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Abstract

The goal of this study is to introduce the concept of a new type of the hybrid algebra between Abelian groups and UP
(BCC)-algebras: UP (BCC)-modules. We introduce the concept of fuzzy UP (BCC)-submodules of UP (BCC)-modules and
provide properties and find the necessary and sufficient conditions for this concept. We define fuzzy sets in UP (BCC)-modules
of many forms, supplying their properties and their relation to fuzzy UP (BCC)-submodules. We also define and study the
fuzzy UP (BCC)-submodule generated by a set of fuzzy sets in UP (BCC)-modules, as well as provide for their properties and
their relation to fuzzy UP (BCC)-submodules. Finally, we apply the concept of fuzzy UP (BCC)-ideals of UP (BCC)-algebras
while providing properties and find the results of the composition and the product between fuzzy UP (BCC)-ideals and fuzzy
UP (BCC)-submodules.
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1. Introduction and preliminaries

In 2017, lampan [9] established the UP-algebras branch of logical algebra, and it is well known that the
KU-algebras class [24] is a proper subclass of the class of UP-algebras. It has been studied by a number of
researchers. For instance, Somjanta et al. [32] studied fuzzy sets in UP-algebras, Kesorn et al. [17] studied
intuitionistic fuzzy sets in UP-algebras, Tanamoon et al. [36] introduced the notion of Q-fuzzy sets in UP-
algebras, and Senapati et al. [29, 30] applied cubic sets and interval-valued intuitionistic fuzzy structures
in UP-algebras. Fuzzy UP-subalgebras (fuzzy UP-filters, fuzzy UP-ideals, fuzzy strong UP-ideals) with
thresholds of UP-algebras were presented by Dokkhamdang et al. [7]. Ansari et al. [2] established a
graph of equivalence classes of commutative UP-algebras and proposed the idea of graphs associated
with commutative UP-algebras. Songsaeng and Iampan [33-35] investigated N-fuzzy sets, fuzzy proper
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UP-filters, and neutrosophic sets in UP-algebras. The idea of BCC-algebras (see [18]) and the idea of
UP-algebras (see [9]) are the same ideas, according to Jun et al. [16] in 2022. In order to show respect for
Komori, who initially defined it in 1984, we shall refer to it as BCC rather than UP in this paper.

A module is an action of algebraic structures on groups. It has been studied in different kinds of
algebraic structures. Examples of these are L-modules [20], BCK-modules [1], extended BCK-modules,
and multiplication extended BCK-modules [5]. In 1975, Naegoita and Ralescu [22] introduced the concept
of fuzzy submodules. In 1987, Pan [23] introduced the construction of fuzzy finitely generated modules.
The product of a fuzzy ideal and a fuzzy submodule and the sum of two fuzzy submodules were defined
by Kumar et al. [19] in 1995. Several researchers have studied the concept of fuzzy submodules in dif-
ferent fields. Zahed [38] studied L-fuzzy residual quotient modules and P-primary submodules. In 2011,
Bakhshi [4] introduced fuzzy BCK-submodules and studied their properties. He also studies the fuzzy
BCK-submodule generated by a set of fuzzy sets in BCK-modules. Moreover, he presented some opera-
tions of fuzzy BCK-submodules. As was already indicated, we think that studying fuzzy submodules is
important and fascinating, which is how we came to investigate this topic.

In 1965, Zadeh [37] was the first to propose the idea of fuzzy sets. Many applications in the field of
mathematics and other fields have been made possible by the fuzzy set theories created by Zadeh and
others. Several studies have been carried out on the extensions of the concept of fuzzy sets and their
application to a wide range of algebras, for example, in 2016, Somjanta et al. [32] introduced the notion
of fuzzy sets in BCC-algebras. In 2019, Burandate et al. [6] applied the notion of fuzzy sets with respect
to a triangular norm to BCC-algebras. Songsaeng and Iampan [34] introduced fuzzy proper BCC-filters
of BCC-algebras.

The goal of this study is to introduce the concept of a new type of the hybrid algebra between Abelian
groups and BCC-algebras: BCC-modules. In this article, after Section 1, where we have outlined the
origins and inspiration, we have divided the content into the following six sections. In Section 2, we
introduce the concept of BCC-modules and provide various properties for use in the following sections. In
Section 3, we introduce the concept of fuzzy BCC-submodules (FBCCSMs) of BCC-modules and provide
properties and find the necessary and sufficient conditions for this concept. In Section 4, we define fuzzy
sets in BCC-modules of many forms, supplying their properties and their relation to FBCCSMs. In Section
5, we define and study the FBCCSM generated by a set of fuzzy sets in BCC-modules, as well as provide
for their properties and their relation to FBCCSMs. Finally, in Section 6, we provide properties and use
the notion of fuzzy BCC-ideals (FBCCIs) of BCC-algebras. Additionally, we discover the composition and
product outcomes between FBCCSMs and FBCClIs.

Without the need of the expression (1.1), the idea of BCC-algebras (see [18]) may be described as
follows.

Definition 1.1 ([8]). If the following axioms are true, an algebra of the form U = (U;-,1) of type (2,0) is
said to be a BCC-algebra, where U is a nonempty set, - is a binary operation on U, and 1 is a fixed element
of U:

(Vu, t, GEU)((L o)-(v-1)-(v-0))=1), (BCC-1)
(Vo eU(1- V), (BCC-2)
MWwel)(v-1=1), (BCC-3)
(Ww,teW)(v-t=1Li-v=1=v=1). (BCC-4)

A partial ordering < is defined on a BCC-algebra U = (U;-,1) by
(VW,teWv<iesvL=1).

See [2, 3, 10, 11, 21, 25-27, 29, 30] for additional BCC-algebra research and examples.
In a BCC-algebra U = (U; -, 1), the following assertions are valid (see [9, 10]).

VWwell)(v-v=1), (1.1)
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)( )
Yu,LoeW(v-t=1=( ),
Yv,LoeW(v-t=1= (t-0)-(v-0)=1),

Y, ,0 € U)(vo(tov) =1, in particular, (toc)o (vo(too)) =1),
Yuo,Le U)((t-v)-v=1v=1-v),
Yu,te Ww-(t-1)=1),

Yo,LoeW(v-t=1=v-(c-1)=1),
Yu,,oe W(((v-1)-0)-(L-(L-0))=1),
Va,v,,c e W(((v-1)-0)-(t-(a-0)) =1).

o

Example 1.2 ([27]). Suppose that U is a nonempty set and that X is in the P(U), where P(U) denotes the
power set of U. Let Px(U) ={Y € P(U) | X CY}. Put A-B =BnN(A’UX), VA,B € Px(U) to define the
binary operation - on Px(U), where A’ means the complement of a subset A. Hence, (Px(U),-,X) is a
BCC-algebra. Let PX(U) ={Y € P(U) | Y C X}. Put A*xB = BU(A'NX), VA,B € PX(U) to define the
binary operation * on PX(U). Hence, (PX(U), *,X) is a BCC-algebra.

Definition 1.3. A BCC-algebra U = (U;-,1) is said to be

(i) bounded if there is an element 0 € U such that 0 < v, Yv € U, that is,

Vv elW(0-v=1); (Bounded)
(ii) meet-commutative [28] if
(Vv,Le W(vAL=1LAv), (Meet-commutative)
where
(Vu,te WAL= (L-v)-v). (Meet)

2. Introducing BCC-modules

In this section, we introduce a system of the hybrid algebra between BCC-algebras and Abelian groups
in a form similar to the well-known modules. This new algebraic system is called BCC-modules, which
is defined as follows.

Definition 2.1. By a left BCC-module (briefly, BCC-module) over a BCC-algebra U = (U;-, 1), we mean an
Abelian group G = (G;+,0) with an operation U x G — G with (v,n) — vun that satisfies the following
axioms:

(Vv,Le U,vn e G)((LAUn =v(n)), (BCCM-1)
(Vv el,vyn,me G)(v(n+m) =vn+vm), (BCCM-2)
(Vn e G)(In =0). (BCCM-3)

The followings are examples that support the above definition.

