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Abstract

In this paper, we introduce and study the notions of a (3,2)-fuzzy subalgebra and a (3,2)-fuzzy ideal of a subtraction
algebra in fuzzy setting.
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1. Introduction

The concept of fuzzy sets was proposed by Zadeh [13]. The theory of fuzzy sets has several applica-
tions in real-life situations, and many scholars have researched fuzzy set theory. After the introduction
of the concept of fuzzy sets, several research studies were conducted on the generalizations of fuzzy sets.
The integration between fuzzy sets and some uncertainty approaches such as soft sets and rough sets
has been discussed in [1, 3, 4]. The idea of intuitionistic fuzzy sets suggested by Atanassov [2] is one
of the extensions of fuzzy sets with better applicability. Applications of intuitionistic fuzzy sets appear
in various fields, including medical diagnosis, optimization problems, and multicriteria decision making
[5-7]. Yager [12] offered a new fuzzy set called a Pythgorean fuzzy set, which is the generalization of
intuitionistic fuzzy sets. Fermatean fuzzy sets were introduced by Senapati and Yager [11], and they also
defined basic operations over the Fermatean fuzzy sets. The concept of (3,2)-fuzzy sets are introduced
and studied in [8]. In this paper, we introduce and study the notions of a (3,2)-fuzzy subalgebra and a
(3,2)-fuzzy ideal of a subtraction algebra in fuzzy setting.

2. Preliminaries

Definition 2.1. An algebra (X, —) with a single binary operation — is called a subtraction algebra if for all
X, Y,z € X the following conditions hold:

1. x—(y—x) =x,
2. x—(x—y)=y—(y—x),
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3. (x—y)—z=(x—2z)—y.

The subtraction determines an order relationon X: a < b = a—b =0, where 0 = a — a is an element
that does not depend on the choice of a € X. In a subtraction algebra, the following are true [9, 10]:

L (x—yl-y=x-y,
2. x—0=xand 0—x =0,
3. (x—y)—x=0,
4 (x—y)-ly—x)=x—vy,
5. x<y=x—z<y—zandz—y<z—xforallze X.
Definition 2.2 ([8]). Let X be a nonempty set. The (3,2)-fuzzy set on X is defined to be a structure
Cx ={(x,f(x), g(x)) I x € X}, (2.1)

where f : X — [0,1] is the degree of membership of x to € and g : X — [0,1] is the degree of non-
membership of x to € such that 0 < (f(x))3 + (g(x))? < 1.

Definition 2.3 ([9, 10]). A non-empty subset A of a subtraction algebra X is called a subalgebra of X if
x—y € A forany x,y € A.

Definition 2.4 ([9, 10]). A non-empty subset I of a subtraction algebra X is called an ideal of X if
1. 0€1,

2. (WyeX)x—yelLyel—-xel).

3. On (3,2)-fuzzy ideals of subtraction algebras

Definition 3.1. A (3,2)-fuzzy set A in X is called a (3, 2)-fuzzy subalgebra of X if it satisfies:

Proposition 3.2. Every (3,2)-fuzzy subalgebra of X satisfies
Ha () > . (3.2)

Proof. Straightforward. O

Example 3.3. Let X ={0, 1,2, 3} be a subtraction algebra with the table 1:

Table 1
- 01 2 3
0 0 0 0 O
1 1 0 1 O
2 2 2 01
33 2 1 0
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Define a (3,2)-fuzzy set A in X as follows:

054 ifx e{0,3}

ua : X — 10,1, x— {0_13 if x € {1,2},

and
0.11 ifx €{0,3}

VA :X—> [011]/ X {0.53 1fX€{1/2}'

It is easy to check that A is a (3,2)-fuzzy subalgebra of X.

