DS¢r (50, Vo). Therefore, since

(sr(B))io € s-type EF, then (sr(DBA))iO € s-type €F. As s.(DBA) < ||D||s+(B) [|A]|. By condition c,

let ( ID|| HAHsr(B))iO € &F, then (sT(DBA)):O:O € s-type EL. Hence s-type €L is a solid space. O

Some properties of s-type (Ef, | (q,w)) are presented in the next theorem according to Theorems 4.8
and 4.7.

Theorem 4.9.

a. s-type (EL ,(q,w))r D 7.

b. If (sn(Xl))nZO € s-type (E ,(q, W) and (S“(XZ))n:o € s-type (EX ,(q,W))<, then

(sn0% +X2))n L€ setype(EL y(q, W)

c. Presume A € R and (sn(X)>oo_0 € s-type (Efw(q,w))T, then |\l (sn(X)>oo

o € s-type (Ef, ,(q, W)

d. s-type (Efl,\,(q,w))T is a solid space.

Under the conditions of Theorem 4.6, some properties of the ideal constructed by (E | (q,w)): and
extended s-numbers are discussed.

Theorem 4.10. The conditions of Theorem 4.6 are sufficient only for the closure of IF(G, V) = W(EEN (qw))< (5, V).



A. O. Mustafa, A. A. Bakery, ]. Math. Computer Sci., 30 (2023), 48-66 56

Proof. Clearly, the closure of F(G,V) C W Eo(qw) ).(9,V) from the linearity of the space (E fw(q,w))T
and e, € (EE,V(Q/W))T/ for all m € N. To show that D*er  (qw)) 1).(G,V) C the closure of F(G,V), if H €
W(Eﬁrv(qlwm(g,m, hence (o (H))2_y € (EL (g, W))x. As t(am(H))2_; < oo and if y € (0,1), so we
- w
have 1y € N —{0} so that T((ocm(H))Onﬂzlo) < 2h335] for some j > 1, and 6 = max{l S y (ﬁ) l}.

Since a(H) €lF, then

21, 5(ZLZOA(t,z)ql,zo%(H),ﬁ) "L (ZLZOA(L,z)qLZaZ(Hm) "
Z (u+v)t S Z (w+wv)t

1=1p+1 l=1p+1

B 0 ﬁ(ZL:o A(Lz)ql,z‘xz(H)/6> l v
S 121 (w+ V)L = 2R3y
=

(4.1)

Hence U € Fy1,(G, V) with rank(U) < 21y and

3 P (ZioAt2aH-Ulo)\ ™ 3 o (ZioAl i H=],0) )
N 4.2)

U 1
1=215+1 (w+v) Py (u+v)
Y

< Sh+s 5

Since (wq) €1 Nly, we get

Lo
00 _ T 1A Y
sup p™ (ZA(l,z)qLZHH—UHﬂ) < Jhazg
1=l z=0

Therefore,

(wt+ )t < hH3gy

11200 (p (zLoAa,z)ql,zHu,O)) v

From inequalities (2.1)-(4.2), one obtains

d(H, )
:T(“l(H_u)>i0

31 ﬁ(Z}ZZOA(Lz)qLZaZ(H—u),ﬁ) AL 5(ZLZOA(l,Z)qLZaZ(H—u),ﬁ) "
- é (u+wv)t +1_Z310 (u+w)t

31 *( »0ALz)qu[H=U], 0)
% (w+wv)t

1
e W41,
( (Zl+210 A(l+210,2)q1+210,zaz(HU),O)) +21y

3

=1

(U. + v)l+210

(uw+v)t

1=0

b (B (Ll oA 2 H=U],0)\ " 7 (ZER0 A+ 2, 2)qua 0 (H-W),0) |
+IZL (u+v)t
0
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b (5(Zi0Az)aH-U]0)\ "
BZ( (u+v)t

_— wq
5 (200" AL+ 2l0, 2)qusan 20 (H— U] + X E30 AL+ 2L, 2)qu 421,200 (H— W), 0)
(u+v)t