Example 2.2. Let A be a nonempty set and U = P(A). Then (U;+, ) is an Abelian group with n+m =
(n—m) U (m—n) for any n,m € U. By Example 1.2, we get (U;-, () is a BCC-algebra. Hence, U is a
BCC-module over itself with vn =vNn, Yu,n € U.
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Proof.
(UPM-1) Letv,,n € U. Then

tNvNn)u ' Nn(vnn))
(tnv)Nn)U((v Nv)Nn)
=((tnu)Nn)U(@nmn)
vNYNN)ud

vNLyNn

N(tNn)

—

(UPM-2) Letv,n,m € U. Then

vn+m)=v(n—m)U(m—n))
=vN(nNnmH)u(mnn’))
=vnNnnmnnNnm)HUnmnn’)
( )N ’) U((vnmjnn’)
( )N um)u(vnm)n e’ un’))
(vNn)nN (vﬂm))u((vﬂm)ﬂ(vﬂn)’)
( )
= (

(vNn

(vNn

—(vNnm))U((vNnm)—(vNn))

vn—uvm)U (vm—vn)

(vNn

=vn+uvm.
(UPM-3) Letn € U. Then
n=0Nn=0>0.
Hence, U is a BCC-module over itself. O

Example 2.3. Let A be a nonempty set and U = P(A). Then (U; +, A) is an Abelian group withn+m =
(mNm)U (mUn)’ for any n,m € U. By Example 1.2, we get (U; %, A) is a BCC-algebra. Hence, U is a
BCC-module over itself with vn =vUn, Vv, n € U.

Proof. Letv,i,n, m € U. Then we have following.

(UPM-1) Letv,,n € U. Then
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=((vUyynNnA)un
=(vUuiun
=vU(tun)

=v(in).
(UPM-2) Letv,n,m € U. Then

vn+m)=vU(mn+m)
(mumn)”)
=vU((nNnm)u(m’ nn’))
=(umnnm))u(m' nn’)
=AN(UmNm))U(m’ nn’))

=vU((nNnm)U
U

=(vumnnm)uv)Nnumnm))u(m’' nn’))
=(vumnnm))u @ Nnim nNn’))

=(umnnNnm))U(vu(mun))’

=((vun)N(vum)U((vum)u(vun))’

= (unNuvm) U (vmuUvn)’

=uvn-+uvm.
(UPM-3) Letn € U. Then
An=AUn=A.
Hence, U is a BCC-module over itself.

Definition 2.4. A BCC-module G over U is said to be

(i) unitary (when U is bounded) if

(Yn € G)(On =n);

(i) separability if

(Vo eU,Vn € G)(vn =n);

(iii) distributive if

(Vw,LeU,yn,me G)(vn+um= (VALY (n+m)).

(Unitary)

(Separability)

(Distributive)

For convenience, we define G as a BCC-module G over U until further described, where we shall let

U = (U;-,1) be a BCC-algebra and G = (G; +,0) an Abelian group.

Proposition 2.5. Let v,v; € Wand n,ni € G, Vi€ {1,2,...,k}. Then

(i) (Vv €U, ¥n e G)((1Av)n =0);
(i) (Vv € U)(v0 = 0);
(iii) (Vv € U,Vn € G)((vA1)n =0);
(iv) (Vo €U, ¥n € G)((vAv)n =vn);
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(v) (Vv el,vn € G)(—uvn =v(—m));

(vi) (Vo el,yn,m e G)(v(n—m) =vn—vm);
(vii) (T4 vine) = T vil-mo),
Proof.
(i) Letv € UWand n € G. Then

(1Av)n=1(vn) (BCCM-1)
=0. (BCCM-3)
(ii) Let v € U. Then
v0+v0 =v(0+0) (BCCM-1)
= 0.

Thus v0 is an idempotent element in G, that is, v0 = 0.
(iii) Letv € UWand n € G. Then

(LA =v(1n) (BCCM-1)
=10 (BCCM-3)
=0. (ii)

(iv) Letv € Wand n € G. Then
(vAvVIn=((v-v)-v)n (Meet)
=(1-vn (L.1)
=vn. (BCC-2)

(v) Letv € Wand n € G. Then
vm+v(—n) =v(n+(—n)) (BCCM-2)

=0

—0. (i)

Thus v(—n) is the inverse element of un, that is, —vn = v(—n).

(vi) Letv € U and n, m € G. Then

v(n—m) =v(n+(—m))

=vn+v(—m) (BCCM-2)
=uvn+ (—uvm) (v)
=uvn—uvm.

(vii) Letvie Uandn; € G,Vi=1,2,3,...,k. Then

K K
D vini+ ) vil—ny) = (Ling Fvoma + - F V) + (V1(—Ty) +va(—N2) - Vi (—M)
i1 i1

=vny +vony 4+ - - +VNk +v1(—n1) —|—v2(—n2) + - —i—vk(—nk)
= (Vg +v1(—q)) + (Long +v2(—m2)) + - - - + (Vknk + Vi (—Mk))
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=v1(ng + (—mq)) +v2(nz + (—m2)) + - - - F oy + ()
= Ul(O) +U2(0) + - +Uk(0)

=040+---40
=0.
Thus Z]f:l vi(—my) is the inverse element of Zlle viny, that is, —(Z]le ving) = Zlle vi(—my). O]

Definition 2.6. A subgroup N of G is called a BCC-submodule of G if N is a BCC-module over U under the
same multiplication, which is defined on U and G.

Theorem 2.7. A nonempty subset A of G is a BCC-submodule if and only if a —b,va € A, Vv € UWand a,b € A.

Proof. Assume that A is a BCC-submodule of G. Let v € U and a,b € A. Since A = (A;+,0) is a group,
we have a —b € A. Since A is a BCC-module over U, we have va € A.

Conversely, assume that a —b,va € A, Vv € Uand a,b € A. Since a—b € A, Va,b € A, it follows
from subgroup criterion that A is a subgroup of G. Since va € A, Vv € U and a € A, we have the
map (v,a) — va € A is well-defined. Since G satisfies (BCCM-1), (BCCM-2), and (BCCM-3), we have A
satisfies those axioms. Hence, A is a BCC-module over U, that is, it is a BCC-submodule of G. O

3. Fuzzy sets in BCC-modules

In this section, we introduce the concept of FBCCSMs of BCC-modules and provides properties and
tinds the necessary and sufficient conditions for this concept.

A fuzzy set (FS) [37] in a nonempty set U is defined to be a function p: U — [0,1] C R. If a FSin U is
a constant function, we refer to it as being constant. We define 0y and 1y represent the constant FSs in U
that map every element of U to 0 and every element of U to 1, respectively.

Definition 3.1. A FS @ in G is called a fuzzy BCC-submodule (FBCCSM) of G if

(Yn,me G)(@(n+m) > min{o(n),®(m)}), (FBCCSM-1)
(Vn € G)(@(—m) = @(n)), (FBCCSM-2)
(Vv el,vn € G)(@(vn) = @(n)). (FBCCSM-3)

From now on, we define F(G), FS(G), and F(U) as the set of all FSs and FBCCSMs of a BCC-module G
over U, and the set of all FSs in U, respectively.
The following definition describes the binary relation < on F(G):

(V@,B € F(G))(@ < B & (Vn e G)(@n) < B(n))).
The definition of the binary relation < on F(U) is the same as that of F(G).

Example 3.2. Let U ={0, 1,2, 3} be a set that has the binary operations - and +, which are each described
by the corresponding tables:

Jo1 23 +/01 23
0[o 1 2 3 0[0 1 2 3
1{0 022 1103 2
2101 01 212 301
3]0 000 313210
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Then U = (U;-,0) is a BCC-algebra and U = (U;
itself with an operation defined by the following table:

0123
0[0 000
110 101
200 0 2 2
30123

Now, let o, 91 € [0,1] be such that g < p1. We define a FS @ on U as follows:

( 01 2 3 >
W = .
1 Ho Ko Ko
Hence, @ is a FBCCSM of U.

Theorem 3.3. If @ € F(G) satisfies (FBCCSM-3), then
(vn e G)(@(0) = @(n)).