Theorem 3.4. Let A be a (3,2)-fuzzy set in X and let «, 3 € [0,1] with 0 < o+ B < 2. Then A is a (3,2)-fuzzy
subalgebra of X if and only if all of (e, B)-level set A1%PB) = {x € X : u3(x) > &, v2(x) < B} are subalgebras of X
when A(%B) £ ¢,

Proof. Assume that A is a (3,2)-fuzzy subalgebra of X. Let o, € [0,1] be such that 0 < «+f < 2
and A(%B) £ (. Let x,y € A(%B). Then ug;\(x) > oc,ug;\(y) > o and v%\(x) < B, v%\(y) < B. Using
(3.1), we have p3 (x —y) > min{p3 (x), 13 (y)} > « and v3 (x —y) < max{v4 (x),v4(y)} < B. Hence
x —y € Al%P)  Therefore A(%P) is a subalgebra of X. Conversely, all of («, 3)-level set Al%B) are
subalgebras of X when AleB) # (). Assume that there exist am, by, € X and an, b, € X such that
H%(am —bm) < min{ui\(am), H?/’A(bm)} and V%\(an —bn) > max{\’%(an)/ V%\(bn)]ﬁ Then lii\(am —bm) <
o < min{pd (am), k3 (bm)} and v4 (an —by) > B1 = max{v3 (an), v (bn)} for some oy € (0,1] and By €
[0,1). Hence am, by € AP and a,,, by € AP But aym — by ¢ AP and a,, — by ¢ AloB1))
which is a contradiction. Hence 3, (x —y) > min{u3 (x), 13 (y)}, and v4 (x —y) < max{v3 (x),v4 (y)} for
any x,y € X. Therefore A is a (3,2)-fuzzy subalgebra of X. O

Theorem 3.5. If {A; : i € N} is a family of (3,2)-fuzzy subalgebras of X, then ({A; : i € IN}, C) forms a complete
distributive lattice.

Proof. The proof follows from the fact that [0,1] is a completely distributive lattice with respect to the
usual ordering. O

Theorem 3.6. Let A be a (3,2)-fuzzy subalgebra of X. If there exists a sequence {an } in X such that li_r>n w3 (an) =
n—oo

1 and T}iir;ovfx(an) =0, then 13, (0) = 1 and v} (0) = 0.

Proof. By Proposition 3.2, we have u?;\(O) > u‘;’\(x) and V%\(O) < vf\(x) for all x € X. Hence we have
@\(0) > pi(an) and vi\(O) < v%\(an) for every positive integer n. Therefore 1 = li_{n ui\(an) < pfj\(O) <
n o

1land 0 < vi\(O) < T}iiréov%\(an) = 0. Thus we have u%(O) =1and v%\(O) =0. O

Definition 3.7. A (3,2)-fuzzy set A in X is called a (3,2)-fuzzy ideal of X if it satisfies (3.2) and

W (x) = min{p, (x —y), 15 (y)}
oy (U800 Znatan A ) (83

Proposition 3.8. Every (3,2)-fuzzy ideal of X is a (3,2)-fuzzy subalgebra of X.

Proof. Let A be a (3,2)-fuzzy ideal of X. Put x = x —y and y = x in (3.3). Then we have u3 (x —y) >
min{p.i\((x —y)—x), u‘j’\(x)} and V%\(X —y) < max{vi\((x —y)— x),v%\(x)}. It follows from (3.2) that

A (x —y) = min{p ((x —x) —y), ui (x))
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and
Va(x—y) < max{vi ((x —y) —x), VA (x)}
= max{v; (0), v (x)}
< max{v; (x), v (y)},
for any x,y € X. Thus A is a (3,2)-fuzzy subalgebra of X. O

The following Example shows that the converse of Proposition 3.8 is not true in general.

Example 3.9.

(a). Let X ={0,1,2,3} be a subtraction algebra with the table 2:

Table 2

- 01 2 3
00 0 0 O
1 1 0 1 1
2 2 2 0 2
3 3 3 30

Define a (3,2)-fuzzy set A in X as follows:
0.72
ua : X —1[0,1], x— {0‘11

and

0.13
va: X—100,1], x— {0.71

It is easy to check that A is a (3,2)-fuzzy ideal of X.

if x €{0,1}
if x €{2,3},

if x €{0,1}
if x € {2,3}.

(b). Let X ={0,1,2,3} be a subtraction algebra as in Example 3.3. Define a (3,2)-fuzzy set B in X as

follows:
0.53

0.22

ua : X —1[0,1], x—
0.13

and
0.11

va: X —1[0,1], x —<0.25
0.46

ifx=0
if x €{1,2},
if x =3,
ifx=0
if x € {1,2},
if x =3.

