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Abstract
The purpose of this paper is to propose a method for approximating the solution of the split common fixed point problem
involving A-strict quasi-G¢-pseudocontractive mappings in the setting of two Banach spaces using G¢(.,.) functional. We prove

that the proposed method converges strongly to a solution of the split common fixed point problem. In addition, we provide
some applications of our method and provide numerical results to demonstrate the applicability of the proposed method.
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1. Introduction

Let C and D be nonempty subsets of real Hilbert spaces H; and Hj, respectively. The split feasibility
problem (SFP) is given by the following:

find x € C such that Ax € D,

where A : H; — Hy is a bounded linear map with the adjoint operator A*.

This problem has attracted the attention of many authors due to its application in different disciplines
such as image restoration, computer tomography, radiation therapy treatment planning, antenna design,
sensor arrays, data communication and data compression (see, for instance, [3-5, 7-9, 11, 20, 33, 45]).
Different methods of solving this problem have been studied by several authors on the bases of its appli-
cations (see, for instance, [4, 5, 42, 45-47]).

Several generalized problems related to the SFP have also been studied. In this connection, it is worth
to mention, for instance, the multiple-set SFP (MSSFP) (see [9, 23]), the split common fixed point problem
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(SCFPP) (see [12, 25]), the split variational inequality problem (SVIP) (see [10]), and the split common null
point problem (SCNPP) (see [6, 30-32]).

Given two real Hilbert spaces H; and Hp, let S : H; — H; and T : H, — Hj be nonlinear mappings
and let A : H; — Hj be a bounded linear operator. We usually denote the set of fixed points of T by JF(T)
and that of S by F(S). The split common fixed point problem (SCFPP) is given by the following;:

x* € F(S) such that Ax* € F(T). (1.1)

This problem is originated from Censor and Segal [12] and was studied by employing the following
algorithm:

Xn41 = T(xn _TnA*(I —S)Axn),n >1,

where S and T are quasi-firmly nonexpansive mappings and 1, € (0, ﬁ
sequence has been shown to converge weakly towards a solution of (1.1) in the setting of Hilbert spaces.
Motivated by the result of Censor and Segal [12], Wang [41] proved a weak convergence theorem for a
solution of SCFPP using the following algorithm:

) for all n > 1. The generated

Xnit1 = Xn — Tnl(I—T)xn + A*(I—S)Axn], (1.2)

where S and T are firmly nonexpansive mappings and {tn} C (0, +00) satisfying some mild conditions.
We observe that the step size 1, in algorithm (1.2) is independent of the norm of the bounded linear
operator A.

In [25] and [24], Moudafi extended this algorithm to the case of quasi-nonexpansive mappings and
the case of demicontractive mappings, respectively, in Hilbert spaces. Since then, there has been growing
interests in the split common fixed point problem in the setting of Hilbert spaces. More specifically, in
[48], Yao et al. remarked that problem (1.1) can be viewed as solving the following fixed-point equation

x* = Sx* — A*(I-T)Ax".

Consequently, they proposed a new algorithm for solving the problem in the setting of Hilbert spaces and
they obtained a weak convergence result under some mild assumptions.

In an attempt to solve the SCFPP (1.1) in the setting of Banach spaces, several authors (see, for instance,
[13, 21, 22, 37, 39]) have introduced and studied algorithms for solving the problem in a p-uniformly
smooth Banach space for 1 < p < +o0.

In 2015, Takahashi and Yao [36] considered and investigated the SCNPP in the setting of one Hilbert
space and one Banach space by using a hybrid projection method. Their method is described as follows.
Let H be a Hilbert space and let F be a uniformly convex Banach space whose norm is Frechet differen-
tiable. Let Jr be the duality mapping on F and let A : H — 2" and B : F — 2" be maximal monotone
operators. Let J) be the resolvent of A for A > 0 and let Q,, be the metric resolvent of B for u > 0. Let
T:H — T be a bounded linear operator such that T # 0 and let T* be the adjoint operator of T. Suppose
that A=10NT1(B710) # 0. Let {un} be a sequence in H such that w,, — w. Let x; € H, C; = H, and {xy,}
be a sequence generated by

Zn = J?\n (xn — }\nT*]F(TXn - QuTXn))/
Cny1 = {Z € H:llzn —zll < lfxn —zl} N Cyy,
Xn41 = PCn+1un+1’ vn e N/

where 0 < ¢ < AT € 2 and A, € (0,+00) for some ¢ € R. They proved that the sequence {xn}
converges strongly to a point zg € A~'0N T 1(B~10), where zg = PA-19q7-1(p-10)U-
This result has been extended to the case of two Banach spaces in [35].
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Recently, Liu et al. [19] constructed an iterative method for solving the SCFPP for A-strict quasi-¢-
pseudocontractive mappings in the setting of two Banach spaces. They proved that the sequence gener-
ated by the proposed iterative algorithm converges strongly to a solution of the SCFPP.

Motivated and inspired by the work of Liu et al. [19], we propose an algorithm for approximating
solutions of SCFPP involving A-strict quasi-G¢-pseudocontractive mappings in the setting of two Banach
spaces using functional G(.,.). In addition, we prove that the sequence generated by the proposed algo-
rithm converges strongly to a solution of the SCFPP. Finally, we provide some applications of our method
and give a numerical experiment to explain the results.

2. Preliminaries

Let E* be the dual space of a real Banach space E with norm ||.|. We denote the value of f* € E* at
x € E by (x, f*). For a sequence {x»} in E, we denote the strong convergence of {xn} to x € E by xn — x
and its weak convergence by x,, — x.