Proof. Assume that @ satisfies (FBCCSM-3). By (BCCM-3), we have @(0) = @(1n) >

Theorem 3.4. Let @ € F(G). Then @ € FS(G) if and only if it satisfies (FBCCSM-3) and
(Vn,m e G)(@(n—m) > min{o(n),®(m)}).
Proof. Assume that ® € FS(G). Then (FBCCSM-3) holds. Let n,m € G. Then

om—m)=@n+(—m))
> min{®(n), ®(—m)}
=min{®(n),®(m)}

Conversely, assume that (FBCCSM-3) and (3.2) hold. Let n € G. Then

o(-n)=o(0—mn)
=®(In—mn)
> min{@(In), @(n)}
> min{@(n), ®(n)}
=®(n)

and

Thus @(—n) = @(n), this means that (FBCCSM-2) holds. Let n,m € G. Then
on+m)=odn—(—m))
> min{®(n), ®(—m)}
= min{@(n),®(m)},

this means that (FBCCSM-1) holds. Hence, @ is a FBCCSM of G, that is, @ € FS(G).

+,0) is an Abelian group. Thus U is a BCC-module over

(3.1)

@(n), ¥yn € G. O

(3.2)

(FBCCSM-1)
(FBCCSM-2)

0—m=-—m
(BCCM-3)
(3.2)
(FBCCSM-3)

—(—m) =n
0—m=-—"m
(BCCM-3)
(3.2)
(FBCCSM-3)

—(—m)=n
(3.2)
(FBCCSM-2)

O
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Theorem 3.5. Let G be unitary and @ € F(G). Then @ € FS(G) if and only if it satisfies (3.1) and
(Vv,Le U,¥yn,m € G)(@(vn —um) > min{®o(n),®(m)}). (3.3)

Proof. Assume that @ € FS(G). Letv,t € UWand n,m € G. Then

@(0) = @(In) (BCCM-3)
> @(n) (FBCCSM-3)
and
@(vn—um) > min{o(vn), ®(tm)} (3.2)
> min{®(n), ®(m)}. (FBCCSM-3)

Conversely, assume that (3.1) and (3.3) hold. Let v, € U and n,m € G. Then

@(vn) = @(vn—0)
= ®@(vn—1(0)) (BCCM-3)
> min{@(n), ®(0)} (3.3)
=o(n) (3.1)
and
®n—m)=o(0n—0m) (Unitary)
> min{®(n),®(m)}, (3.3)

this means that (FBCCSM-3) and (3.2) hold. Hence, by Theorem 3.4, we have @ is a FBCCSM of G, that
is, @ € FS(G). O

Definition 3.6. Let @ € F(G). For all p € [0, 1], the set
U(@;9) ={neGlo(n) > p}
is called an upper p-level subset of @.
Theorem 3.7. Let @ € F(G). Then @ € FS(G) if and only if Vo € [0,1],0 # U(®; p) is a BCC-submodule of G.

Proof. Assume that @ € FS(G) and let p € [0, 1] be such that U(®; p) is nonempty. Let v € U and n,m €
U(®; p). Then @(n) > p and @(m) > g. By (3.2) of Theorem 3.4, we have @(n—m) > min{@(n), ®(m)} >
p. Thus n —m € U(®; p). By (FBCCSM-3), we have @(vn) > @(n). Thus vn € U(®; p). By Theorem 2.7,
we have U(®; p) is a BCC-submodule of G.

Conversely, assume that Ve € [0,1],0 # U(®; p) is a BCC-submodule of G. Letv € U and n,m € G.
Put o = min{®@(n),®(m)}. Then ®(n) > p and @(m) > p, so n,m € U(®;p) # 0. By assumption,
U(@; ) is a BCC-submodule of G. Since U(®; p) is a subgroup of G, we have n —m € U(®@; ). Thus
@®(n—m) > p = min{@(n), ®(m)}, this means that (3.2) holds. Put s = ®(n). Then n € U(®@;s) # 0.
By assumption, U(®;s) is a BCC-submodule of G. Since U(®;s) is a BCC-submodule over U, we have
vn € U(®@;s). Thus @(vn) > s = @(n), this means that (FBCCSM-3) holds. Hence, by Theorem 3.4, we
have @ is a FBCCSM of G, that is, @ € FS(G). O
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4. Some properties of fuzzy sets in BCC-modules

In this section, we define FSs in BCC-modules of many forms, supplying their properties and their
relation to FBCCSMs.

Definition 4.1. Let k € N, ®,@; € F(G), Vi € {1,2,...,k}, and v € U. We define FSs Y_ ¥ | @i, —®, and
v in G as follows:

- K
(VneG)(() @i)(n)= sup {min{®:(ai)}}),

i=1 n=y{;ai
(Vn € G)((—@)(n) = @(-m)),
(Vn € G)((v@)(n) = sup {@(m)}).

n=vm
If o; =®,Vie{l,2,...,k}, then Z]'le @; is denoted by k.

Definition 4.2. For all i € {1,2,...,k},®; € F(G) is said to have the same tip if ®;(0) = @;(0), Vi,j €
1,2,..., k.

Proposition 4.3. Let @i, @, P,y € F(G), Vi€ {1,2,...,k}. Then
(i) (I®)(0) > @(n), Vn € G;
(ii) if G is unitary, then 0@ = @;
(iii) if @ < B, thenvo <vp, Vv € U;
(iv) if G is unitary and 0 < 0B, then v < VP, Yv € W,
v) WA =v(w), Vv, L€ U;
(vi) if @i < B, VL E€{1,2,... K} then Y5 @i < Y& By
(vil) @(n) € (v@)(vn), Vv e Uand n € G;
(viii) (Vv € W) (@(n) < y(un), vn € G if and only if v < v);
(ix) if @1 € FS(G) and has the same tip, Vi € {1,2,...,k}, then @; < Z]-le 5,
x) o+ B)(vn+wm) > min{fo(n), (M)}, Vo,L € Uand n,m € G;

(xi) (v + B)(vn—um) > min{@(n), f(—m)}, Vv, € Wand n, m € G, in particular, if (FBCCSM-2) holds,
then (V@ + p)(vn —um) > min{@(n), (M)}, Vv,L € Uand n,m € G;

(xii) if vy = v@ + B for v,v € U, then y(un —um) > min{®@(n), B(—m)}, Vn,m € G, in particular, if
(FBCCSM-2) holds, then y(un — um) > min{o(n), f(m)}, yn,m € G.

Proof.
(i) Letn € G. Then

(1@)(0) = sup{@(n)} = sup{@(n)} > @(n).
0=1n neG

Hence, (1@)(0) > @(n), Vn € G.
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(ii) Assume that G is unitary. Let n € G. Then
(O@)(n) = sup {@(m)}
n=0m

= sup {@(m)} (Unitary)

m=n
=o(n).
Hence, 0@ = @.
(iii) Assume that @ < 3 and letv € U. Let n € G. Then

(v@)(n) = sup {@(m)} < sup {B(m)} = (VB)(n).

n=vm n=vm
Hence, v < vp.
(iv) Assume that G is unitary and 0@ < 0f. By (ii), we have @ < 3. By (iii), we have v < vf3, Yv € U.
(v) Letv,t € Wand n € G. Then
(vAY@)n) = sup {@(m)}

n=(vAt)m
= sup {@(m)} (BCCM-1)

n=v(tm)

= sup { sup {@(m)}} = sup {(1@)(k)} = (v(@))(n).

n=vk k=um n=vk
Hence, (VA )® =v(1@).
(vi) Assume that @; < By, Vi€ {1,2,...,k}. Let n € G. Then

(> @ilm = sup (min{o: (1)) < sup (min{B: (a))}} = (i B
i=1 n=y¥* a n=y¥* a im
Hence, Y @i < X1, Bi-
(vii) Letv € UWand n € G. Then
va)lon) = sup {@(m)
= UT;;;m{a)(n)} n=m
> o).

Hence, ®(n) < (v@)(vn),Yv e Wand n € G.