It is easy to check that B is a (3,2)-fuzzy subalgebra of X. But it is not a (3,2)-fuzzy ideal of X, since
u%(i%) =0.13% ¥ min{p%(3 —1), p%(l) = max{u%(Z), u% (1)} = 0.225.

Proposition 3.10. Every (3,2)-fuzzy ideal A of X satisfies the following:

3
(Vx,yGX)( x <y :>{ :/LZA(X)
A

S
RINRY,

w
4

—N

(Vx,y,z € X) ( x—Yy <

<2
PN

% > . (3.4)
min{pS, (y), 1 ()} )
max(v4 (), V4 (2)} ) (35)
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Proof.
(1). Let x,y € X be such that x <y. Then x —y = 0. Using (3.2) and (3.3), we have

13 (x) = min{pd (x —y), k3 (y)} = min{p3 (0), 13 (y)} = L (y)

and

v%\(x) <max{vA(x y), VA( )}—max{vA( ), v%\(y)}:v%\(y).

(2). Let x,y,z € X be such that x —y < z. By (3.3) and (3.2), we get

WA (x —y) = min{p ((x —y) — z), W (2)}
— mini, 0), 15, (2))
= Wi (2),

vi (x—y) < max{v4 ((x —y) —z), V4 (2)}

= max{vA( ),v%\ (z)}

= Vi(z).
Hence
M (%) > min{u (x —y), i (y)} > min{u (y), wi (2)},
and
Vi (x) < max{vi (x —y), va (y)} < max{v4 (y), VA (2)}
for any x,y,z € X. O

Definition 3.11. Let A and B be (3,2)-fuzzy sets of a set X. The union of A and B is defined to be a (3, 2)-

fuzzy set AUB = {<x, pauB(x), vaus(x)> : x € X}, where paug(x) = max{pa(x), ug(x)}, vaus(x) =
min{va (x), vg(x)} for all x € X. The intersection of A and B is defined to be a (3,2)-fuzzy set ANB =

{<x, panB(x), VanB (X)> 1 x € X}, where pang(x) = min{pa (x), ug (x)}, vans (x) = max{va(x), ve(x)} for
all x € X.

Theorem 3.12. The intersection of two (3, 2)-fuzzy ideals of X is also a (3,2)-fuzzy ideal of X.

Proof. Let A and B be (3,2)-fuzzy ideals of X. For any x € X, we have uﬁmB(O) = min{uA( ), uB(O)} >

min{is} (x), 15 (x)} = 15 (x) and ¥4 ,5(0) = max(v2 (0,74 (0)) < max(v4 (x), v} (x)} = VA p(x). Let
x,y € X. Then we have

Mans () = min{p (x), 1 (x))
> min{min{p, (x —y), 1 (y)}, min{p (x —y), uj (y)}}
= min{min{u}, (x —y), 1’ (x —y)}, min{p3; (y), Wy)}
= min{y g (x —Y), Whnp ()}

and

VA g (x) = max{v4 (x), V3 (x)}

<max{max{v x—y), VA( )},max{vB(X y),
x—y), Vg (x —y)}, max{vi (y),
= max{vAmB (x _U)rV%\ﬂB (Y}

Hence AN B is a (3,2)-fuzzy ideal of X. O

(y)}}
(Y1}

( Vi
( Vi

= max{max{v3 A
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Proposition 3.13. Let A be a (3,2)-fuzzy ideal of X. Then X, = {x € X : p3 (x) = p3 (0)} and Xy = {x € X :
v%(x) = vi\(O)} are ideals of X.

Proof. Clearly, 0 € X,.. Let x —y,y € X,. Then p‘i\(x—y) = u?/’\(O) and u%(y) = p.i\(O). It follows from
(3.3) that u%(x) > min{pi\(x—y),ui\(y)} = ui\(O). By (3.2), we get ui\(x) = pi\(O). Hence x € X,,.
Therefore X, is an ideal of X. By a similar way, X, is an ideal of X. O
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