1=0

2

a3 (( L AL 2)que =], 0))
0

=}

= (u+v)t

= (7(Z2%" All+2l,2)quay 0 (H—1W,0) |
(u+wv)t

- wh
© [p (2?2211% AL+ 2Ly, z) g2,z (H — U)IO)
(u+v)t

< 3i (p (Z;:O A(I/Z)ql,zHH U,O))

(u+v)t

+ 21’1—1 i

=1,

- wi
S (p (ZL0A(1+2to,z+2to)qz+21oocz+zlomu),O))
A

7 (2241 AL+ 2l 2)auian 02— W,0) |
(u+v)t

1
&= (w+v)

W (o(S ALz)aLH=—ulo0)\
Sy (p(zzo (L2)quH-U] ))

1
— (w+v)

" 0 w
_ 1 L
22h 1supp (ZA(LZ)CIL,ZHH—U”zO) Z ((u+v)l>

=l z=0 =1
5 (£t AL 2)qu=a:(H),0) "
0 1,zRXz
4201 = <.
IZlO ( (w+v)t

Next, one gets a negative example as I, € W(Eﬁv(q,wm (9,V), where A(1,z)qi . =1, forevery |,z € N and
w=(0,-1,2,22,...). However, (w) ¢1. One obtains a negative answer of Rhoades [30] open problem
about the linearity of s-type (EL, | (q, w))+ spaces. O

Throughout the article we will use the notation =(H) = T((Sb (H))%OZO), where H € W(Eﬁ (W)

Theorem 4.11. The class (ﬁ(EE (4w E) is a pre-quasi Banach ideal.

Proof. 1t is clear that = is a pre-quasi norm on W(Eﬁ L(qw))- SINCe T is a pre-quasi norm on (EL (g, W))x.
Let (Xim)men be a Cauchy sequence in W(Eav(qlwm(g,m and since ID(G,V) D W(Eav(qwm(g,m, we

have ot
(520 AL2)quzsz(Hy —Hm),0 N
E(Hme)Z( ( ) > (qo0 [[Hj = Hm )™

1
= (w+v)
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Therefore, (Hm)meo is a Cauchy sequence in ID(G,V). As ID(S,V) is a Banach space, then H € ID(G,V)

such that limy, o ||[Hm

—H| =0. As (si(Hm)){2, € (E

4.3 conditions (ii), (iii), and (v), we have

(a,

w))., for all m € N. In view of Definition

(o]
;) (w+v)t

((

o0

(Z};:o AL z)quzs

L0 AL Z)quzs(H), o))w‘

Z

oy

1=0

(p

7 (XL 0AL 25 (Hm)

mmo))“

(uw+v)t

4 2h-1 Z (
1=0

(uw+v)t

20 AL Z)quz [[H—Hn], 0

("

(uw+v)t

ﬁ( 7= ()A(l z qlzsz

7).
)

< 2?17] Z
!
+ zhilDo i
1=0

'>)Wl<oo.

(u+v)t
Then (sp(H))%_, € (EL (g, W), s0 H € DS (x| (qw)). (5 V)- O
Theorem 4.12. If1 < wg] < wl(jz) and 0 < qg)z < qg)z,for all b,z € N, then
Ds CDs C
D (e, caf) (wé”n)fg’v) = D% (g, 1142 ”))))T(g'v) =D(5, V).
Proof. Presume H € W(EEN(M&) (w(”))) (G, V), then (s, (H)) € (EEN((qE’l), (WE))))T, Hence
5(>? (2) G\ ~ (b 1) N
i Y (ZZ:O A(b/ Z)qb,ZSZ(H)/ 0) i P (ZZIO A(b/ Z)qb,zSZ(H)/ O>
< < o0
b b
= (u+v) = (u+v)
R —TTT\o0 . o 1 - b
So H ¢ Ds (EEV((q&),(WSJ))) (G,V). Take (sp(H))g, with p (ZE:O A(b,z)qé/lsZ(H),O) = V(Vl(::b)ﬂi then
H € ID(S, V) with '
WD
s (Z20Al,2)a; s (,0) | g o
5 = _— =
e (w+v) —b+1
and
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HenceHgEﬁ( ) (G,V) andHeﬁ(

T

EL, ((agl) (w))

EE L ((ql)),(w)) ) (3, V). Clearly,

S<EF (Z]Z , (2))J> (glv) C D(glv)