(viii) Letv € U and @(n) < y(un), vn € G. Let n € G. Then
(v@)(n) = sup {@(m)} < sup {y(vm)}=vy(n).
n=vm n=vm
Hence, vo < v.
Conversely, let v € U and v < y. By (vii), we have @(n) < (v®@)(vn) < y(vn), ¥n € G.
(ix) Assume that @; € FS(G) and @; has the same tip, Vi € {1,2,...,k}. Leti € {1,2,...,k} and n € G.
Then

@i(n) = min{®{(0), @i(n)} (3.1)
K K K
= min {@;(0),@i(n)} < sup {min{@i(a)}}=()_@i)(n).
j=1,j#1 n:Zikzl a i=1 i1
k

Hence, @; < ) ;| @;i.
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(x) Letv,t € Uand n,m € G. Then
(v@ +1B)(vn+um) = sup {min{(v®)(a1), (B)(a2)}}
vn+im=a;+a;
min{(v®)(vn), () (tm)}
min{@(n), p(m)}. Proposition 4.3 (vii)

VoWV

(xi) Letv,t€ Wand n,m € G. Then

(V@ +B)(vn—um) = (V@ + 1B)(vn+ (—um))
= (WD +B)(vn+ t(—m)) Proposition 2.5 (v)
> min{@(n), (—m)}. Proposition 4.3 (x)

In particular, if (FBCCSM-2) holds, then (v@ + 13)(vn —um) > min{®@(n), B(m)}, Vv, € Uand n,m € G.
(xii) It is straightforward by (xi). O
Theorem 4.4. If ® € FS(G), then it satisfies (FBCCSM-2) and

(Vv e U)(vo < @), 4.1)
o+ o <. (4.2)

Proof. Assume that @ € FS(G). Then (FBCCSM-2) holds. Let v € U and n € G. Then
(v@)(n) = sup {@(m)}

< ns::; (@ (vm)} (FBCCSM-3)
~ o)
and
(@+@)(n) = sup {min{f@(a),®(b)}
< n;j; b{@(a +b)} (FBCCSM-1)

n=a-+b
=®(n),
this means that vo < @ and @ + @ < @. O
Corollary 4.5. If k € IN and @ € FS(G), then

ko < @. (4.3)

Proof. Assume that k € N and @ € FS(G). Letn = Y ¥ ; n; € G. By (FBCCSM-1), we have
k
@) =o() 1) >min{@(n),®(na),..., @ ()}
i=1

Thus @(n) is an upper bound of {min{®@(ny), @(n2),..., @M )} In = Z]le ni}. That is,

@n) > sup {min{@(n), ®@n2),..., @)} = (k@)(n).

n:Ziﬂni

Therefore, ko < @. O
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Theorem 4.6. Let G be unitary and @ € F(G). If @ satisfies (FBCCSM-2), (4.1), and (4.2), then @ € FS(G).

Proof. Assume that @ satisfies (FBCCSM-2), (4.1), and (4.2). By (4.1) and using Proposition 4.3 (viii), we
have (FBCCSM-3) holds. Let ny,n, € G. Then

on—ny) = (@+®)(n; —ny) 4.2)

= (0@ + 0®)(0ng —0ny) Proposition 4.3 (ii), (Unitary)

> min{®(ny), ®(ny)}, Proposition 4.3 (xi)

this means that (3.2) holds. By Theorem 3.4, we have @ is a FBCCSM of G, that is, @ € FS(G). O

Theorem 4.7. Let G be unitary and @ € F(G). If @ satisfies (3.1), (FBCCSM-2), and
(W, te ) (v + @ < @), (4.4)
then @ € FS(G).

Proof. Assume that @ satisfies (3.1), (FBCCSM-2), and (4.4). Letv,1 € U and n,m € G. Then

ovn—um) > (vo + @) (vn —1m) (4.4)
> min{®(n),®(m)}, Proposition 4.3 (xi)
this means that (3.3) holds. By Theorem 3.5, we have @ is a FBCCSM of G, that is, @ € FS(G). O

Theorem 4.8. Let @ € FS(G). Then
(i) —® € FS(G);

(i) if G is unitary, U is meet-commutative, and v satisfies (4.2) for v € U, that is, v +v® < v, then
v € FS(G).

Proof.
(i) Letv € Uand n,m € G. Then

(—@)(n+m) =®(-(n+m))

=o((-n) +(-m))
> min{@(—m), ®(—m)} (FBCCSM-1)
> min{(—®)(n), (—®)(m)},

(—@)(—n) = @(—(-n))
=®(—nm) (FBCCSM-2)
= (—®)(n),

and

(—®@)(vn) = @(—(vn))
= ®@(v(—m)) Proposition 2.5 (v)
> @(—m) (FBCCSM-3)
= (—@)(n),

this means that (FBCCSM-1), (FBCCSM-2), and (FBCCSM-3) hold. Hence, —@ € FS(G).
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(ii) Assume that G is unitary, U is meet-commutative, and v satisfies (4.2) for v € U. Let 1,0 € U and
n € G. Since @ € FS(G), it follows from (4.1) that 1@ < @ and o@ < @. By Proposition 4.3 (iii) and (vi),

we have
V(@) +v(ow) < v +vo. (4.5)
Thus
tvd)+ovw) = (LAV)D + (cAv)D Proposition 4.3 (v)
=wWAJo+VAO)® (Meet-commutative)
=v(@)+v(o®) Proposition 4.3 (v)
<vD+vw (4.5)
<vw, 4.2)
(v@)(-n) = sup {@(m)}
= sup {@(m)) ~(-n)=n
= sup {@(m)} Proposition 2.5 (v)
n=v(—m)
= sup {@(—m)} (FBCCSM-2)
n=v(—m)
= (v@)(n),
and
(v@)(0) = sup {@(m)}
0=vm
> @(0) Proposition 2.5 (ii)
> sup {@(m)) (3.1)
= (v@)(n),
this means that (4.4), (FBCCSM-2), and (3.1) hold. Hence, by Theorem 4.7, we have v € FS(G). O

Definition 4.9. Let {@; | i € A} C F(G). We define FSs ();c, @i and [J;cp @i in G as follows:

(vne Q)] @) = infl@i)),  (me6)J@y

iEA

Lemma 4.10. Let 3, @; € F(G). Then

(1) if B < @i, Vi€ A, then B < (i @i

(ii) if @y < B, Vi€ A, then Jicp @i < B.

Proof.

(i) Assume that 3, @; € F(G) such that § <

@i, Vi € A. Letn € G. Then (n) <

= sup{@i(n)}).

@i(n), Vi € A. Thus

B(n) is a lower bound of {@;(n) | i € A}. Hence, f(n) < ‘ig/f\{a)i(n)}, thatis, B <[)jcp @i
1

(i) Assume that 3, @; € F(G) such that @; < B, Vi € A. Letn € G. Then ®i(n) < B(n), Vi € A. Thus
B(n) is an upper bound of {@;(n) [ i € A}. Hence, sup{m@i(n)} < B(n), thatis, (Jjc o @i < B. O

ien

We may immediately establish the following theorem using Lemma 4.10 (i) and (ii).
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Theorem 4.11. (F(G), U, N) is a complete lattice.
Theorem 4.12. If @; € FS(G), Vi € A, then ();c A @i € FS(G).
Proof. Letv € Uand n,m € G. Then
(QA @)(n+m) = inf{@i(n+m)
> _in/f\ {min{®;(n), @;(m)}} (FBCCSM-1)
1€
= mm{ilg/f\{@i (n)}, ilél/f\{ah(m)}}
=min{([") @)(n), ([] @) (m)},
ieA ieA
([ @) = inf{@:(-n)
ieN
= _in/f\ {@i(n)} (FBCCSM-2)
1€
— (N @),
ieA
and
([ @)n) = inf{@;(vn))
ieN
> 1é1/f\ {oi(n)} (FBCCSM-3)
— (N @),
iEA

this means that (FBCCSM-1), (FBCCSM-2), and (FBCCSM-3) hold. Hence, ();c o @i is a FBCCSM of G,

O

Theorem 4.13. If ®; € F(G) satisfies (FBCCSM-2) and (FBCCSM-3), Vi € A, then |J;cp @i satisfies

(FBCCSM-2) and (FBCCSM-3), respectively.

Proof. Letv € Uand n € G. Then

(|J @i)(—n) = sup{@i(—n)}
ien teA
= sup{@i(n)}
ien
=(|J @)
ieN
and
(|J @1)(on) = sup{@; (vn)}
ieA teA
> sup{@i(n)}
ieN
=(|J @),

ien

this means that (FBCCSM-2) and (FBCCSM-3) hold.

(FBCCSM-2)

(FBCCSM-3)
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Definition 4.14. Let Y be a subset of a set U. The characteristic function of Y is defined as follows:

Vo € 1) (XY(U):{L ifvey, )

0, otherwise,
In particular, xg = Oy and xy = 1.