A Banach space E is said to be strictly convex if Hx;jy\\ < 1forall x,y € Sg ={z € E: ||z|]| = 1} with
x # Y. The modulus of convexity ¢ of E is defined by

Ix+yll
5
for all e € [0,2]. If dg(e) > 0 for all 0 < € < 2, then E is said to be uniformly convex. It is well known

that the Banach space E is uniformly convex if and only if for any two sequences {x,} and {y,} in E if
limnpoolPxnll = Hm lfynll=1,and lim |xn +ynll =2, then

5E(€)—inf{1— Xl < LIyl < 1 lIx—yll = e}

lim |xn —ynll =0.
n—-+oo

It is also known that if a Banach space is uniformly convex, then it is strictly convex and reflexive (see,
for instance, [14, 29]).
The modulus of smoothness of E is a map pg : [0, +00) — [0, +00) defined by

1
pe(t) =sup { 3(h-+yl-+ Ik —yl) ~1:x € Se Iyl < .

If pg(t)/t — 0 as t — 0, then the Banach space E is said to be uniformly smooth. A typical example of
uniformly smooth Banach space is the L, space, where 1 < p < +o00. The normalized duality mapping
J:E — 2% is defined by

J(x) = {f* € B : (x, f*) = [xI]* = [[f*|*} ,¥x € E.

From the Hahn-Banach theorem, it follows that J(x) is nonempty (see [34]). If E is smooth, then ] is
single-valued and hemi-continuous, that is, ] is continuous from the strong topology of E to the weak
star topology of E*. It is also known that E is reflexive if and only if | is surjective, and E is strictly
convex if and only if ] is one-to-one. Therefore, if E is smooth, strictly convex, and reflexive, then ] is a
single-valued bijective map. In this case, the inverse mapping ]! coincides with the normalized duality
mapping J* on E* (see, for instance, [14, 15, 26, 29, 34]). If E = H is a Hilbert space, then ] = I, where I is
the identity mapping.

A Banach space E is said to have Kadec-Klee property if for any sequence {xn} C E, x, — x and
Ixnll — [IxIl, we have x, — x. Note that every uniformly convex Banach space is strictly convex, reflexive
and has Kadec-Klee property.

Proposition 2.1 ([44]). Let s > 0 and let E be a Banach space. Then E is uniformly convex if and only if there
exists a continuous, strictly increasing, and convex function g : [0, +00) — [0, +00), g(0) = 0, such that

x4+ yl® > IxI* +2¢y, i) + gyl
forall x,y € {z € E:|lz|| < s}andj € Jx.
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Let E be a smooth real Banach space. For any fixed p > 0, let G¢ : E x E — R be functional defined
as follows:
Gr(x,y) = NP —2(x, Jy) + [yl +2pf(x), Vx,y € E, (2.1)

where f : E — R is convex, lower semicontinuous and bounded from below. From the definition of Gy
and property of f it is easy to see that G¢(x,y) is convex and lower semicontinuous with respect to x when
y is fixed. In (2.1) if we consider f = 0 (a zero function), then G¢ reduces to

Go(x,y) = IIXI* =20, Jy) + Iyl = b(x,y), Vx,y € E, (2.2)

where ¢(x,y) is a Lyapunov function introduced by Alber [1]. Now, we consider the generalized f-
projection operator in a Banach space which is analogous to the generalized f-projection operator dis-
cussed in Wu et al. ([43]).

Definition 2.2. Let C be a nonempty, closed and convex subset of a real smooth Banach space E. We say
that TT-. : E — 2€ is a generalized f-projection operator if

Mhx = {u € C:Ge(u,x) = Eing Gf(a,x)} ,Vx € E.
€

Remark 2.3. The generalized projection operator defined by Alber [1, 2] and Li [17] is the special case of
the generalized f-projection operator when f(x) = 0 for all x € E.

Following the results in Li et al. [18], we obtain the following lemma.

Lemma 2.4. Let C be a nonempty closed convex subset of a real reflexive and smooth Banach space E. The following
statements hold:

(i) TTEx is a nonempty closed convex subset of C for all x € E;
(ii) forall x € E, x* € Tkx if and only if

(x* =y, Jx = ]x*) + pf(y) — pf(x*) > 0, Vy € C;
(iii) if E is strictly convex, then 1% is a single valued mapping.

It is easy to verify that for each x,y,z, w € E,

(Il = IlylN? +20f(x) < Grlx,y) < (Il + llyl)? +20f(x), (2.3)
2(x—y,Jz—Jw) = G¢(x, W) + Gr(y, z) — Gr(x, z) — Ge(y, W),
Gr(x,y) =2pf(x) <= x=vy. (2.4)

It is also easy to observe that, in a Hilbert space H, G¢(x,y) = [x —y||* + 2pf(x) for all x,y € H.

Lemma 2.5. Let E be a uniformly convex and smooth Banach space and let {yn}, {zn} be two sequences of E. If
Gf(Yn,zn) —2pf(yn) — 0as n — +oo and either {yn} or {zn} is bounded, then ||yn — zn|| — 0 as n — +o0.

Proof. Since G¢(Yn,zn) —2pf(yn) — 0 as n — 400, the sequence {G¢(Yn, zn) —2pf(yn )} is bounded. Then
it follows from (2.3) that if one of the sequences {yn} and {z,} is bounded, so is the other. Therefore,
since E is uniformly convex by Proposition 2.1, there exists a continuous, strictly increasing, and convex
function g : [0, +00) — [0, +00), g(0) = 0, such that

g(”yn - Zn”) < Hzn + (yn _Zn)H2 - ||Zn||2 _2<9n — Zn, IZn>
= Hyn||2 - ||Zn||2 - 2<Un/ Jzn> + ZHZTLHZ = Gf(ynz Zn) - pr(yn)-

Then it follows from G¢(yn,zn) —2pf(yn) — 0 that g(|[yn —znll) — 0. Then the continuity of g and
g(0) = 0 yield that [[yn —zn|| = 0 as n — +o0. O
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Lemma 2.6. Let C be a nonempty closed convex subset of a reflexive and smooth Banach space E, and let x € E.
Then

Gf(y,ﬂ]&x) + Gf(ﬂfcx,x) —2pf(y) < G¢(y,x) forally € C.