Fix (sp(H))y_, with

b b
_ — u—+v
z=0

SoH e ID(G,V) and H %ﬁ( (G,V). O

ELu (@l wih))

Recall that, by Dvoretzky’s Theorem [27] we have §/Y; and M; C V mapped onto !Z% through isomor-
phisms Vj and X; such that [|Vj|| ||Vj_1 | <2and ||X;]| ||Xj_1 | <2, forallj € N. If Ty is the quotient operator

from G onto §/Yj, I; is the identity operator on ﬁ;, and J;j is the natural embedding operator from M; into
V. Let m; be the Bernstein numbers [26].

1 0o _
Theorem 4.13. Suppose (M>1:0 Z L((wy)), then D gr

(u+v)t Fo(aw))x 1S minimum.
Proof. Presume D*gr (q.,)(5,V) = ID(G,V), hence we have y > 0, such that Z(H) < y|[H||, for every
p(Z0yA(b2)quz0(F)0) \ "
HeID(S,V) and = Zb 0( oAlbzian ) Then

1=m.(I;) = mz (X V3V < X1 m2 G G V) [Vl
= IX51lm= ;% V3 V5
< IX511d=(J5X; 1IV I\
= X114 05X GV TV < X 1o (05X VT V54

If 0 < m < j, hence

D A(m,z)qm: <P (Z XA (M, 2) Q202 (52X L VT [V 0)

z=0 z=0
— Wm
S OAM,Z)gm i 6(ZloA(m,Z)qm,z“zUij‘leVjTjLO)
So for some A > 1, we obtain
. . _ Wm
: Z?:OA(m/Z)qm,z W —1 2 P (Z;’n:OA( )qmz(xZU] 11 V T ) 0)
> (= <AV Y e -

m=0

j m w
2 z—oAM,z)qmz\ " 1 -1 1 —1
= - S AIXG (V5 LViT) < Av|IX511V; LViT|| < 4A
> (Z=eimy X5 1205 VXSV X VT < 4
m=0

By taking j — oo, hence we have a contradiction. So § and V both cannot be infinite-dimensional,
whenever D%gr (g .0) (g,V)=D(G,"V). O

o -
Theorem 4.14. Presume <W>1:0 & () then ]DdEfw(q,w) is minimum.
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1)

Theorem 4.15. If 1 < w{ < w{z) and 0 < q{zz) < q{}z),for every 1,z € N, hence

Ds Ds
D<D (Ea,vuq{?;),(w{”)))T(S’V)’ID (EE,V((q%,(w“))))T(9’V)>

:A<]DS( ) (9’v)’ﬁ<EEN((q{2J,(W{”J)) (S’V))‘

T

EL, (g2, (wi?)

T

Proof. P D(Ds V), D8
roof- Presume X € DD (er (a2 ow?n), 5V P (ercalhiont? )

T

X¢ A(DS(EE, ((al)

Ds
v ql,l)’(wl(.Z)))) (9/V)/D (EE,,V((q](,,lz)I(W(l))))T(S/V)).

T

According to Lemma 3.6, then there are Y € D
s s : _
(]D (Et,v((q{?b,(w{”)))fg’W) and Z € ]D(]D (e (o) (9,\7)) with ZXYI, = Ip. So for every

’
1z T

b € N, one gets

. wl
= (5 (Ll oAlz)al)s.1),0)\

o -5
H ‘]Ds(EE’V[[q(l)Mw{l))))T(S,V) — (u—l—v)l

< 12XV llps

(3,V)
(EEat@@rmi)
4 T

w®
_ & (P(ZloAnaalsm0)\ "
\Z (uw+v)t

1=0

So, there is contradictions with Theorem 4.12. Hence

— _
xea(D (e ttaim?) 57D (EE,V((q{?ﬁ),(w{”n)fg’V))'
O
Corollary 4.16. If 1 < w\") < w'® and 0 < q\2) < q\'), for every 1,z € N, hence
) ) L l ]-/Z =~ 1,2/ 7 7
— _
b(D RN R (Eﬁ/v((q{/]ﬁ),(w{”)))T(9'v))
—%x(Ds —
K(]D (Eﬁ,v((q{i’),(w{Z’)))T(g’V)’]D (Ea,v((q{};),(wgﬂ)))ﬁfW)-
Proof. The proof follows, since A C X. -

Theorem 4.17. The class DS (gr _(q.w)), 1S simple.