Definition 4.15. Let t be an element of a set U and g € [0,1]. The fuzzy point 1, in U is defined as follows:

o, ifv=y
Yo e U) | y(v) = .
( ) ( o (V) {O, otherwise,)

Note 4.16. Let U be aset, L€ U, and s, p € [0,1]. Then
(i) w =0y,

(ii) if s < g, then 15 < 1.

5. Fuzzy BCC-submodule generated by a set

In this section, we define and study the FBCCSM generated by a set of FSs in BCC-modules, as well
as provide for their properties and their relation to FBCCSMs.

Definition 5.1. Let A C F(G). The intersection of all FBCCSMs of G greater than all FSs in A is called
the FBCCSM generated by A, denoted by (A). By Theorem 4.12, we get (A) is the least FBCCSM of G
greater than all FSs in A. If A ={®1, @2, ..., @k}, then we write (A) = (@1, @y, ..., D). If A is finite and
@ = (A), then we say that @ is finitely generated. In particular, if ® = (@), then we say that @ is cyclic.

Note 5.2.
(i) (0) =0gc;
(ii) (F(G)) =1g;
(iii) if @ € FS(G), then (@) = @.
Definition 5.3. Let N C G. We define a subset [N] of G as follows:
INl={ne G|n=vmforsomev e U and m € N}
Lemma 5.4. Let N C G. Then
(i) if G is unitary, then N C [N];
(ii) if N is a BCC-submodule of G, then [N] C N;
(iii) if G is unitary and N is a BCC-submodule of G, then N = [N].
Proof.
(i) It follows from (Unitary).
(ii) It follows from Theorem 2.7.
(iii) It is a direct result of (i) and (ii). O
Lemma 5.5. Let @, € F(G). Then
(i) if @ satisfies (FBCCSM-1), then U(®;s) + U(®; ») C U(w@; min{s, p}), Vs, p € [0,1];
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(ii) if @ satisfies (FBCCSM-1) and (FBCCSM-3), then [U(@;s)] + [U(®; )] C U(w; min{s, }), Vs, » € [0,1];
(i) if @ < B, then U(@;p) C U(B; ), Ve € [0,1];
(iv) if @ < B and B satisfies (FBCCSM-3), then [U(®; p)] C U(B; p), Ve € [0,1].

Proof.

(i) Assume that @ satisfies (FBCCSM-1). Let s, p € [0,1] and let n € U(®@;s) 4+ U(®; ). Thenn =ngs +ny
for some ng € U(®;s) and ny € U(®;p). Thus @(ng) > s and @(ny) > p. By (FBCCSM-1), we have
@(n) = ®@(ns +ny) = min{®(ng), @(ny)} = min{s, p}. Thus n € U(@; min{s, p}), so U(D;s) + U(@; p) C
U(@; min{s, p}).

(i) Assume that @ satisfies (FBCCSM-1) and (FBCCSM-3). Let s,p € [0,1] and let n € [U(®;s)] +
[U(@; p)]. Then n = vsng +vgn, for some vs, v, € Ung € U(@;s), and ny € U(®;p). Thus
@(ng) = s and @(ny) > p. By (FBCCSM-1) and (FBCCSM-3), we have @(n) = @(vsns +vpny) >
min{@(vsns), D(Venp)} > min{@(ng), @(ny)} > min{s, p}. Thus n € U(®;min{s, p}), so [U(®D;s)] +
[U(@; p)] € U(@; min{s, p}).

(iii) Assume that @ < . Let p € [0,1] and let n € U(@; ). Then @(n) > p. Thus (n) > @(n) > ».
Hence, n € U(B; ), so U(@; p) C U(B; ).

(iv) Assume that @ < 3 and f satisfies (FBCCSM-3). Let p € [0,1] and let n € [U(®; )]. Then n = vm
for some v € U and m € U(®; p), that is, @(m) > p. By assumption and (FBCCSM-3), we have (n) =
B(vm) = B(m) = @(m) > p. Thus n € U(B; p), so [U(@; p)] € U(B; o). O

Corollary 5.6. Let G be unitary and @, 3 € F(G). Then
(i) if @ satisfies (FBCCSM-1), then U(®;s) + U(®; ) C U(®; min{s, p}) C [U(®; min{s, p})], Vs, p € [0, 1];
(ii) if @ satisfies (FBCCSM-1) and (FBCCSM-3), then

U(®;s) + U(w; p) C [U(@;s)] + [U(®; )] € U(®; min{s, p}) C [U(@D; min{s, p})], Vs, o € [0,1];

(ili) if @ < B, then U(@; p) C U(R;9) C [U(B; )], Vo € [0,1];

(iv) if @ < B and B satisfies (FBCCSM-3), then U(@; p) C [U(@; )] € U(R;») < [U(B; )], Vo € [0,1].
Proof. By Lemmas Lemmas 5.4 (i) and 5.5, it is simple. O
Lemma 5.7. If @ € F(G) satisfies (FBCCSM-3), then

(Vv € W(sup{p € [0,1] [vn € U(@; p)} > sup{p € [0,1] | n € U(@; p)}). (5.1)

Proof. Assume that @ satisfies (FBCCSM-3) and let v € U. Let o € {p € [0,1] | n € U(@;p)}. Then
@(n) > po. By (FBCCSM-3), we have @(vn) > @(n) > go. Thus po € {p € [0,1] | vn € U(®; p)}, that is,
{p €01 [n e U@ p)} C{pcl01]|vn € U(®;p)}. Hence, sup{p € [0,1] | vn € U(®@; )} > sup{p €
[0,1] [n € W(®; )} O

Definition 5.8. Let f € F(U) and 3 € F(G). The composition fo 3 and the product ff of f and 3 are
defined as follows:

(vne G)((foB)(n) = sup {min{f(v), B(m)}}),

n=vm

(vne G)((fR)n) = sup  {min{f(vq),...,f(v), B(n1), ..., () }}).

k
n=3 {_jving
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From Definition 5.8, we know that
(Vf € F(U),VB € F(G))(fo B < fR). (5.2)
Theorem 5.9. Let A ={@; |1 € I} C FS(G). Then

(i) if Ui @ satisfies (FBCCSM-1), then

(Vn € G)((A)(n) =sup{p € [0,1] [ n € U(|  @i; 0)});
iel

(ii) if G is separability, then ap, =1y oay, Va € Gand p € [0,1];
(i) (0p) =0y, Ve € [0,1];
(iv) if G is separability, then | J, <o (1u o ap) < @, V@ € F(G).

Proof.
(i) Let Abe a FS in G defined by

(¥n € G)(A(n) = sup{p € [0,1] [ n € U(|J @1;0)))-
iel

We shall show that A is a FBCCSM of G. By Theorem 4.13, we have | J;.; @; satisfies (FBCCSM-2) and
(FBCCSM-3). Let v € U and n € G. Then

A(vn) =sup{p € [0,1] |vn € U(U @i;9)}
iel
> sup{p € 0,11 | n € U(| @i 9)} (5.1)
iel
=An),

this means that (FBCCSM-3) holds. Let ny,n; € G and let min{A(n{),A(ny)} = e € [0,1] and s = e — %,
where m is the least positive integer such that m > 1 (by Archimedean property and well-ordering
principle). Then A(n;) > e > s and A(np) > e > s.

We shall show that ny € U(J;c; @i;A(nq)) and ny € U(Ujep @i;A(n2)). Since A(ng) = suplp €
0,1] | 1 € WU @15 0)), we have (Uic; @i)(n1) = 9, Vo € {9 € [0,1] | ny € WUy @15 9)) Thus
(Uier @i)(n4) is an upper bound of {9 € [0,1] | n1 € U(Uic; @i 9)} 50 (Uier @i) (1) > suplp €
0,1] | i € WUier @i;90)} = Alng). Hence, ny € U(Ujeg @i;A(ny)). Likewise, we can prove that
Ny € UW(Uier @A (n2)).

We shall show that —m; € U({J;c; @i;A(n2)). Since ny € U(U;c; @1;A(n2)), we have (J;c; @i)(n2) >
A(ny). Since | Jjc; @1 satisfies (FBCCSM-2), we have ({J;c; @1)(-m2) = (Uic; @i)(n2) = A(nz). Thus
—ny € U(Ujer @A (n2).