Proof. By definition, we have

Gr(y,x) — G¢(TTEx, X) — G (y, TTEX) + 2pf (TTEx)
= llyl® —2(y, Jx) + X2 — [ITTExI? + 2(TTEx, Jx) — [IXIP — [yl + 2¢y, JTTEx) — [TTEx]?
= —2(y, Jx) + 2(TTex, Jx) +2(y, JTTEex) — 2/MEx]
=2 [(y, JTTex —Jx) + (TTEx, Jx) — (TTEex, JTTExX) |
=2 [(y, JTTEx — Jx) — (TTEx, JTTEx — Jx) ]
=2(y — TTEx, JTTEx — Jx).

(2.5)

Adding 2pf(y) —2pf (HEX) to both sides of (2.5) and using Lemma 2.4, we get
Grly,x) — G¢(TTEx, x) — G (y, TTEx) + 2pf(y) = 2(y — TTex, JTTEx — Jx) + 2pf(y) — 2pf (IMEx) > 0,y € C.
This completes the proof. O

Recall that a point p € C is called a fixed point of a mapping T : C — C if Tp = p. The set of fixed points
of T is denoted by F(T).

Definition 2.7. Let C be a nonempty, closed, and convex subset of a smooth and reflexive Banach space
E. Let ¢ : E X E — [0, +00) be a functional given by (2.2). A mapping T : C — C is said to be

(i) nonexpansive if [|[Tx — Ty|| < |[x —yl| for all x,y € C;
(i) quasi-nonexpansive if F(T) # 0 and |[Tx —x*|| < [[x —x*||, ¥x € C, x* € F(T);
(iii) quasi-¢-firmly nonexpansive (see [16]) if F(T) # () and

O(x*, Tx) + (Tx, x) < d(x*,x), Vx* € F(T),x € C;
(iv) quasi-¢p-nonexpansisve (see [27, 49]) if F(T) # () and
¢(x*, Tx) < ¢(x*,x), Vx* € F(T),x € C;

(V) A-strict quasi-¢-pseudocontractive (see [28]) if F(T) # ), and there exists a constant A € [0,1) such
that

b(x*, Tx) < d(x*,x) + Ad(x, Tx), Vx € C,x* € F(T);
(vi) A-strict quasi-G¢-pseudocontractive if F(T) # () and there exists A € [0,1) such that
Ge(x*, Tx) < Ge(x:, x) + A(G(x, Tx) — 2pf(x*)) (2.6)
or equivalently

(x —x*, Jx — JTx) + pF(x) — ApF(x*) > 22

Ge(x, Tx), ¥Vx € C,x* € F(T), (2.7)

where Gy is as defined in (2.1). We note that an analogous definition is assumed in [40];
(vii) closed if for any sequence {xn,} C C with x, =+ x € C and Tx, -y € C asn — +oo, then Tx =y.

From the above definitions, we observe that if T is a A-strict quasi-$-pseudocontractive, then T is a A-
strict quasi-G¢-pseudocontractive with f = 0. An example of A-strict quasi-G¢-pseudocontractive mapping
which is not A-strict quasi-¢p-pseudocontractive mapping is given below.
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Example 2.8. Let T: R — R be given by
T(x) =3x, ¥x € R.

Then, we show that T is not A-strict quasi-$-pseudocontractive but it is A-strict quasi-G¢-pseudocontractive
mapping. Suppose there exists A € [0, 1) such that

O(x*, Tx) < (x5, x) +Adp(x, Tx), Vx e H =R, x* € F(T).
This implies that
10— Tx> < [0 — x> +Alx — Tx[?,
and hence
9x? < X% + 4Ax2, Vx # 0 if and only if A > 2,

which is a contradiction to our assumption. Therefore, T is not A-strict quasi-¢p-pseudocontractive map-

ping.
Next, we show that T is A-strict quasi-G¢-pseudocontractive mapping.
It is easy to see that for any A € (0,1), we have Ad(x, Tx) > 0. Now, for any p > 0, take

f(x) = ixz, and A = %

Then, we have

G¢(0, Tx) = [I01* — 2(0, JTx) + [[TxI[* + 2pf(0)
2 2 2 2 2 1 1 (2'8)
=9x” = x"+8x" < x"+8x +§¢(X,TX) :Gf(O/X)_ZPf(O)+§(¢(X/TX)+2pf(X))-

Thus, from (2.8), we obtain that

G¢(0, Tx) < G¢(0,x) + A(Gr(x, Tx) —2pf(0)), Vx € C,

_8

2 . . . . .
o X" Therefore, T is A-strict quasi-G¢-pseudocontractive mapping.

where A = % and f(x)

Lemma 2.9. Let C be a nonempty, closed, and convex subset of a smooth and reflexive Banach space E. If T: C —
C is a closed and A-strict quasi-G¢-pseudocontractive, then F(T) is closed and convex.

