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Abstract
The goal of this study is to introduce the concept of a new type of the hybrid algebra between Abelian groups and UP

(BCC)-algebras: UP (BCC)-modules. We introduce the concept of fuzzy UP (BCC)-submodules of UP (BCC)-modules and
provide properties and find the necessary and sufficient conditions for this concept. We define fuzzy sets in UP (BCC)-modules
of many forms, supplying their properties and their relation to fuzzy UP (BCC)-submodules. We also define and study the
fuzzy UP (BCC)-submodule generated by a set of fuzzy sets in UP (BCC)-modules, as well as provide for their properties and
their relation to fuzzy UP (BCC)-submodules. Finally, we apply the concept of fuzzy UP (BCC)-ideals of UP (BCC)-algebras
while providing properties and find the results of the composition and the product between fuzzy UP (BCC)-ideals and fuzzy
UP (BCC)-submodules.
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1. Introduction and preliminaries

In 2017, Iampan [9] established the UP-algebras branch of logical algebra, and it is well known that the
KU-algebras class [24] is a proper subclass of the class of UP-algebras. It has been studied by a number of
researchers. For instance, Somjanta et al. [32] studied fuzzy sets in UP-algebras, Kesorn et al. [17] studied
intuitionistic fuzzy sets in UP-algebras, Tanamoon et al. [36] introduced the notion of Q-fuzzy sets in UP-
algebras, and Senapati et al. [29, 30] applied cubic sets and interval-valued intuitionistic fuzzy structures
in UP-algebras. Fuzzy UP-subalgebras (fuzzy UP-filters, fuzzy UP-ideals, fuzzy strong UP-ideals) with
thresholds of UP-algebras were presented by Dokkhamdang et al. [7]. Ansari et al. [2] established a
graph of equivalence classes of commutative UP-algebras and proposed the idea of graphs associated
with commutative UP-algebras. Songsaeng and Iampan [33–35] investigated N-fuzzy sets, fuzzy proper
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UP-filters, and neutrosophic sets in UP-algebras. The idea of BCC-algebras (see [18]) and the idea of
UP-algebras (see [9]) are the same ideas, according to Jun et al. [16] in 2022. In order to show respect for
Komori, who initially defined it in 1984, we shall refer to it as BCC rather than UP in this paper.

A module is an action of algebraic structures on groups. It has been studied in different kinds of
algebraic structures. Examples of these are L-modules [20], BCK-modules [1], extended BCK-modules,
and multiplication extended BCK-modules [5]. In 1975, Naegoita and Ralescu [22] introduced the concept
of fuzzy submodules. In 1987, Pan [23] introduced the construction of fuzzy finitely generated modules.
The product of a fuzzy ideal and a fuzzy submodule and the sum of two fuzzy submodules were defined
by Kumar et al. [19] in 1995. Several researchers have studied the concept of fuzzy submodules in dif-
ferent fields. Zahed [38] studied L-fuzzy residual quotient modules and P-primary submodules. In 2011,
Bakhshi [4] introduced fuzzy BCK-submodules and studied their properties. He also studies the fuzzy
BCK-submodule generated by a set of fuzzy sets in BCK-modules. Moreover, he presented some opera-
tions of fuzzy BCK-submodules. As was already indicated, we think that studying fuzzy submodules is
important and fascinating, which is how we came to investigate this topic.

In 1965, Zadeh [37] was the first to propose the idea of fuzzy sets. Many applications in the field of
mathematics and other fields have been made possible by the fuzzy set theories created by Zadeh and
others. Several studies have been carried out on the extensions of the concept of fuzzy sets and their
application to a wide range of algebras, for example, in 2016, Somjanta et al. [32] introduced the notion
of fuzzy sets in BCC-algebras. In 2019, Burandate et al. [6] applied the notion of fuzzy sets with respect
to a triangular norm to BCC-algebras. Songsaeng and Iampan [34] introduced fuzzy proper BCC-filters
of BCC-algebras.

The goal of this study is to introduce the concept of a new type of the hybrid algebra between Abelian
groups and BCC-algebras: BCC-modules. In this article, after Section 1, where we have outlined the
origins and inspiration, we have divided the content into the following six sections. In Section 2, we
introduce the concept of BCC-modules and provide various properties for use in the following sections. In
Section 3, we introduce the concept of fuzzy BCC-submodules (FBCCSMs) of BCC-modules and provide
properties and find the necessary and sufficient conditions for this concept. In Section 4, we define fuzzy
sets in BCC-modules of many forms, supplying their properties and their relation to FBCCSMs. In Section
5, we define and study the FBCCSM generated by a set of fuzzy sets in BCC-modules, as well as provide
for their properties and their relation to FBCCSMs. Finally, in Section 6, we provide properties and use
the notion of fuzzy BCC-ideals (FBCCIs) of BCC-algebras. Additionally, we discover the composition and
product outcomes between FBCCSMs and FBCCIs.

Without the need of the expression (1.1), the idea of BCC-algebras (see [18]) may be described as
follows.

Definition 1.1 ([8]). If the following axioms are true, an algebra of the form U = (U; ·, 1) of type (2, 0) is
said to be a BCC-algebra, where U is a nonempty set, · is a binary operation on U, and 1 is a fixed element
of U:

(∀υ, ι,σ ∈ U)((ι · σ) · ((υ · ι) · (υ · σ)) = 1), (BCC-1)
(∀υ ∈ U)(1 · υ = υ), (BCC-2)
(∀υ ∈ U)(υ · 1 = 1), (BCC-3)
(∀υ, ι ∈ U)(υ · ι = 1, ι · υ = 1⇒ υ = ι). (BCC-4)

A partial ordering 6 is defined on a BCC-algebra U = (U; ·, 1) by

(∀υ, ι ∈ U)(υ 6 ι⇔ υ · ι = 1).