Next, we shall show that n; —ny € U(J;c; @i; min{A(n1),A(nz)}. Since ny € U(Ujc; @i;A(n) and
Ny € U(Uje; @i, A(n2) and (J;; @; satisfies (FBCCSM-1), it follows from Lemma 5.5 (i) that

ny—ny=ng +(—My) € U(U @i;A(ny)) + U(U @i;A(ny)) C U(U @i, min{A(ng),A(n2)}) = U(U @i e).
iel icl icl iel

This shows that e € {p € [0,1] [ ny —m2 € U(U;jc; @1;9)}. Thus A(ny; —nz) =sup{p € [0,1] [ ng —my €
U(Uier @i;9)} > e = min{A(ny),A(ny)}, this means that (3.2) holds. By Theorem 3.4, we have A is a
FBCCSM of G.
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Letn € G and @i(n) = p; for some p; € [0,1]. Since @; < J;c; @1, Vi € 1, it follows from Lemma 5.5
(iii) that

n € U(@i; 1) € U @i 0).
iel
Thus pi € {p € [0,1] [ n € UW(Uie; @ 0)} 50 A(n) = suplp € [0,1] I n € WU @is0)} = 01 = @i(n),
Vi € 1. This shows that @; < A, Vi € I. Hence, A is a FBCCSM of G greater than @, Vi € 1.

Let v be a FBCCSM of G greater than @;, Vi € I. Then y(n) > sup{@i(n) | i € I} = (Ujey @1)(n),
vn € G. Since A(n) = sup{p € [0,1] | n € U(J;c; @1;9)}, we have y(n) > (Uijc; @i)(n) > p, Vo €
{p € [0,1] | n € U(Uje; @1;9)}. Thus y(n) is an upper bound of {p € [0,1] [ n € U(J;c; @i;9)}. Hence,
y(n) = supl{p € [0,1] [ n € U(U;c1 @i; 9)} = A(n), this means that A < y. Therefore, A is the least FBCCSM
of G greater than @;, Vi € [, that is,

(¥n € G)({A)(n) =sup(p € [0,1] | n € U(|  @i; 0)).
iel

(ii) Assume that G is separability. Let a,n € G and p € [0,1]. Then

(I o ap)(m) = sup {min{ly (v), ag(n)}} (Separability)
= sup {min{1, ap(n)}} = sup {ap(M)} =ap(n).

Hence, ap = Iy 0 ap.
(iii) Let p € [0,1]. Then we can show that 0, satisfies (FBCCSM-1). Let n € G. If n # 0, then

(0p)(m) =sup{s € [0,1] [ n € U(0;s)} (i)
=sup{s € [0,1] [0p(n) > s} =sup{s € [0,1] [0 > s} =sup{s € [0,1] | s =0} =0 = 0p(n).

If n =0, then

(0p)(0) =sup{s € [0,1]] 0 € U(0y;s)} @)
=sup{s € [0,1] | 0,(0) > s} =sup{s € [0,1] [ p > s} = p = 0,(0).

Hence, (0p) = 0.
(iv) Assume that G is separability and @ € F(G). Let a € G and p € [0,1] be such that a, < ®@. By (ii),
we have Iy o ap = ap < @. Hence, U, <o (lucap) < @. O
Theorem 5.10. Let A ={@; |1 €{1,2,...,k}} C FS(G) with the same tip. Then U]le i < Z]le @i. Moreover,
ilef:l @i is a FBCCSM of G, then (U]le i) = Z]le @i.
Proof. By Proposition 4.3 (ix), we have @; < Z]f:] @i, Vie{1,2,...,k}. By Lemma (ii), we have

k

K
U ®; < Z @i
i1

i=1
Next, assume that Z]f:l @; is a FBCCSM of G. Let 'y be a FBCCSM of G such that U]f:l @i <7v. Then
i <v,Vie{l,2,...,k}. By Proposition 4.3 (vi) and (4.3), we have

k

Y @i<) v<y.

i=1 i=1

Hence, Y ¥, @; is the least FBCCSM of G greater than [J}_, @, that is, hence (J*_; @i) = Y &
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Lemma 5.11. Let A be an index set, Vi =1,2,3,..., m. Then

min{ sup {9o,}, sup {po,h---,» sup {Po.t} = sup Min{po,, O, - O m -
@D1EN] @DrEN DOmEAMm (@1,@2,0,@m)EAT XA X . X Ay

Proof. Since supa),e/\,{pa,i} > 9o, Vi € {1,2,3,...,m}, we have min{ sup {9o,}, sup {9w,b.--,
' ' @1ENA @DrEN,

sup {Po.tt = Min{Pe,, P,/ -+, o, ) Thus min{ sup {9,}, sup {9x,} ..., sup {9=,}}is an up-
DOmEAM @1EN @rEN; DOmEAmM

per bound of {min{po,, 9o,/ -+ Pt | (@1, D2,..., Dm) € A1 x Ay X ... x Ay }. Hence,

min{ sup {9,}, sup {po,b---, sup {Po.t} = sup min{po,, P,/ - P -

@1EN @r2EN, OmEAM (D1,@2,0y @m)EATX A2 X X Ay

O
Theorem 5.12. Let @, 3,y € F(G). If @ satisfies (FBCCSM-1), then
@N(E+y)=([@Np)+(@NY).
Proof. Assume that @ satisfies (FBCCSM-1). Let n € G. Then

® N (B +v)(n) =min{@(n), (B +v)(n)}
> min{ mirl k{@(m), @(k)}, sup {min{B(m),y(k)}} (FBCCSM-1)
n=m n=m-+k
=min{ sup {min{@(m),@(k)}}, sup {min{B(m),v(k)}}
n=m-+k n=m-+k
> sup {min{min{®(m), ®(k)}, min{B(m),y(k)}}} Lemma 5.11
n=m-+k

= sup {min{min{®(m), B(m)}, min{m(k),y(k)}}}

n=m-+k

sup {min{(@ N B)(m), (@ Nvy)(k)}

n=m-+k

=((@Np)+(@Nny))mn).

Hence, ®N (B +v) = (@NP)+ (@Nvy). O

6. Fuzzy BCC-ideals of BCC-algebras

In this section, we apply the concept of FBCCIs of BCC-algebras while providing properties. Further
we find the results of the composition and the product between FBCCIs and FBCCSMs.

Definition 6.1 ([32]). A FS f in U is called a fuzzy BCC-ideal (FBCCI) of U if

(Vv € U)(f(1) > f(v)), (6.1)
(Yu,, 0 € UW)(f(v-0o) = min{f(v - (t-0)),f(1)}). (6.2)

We define FI(U) as the set of all FBCClIs of U.
Proposition 6.2. If f € FI(U), then

(Vu, L€ U)(flu A L) = max{f(v), f(1)}). (6.3)
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Proof. Assume that f € FI(U). Let v, 1 € U. Then
floAL) =f((t-v)-v) (Meet)
> min{f((t-v) - (v-v)), f(v)} (6.2)
=min{f((t-v)-1),f(v)} (1.1)
= min{f(1), f(v)} (BCC-3)
= f(v) 6.1)
and
floAL) =f((t-v)-v) (Meet)
> min{f((t-v) - (v-v)), f(1)} (6.2)
= min{f(1), (1)} (1.1)
= f(1). (6.1)
Hence, f(v A1) > max{f(v), (1)} O
Definition 6.3. An @ € F(G) is said to be increasing if
(Vn,m € G)(@(n+m) > max{@(n), ®(m)}). (Increasing)
We know that every increasing FS in a BCC-module satisfies (FBCCSM-1).
Lemma 6.4. If ® € F(G) satisfies (FBCCSM-3) and is increasing, then
(Vn € G)(@(n) = @(0)).
Proof. Assume that @ satisfies (FBCCSM-3) and is increasing. Let n € G. Then
®n)=o(n+0)
> max{o(n),®(0)} (Increasing)
> ®(0) (3.1)
> @(n). (3.1)
Hence, @(n) = @(0). O

Theorem 6.5. If G is distributive, f € FI(U), and B € F(G) is increasing, then f o (3 is increasing, that is, it

satisfies (FBCCSM-1).

Proof. Assume that f € FI(U) and § € F(G) is increasing. Let n,m € G. Then

(fop)n+m)= sup {min{f(v),B(k)}

n+m=vk

> sup {min{f(t A\ o), B (k1 +k2)}} (Distributive)

n+m=tki+oky;=(tA0)(ki+ky)
> sup {min{f(1), B (k1)}}

n=tkq

= (foB)(n).