Proof. First, we show that F(T) is closed. Let {x} be a sequence in F(T) such that x, — x as n — +o0.
We need to show that x € F(T). From the definition of T and the lower semicontinuity of f, we have

22200, Tx) 4 (1 Vo) = G, T)
< liminf (<x o = JTx) + pf(x) — Apf(xn)>

< limsup <<x —Xn, Jx —JTx) + pf(x) — Apf(xn)>
n—--+oo
< (x—x, Jx —JTx) 4+ pf(x) — Ap liminf f(x;)
n—--+oo
< pf(x) —Apf(x),
which implies that ¢(x, Tx) = 0. Hence, we get

Gr(x, Tx) —2pf(x) =0.
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Thus, from (2.4), we obtain that x = Tx and hence F(T) is closed. Next, we show that F(T) is convex. Let
21,20 € F(T) and z = tz1 + (1 — t)zp, where t € (0,1). We show that z = Tz. From the definition of T we
have

122612, T2) < (22, 2~ IT2) + pflz) — Nof(za), 2.9)

and
1—A

TGf(Z, Tz) < (z—2y,Jz—JTz) + pf(z) — Apf(z2). (2.10)

Multiplying inequalities (2.9) and (2.10) by t and (1 —t), respectively, yields that

t(1—A)
2

Gel(z, Tz) < t{z—2z1, Jz—JTz) + tpf(z) — tApf(z1), (2.11)

and

UmYAZN G T2) < (1= 1) (z— 22, J2— JT2) + (1 — pf(z) — (1 — tAof (z2). (212)

Adding inequalities (2.11) and (2.12) and using the convexity of f, we get

%cb(z,Tz) +(1—=A)pf(z) = %Gf(z,Tz)

<tiz—2z, Jz—JT2) + (1 —t){(z— 2, Jz— JTz) + pf(z) — Aptf(z1)
—Ap(1—t)f(z2)

<(z—(tz1+ (1 —t)zo, Jz—JTz) + pf(z) — Apf(tzg + (1 —t)zp)

= (z—2z,Jz—]Tz) + pf(z) — Apf(z) = (1 —A)pf(z),

which implies that
Ge(z, Tz) —2pf(z) = 0.

Thus, from (2.4), we get z = Tz and hence J(T) is convex. O

3. Main result

In this section, we present precise statement of our algorithm for the approximation of the split com-
mon fixed point problem (1.1). We will make use of the following assumptions for the convergence of the
proposed algorithm.

Conditions:

Cl. Let E and F be smooth and uniformly convex real Banach spaces. Let J¢ and Jr be the normalized
duality mappings on E and F, respectively.
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C2
C3
C4

C5
Cé

. Letf: E— R and h: F — R be convex and lower semicontinuous functionals that are bounded
from below.

.Let S: E — E be a closed Aj-strict quasi-G¢-pseudocontractive mapping with F(S) # 0, and
T:F — F be a closed A;-strict quasi-Gp-pseudocontractive mapping with F(T) # 0.

. Let A: E — F be a bounded linear operator with adjoint A*.

. Let Q :={x*:x* € F(S) and Ax* € F(T)} be nonempty.

. Let p; and py be positive real numbers.

Theorem 3.1. Assume that conditions C1-C6 hold. Let Co = E and for any given xo € Co, let {xn} be a sequence
generated by

Yn = Jg JeSxn — A*(JEAXn — JETAXR)],
Cny1= {Z € Cn: (xn—2z Jexn —Jeyn) + p1f(xn) —A1p1f(2) + p2h(Axn) —A2p2h(Az)

> MG (xn, Sxn) + 1522 Gh(Axn,TAxn)},

Xny1 =TT %0, >0,

where ﬂanH is the generalized f-projection of E onto Cyn4q for all m > 0. Then, the sequence {xn} converges
strongly to x* € Q, where x* = TT{, xq.

Proof. We split the proof into six steps.

Step 1. We show that Q is closed and convex. Since F(S) and F(T) are closed and convex, and A is a
bounded linear operator, Q is closed and convex.

Step 2. We show that C,, is convex for each n > 0. It is obvious that Cyp = E is convex. Suppose that
Ck is convex for some k > 0. We show that Cy 1 is convex for the same k. Let z1,zp € Cy,;1 and
z=1z1 + (1 —t)zp, where t € (0,1). It follows that

and

(xk —z1, JExk — Jeyk) + p1f(xi) —A1p1f(z1) + p2ah(Axi) — A2p2h(Az;)

1-—N 1-M

> Gr(xk, Sxi) + 5

Gr(Axy, TAXK),

(xk — 22, Jexk — Jeyk) + p1f(xi) —A1p1f(z2) + pah(Axi) — A2p2h(Azy)

1-—N 11—

> Gxx, Sxi) + Gh(Axy, TAXy).

These two inequalities imply that

and

(xk —z1, JEXk — JeYk) = 1_27)\1(3f(7<k, Sxy) + %Gh(Axk/ TAxk), (3.1)

— p1f(xk) +A1p1f(z1) — p2h(Axk) +A2p2h(Azy)

1N 1— A

Glxx, Sxi) + Gn(Axy, TAx)

(xk — 22, Jexke — Jeyx) = (3.2)

— p1f(xi) +A1p1f(z2) — p2h(Axi) + A2p20(Azy).