See [2, 3, 10, 11, 21, 25–27, 29, 30] for additional BCC-algebra research and examples.
In a BCC-algebra U = (U; ·, 1), the following assertions are valid (see [9, 10]).

(∀υ ∈ U)(υ · υ = 1), (1.1)
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(∀υ, ι,σ ∈ U)(υ · ι = 1, ι · σ = 1⇒ υ · σ = 1),
(∀υ, ι,σ ∈ U)(υ · ι = 1⇒ (σ · υ) · (σ · ι) = 1),
(∀υ, ι,σ ∈ U)(υ · ι = 1⇒ (ι · σ) · (υ · σ) = 1),
(∀υ, ι,σ ∈ U)(υ ◦ (ι ◦ υ) = 1, in particular, (ι ◦ σ) ◦ (υ ◦ (ι ◦ σ)) = 1),
(∀υ, ι ∈ U)((ι · υ) · υ = 1⇔ υ = ι · υ),
(∀υ, ι ∈ U)(υ · (ι · ι) = 1),
(∀a,υ, ι,σ ∈ U)((υ · (ι · σ)) · (υ · ((a · ι) · (a · σ))) = 1),
(∀a,υ, ι,σ ∈ U)((((a · υ) · (a · ι)) · σ) · ((υ · ι) · σ) = 1),
(∀υ, ι,σ ∈ U)(((υ · ι) · σ) · (ι · σ) = 1),
(∀υ, ι,σ ∈ U)(υ · ι = 1⇒ υ · (σ · ι) = 1),
(∀υ, ι,σ ∈ U)(((υ · ι) · σ) · (υ · (ι · σ)) = 1),
(∀a,υ, ι,σ ∈ U)(((υ · ι) · σ) · (ι · (a · σ)) = 1).

Example 1.2 ([27]). Suppose that U is a nonempty set and that X is in the P(U), where P(U) denotes the
power set of U. Let PX(U) = {Y ∈ P(U) | X ⊆ Y}. Put A · B = B ∩ (A ′ ∪ X), ∀A,B ∈ PX(U) to define the
binary operation · on PX(U), where A ′ means the complement of a subset A. Hence, (PX(U), ·,X) is a
BCC-algebra. Let PX(U) = {Y ∈ P(U) | Y ⊆ X}. Put A ∗ B = B ∪ (A ′ ∩ X), ∀A,B ∈ PX(U) to define the
binary operation ∗ on PX(U). Hence, (PX(U), ∗,X) is a BCC-algebra.

Definition 1.3. A BCC-algebra U = (U; ·, 1) is said to be

(i) bounded if there is an element 0 ∈ U such that 0 6 υ, ∀υ ∈ U, that is,

(∀υ ∈ U)(0 · υ = 1); (Bounded)

(ii) meet-commutative [28] if

(∀υ, ι ∈ U)(υ∧ ι = ι∧ υ), (Meet-commutative)

where

(∀υ, ι ∈ U)(υ∧ ι = (ι · υ) · υ). (Meet)

2. Introducing BCC-modules

In this section, we introduce a system of the hybrid algebra between BCC-algebras and Abelian groups
in a form similar to the well-known modules. This new algebraic system is called BCC-modules, which
is defined as follows.

Definition 2.1. By a left BCC-module (briefly, BCC-module) over a BCC-algebra U = (U; ·, 1), we mean an
Abelian group G = (G;+, 0) with an operation U×G → G with (υ,n) 7→ υn that satisfies the following
axioms:

(∀υ, ι ∈ U,∀n ∈ G)((υ∧ ι)n = υ(ιn)), (BCCM-1)
(∀υ ∈ U,∀n,m ∈ G)(υ(n+m) = υn+ υm), (BCCM-2)
(∀n ∈ G)(1n = 0). (BCCM-3)

The followings are examples that support the above definition.

Example 2.2. Let A be a nonempty set and U = P(A). Then (U;+, ∅) is an Abelian group with n+m =
(n−m) ∪ (m− n) for any n,m ∈ U. By Example 1.2, we get (U; ·, ∅) is a BCC-algebra. Hence, U is a
BCC-module over itself with υn = υ∩n, ∀υ,n ∈ U.



C. Polhinkong, et al., J. Math. Computer Sci., 31 (2023), 403–432 406

Proof.

(UPM-1) Let υ, ι,n ∈ U. Then

(υ∧ ι)n = ((ι · υ) · υ)n
= ((ι · υ) · υ)∩n
= ((ι ′ ∩ υ) ′ ∩ υ)∩n
= ((ι∪ υ ′)∩ υ)∩n
= (ι∪ υ ′)∩ υ∩n
= (ι∪ υ ′)∩ (υ∩n)
= (ι∩ (υ∩n))∪ (υ ′ ∩ (υ∩n))
= ((ι∩ υ)∩n)∪ ((υ ′ ∩ υ)∩n)
= ((ι∩ υ)∩n)∪ (∅ ∩n)
= ((υ∩ ι)∩n)∪ ∅
= (υ∩ ι)∩n
= υ∩ (ι∩n)
= υ(ιn).

(UPM-2) Let υ,n,m ∈ U. Then

υ(n+m) = υ((n−m)∪ (m−n))

= υ∩ ((n∩m ′)∪ (m∩n ′))
= (υ∩ (n∩m ′))∪ (υ∩ (m∩n ′))
= ((υ∩n)∩m ′)∪ ((υ∩m)∩n ′)
= ((υ∩n)∩ (υ ′ ∪m ′))∪ ((υ∩m)∩ (υ ′ ∪n ′))
= ((υ∩n)∩ (υ∩m) ′)∪ ((υ∩m)∩ (υ∩n) ′)
= ((υ∩n) − (υ∩m))∪ ((υ∩m) − (υ∩n))
= (υn− υm)∪ (υm− υn)

= υn+ υm.