Proof. Let the closed ideal K(W(Eﬁ/v(q,wm(g'v)) include a mapping H ¢ A(W(EENMIW))T(S,V)). Ac-

cording to Lemma 3.6, hence we have P, A € ]D(]DS(EEV(q,w))T(ng)) such that AHPI; = [;. Therefore,
(6,v) € K(D*(er(qm)). (S, V). Hence D(DS er (g1 (S, V)) = K(D* (g (qm). (S, V). So

DS (gr (qw)). is @ simple Banach space. O

17
D (eF L (aw))e

. YL AL\ =5 Y =
Theorem 4.18. Iflnfl W > O, then DS(EEV(Q,W))T (Q,V) = DS(EEV(q,W))T(g, V)
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S Y e
Proof. Suppose H € (]DS(EE,V(q,wJ)T) (G,V), then (ym(H))m 0 € (EF v(q,w))r and [[H—p(ym(H),0)I]| =
0, for every m € N. We have H = p(ym(H),0)], for all m € N, hence

plsm(H),0) = p(sm(p(ym(H),0)D),0) = p(ym(H),0),
for all m € N. Hence (s (H))%_, € (Ef ,(q,W)):. So H € Ds Fu(q, 1.(8, V).
Next, assume H € W(Eiv(qlwm(g,m. Therefore, (sm(H))m 0 € (Euv(q, w))t. So

o (5(EoAM,2)qm.5(1),0)) m — o
mzo(p( 0 (::v?m s )) >i%f(zz—(()li\i“\1)f)2qmz> >[5 (sn,0)]

m=0

Then limy;, 00 S (H) = 0. If ||H —p(sm (H),0)I]| ! exists, for all m € N. So HH —P(sm(H),0)I|| 7! exists
and bounded, for every m € N. Then limy, o ||[H—p(sm (H),0)I| 7! = ||H||~! exists and bounded. Since

(ﬁ(Eﬁ,v(q,w ))er E> is a pre-quasi ideal, hence

[=HH e D% (g5 (g1 (5 V) = (sm(D)m_o € Ef L (qw) = im s (1) =0.

Therefore, we have a contradiction as limm e Sm(I) = 1. So ||H—p(sm(H),0)I|| = 0, for all m € N.
Hence ||H —p(ym(H),0)I|| =0, for all m € N. That implies H € (]D (EF (q,wm>y (G,V). O

5. Fixed points of Kannan contraction type

Suppose the conditions of Theorem 4.6 are established. In this section, we have offered the existence of
a fixed point of Kannan contraction mapping acting on ID$ (EL,(qw)),- A numerical example is presented
to investigate our results.

— B(XL AL qLs(v10) \ M T
In this part, we will use Z(V) = T((Sb(V))%o:()) = [Z({ig <p(ZZOA(l’ Jduz ZW)D)) } ,forall V e

(utv)t
D%y,

u,v

(qw) (9/ )

Definition 5.1. A function = on IDSgr holds the Fatou property, if for all {Vylpen € DS¢r(G,V) with
limp 00 Z(Vo — V) =0and all T € DS¢¢(G, V), we have Z(T — V) < sup, infj>p (T —Vj).

Theorem 5.2. The function = does not verify the Fatou property.
Proof. If {(Wm}men gﬁ(Eﬁv(q,W)) (G, V) so that limm 00 Z(Win —W) = 0. Then W € W(Eﬁv(q,m) (9, V).
As for every V € W(EF (aw) (G,V), then

1

(o (55 AL 2)qLas.(V=—W,0)\ 1"
VoW - Z(P(ZZO (L, z)qu,zs2( ) )) ]

= (u+v)t

_OO . 1 - wy %
) Z(p(ZZOA(Lz)qLZsE(v W)O)) ]

— (u+v)

=

. {i (p (Zz 0 AL Z)quzsz) (WWi),O))Wl] "

(utv)t
(p (zLoAu,z)ql,zsz(vvm,o))W‘]

ST

2h—1 h—1 i . =
< (2 +2" 4+ 2w sup inf |:Z W)

i>
m izm =0
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Therefore, = does not satisfy the Fatou property. O

Definition 5.3. Presume G : DS:¢(G,V) — DS¢¢(G,V) and B € DS¢¢(G, V). The operator G is called =-
sequentially continuous at B, if and only if, when limy, 00 Z(Wm —B) =0, then limy 00 Z(GW;, — GB) =
0.