Now, from inequalities (3.1) and (3.2) and the convexity of f and h, we have

(xk —z, Jexk — Jeyk) + p1f(xx) —A1p1f(z) + p2h(Axy) —Azpoh(Az)
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= (e + (1 —t)xx — (tz1 + (1 —t)z2), Jexk — Jeyx) + p1f(xi) — A1p1f(z) + p2h(Axk) — A2p2h(Az)
= t(xk —z1, JExk — JeYk) + (1 —t)(xk — 22, Jexk — JeYx) + p1f(xi) — A1p1f(z) + p2h(Axy) — A2p2h(Az)

WV

1—A 1—A
t( 5 LGr(xi, Sxi) + 5 ZGh(AXk,TAXk)—p1f(Xk)+?\191f(Zl)—ch(AXk)+7\zpzh(Al1)>

1N

1—A
+(1—t)< Gf(Xk,SXk)+T2Gh(AXk,TAXk)

— p1f(xk) +A1p1f(z2) — p2h(Axk) + Azpzh(/\lz)> + p1f(xi) — A1p1f(z) + p2h(Axy) — A2p2h(Az)

= ! _2}\1 Gr(xk, Sxk) + 1= Gn(Axy, TAxy)
+ A1p1(tf(z1) + (1 — t)f(z2)) + A2p2(th(Az1) + (1 — t)h(Az2)) — A1p1f(z) — A2p2h(Az)
> TGy xk, Sxa0) 1 2 G (A, TAxi) + Aiprflz) + Aapah(Az) — Mipifl(z) — Aopah(Az)
= ! _2>\1 Gel(xk, Sxk) + L) Gr(Axyk, TAxy).
Therefore,

(xk — z, Jexk — Jeyxk) + p1f(xk) — Ap1f(z) + p2h(Axi) —A2p2h(Az)

1—A 1—A
> > 1Gf(Xk,SXk)+TZGh(AXk,TAXk),VZ€ Ck.

Then we obtain that z € Cy1. Hence, Cy1 is convex. Thus, by induction, Cy, is convex for all n > 0.

Step 3. We show that Cy, is closed for each n > 0. We proceed by induction. Since Cyp = E, Cy is closed.
Suppose that Cy is closed for some k > 0. We show that Cy; is also closed for the same k. Let {z.,} be
a sequence in Cy such that z,;, — zas m — +o0. Since Cyy; C Cy and Cy is closed, z € Cx. We show
that z € Cy41. Note that z;, € Cyq implies that

(xk —zm, JExk — Jeyk) + p1f(xk) —A1p1f(zm) + p2h(Axk) — A2p2h(Az)

1—A 1—A
5 LG (i, Sxi) + TZGh(AXk,TAXk)~

(3.3)
P

On the other hand, since A is continuous and f and h are lower semicontinuous, we have

—f(z) > — liminf f(zy,) = limsup —f(zm)
m—>—+00 m—so00
and
—h(Az) > — liminf h(Az;y ) = limsup —h(Azn).
m—-+o00 mM—00
Thus, taking lim sup as m — 400 on both sides of (3.3), we get z € Cy;1. Therefore, C;, is closed for all
n > 0. Moreover, the fact that C,, is also convex implies that it is weakly closed for all n > 0.

Step 4. We show that QO C C,, for each n > 0. It is obvious that O C Cy = E. Suppose that O C Cy for
some k > 0. For any z € Q C Cy, the definition of S and T imply that

1M G i, S0, (3.4)

(xk —z, Jexk — JeSxk) + p1f(xi) — A1p1f(z) =

and

11—

(Axk — Az, JFAxk — JFTAXy) + p2h(Axy) — A2p2h(Az) > Gn(Axy, TAXy). (3.5)
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Furthermore, from (3.4) and (3.5), we have

(xx =z, Jexk — JeYk) + p1f(xk) — AMp1f(z) + p2h(Axi) — A2pah(Az)
= (xk —z, Jexx — JeSxk + A% (JrAx — JETAXK)) + p1f(xx) — A1p1f(z) + p2h(Axy) — A2p2h(Az)
= (xx —z, Jexk — JeSxk) + p1f(xi) —Ap1f(z) + (xk — 2z, A*(JFAXK — JrTAXK)) + p2h(Axx) — A2p2h(Az)
= (xx —z, Jexx — JeSxk) + p1f(xi) —Mp1f(z) + (Axik — Az, JrAxk — JrTAXK) + p2h(Axi) — A2p2h(Az)

1—A 1—A
> 7 LGe(xi, Sxi) + Tth(AXkr TAXk),

which implies that z € Cy.1. This shows that QO C Cy 1 and hence O C C,, for each n > 0.

Step 5. We show that the sequence {xn,} is bounded and [[xy,+1 —xn|| = 0 as n — +o0. Since x,, = I"IE"XO
and Q C Cy, for all y € Q, it follows from Lemma 2.6 that

Gelxn,x0) = G¢(TTE x0,%0) < Ge(y,x0) — Gy, xn) + 2p1f(y)
= Gy, x0) — d(y,xn) < Ge(y,x0), Yy € Cn.

This implies that the sequence {G¢(xn,%o)} is bounded. Then, it follows from (2.3) that the sequence {x;, }
is also bounded. In addition, from Lemma 2.6, we obtain that

Gr(xn,x0) —2p1f(xn+1) < Gr(Xn41,%0) — Ge(Xnt1,%Xn) = Gr(Xnt1,%0) — P(Xnt1,%Xn) —2p1f(Xn1),

which implies that
Gt(xn,x0) < G¢(xn41,%0), ¥ = 0.