(UPM-3) Let n ∈ U. Then

∅n = ∅ ∩n = ∅.

Hence, U is a BCC-module over itself.

Example 2.3. Let A be a nonempty set and U = P(A). Then (U;+,A) is an Abelian group with n+m =
(n ∩m) ∪ (m ∪ n) ′ for any n,m ∈ U. By Example 1.2, we get (U; ∗,A) is a BCC-algebra. Hence, U is a
BCC-module over itself with υn = υ∪n, ∀υ,n ∈ U.

Proof. Let υ, ι,n,m ∈ U. Then we have following.

(UPM-1) Let υ, ι,n ∈ U. Then

(υ∧ ι)n = ((ι · υ) · υ)n
= ((ι · υ) · υ)∪n
= ((ι ′ ∪ υ) ′ ∪ υ)∪n
= ((ι∩ υ ′)∪ υ)∪n
= ((ι∪ υ)∩ (υ ′ ∪ υ))∪n
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= ((υ∪ ι)∩A)∪n
= (υ∪ ι)∪n
= υ∪ (ι∪n)
= υ(ιn).

(UPM-2) Let υ,n,m ∈ U. Then

υ(n+m) = υ∪ (n+m)

= υ∪ ((n∩m)∪ (m∪n) ′)
= υ∪ ((n∩m)∪ (m ′ ∩n ′))
= (υ∪ (n∩m))∪ (m ′ ∩n ′)
= A∩ (υ∪ (n∩m))∪ (m ′ ∩n ′))
= (υ∪ (n∩m))∪ υ ′)∩ (υ∪ (n∩m))∪ (m ′ ∩n ′))
= (υ∪ (n∩m))∪ (υ ′ ∩ (m ′ ∩n ′))
= (υ∪ (n∩m))∪ (υ∪ (m∪n)) ′

= ((υ∪n)∩ (υ∪m))∪ ((υ∪m)∪ (υ∪n)) ′

= (υn∩ υm)∪ (υm∪ υn) ′

= υn+ υm.

(UPM-3) Let n ∈ U. Then

An = A∪n = A.

Hence, U is a BCC-module over itself.

Definition 2.4. A BCC-module G over U is said to be

(i) unitary (when U is bounded) if

(∀n ∈ G)(0n = n); (Unitary)

(ii) separability if

(∀υ ∈ U,∀n ∈ G)(υn = n); (Separability)

(iii) distributive if

(∀υ, ι ∈ U, ∀n,m ∈ G)(υn+ ιm = (υ∧ ι)(n+m)). (Distributive)

For convenience, we define G as a BCC-module G over U until further described, where we shall let
U = (U; ·, 1) be a BCC-algebra and G = (G;+, 0) an Abelian group.

Proposition 2.5. Let υ,υi ∈ U and n,ni ∈ G, ∀i ∈ {1, 2, . . . , k}. Then

(i) (∀υ ∈ U,∀n ∈ G)((1 ∧ υ)n = 0);

(ii) (∀υ ∈ U)(υ0 = 0);

(iii) (∀υ ∈ U,∀n ∈ G)((υ∧ 1)n = 0);

(iv) (∀υ ∈ U,∀n ∈ G)((υ∧ υ)n = υn);
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(v) (∀υ ∈ U,∀n ∈ G)(−υn = υ(−n));

(vi) (∀υ ∈ U,∀n,m ∈ G)(υ(n−m) = υn− υm);

(vii) −(
∑k
i=1 υini) =

∑k
i=1 υi(−ni).

Proof.

(i) Let υ ∈ U and n ∈ G. Then

(1 ∧ υ)n = 1(υn) (BCCM-1)
= 0. (BCCM-3)

(ii) Let υ ∈ U. Then

υ0 + υ0 = υ(0 + 0) (BCCM-1)
= υ0.

Thus υ0 is an idempotent element in G, that is, υ0 = 0.

(iii) Let υ ∈ U and n ∈ G. Then

(υ∧ 1)n = υ(1n) (BCCM-1)
= υ0 (BCCM-3)
= 0. (ii)

(iv) Let υ ∈ U and n ∈ G. Then

(υ∧ υ)n = ((υ · υ) · υ)n (Meet)
= (1 · υ)n (1.1)
= υn. (BCC-2)

(v) Let υ ∈ U and n ∈ G. Then

υn+ υ(−n) = υ(n+ (−n)) (BCCM-2)
= υ0
= 0. (ii)

Thus υ(−n) is the inverse element of υn, that is, −υn = υ(−n).

(vi) Let υ ∈ U and n,m ∈ G. Then

υ(n−m) = υ(n+ (−m))

= υn+ υ(−m) (BCCM-2)
= υn+ (−υm) (v)
= υn− υm.

(vii) Let υi ∈ U and ni ∈ G, ∀i = 1, 2, 3, . . . ,k. Then

k∑
i=1

υini +

k∑
i=1

υi(−ni) = (υ1n1 + υ2n2 + · · ·+ υknk) + (υ1(−n1) + υ2(−n2) + · · ·+ υk(−nk))

= υ1n1 + υ2n2 + · · ·+ υknk + υ1(−n1) + υ2(−n2) + · · ·+ υk(−nk)
= (υ1n1 + υ1(−n1)) + (υ2n2 + υ2(−n2)) + · · ·+ (υknk + υk(−nk))
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= υ1(n1 + (−n1)) + υ2(n2 + (−n2)) + · · ·+ υk(nk + (−nk))

= υ1(0) + υ2(0) + · · ·+ υk(0)
= 0 + 0 + · · ·+ 0
= 0.