Theorem 5.4. Consider G : W(EF ) 9,V)

£ (aw)) (S,V) %W(Eﬁ/v(q,W))T(g’v)‘ The mapping AEW(EEN(
is the only fixed point of G when the following conditions are verified:

q,w))T(

(i) G is Kannan =-contraction;

(i) G is =-sequentially continuous at A € W(Ei,v(q,W))T(g’ V);

(iii) thereis B € ﬁ(EF (am)) (G, V) with {G™B} has {G™B} converges to A.

qw)
Proof. Presume A is not a fixed point of G, then GA # A. By the parts (ii) and (iii), we have

lim Z(G™B—A)=0and lim Z(G™*'B—GA)=0.

mi—00 mi—00

AS G is Kannan Z-contraction operator, then

< (221 42 L 2N RS (GMIHIB — GA) + (227 2N T 4 oM RE (GMB — A)

C mifl’:
1—c> =(GB — B).

NG 2 R, L Zh)%c (
By letting mi — oo, which is a contradiction, so A is a fixed point of G. To show the uniqueness of the
fixed point A, let we have two different fixed points A, D € IDS(EF (qw)) (G,V) of G. So

Z(A—D) < Z(GA — GD) < C(E(GA—A) +2(GD — D)) —0.
Then A = D. O

Example 5.5. Suppose that

_o’\ 12 )1:0

R ) R CH(CE T R

(oo}
l+z+4)A(L,z) ) 1:0'( 1+2 )1:0

T T

and
(H) €1[0,1),
(H) € [1, 00).

[0

For every Hy, H, € W(EF ((( . )oo () )) ,if Z(H1),Z(Hz) € [0,1), one gets
u,v =0’

l+z+4)A(L,z) 1+2 )1:0

T

- _':'H1 M \/i ':5H1 ':'5H2 — \/i = =
Z(MH; —MH;) = Z(— - =2) < m<“( =)+ (% ))—m(u(MHl—HnuMHz—Hz)).

Assume Z(H;),=(H,) € [1, 00), one obtains

— _H H V2 /_ 6H
Z(MH; — MHy) = 2(=2 — 22) < (=( -

7 7 V216

+=2) - 2

a 6(E(MH1—H1)+E(MH2—H2)).
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If Z(Hy) € [0,1) and Z(Hy) € [1, ), hence

H; H, V2 _ 5H4 V2 _ 6H, V2
MH; — MH — 9K = + = <
Z(MH; 2) = (6 7)\4/@(6) 4216(7)

(E(MH1 “Hy) +=(MH, — Hz)).

H —_
s = H S O,l ,
So M is Kannan Z-contraction and M™(H) = ¢ & _( )€1
7my :‘(H) € [1100)
It is clear that M is Z-sequentially continuous at the zero operator ® and {M™H} has a {M™iH}

converging to ©. According to Theorem 5.4, O is the only fixed point of M. If

(ah c Ds * "
{H }Q Ds (Ei,v((m)bor(%)lzow-r

with limg_ye Z(H(®) —H)) = 0, where H(®) ¢ IDS<EF (reedorrcs ) (3507 such that Z(H®)) = 1.
+z+ z) J1=o’\ 1+2 J1=0
As = is continuous, then

HO  HO H ()
PN T (a) _ 0 — 1im = _ =
Jim S(MH™ —MHT) alﬂréo‘( 6 7 ) ‘( o) ) > 0.

Hence M is not =-sequentially continuous at H(®). This explains M is not continuous at H?).