Since + is commutative, we have (foB)(n+m) = (foB)(m+n) > (foB)(m

(6.3), (Increasing)

). Thus (foB)(n+m) >

max{(fo 3)(n), (fop)(m)}. Hence, fo 3 is increasing, that is, it satisfies (FBCCSM-1). O

Theorem 6.6. If f € FI(U) and B € F(G) satisfies (FBCCSM-2), then f o 3 satisfies (FBCCSM-2), (FBCCSM-3).
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Proof. Assume that f € FI(U) and 3 € F(G) satistfies (FBCCSM-2). Let v € U and n € G. Then

(foB)(—m) = sup {min{f(v), B(k)}

—n=vk

= sup {min{f(v), p(k)}}

n=—vk

= sup {min{f(v), B(—k)}} Proposition 2.5 (v), (FBCCSM-2)
n=v(—k)

= (fop)(n)
and

(foB)(vn) = sup {min{f(o), B(m)}}

vn=om

> sup {min{f(v A1), B(k)}} (BCCM-1)
vn=(vAt)k=v(tk)

2 sup {min{f(t), B(k)}} (6.3)

n=tk

= (foB)(n).
Hence, f o 3 satisfies (FBCCSM-2) and (FBCCSM-3). O

Theorem 6.7. If G is distributive, f € FI(U), and B € F(G) is increasing and satisfies (FBCCSM-2), then
fop € FS(G).

Proof. Theorems 6.5 and 6.6 make it simple. O

Theorem 6.8. If G is distributive, f € FI(U), and € F(G) is increasing, then f(3 is increasing, that is, it satisfies
(FBCCSM-1).

Proof. Assume that G is distributive, f € FI(U), and f € F(G) is increasing. Let n,m € G be such that
n=) . ;uyniand m= Y [ _;0ymi, wherer € N,1,0; € U, and ni, m; € G,Vi=1,2,...,r. Then

T

T T
n+m= Z Lnyg + Z oimy = Z(Lini +oymy)
i=1 i=1

i=1
— Z(Li A o) (i +my). (Distributive)
i=1
Thus
(fB)n+m)=  sup  {min{f(vi), B(ki)}
n+m=y1_,vik; 7

T
D sup {min{f(1; A\ oy), B(ny +my)}}
n+m=y1_,(uAcy)(ni+m;) 7

> sup {r_l{i?{f(u), B(n)}) (6.3), (Increasing)

n=3 i uni

= (fB)(n) = min{(fB)(n), (fp)(m)}.

Since + is commutative, we have (fB)(n+m) = (ff)(m+mn) > (ff)(n). Thus (fB)(n+m) > max{(fp)(n),
(fB)(m)}. Hence, ff is increasing, that is, it satisfies (FBCCSM-1). O

Theorem 6.9. If f € FI(U) and 3 € F(G) satisfies (FBCCSM-2), then 3 satisfies (FBCCSM-2) and (FBCCSM-3).
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Proof. Assume that f € FI(U) and 3 € F(G) satistfies (FBCCSM-2). Let v € U and n € G. Then
T
(fB)(—m) = sup  {min{f(vi), B(ki)}}
=Yl vk !

= sup  {min{f(vy), B(ke)})

—1
n=—Yi_viki '

= sup {I_nri?{f (vi), B(—k)}} Proposition 2.5 (vii), (FBCCSM-2)
n=yl vi(—k)
= (fB)(n).

Letn € G be such thatn =) !_, viki, wherer € N,v; € U,and k; € G,Vi=1,2,...,r. Then

.
v = v(Z vikyi)
i=1

=Y vluik) (BCCM-2)
i=1
=Y LAV ki (BCCM-1)
i=1
Thus
(fB)wn) = sup  {min(f(s), B(mo)}Y)
on=y 1, uym; =
> sup {minff(vAvy), Bk}
vn=)1_;(vAvi)ki i=1
> sup  {min{f(vy), B(ki)} (6.3)
n=yivikg
= (fp)(n).
Hence, ff satisfies (FBCCSM-2) and (FBCCSM-3). O]

Theorem 6.10. If G is distributive, f € FI(U), and B € F(G) is increasing and satisfies (FBCCSM-2), then
fB € FS(G).

Proof. Because of Theorems 6.8 and 6.9, it is simple. 0

Proposition 6.11. Let f,g € F(U) and @, 3 € F(G), where (3 satisfies (FBCCSM-1). Then f o @ <  if and only
if fo < B.

Proof. Assume that fo@ < 3. Let n € G. Then
k
(fe)n) = sup  {min{f(vi), @(ni)}}
“:Z]fzﬂ’iﬂi =

= sup {I{i{l{min{f(vi), @ (ny)H}

n=y i, vin

—  sup {rﬁ?{sup{min{f(m),av(m)}}}}

n:Zl‘le ving
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< sup (min((fo@)(viny))

n:Z]-le ving

K
= sup {min{B(viny)}} (fo@ < B)
n=y ving

3
<P _ving) (FBCCSM-1)

i=1

= pn).

Hence, fo < B.

Conversely, assume that f@ < 3. By (5.2), we have fo @ < fo < f3. O

Proposition 6.12. Let f,g € F(U) and @, 3 € F(G). Then
(i) f @ <P, then fow < fofand fo < fp;
() iff < g thenfofp < gofandfB < gp.

Proof.
(i) Assume that @ < 3. Let n € G. Then

(fo@)(n) = sup {min{f(v), @(m)}}

< n::pm{min{f (v), B(m)}} assumption
AN
and
(fo)(n) = sllp {min{f(v1), f(v2),..., f(vi), @ (), @(N2),..., @ ()}
< ’ Zsl;;ml{min{f(vl), f(va),..., flvk), B(n1), B(n2),..., B(n)}} assumption
PR

Hence, fo@ < fop and foo < 1.
(i) Assume that f < g. Let n € G. Then

(fo@)(n) = sup {min{f(v), ®@(m)}}

< n;); {min{g(v), @(m)} assumption
= ?9: : na;)(n)
and
(fe)(n) = sup  {min{f(v1), f(va), ..., flv), @ (M), @), ..., @[]}
< ) Zs:l;ml{rnirl{g(vl), g(v2),...,g(v), ®(n), ®(M2),..., @ ()} assumption
z(gai(rll)-l l

Hence fof3 < gof and ff < gp. O
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Lemma 6.13. Let f € F(U) and B € F(G). Then
(Vv e U, vn € G)((fB)(0) = (foB)(0) > max{min{f(v), B(0)}, min{f(1), B (n)}}).
Proof. Letv € Uand n € G. Then
(fo)(0) = sup {min{f(v), B(n)}} = min{f(v), (0)}

0=un

and

(foB)(0) = sup {min{f(v), B(n)}} > min{f(1), B(n)}.

0=uvn

Hence, (fo )(0) > max{min{f(v), 3(0)}, min{f(1), 3(n)}}. By (5.2), we have
(fB)(0) = (fo B)(0) = max{min{f(v), (0)}, min{f(1), B(n)}}

Lemma 6.14. Let vg, v, f € F(U) and as, ap, B € F(G). Then
(i) foaminfp,s) < (foas)N(foayp);
(i) faminfp,s} < (fas) N (fay);
(iii) Umin{p,s}© B < (VsoPB)N(vgoP);
(iV) Vmingp,s}B < (LsB) N (Vo).
Proof. By Note 4.16 (ii) and Proposition 6.12, it is established. O

Lemma 6.15. Let f € F(U) and ap, bs, B € F(G), where B satisfies (FBCCSM-1). If foay, < p and fobs < B,
then

(Vv € W((fo (a+b)minfp,s})(V(a+b)) < B(v(a+b))).
Proof. Assume that foa, < 3 and fobs < 3. Let v € U. Then

Blva) > (foap)(va) = sup {min{f(1), ap(n)}} > min{f(v), ay(a)} = min{f(v), p} (6.4)
and
B(vb) = (fobs)(vb) = sup {min{f(t), bs(n)}} > min{f(v), bs(b)} = min{f(v), s}. (6.5)
vb=wn
Thus
(f © (Cl + b)min{p,s})(v(a + b)) = sup {mln{f(L)/ (Cl + b)min{p,s}(m)}}

v(a+b)=um

= sup {min{f(1), (@ + b)min(p,s)(a+b)}}
v(a+b)=t(a+b)