Hence, {G¢(xn,xo)} is increasing and so lirﬂ Gr(xn,xo) exists.
n—-4oo

Furthermore, from Lemma 2.6, we get
Gr(xn+1,%n) = Gr(xn+1, e, x0) < G(xn1,%0) — Gelxn, x0) +201f(xn 1),
which implies that
Gr(xn+1,%n) —2p1f(xn+1) < Gelxn+1,%0) — Gf(xn,x0) = 0, as n — +o0.
Therefore, by Lemma 2.5, we get that
IXni1—xnll — 0asn — +oo. (3.6)

Step 6. We show that x, — x* as n — +o0, where x* = ﬂgxo. In fact, since {x.} is bounded and E is
reflexive, there exists a subsequence {xn,} of {xn} such that x,, — X as i — +oo. Since Cp, is weakly
closed, we get x € Cy,, for all i > 1. It follows from Lemma 2.6 that

Grlxng,x0) = Gf(”EniXo,Xo) < Gr(X,x0) — Ge(X, xn,) +2p1f(X) = G(X,%0) — (X, xn,) < Ge¢(X,%0). (3.7)

On the other hand, from the weak lower semicontinuity of the norm and f together with inequality (3.7),
we have

b (%, %0) = [XI* —2(x, Jexo) + IIxol*

< Lminf(|xn,* — 2(xn,, Jexo) + IIxol*)
1—+00

= liminf ¢(xn,, x0) < limsup ¢ (xn,, Xo)
=00 i—+o0

= lim sup(G(xn;, x0) —2p1f(xn;))

i—+o00
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< lim sup(Ge(xn,, x0) + limsup(—2p1f(xn,))

i—+o00 i—+o00
< Gr(X,x0) —2p1 liminf f(xy;)
1—+00
< Gr(X,x0) —2p1f(X) = d(X, x0),

which implies that

im d(xn;, x0) = d(X,x0). (3.8)
1—+00
Hence, we have |[xn,|| — ||| as i = +oo0. Then by the Kadec-Klee property of E, we obtain x,, — X as
1 — +o0.
Moreover, the weak lower semicontinuity of f together with (3.7) and (3.8) yield

2p1f(x) < liminf2p;f(xn,) < limsup 2p1f(xn,) = limsup (G¢(xn, x0) — $(xn, x0))
1—+00

i—+o0 i—+o00
< limsup G¢(xn,, xo) + limsup (—d(xn;, x0))
i—+oo i—+oo

= hlri il;p Gt(xn;, x0) — liig+igof ¢ (xn;, x0)
< Ge(X, x0) — (X, x0) = 2p1(X).
Hence, we obtain
f(xn;) — f(X) as 1 — +o0. (3.9)
Since, Axn, — AX as i = +00, one can also easily show that
h(Axn,) = h(AX) as i = +o0. (3.10)
Furthermore, the fact that x,,, 11 = nfcniHXO € Cpn,+1 implies

1— A\ 11—

Gf (XTLU SX'TL'1 ) - ZPlf(Xni ):| +

1—A 1—A
= 2 1Gf(Xni,SXni) + 2 2
< (Xny = X1 JEXng — JEYny) + P1f(xn) —Aip1f(xn+1) + p2h(Axn,) — A2p2h(Axn, 11)
— (T —=A)p1f(xn;) — (1 = A2)p2h(Axn,)

= (Xny = Xn+1, JEXn; — JEUny) + Me1f(xn) —A1p1f(xn 1) + A2p2h(Axn, ) — A2p2h(AXp 41)-

|:Gh (AXTLU -I—AX'TL'1 ) - 2pzh(AXn1)

Gh(Axn, TAXn,) — (1 = A1)p1f(xn,) — (1 = A2)p2h(Axn,)

This together with (3.6), (3.9), and (3.10) imply that
Gt(xny, Sxn;) —2p1f(xn,) = 0 and G (Axn,, TAxn,) —2p2h(Axn,) = 0as i — +oo.
In view of Lemma 2.5, we arrive at
ISxn; —Xn |l = 0 and [[TAxn, — Axn |l = 0. (3.11)
Now, the fact that x,,, — X and Ax,, = AX as i = 400, and
ISxn, —XI| < [[Sxn, —Xn;ll + xn; =XI, and [[TAxn, — AX|| < [[TAXn, — Axn, ||+ [|Axn, — AX]],
with inequality (3.11), we obtain that

Sxn, = X and TAx,, = AX as i — +o0.
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Thus, from the closedness of S and T, we get X = SX, thatis, X € F(S) and Ax = TAX and hence Ax € F(T).
Therefore, x € Q). Finally, we show that X = x* = ﬂgxo. Indeed, we obtain from x,, = ﬂfcn. xo that

(xni =Y, Jexo — Jexn,) + 01f(y) — p1f(xn,) 2 0, Yy € Cr,.
In particular, we have
(Xn, —w, Jexo — Jexn,) + p1f(w) — p1f(xn,) =0, Yw € Q. (3.12)
Taking the limit as i — +o0 in (3.12), we obtain that
(Xx—w, Jexo—Jex) + p1f(w) — p1f(X) > 0, Vw € Q.

Hence, we obtain from Lemma 2.4 that X = ﬂ}zxo. Since {xn,} is arbitrary subsequence of {x,}, we
conclude that x,, — X = x* = TT§,x¢. This completes the proof. O

Corollary 3.2. Assume that conditions C1,C4, and C5 hold. Let h : F — R be convex, lower semicontinuous
functional bounded from below. Let S : E — E be a closed Ai-strict quasi-b-pseudocontractive mapping, and
T : F — T be a closed Ay-strict quasi-Gy-pseudocontractive mapping. Let p > 0 and Co = E. For any given
xo € Co, let {xn} be a sequence generated by

Yn = IEl[]ESXn - A*(IFAXTL - IFTAXn)]/
Chy1 = {Z € Cn: <Xn —z,JEXn — ]Eyn> + ph(Axn) —A2ph(Az)

> Mg (x, Sxn) + 1—2A2Gh(Axn,TAxn)},

Xn+1 =Ic, ,x0,Vn >0,

where Tlc, | is the generalized projection of E onto Cy 11 for all n > 0. Then, the sequence {xn } converges strongly
to x* € Q, where x* = Tl Xxg.