Thus
∑k
i=1 υi(−ni) is the inverse element of

∑k
i=1 υini, that is, −(

∑k
i=1 υini) =

∑k
i=1 υi(−ni).

Definition 2.6. A subgroup N of G is called a BCC-submodule of G if N is a BCC-module over U under the
same multiplication, which is defined on U and G.

Theorem 2.7. A nonempty subset A of G is a BCC-submodule if and only if a− b,υa ∈ A, ∀υ ∈ U and a,b ∈ A.

Proof. Assume that A is a BCC-submodule of G. Let υ ∈ U and a,b ∈ A. Since A = (A;+, 0) is a group,
we have a− b ∈ A. Since A is a BCC-module over U, we have υa ∈ A.

Conversely, assume that a− b,υa ∈ A, ∀υ ∈ U and a,b ∈ A. Since a− b ∈ A, ∀a,b ∈ A, it follows
from subgroup criterion that A is a subgroup of G. Since υa ∈ A, ∀υ ∈ U and a ∈ A, we have the
map (υ,a) 7→ υa ∈ A is well-defined. Since G satisfies (BCCM-1), (BCCM-2), and (BCCM-3), we have A
satisfies those axioms. Hence, A is a BCC-module over U, that is, it is a BCC-submodule of G.

3. Fuzzy sets in BCC-modules

In this section, we introduce the concept of FBCCSMs of BCC-modules and provides properties and
finds the necessary and sufficient conditions for this concept.

A fuzzy set (FS) [37] in a nonempty set U is defined to be a function µ : U → [0, 1] ⊆ R. If a FS in U is
a constant function, we refer to it as being constant. We define 0U and 1U represent the constant FSs in U

that map every element of U to 0 and every element of U to 1, respectively.

Definition 3.1. A FS $ in G is called a fuzzy BCC-submodule (FBCCSM) of G if

(∀n,m ∈ G)($(n+m) > min{$(n),$(m)}), (FBCCSM-1)
(∀n ∈ G)($(−n) = $(n)), (FBCCSM-2)
(∀υ ∈ U,∀n ∈ G)($(υn) > $(n)). (FBCCSM-3)

From now on, we define F(G), FS(G), and F(U) as the set of all FSs and FBCCSMs of a BCC-module G
over U, and the set of all FSs in U, respectively.

The following definition describes the binary relation 6 on F(G):

(∀$,β ∈ F(G))($ 6 β⇔ (∀n ∈ G)($(n) 6 β(n))).

The definition of the binary relation 6 on F(U) is the same as that of F(G).

Example 3.2. Let U = {0, 1, 2, 3} be a set that has the binary operations · and +, which are each described
by the corresponding tables:

· 0 1 2 3
0 0 1 2 3
1 0 0 2 2
2 0 1 0 1
3 0 0 0 0

+ 0 1 2 3
0 0 1 2 3
1 1 0 3 2
2 2 3 0 1
3 3 2 1 0
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Then U = (U; ·, 0) is a BCC-algebra and U = (U;+, 0) is an Abelian group. Thus U is a BCC-module over
itself with an operation defined by the following table:

0 1 2 3
0 0 0 0 0
1 0 1 0 1
2 0 0 2 2
3 0 1 2 3

Now, let ℘0,℘1 ∈ [0, 1] be such that ℘0 < ℘1. We define a FS $ on U as follows:

$ =

(
0
℘1

1
℘0

2
℘0

3
℘0

)
.

Hence, $ is a FBCCSM of U.

Theorem 3.3. If $ ∈ F(G) satisfies (FBCCSM-3), then

(∀n ∈ G)($(0) > $(n)). (3.1)

Proof. Assume that $ satisfies (FBCCSM-3). By (BCCM-3), we have $(0) = $(1n) > $(n), ∀n ∈ G.

Theorem 3.4. Let $ ∈ F(G). Then $ ∈ FS(G) if and only if it satisfies (FBCCSM-3) and

(∀n,m ∈ G)($(n−m) > min{$(n),$(m)}). (3.2)

Proof. Assume that $ ∈ FS(G). Then (FBCCSM-3) holds. Let n,m ∈ G. Then

$(n−m) = $(n+ (−m))

> min{$(n),$(−m)} (FBCCSM-1)
= min{$(n),$(m)}. (FBCCSM-2)

Conversely, assume that (FBCCSM-3) and (3.2) hold. Let n ∈ G. Then

$(−n) = $(0 −n) 0 −n = −n

= $(1n−n) (BCCM-3)
> min{$(1n),$(n)} (3.2)
> min{$(n),$(n)} (FBCCSM-3)
= $(n)

and

$(n) = $(−(−n)) −(−n) = n

= $(0 − (−n)) 0 −n = −n

= $(1(−n) − (−n)) (BCCM-3)
> min{$(1(−n)),$(−n)} (3.2)
> min{$(−n),$(−n)} (FBCCSM-3)
= $(−n).