= sup {min{f (1), min{yp, s}}}
v(a+b)=t(a+b)

= sup {min{min{f(1), p}, min{f(1), s}}}
v(a+b)=t(a+b)

< sup {min{B (ta), B(b)}} (6.4), (6.5)
v(a+b)=t(a+b)

< B(ta+b) (FBCCSM-1)

= B(a+b))

= B(v(a+Db)). v(a+b)=t(a+Db)

O
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Lemma 6.16. Let f € F(U) and ap, bs, B € F(G), where B satisfies (FBCCSM-1) and (FBCCSM-2). If foa, < B
and fobg < B, then

(Vo € W((fo(a—=Db)minfp,s))(v(a—Db)) < B(v(a—Db))).
Proof. Assume that foa, < 3 and fobs < 3. Let v € U. Thus
(f o (a - b)min{p,s})(v(a - b)) = sup {mil’l{f(L), (a_ b)min{p,s}(m)}}

v(a—b)=um

= sup {min{f(t), (a_b)min{p,s}(a_b)}}
v(a—b)=t(a—b)

= sup {min{f (1), min{p, s}}}
v(a—b)=t(a—Db)

= sup {min{min{f (1), o}, min{f (1), s}}}
v(a—b)=t(a—b)

< sup {min{B(ta), p(tb)}} (6.4), (6.5)
v(a—b)=t(a—Db)
= sup {min{B (ta), B(—1b)}} (FBCCSM-2)
v(a—b)=t(a—b)
< B(a—1b) (FBCCSM-1)
= B(t(a—b))
= B(v(a—0b)). v(a—b)=t(la—Db)
O

Proposition 6.17. Let f € FI(U) and a, € F(G). Then
(Vv, L€ U)(fo (va)p)(tva)) < (foap)(va)).
Proof. Let v, € U. Then
(fo(va)p)(tlva)) = sup {min{f(0), (Va)y(m)}}

t(va)=om

= sup  (min{f(t)), (va)g(va)})

t(va)=t(va)

< sup {min{f(." Av), ap(a)}} (BCCM-1), (6.3)
(tAv)a=(U'Av)a

= sup  {min{f(o), ag(m)}}
(L A\v)a=om

= (foap)((tAv)a)
= (foayp)(i(va)). (BCCM-1)

O
Lemma 6.18. Let v, € F(U) and @ € F(G). If @ satisfies (FBCCSM-3), then
(1p o @)(0) < (vp o @)(0).
Proof. Assume that @ satisfies (FBCCSM-3). Then

(1o o @)(0) = sup{min{l, (1), @(a)}}

0=ta

= sup{min{1,(1), ®(a)}}
0=1a
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= sup {min{yp, @(a)}}
0=1a

< min{p, @(0)}
= min{v,(v), @(0)}}

(3.1)

< sup{min{v, (1), @(a)}} Proposition 2.5 (ii)

0=ta

= (Vo @)(0).

Lemma 6.19. Let f € F(U) and a, € F(G). If f satisfies (6.1), then
(f00,)(0) < (fo ap)(0).
Proof. Suppose f meets (6.1). Then
(fo0p)(0) = sup{min{f(t),0,(b)}}

0=tb

— SE%{min{f(L),Op(o)}}

= sup{min{f(), p}}
0=10

< min{f(1), p}
= min{f(1), ap(a)}
(

< sup{min{f(1), ap(b)}}
0=1b

= (foap)(0).

(6.1)

(BCCM-3)

O

Lemma 6.20. Let f € F(U) and ay, bs, B € F(G), where B satisfies (FBCCSM-1). If fa, < B and fbs < 3, then

(Vv € W((f(a+b)min{p,s))(V(a+b)) < B(v(a+b))).
Proof. Assume that fa, < f and fbg < B. Let v € U. By (5.2), (6.4), and (6.5), we have
B(va) = (fap)(va) = (foap)(va) = min{f(v), p}
and
B(vb) > (fbs)(vb) = (fobs)(vb) = min{f(v), s}.

Thus

(f(a+b)min(p,s}) (V(a+ b)) = sup. {mkigl{f(ti), (@ +P)minfp,s} (Mi)}}
v(ia+b)=YF  umy

k
= sup {nlin{f(ti)/(a+b)min{p,s}(a+b)}}
v(a+b)=Y*  t(a+b) T

k
= sup {min{f(), min{p, s}}}
v(a+b)=Y % 1i(atb) T

k k
= sup {min{min{f(1;), p}, min{f(1;), s}}}
v(a+b)=Y ¥, i (a+b) =1 i=1

(6.6)

(6.7)
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< sup (min(B(ua), (b)) (66), 67)
via+b)=Y ¥, t(at+b)
k
< B (wa+ub)) (FBCCSM-1)
i=1
k
—B(Y ula+b)
i=1
=B(v(a+b)). v(a+Db) :Z]f:l ti(a+b)
O

Lemma 6.21. Let f € F(U) and ayp, bs, p € F(G), where B satisfies (FBCCSM-1) and (FBCCSM-2). If fa, < 3
and fbg < B, then

(Vv € W((f(a—Db)minfp,s})(V(a—D)) < B(v(a—D))).

Proof. Assume that fa, < 3 and fbs < 3. Let v € U. Thus

k
(fla —b)minfe,s}) (V(a—D)) = sup {min{f(u), (@ = b)min{p,s} (Mi)}}
v(a—b):Z]f:l Lmy i=1
k
= sup {nl_ilil{f(ti)/(a_b)min{p,s}(a_b)}}
v(abe:ZIiczl 1i(a—b) =
K .
= sup {qg?{f (1i), min{p, s}}}
v(afb):zl-le y(a—b)
k k
= sup {min{min{f(;), o}, min{f(1;), s}}}
v(a—b]:z!f:1 ti(a—b) =1 =1
k
< sup {mj{l{ﬁ(tia), B(Lib)}} (6.6), (6.7)
v(a—b)=Y % t(a=b)
k
= sup {r,n_ill'l{B(Li a), B(—ub)}} (FBCCSM-2)
v(a—b)=Y " ti(a—b) =
k
<B(D_(wa—1ub)) (FBCCSM-1)
i=1

k
=B(>_ula—b))
i=1

— B(v(a—Db)). via—b) =Y u(a—Db)

Proposition 6.22. Let f € FI(U) and ay, € F(G). Then
(Vv, L€ W (f(va)p)(Hva)) < (fap)(Hva)).

Proof. Letv,1 € U. Then

(flva)p)(tlva)) = sup {mkin{f(ﬁi), (va)p(mi)}}

k 1=
tva)=) {_; oymy



C. Polhinkong, et al., J. Math. Computer Sci., 31 (2023), 403432 431

k
= sup {r_nj{l{f(t{), (va)p(va)l}
L(va):Z'f:1 t(va) =
< sup {mkin{f(t{ AV), ap(a)}l} (BCCM-1), (6.3)
(LAv)a:Zle(L’/\v)a =1
k
= sup {min{f(01), ap(mi)}}
(L/\U)a:ZLl oymy =
= (fap)((tAv)a)
= (fap)((va)). (BCCM-1)

O

7. Conclusions and future works

The idea of BCC-modules has been proposed in this article. The idea of FBCCSMs of BCC-modules
has also been proposed, and its features and necessary and sufficient conditions have been given. We
have defined FSs in BCC-modules of several patterns, identifying the properties and relationships of
these FSs to the FBCCSM. We have also defined and studied the FBCCSM generated by a set of FSs in
BCC-modules, as well as identifying their properties and their relationship to FBCCSMs. Finally, we have
applied the concept of FBCCIs of BCC-algebras while providing properties and searched for the results
of the composition and the product between FBCClIs and FBCCSMs.

In the near future, more research on the following subjects will be conducted:

(1) to investigate Fermatean fuzzy sets based on the Senapati and Yager notion [31];

)
(2) to present the idea of bipolar Pythagorean fuzzy soft sets using the Jana and Pal concept [13];
(3) to study generalized intuitionistic fuzzy BCC-ideals based on the Jana and Pal concept [12];

)

(4) to study Pythagorean fuzzy sets based on Pythagorean fuzzy points and Pythagorean fuzzy num-
bers according to Jana et al.’s approach [14, 15].
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