Proof. The conclusion follows from Theorem 3.1 with f = 0. O

In Theorem 3.1, if we take h = f = 0, we obtain the following corollary.

Corollary 3.3. Assume that conditions C1,C4, and C5 hold. Let S : E — E be a closed Aj-strict quasi-¢-
pseudocontractive mapping and T : F — F be a closed A-strict quasi-d-pseudocontractive mapping. Let Co = E
and for any given xo € Co, let {xn} be a sequence generated by

Yn = Jg JeSxn — A*(JFAXn — JFTAXR)],
Cn+1 = {Z € Cn: <Xn -z, ]Exn — ]Eyn> = 1_2)\1 dD(Xn, an) + 1EA2¢(AXn/ TAXn)}/

Xn+1 = nCn+1XO/ vn 2 0/

where Tl¢c ., is the generalized projection of E onto Cy, 1 for alln > 0. Then, the sequence {xn } converges strongly
to x* € Q, where x* =T xo.

Corollary 3.4. Assume that conditions C1, C2, and C4-C6 hold. Let S: E — Eand T : F — F be closed 0-strict
quasi-G¢-pseudocontractive and 0-strict quasi-Gy-pseudocontractive mappings, respectively. Let Co = E and for
any given xo € E, let {xn} be a sequence generated by

yn = Jg JeSxn — A*(JrAXR — JrTAXR)),
Chp1 = {z € Cnt (xn — 2z, JeXn — JEYn) + p1f(xn) + p2h(Axn) = 3G¢(xn, Sxn) + %Gh(Axn,TAxn)},
Xnil = ﬂ‘chon,Vn >0,

where ﬂanH is the generalized f-projection of E onto Cyyq for all n > 0. Then, the sequence {xn} converges
strongly to x* € Q, where x* = TTf, xo.
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Proof. The conclusion follows from Theorem 3.1 with A; = A; = 0. O

In Corollary 3.4, if we take h = f = 0, we obtain the following corollary.
Corollary 3.5. Assume that conditions C1, Cy, and C5 hold. Let S: E — Eand T : F — F be closed quasi-¢-
nonexpansive mappings. Let Co = E and for any given xo € E, let {xn} be a sequence generated by
Yn = Jg ' JeSxn — A% (JrAXn — JFTAXn)],
Cn+1 = {Z € Cn: <Xn —z, IEXn - IEyn> P %(b(xn/ an) + %‘b(AXn: TAXn)}/
Xn41 = ”CTH_] X0, vn 2 0/
where Tlc ,, is the generalized projection of E onto Cy 1 for alln > 0. Then, the sequence {xn } converges strongly
to x* € Q, where x* =Tl xo.

We observe that in the definition of A-strict quasi-G¢-pseudocontractive mapping, if we assume f(x*) =
0 for all x* € F(T), then (2.6) reduces to

d)(X*/ TX) < d)(X*/X) + AGf(X/ TX)
and (2.7) reduces to

1—A
(x —x*, Jx = JTx) + pf(x) > TGf(X,TX), vx € C,x* € F(T).

4. Applications

4.1. Application to the split common null point problem

Let E be a reflexive, strictly convex, and smooth Banach space. Let M : E — 2F" be a maximal
monotone mapping such that M~1(0) is nonempty. For any r > 0, the generalized resolvent of M (see
[16, 35]) is defined by

Jox = (Je +T‘M)_1]EX, Vx € E.

We remark that J, is closed and quasi-¢p-nonexpansive from E onto dom(M) with F(J,) = M~1(0) # 0,
where dom(M) is the domain of M (see, for example, [16]). Notice that quasi-¢-nonexpansive mapping is
a special case of A-strict quasi-G-pseudocontractive mappings with A = 0 and f = 0 (the zero function).

Let E and F be two real Banach spaces, and M : E — 28" and N : F — 2F" be two maximal monotone
mappings such that M~1(0) # () and N~1(0) # 0, respectively. Let A : E — F be a bounded linear
operator. The so-called split common null point problem is to

find x* € E such that 0 € Mx* and 0 € N(Ax*). 4.1)
The following theorem approximates the solution of common null point problem given in (4.1).

Theorem 4.1. Let E and F be smooth and uniformly convex real Banach spaces. Let Jg and J¢ be the normalized
duality mappings on E and F, respectively. Let M : E — 28 and N : F — 2F" be two maximal monotone mappings.
Let ] and Q¢ be the generalized resolvents of M for v > 0 and N for t > 0, respectively. Let A : E — F be a bounded
linear operator with the adjoint operator A*. Suppose that Qp = {x* € E : x* € M1(0) and Ax* € N71(0)} # 0.
Let Co = E and for any given xg € E, let {xn} be a sequence generated by

yn = Jg Uefrxn — A*(JrAXn = JrQiAxn )],
Cny1 = {Z € Cn: (Xn —2z JeXn —JEYn) = %¢(Xn, Jrxn) + %d)(AXn/ QtAXn)}/
Xn41 = nCn+1xO/ vn > O/

where Tlc ., is the generalized projection of E onto Cy 1 for alln > 0. Then, the sequence {xn } converges strongly
to x* € Qp, where x* =Tl g, Xo.

Proof. Since ], and Q¢ are both closed and O-strict quasi-Go pseudocontractive mappings and J(];) =
M~1(0), F(Q¢) = N~1(0), the conclusion follows from Theorem 3.1. O
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4.2. Application to the split quasi-inclusion problem

Let E be a reflexive real Banach space with E* as its dual space. Let M : E — 2F" be a maximal
monotone mapping. Then the resolvent Resyy : E — E of M for A > 0, is defined by

Resant = (Jg +AM) Lo,

where J¢ denotes the normalized duality mapping on E. The mapping M is called Bregman inverse
strongly monotone if for any x,y € E and each u € Mx,v € My, we have

(u—v,Jg(Je(x) —w) = Je(Je(y) —v)) = 0.
For any operator M : E — E*, the anti-resolvent M, : E — E of M, for A > 0, is defined by
My =Jg o (Je —AM).
We have the following lemma due to Tang et al. [38].