Thus $(−n) = $(n), this means that (FBCCSM-2) holds. Let n,m ∈ G. Then

$(n+m) = $(n− (−m)) −(−n) = n

> min{$(n),$(−m)} (3.2)
= min{$(n),$(m)}, (FBCCSM-2)

this means that (FBCCSM-1) holds. Hence, $ is a FBCCSM of G, that is, $ ∈ FS(G).
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Theorem 3.5. Let G be unitary and $ ∈ F(G). Then $ ∈ FS(G) if and only if it satisfies (3.1) and

(∀υ, ι ∈ U,∀n,m ∈ G)($(υn− ιm) > min{$(n),$(m)}). (3.3)

Proof. Assume that $ ∈ FS(G). Let υ, ι ∈ U and n,m ∈ G. Then

$(0) = $(1n) (BCCM-3)
> $(n) (FBCCSM-3)

and

$(υn− ιm) > min{$(υn),$(ιm)} (3.2)
> min{$(n),$(m)}. (FBCCSM-3)

Conversely, assume that (3.1) and (3.3) hold. Let υ, ι ∈ U and n,m ∈ G. Then

$(υn) = $(υn− 0)
= $(υn− 1(0)) (BCCM-3)
> min{$(n),$(0)} (3.3)
= $(n) (3.1)

and

$(n−m) = $(0n− 0m) (Unitary)
> min{$(n),$(m)}, (3.3)

this means that (FBCCSM-3) and (3.2) hold. Hence, by Theorem 3.4, we have $ is a FBCCSM of G, that
is, $ ∈ FS(G).

Definition 3.6. Let $ ∈ F(G). For all ℘ ∈ [0, 1], the set

U($;℘) = {n ∈ G | $(n) > ℘}

is called an upper ℘-level subset of $.

Theorem 3.7. Let $ ∈ F(G). Then $ ∈ FS(G) if and only if ∀℘ ∈ [0, 1], ∅ 6= U($;℘) is a BCC-submodule of G.

Proof. Assume that $ ∈ FS(G) and let ℘ ∈ [0, 1] be such that U($;℘) is nonempty. Let υ ∈ U and n,m ∈
U($;℘). Then$(n) > ℘ and$(m) > ℘. By (3.2) of Theorem 3.4, we have$(n−m) > min{$(n),$(m)} >
℘. Thus n−m ∈ U($;℘). By (FBCCSM-3), we have $(υn) > $(n). Thus υn ∈ U($;℘). By Theorem 2.7,
we have U($;℘) is a BCC-submodule of G.

Conversely, assume that ∀℘ ∈ [0, 1], ∅ 6= U($;℘) is a BCC-submodule of G. Let υ ∈ U and n,m ∈ G.
Put ℘ = min{$(n),$(m)}. Then $(n) > ℘ and $(m) > ℘, so n,m ∈ U($;℘) 6= ∅. By assumption,
U($;℘) is a BCC-submodule of G. Since U($;℘) is a subgroup of G, we have n−m ∈ U($;℘). Thus
$(n−m) > ℘ = min{$(n),$(m)}, this means that (3.2) holds. Put s = $(n). Then n ∈ U($; s) 6= ∅.
By assumption, U($; s) is a BCC-submodule of G. Since U($; s) is a BCC-submodule over U, we have
υn ∈ U($; s). Thus $(υn) > s = $(n), this means that (FBCCSM-3) holds. Hence, by Theorem 3.4, we
have $ is a FBCCSM of G, that is, $ ∈ FS(G).
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4. Some properties of fuzzy sets in BCC-modules

In this section, we define FSs in BCC-modules of many forms, supplying their properties and their
relation to FBCCSMs.

Definition 4.1. Let k ∈ N,$,$i ∈ F(G), ∀i ∈ {1, 2, . . . , k}, and υ ∈ U. We define FSs
∑k
i=1$i,−$, and

υ$ in G as follows:

(∀n ∈ G)((
k∑
i=1

$i)(n) = sup
n=
∑k
i=1 ai

{
k

min
i=1

{$i(ai)}}),

(∀n ∈ G)((−$)(n) = $(−n)),
(∀n ∈ G)((υ$)(n) = sup

n=υm
{$(m)}).

If $i = $, ∀i ∈ {1, 2, . . . , k}, then
∑k
i=1$i is denoted by k$.

Definition 4.2. For all i ∈ {1, 2, . . . , k},$i ∈ F(G) is said to have the same tip if $i(0) = $j(0), ∀i, j ∈
{1, 2, . . . , k}.

Proposition 4.3. Let $i,$,β,γ ∈ F(G), ∀i ∈ {1, 2, . . . , k}. Then

(i) (1$)(0) > $(n), ∀n ∈ G;

(ii) if G is unitary, then 0$ = $;

(iii) if $ 6 β, then υ$ 6 υβ, ∀υ ∈ U;

(iv) if G is unitary and 0$ 6 0β, then υ$ 6 υβ, ∀υ ∈ U;

(v) (υ∧ ι)$ = υ(ι$), ∀υ, ι ∈ U;

(vi) if $i 6 βi, ∀i ∈ {1, 2, . . . , k}, then
∑k
i=1$i 6

∑k
i=1 βi;

(vii) $(n) 6 (υ$)(υn), ∀υ ∈ U and n ∈ G;

(viii) (∀υ ∈ U)($(n) 6 γ(υn), ∀n ∈ G if and only if υ$ 6 γ);

(ix) if $i ∈ FS(G) and has the same tip, ∀i ∈ {1, 2, . . . , k}, then $i 6
∑k
i=1$i;

(x) (υ$+ ιβ)(υn+ ιm) > min{$(n),β(m)}, ∀υ, ι ∈ U and n,m ∈ G;

(xi) (υ$+ ιβ)(υn− ιm) > min{$(n),β(−m)}, ∀υ, ι ∈ U and n,m ∈ G, in particular, if (FBCCSM-2) holds,
then (υ$+ ιβ)(υn− ιm) > min{$(n),β(m)}, ∀υ, ι ∈ U and n,m ∈ G;

(xii) if γ > υ$ + ιβ for υ, ι ∈ U, then γ(υn − ιm) > min{$(n),β(−m)}, ∀n,m ∈ G, in particular, if
(FBCCSM-2) holds, then γ(υn− ιm) > min{$(n),β(m)}, ∀n,m ∈ G.