6. Application on fuzzy non-linear dynamical system

The solution of nonlinear matrix equations (2.1) at D € ﬁ( Slaw)). (G,V) under the conditions of

Theorem 4.6 are explained in this part, where Z(G) = [Z‘f"_o <p iz A((th'i)vq)ll’ZSZ(G)'O)> ] , for every
G € D% (g (qm), (5 V)
Theorem 6.1. The fuzzy non-linear Matrix systems (2.1) includes a unique solution D € ﬁ(EE,v(q,W))T(g’W

when the following settings are confirmed:

(1) T €1D(S,"V) and for all z € N we have a positive real x with sup_ k'~ € [0,0.5) so that

meN

Z Mz, m ( m, sm(G)) — f(m,Sm(T)))|

<k [[52(P)—52(G) + D Ti(z,m)f(m, s,n(G))

meN

+ S

T)+ Y Tz, m)f(m, sm(T))

|

(2) W is =-sequentially continuous at a point D € W(Eﬁ/v(q,w))T(S,V);

(3) we have B € ﬁ( ). (G, V) with {W*B} has a {W*B} converging to D.

viaw
Proof. We have

(WG — WT)

= (5(Xt oAl 2)au(5:(6) —5.(M),0) |
- Z (u+wv)t

e

1=0
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5 (L0 AL 2)qL: T e Tz m) ((m, 50 (6)) — £, 5, (1)) ,0) |
(u+v)

5

5 (Xt 0 Al DA (5:0P) = 52(6) + X puex Mz m)(m,5,(6))) ,0) | ']
(w+v)t

0]

iz
<supkh Z
z 1=0

e (2o AL 2)qus (520P) = 5201 + X pen Tz, m)f(m, 5, (1)) ,0) \
e Zo(< : ( o)L = ) >) ]
z 1=

—supk® (EWG—G)+Z(WT—T)).

z

In view of Theorem 5.4, one obtains a unique solution of equation (2.1) at D € ﬁ(EF (qw)) (G,V). O
Example 6.2. Assume that DS, __ L sy (G,V), where
(ELa (it (3590
1 Allz) s
— = +
(G © [p (Zzzo (l+’zZ)ISZ(G)/O)
_'( ) - ;} (u+v)l ’

forall Ge Ds,_, L2y (GV). Consider the fuzzy non-linear Matrix systems:
(Eu,v((m) ( T1+2 )))T

tan(2m + 1) cosh(3m — z) cos® |s,_»(G)| 6.1)

Sy (G) 22+3 +
mZ_O sinh[s,_1(G)|+sinmz+1

(G,V) is defined

T

foreveryz >2,b,d >0, and if W: IDS(

as

Bl () (342)) ELy () (35)))

T

(6.2)

- = _ bie ()
W(G) = [ =73 Z tan(2m + 1d) cosh(3m — z) cos Isz:z(G)I L
sinh®|s,_1(G)|+sinmz+1

m=0

Suppose W is =-sequentially continuous at a point D € ﬁ< ) (G,V) and we have B €

B () (38)))

(G,V) such that (W“B} has a {W®iB} converging to D. Obviously,

T

S

(BEa (i) (32)))

Z COShd3m z) cos” Isz(G)] (tan(2m+1)—tan(2m+1)>
, sinh® s, 1(G )| +sinmz+1

fl *(T”’)—WJrZ tan(2m + 1) cosh(3m — z) cos® |s,_»(G)|
25 : o sinh®[s, 1(G)|+sinmz+1
—i—i ) (T + i tan(2m + 1) cosh(3m — z) cos® |s,_»(T)|
25 r sinh® s, 1(T)|+sinmz+1

From Theorem 6.1, the dynamical system (6.1) includes a unique solution D.



A. O. Mustafa, A. A. Bakery, J]. Math. Computer Sci., 30 (2023), 48-66 65

7. Conclusion

We presented in this article some topological and geometric properties of W(EF ( . The existence

v q,w))T
of a fixed point in the Kannan contraction mapping on this class is explored. To put our findings to the test,

we introduce a numerical experiment. In addition, an effective implementation of the fuzzy non-linear
dynamical system is discussed. The ideal spectrum of mappings, the fixed points of any contraction
mappings on this new fuzzy functions class, and a new general class of solutions for many stochastic
nonlinear dynamical systems are investigated.
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