Lemma 4.2 ([38]). Let E be smooth, strictly convex and reflexive real Banach spaces. Let My : E — E* be a
Bregman inverse strongly monotone mapping and My : E — 2¥ be a maximal monotone mapping. Define a
mapping Ty by Tax := Resang, o Mya(x) for x € E and A > 0 such that F(Ty) is nonempty. Then, the following
holds:

(i) F(Ta) = (M +M2) 1 (0);
(ii) Ty is quasi ¢-nonexpansive mapping.

Let E be smooth, strictly convex and reflexive real Banach spaces, and J¢ and Jf are the duality
mappings on E and F, respectively. Let M; : E — 2F" and M, : F — 2F" be maximal monotone mappings
with the resolvent mappings Res,y¢, for r > 0 and Resyyy, for t > 0, respectively. Let B; : E — E* and
B, : F — F* be Bregman inverse strongly monotone mappings, A : E — F be a bounded linear mapping
with the adjoint operator A*. The so-called split quasi-inclusion problem is to find a point x* € E such
that

0 € Mx* +Byx* and 0 € MyAx* 4+ BoAx™. 4.2)

The following theorem approximates the solution of split quasi-inclusion problem given in (4.2).

Theorem 4.3. Let E and F be smooth and uniformly convex real Banach spaces. Let Jg and J¢ be the normalized
duality mappings on E and T, respectively. Let My : E — 28 and My : F — 2F be maximal monotone
mappings. Let By : E — E* and By : F — F* be Bregman inverse strongly monotone mappings, A : E — F be
a bounded linear operator with adjoint A*. Let TAx := Resang, © J£ (Je —AB1)(x) for x € Eand A > 0 and S,x =
Res;a, o JE(JE —1B2)(x) for x € Fand r > 0. Suppose that Q3 = {x* € E : x* € (M; + B1)~1(0) and Ax* €
(M, + Bz)*1 (0)} # 0. Let Co = E and for any given xg € E, let {xn} be a sequence generated by

Yn = IEl UET?\Xn - A*(IFAXTL - IFSTAXTL)]/

Cn+1 = {Z eCn: <Xn —Z, ]Exn - ]Eyn> P %d)(xn/ T)\Xn) + %q)(AXn/ SrAXn)}/

Xny1 =TIlc, ., x0,Vn >0,

where ¢, | is the generalized projection of E onto Cyy 11 for all n > 0. Then the sequence {xn,} converges strongly
to x* € Qz, where x* =Tlg,xo .

Proof. Note that by Lemma 4.2, we have
F(Ta) = (M +B1)71(0) and F(Sy) = (My +B) ' (0).

Moreover, we observe that T and S, are quasi-¢p-nonexpansive mappings and hence they are O-strict
quasi-Go-pseudocontractive mappings. Therefore, the conclusion follows from Theorem 3.1. O
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5. Numerical example

Example 5.1. Let H; = R and H; = R% Let S : H; — Hy, f: Hy — [0,400), T: H — H, and
h:Hy; — [0,+00) be defined by

8 X1 3x1 X1> 8 »
S(x1) =3xy, f(x1) = —x2, T = ,h = —x2.
(x1) = 3xq, f(x1) o X1 <X2> < 0 ) <X2 ple

Let A : R — R? be a bounded linear mapping defined by

A= ().

Then, it is easy to see that A* = (1 1), S and T are 3-quasi-G¢-pseudocontractive and 1-quasi-Gp-
pseudocontractive mappings, respectively. It is also easy to observe that 0 € O = {x* € F(S) : Ax* € F(T)}.

For any given xg € Co = R, the sequence {x,} generated by (3.1) reduces to:

41
Yn =4xn, Cny1= {z € Cn : 3lzllxnl + 137(%L —82% > ngl}' Xnil = Panon,Vn > 0.
The numerical experiments were carried out using MATLAB R2020a version and we obtain the following

table and graph.

Table 1: Some values of xy, in the experiment.
Number of iteration=n Values of x,,

0 rand(1)=xg
10 4.2251e — 04
20 1.3675e — 07
30 3.1706e — 10
40 8.6405e — 13
50 4.9055e — 16
60 3.3583e — 19
70 1.1166e — 21
80 1.1535e — 25
90 3.0344e — 27

100 2.7840e — 30

o o o o o
w ES o =Y ~
T I

Values of the sequence: x,

Q
%)

o

o

0 20 40 60 80 100 120
Number of iterations=n
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6. Conclusion

In this paper, an iterative algorithm for approximating the solution of the split common fixed point
problem involving A-strict quasi-G¢-pseudocontractive mappings is constructed in the setting of two Ba-
nach spaces using functional G¢(.,.). Strong convergence results of the proposed algorithm to a solution
of the split common fixed point problem is established. Furthermore, some applications of the proposed
method and numerical experiments are presented. The results obtained in this paper extend, unify and
complement many of the results in the literature. For instance, the results in this paper enhances and
generalizes the work of Takahashi and Yao [36] to Banach spaces more general than Hilbert spaces. In
addition, the results in this paper improve and generalize the work of Liu et al. [19] in the sense that
the results in this paper are valid for the class of A-strict quasi-G¢-pseudocontractive mappings which
properly includes the class of A-strict quasi-¢-pseudocontractive mappings.
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