Proof.

(i) Let n ∈ G. Then

(1$)(0) = sup
0=1n

{$(n)} = sup
n∈G

{$(n)} > $(n).

Hence, (1$)(0) > $(n), ∀n ∈ G.
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(ii) Assume that G is unitary. Let n ∈ G. Then

(0$)(n) = sup
n=0m

{$(m)}

= sup
m=n

{$(m)} (Unitary)

= $(n).

Hence, 0$ = $.

(iii) Assume that $ 6 β and let υ ∈ U. Let n ∈ G. Then

(υ$)(n) = sup
n=υm

{$(m)} 6 sup
n=υm

{β(m)} = (υβ)(n).

Hence, υ$ 6 υβ.

(iv) Assume that G is unitary and 0$ 6 0β. By (ii), we have $ 6 β. By (iii), we have υ$ 6 υβ, ∀υ ∈ U.

(v) Let υ, ι ∈ U and n ∈ G. Then

((υ∧ ι)$)(n) = sup
n=(υ∧ι)m

{$(m)}

= sup
n=υ(ιm)

{$(m)} (BCCM-1)

= sup
n=υk

{ sup
k=ιm

{$(m)}} = sup
n=υk

{(ι$)(k)} = (υ(ι$))(n).

Hence, (υ∧ ι)$ = υ(ι$).

(vi) Assume that $i 6 βi, ∀i ∈ {1, 2, . . . , k}. Let n ∈ G. Then

(

k∑
i=1

$i)(n) = sup
n=
∑k
i=1 ai

{
k

min
i=1

{$i(ai)}} 6 sup
n=
∑k
i=1 ai

{
k

min
i=1

{βi(ai)}} = (

k∑
i=1

βi)(n).

Hence,
∑k
i=1$i 6

∑k
i=1 βi.

(vii) Let υ ∈ U and n ∈ G. Then

(υ$)(υn) = sup
υn=υm

{$(m)}

= sup
υn=υm

{$(n)} n = m

> $(n).

Hence, $(n) 6 (υ$)(υn), ∀υ ∈ U and n ∈ G.

(viii) Let υ ∈ U and $(n) 6 γ(υn), ∀n ∈ G. Let n ∈ G. Then

(υ$)(n) = sup
n=υm

{$(m)} 6 sup
n=υm

{γ(υm)} = γ(n).

Hence, υ$ 6 γ.
Conversely, let υ ∈ U and υ$ 6 γ. By (vii), we have $(n) 6 (υ$)(υn) 6 γ(υn), ∀n ∈ G.

(ix) Assume that $i ∈ FS(G) and $i has the same tip, ∀i ∈ {1, 2, . . . , k}. Let i ∈ {1, 2, . . . , k} and n ∈ G.
Then

$i(n) = min{$i(0),$i(n)} (3.1)

=
k

min
j=1,j6=i

{$j(0),$i(n)} 6 sup
n=
∑k
i=1 ai

{
k

min
i=1

{$i(ai)}} = (

k∑
i=1

$i)(n).

Hence, $i 6
∑k
i=1$i.
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(x) Let υ, ι ∈ U and n,m ∈ G. Then

(υ$+ ιβ)(υn+ ιm) = sup
υn+ιm=a1+a2

{min{(υ$)(a1), (ιβ)(a2)}}

> min{(υ$)(υn), (ιβ)(ιm)}

> min{$(n),β(m)}. Proposition 4.3 (vii)

(xi) Let υ, ι ∈ U and n,m ∈ G. Then

(υ$+ ιβ)(υn− ιm) = (υ$+ ιβ)(υn+ (−ιm))

= (υ$+ ιβ)(υn+ ι(−m)) Proposition 2.5 (v)
> min{$(n),β(−m)}. Proposition 4.3 (x)

In particular, if (FBCCSM-2) holds, then (υ$+ ιβ)(υn− ιm) > min{$(n),β(m)}, ∀υ, ι ∈ U and n,m ∈ G.

(xii) It is straightforward by (xi).

Theorem 4.4. If $ ∈ FS(G), then it satisfies (FBCCSM-2) and

(∀υ ∈ U)(υ$ 6 $), (4.1)
$+$ 6 $. (4.2)

Proof. Assume that $ ∈ FS(G). Then (FBCCSM-2) holds. Let υ ∈ U and n ∈ G. Then

(υ$)(n) = sup
n=υm

{$(m)}

6 sup
n=υm

{$(υm)} (FBCCSM-3)

= $(n)

and

($+$)(n) = sup
n=a+b

{min{$(a),$(b)}}

6 sup
n=a+b

{$(a+ b)} (FBCCSM-1)

= $(n),

this means that υ$ 6 $ and $+$ 6 $.

Corollary 4.5. If k ∈N and $ ∈ FS(G), then

k$ 6 $. (4.3)

Proof. Assume that k ∈N and $ ∈ FS(G). Let n =
∑k
i=1 ni ∈ G. By (FBCCSM-1), we have

$(n) = $(

k∑
i=1

ni) > min{$(n1),$(n2), . . . ,$(nk)}.

Thus $(n) is an upper bound of {min{$(n1),$(n2), . . . ,$(nk)} | n =
∑k
i=1 ni}. That is,

$(n) > sup
n=
∑k
i=1ni

{min{$(n1),$(n2), . . . ,$(nk)}} = (k$)(n).

Therefore, k$ 6 $.
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Theorem 4.6. Let G be unitary and $ ∈ F(G). If $ satisfies (FBCCSM-2), (4.1), and (4.2), then $ ∈ FS(G).

Proof. Assume that $ satisfies (FBCCSM-2), (4.1), and (4.2). By (4.1) and using Proposition 4.3 (viii), we
have (FBCCSM-3) holds. Let n1,n2 ∈ G. Then

$(n1 −n2) > ($+$)(n1 −n2) (4.2)
= (0$+ 0$)(0n1 − 0n2) Proposition 4.3 (ii), (Unitary)
> min{$(n1),$(n2)}, Proposition 4.3 (xi)

this means that (3.2) holds. By Theorem 3.4, we have $ is a FBCCSM of G, that is, $ ∈ FS(G).

Theorem 4.7. Let G be unitary and $ ∈ F(G). If $ satisfies (3.1), (FBCCSM-2), and

(∀υ, ι ∈ U)(υ$+ ι$ 6 $), (4.4)

then $ ∈ FS(G).

Proof. Assume that $ satisfies (3.1), (FBCCSM-2), and (4.4). Let υ, ι ∈ U and n,m ∈ G. Then

$(υn− ιm) > (υ$+ ι$)(υn− ιm) (4.4)
> min{$(n),$(m)}, Proposition 4.3 (xi)

this means that (3.3) holds. By Theorem 3.5, we have $ is a FBCCSM of G, that is, $ ∈ FS(G).

Theorem 4.8. Let $ ∈ FS(G). Then

(i) −$ ∈ FS(G);

(ii) if G is unitary, U is meet-commutative, and υ$ satisfies (4.2) for υ ∈ U, that is, υ$+ υ$ 6 υ$, then
υ$ ∈ FS(G).

Proof.

(i) Let υ ∈ U and n,m ∈ G. Then

(−$)(n+m) = $(−(n+m))

= $((−n) + (−m))

> min{$(−n),$(−m)} (FBCCSM-1)
> min{(−$)(n), (−$)(m)},

(−$)(−n) = $(−(−n))

= $(−n) (FBCCSM-2)
= (−$)(n),

and

(−$)(υn) = $(−(υn))

= $(υ(−n)) Proposition 2.5 (v)
> $(−n) (FBCCSM-3)
= (−$)(n),

this means that (FBCCSM-1), (FBCCSM-2), and (FBCCSM-3) hold. Hence, −$ ∈ FS(G).
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(ii) Assume that G is unitary, U is meet-commutative, and υ$ satisfies (4.2) for υ ∈ U. Let ι,σ ∈ U and
n ∈ G. Since $ ∈ FS(G), it follows from (4.1) that ι$ 6 $ and σ$ 6 $. By Proposition 4.3 (iii) and (vi),
we have

υ(ι$) + υ(σ$) 6 υ$+ υ$. (4.5)

Thus

ι(υ$) + σ(υ$) = (ι∧ υ)$+ (σ∧ υ)$ Proposition 4.3 (v)
= (υ∧ ι)$+ (υ∧ σ)$ (Meet-commutative)
= υ(ι$) + υ(σ$) Proposition 4.3 (v)
6 υ$+ υ$ (4.5)
6 υ$, (4.2)

(υ$)(−n) = sup
−n=υm

{$(m)}

= sup
n=−υm

{$(m)} −(−n) = n

= sup
n=υ(−m)

{$(m)} Proposition 2.5 (v)

= sup
n=υ(−m)

{$(−m)} (FBCCSM-2)

= (υ$)(n),

and

(υ$)(0) = sup
0=υm

{$(m)}

> $(0) Proposition 2.5 (ii)
> sup
n=υm

{$(m)} (3.1)

= (υ$)(n),

this means that (4.4), (FBCCSM-2), and (3.1) hold. Hence, by Theorem 4.7, we have υ$ ∈ FS(G).

Definition 4.9. Let {$i | i ∈ Λ} ⊆ F(G). We define FSs
⋂
i∈Λ$i and

⋃
i∈Λ$i in G as follows:

(∀n ∈ G)((
⋂
i∈Λ

$i)(n) = inf
i∈Λ

{$i(n)}), (∀n ∈ G)((
⋃
i∈Λ

$i)(n) = sup
i∈Λ

{$i(n)}).

Lemma 4.10. Let β,$i ∈ F(G). Then

(i) if β 6 $i, ∀i ∈ Λ, then β 6
⋂
i∈Λ$i;

(ii) if $i 6 β, ∀i ∈ Λ, then
⋃
i∈Λ$i 6 β.

Proof.

(i) Assume that β,$i ∈ F(G) such that β 6 $i, ∀i ∈ Λ. Let n ∈ G. Then β(n) 6 $i(n), ∀i ∈ Λ. Thus
β(n) is a lower bound of {$i(n) | i ∈ Λ}. Hence, β(n) 6 inf

i∈Λ
{$i(n)}, that is, β 6

⋂
i∈Λ$i.

(ii) Assume that β,$i ∈ F(G) such that $i 6 β, ∀i ∈ Λ. Let n ∈ G. Then $i(n) 6 β(n), ∀i ∈ Λ. Thus
β(n) is an upper bound of {$i(n) | i ∈ Λ}. Hence, sup

i∈Λ
{$i(n)} 6 β(n), that is,

⋃
i∈Λ$i 6 β.

We may immediately establish the following theorem using Lemma 4.10 (i) and (ii).
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Theorem 4.11. (F(G),∪,∩) is a complete lattice.

Theorem 4.12. If $i ∈ FS(G), ∀i ∈ Λ, then
⋂
i∈Λ$i ∈ FS(G).

Proof. Let υ ∈ U and n,m ∈ G. Then

(
⋂
i∈Λ

$i)(n+m) = inf
i∈Λ

{$i(n+m)}

> inf
i∈Λ

{min{$i(n),$i(m)}} (FBCCSM-1)

= min{ inf
i∈Λ

{$i(n)}, inf
i∈Λ

{$i(m)}}

= min{(
⋂
i∈Λ

$i)(n), (
⋂
i∈Λ

$i)(m)},

(
⋂
i∈Λ

$i)(−n) = inf
i∈Λ

{$i(−n)}

= inf
i∈Λ

{$i(n)} (FBCCSM-2)

= (
⋂
i∈Λ

$i)(n),

and

(
⋂
i∈Λ

$i)(υn) = inf
i∈Λ

{$i(υn)}

> inf
i∈Λ

{$i(n)} (FBCCSM-3)

= (
⋂
i∈Λ

$i)(n),

this means that (FBCCSM-1), (FBCCSM-2), and (FBCCSM-3) hold. Hence,
⋂
i∈Λ$i is a FBCCSM of G,

that is,
⋂
i∈Λ$i ∈ FS(G).

Theorem 4.13. If $i ∈ F(G) satisfies (FBCCSM-2) and (FBCCSM-3), ∀i ∈ Λ, then
⋃
i∈Λ$i satisfies

(FBCCSM-2) and (FBCCSM-3), respectively.

Proof. Let υ ∈ U and n ∈ G. Then

(
⋃
i∈Λ

$i)(−n) = sup
i∈Λ

{$i(−n)}

= sup
i∈Λ

{$i(n)} (FBCCSM-2)

= (
⋃
i∈Λ

$i)(n)

and

(
⋃
i∈Λ

$i)(υn) = sup
i∈Λ

{$i(υn)}

> sup
i∈Λ

{$i(n)} (FBCCSM-3)

= (
⋃
i∈Λ

$i)(n),

this means that (FBCCSM-2) and (FBCCSM-3) hold.
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Definition 4.14. Let Y be a subset of a set U. The characteristic function of Y is defined as follows:

(∀υ ∈ U)

(
χY(υ) =

{
1, if υ ∈ Y,
0, otherwise,

)
.

In particular, χ∅ = 0U and χU = 1U.

Definition 4.15. Let ι be an element of a set U and ℘ ∈ [0, 1]. The fuzzy point ι℘ in U is defined as follows:

(∀υ ∈ U)

(
ι℘(υ) =

{
℘, if υ = ι,
0, otherwise,

)
.

Note 4.16. Let U be a set, ι ∈ U, and s,℘ ∈ [0, 1]. Then

(i) ι0 = 0U;

(ii) if s 6 ℘, then ιs 6 ι℘.

5. Fuzzy BCC-submodule generated by a set

In this section, we define and study the FBCCSM generated by a set of FSs in BCC-modules, as well
as provide for their properties and their relation to FBCCSMs.

Definition 5.1. Let A ⊆ F(G). The intersection of all FBCCSMs of G greater than all FSs in A is called
the FBCCSM generated by A, denoted by 〈A〉. By Theorem 4.12, we get 〈A〉 is the least FBCCSM of G
greater than all FSs in A. If A = {$1,$2, . . . ,$k}, then we write 〈A〉 = 〈$1,$2, . . . ,$k〉. If A is finite and
$ = 〈A〉, then we say that $ is finitely generated. In particular, if $ = 〈$℘〉, then we say that $ is cyclic.

Note 5.2.

(i) 〈∅〉 = 0G;

(ii) 〈F(G)〉 = 1G;

(iii) if $ ∈ FS(G), then 〈$〉 = $.

Definition 5.3. Let N ⊆ G. We define a subset [N] of G as follows:

[N] = {n ∈ G | n = υm for some υ ∈ U and m ∈ N}.

Lemma 5.4. Let N ⊆ G. Then

(i) if G is unitary, then N ⊆ [N];

(ii) if N is a BCC-submodule of G, then [N] ⊆ N;

(iii) if G is unitary and N is a BCC-submodule of G, then N = [N].

Proof.

(i) It follows from (Unitary).

(ii) It follows from Theorem 2.7.

(iii) It is a direct result of (i) and (ii).

Lemma 5.5. Let $,β ∈ F(G). Then

(i) if $ satisfies (FBCCSM-1), then U($; s) +U($;℘) ⊆ U($; min{s,℘}), ∀s,℘ ∈ [0, 1];
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(ii) if $ satisfies (FBCCSM-1) and (FBCCSM-3), then [U($; s)] + [U($;℘)] ⊆ U($; min{s,℘}), ∀s,℘ ∈ [0, 1];

(iii) if $ 6 β, then U($;℘) ⊆ U(β;℘), ∀℘ ∈ [0, 1];

(iv) if $ 6 β and β satisfies (FBCCSM-3), then [U($;℘)] ⊆ U(β;℘), ∀℘ ∈ [0, 1].

Proof.

(i) Assume that $ satisfies (FBCCSM-1). Let s,℘ ∈ [0, 1] and let n ∈ U($; s) +U($;℘). Then n = ns +n℘
for some ns ∈ U($; s) and n℘ ∈ U($;℘). Thus $(ns) > s and $(n℘) > ℘. By (FBCCSM-1), we have
$(n) = $(ns + n℘) > min{$(ns),$(n℘)} > min{s,℘}. Thus n ∈ U($; min{s,℘}), so U($; s) +U($;℘) ⊆
U($; min{s,℘}).

(ii) Assume that $ satisfies (FBCCSM-1) and (FBCCSM-3). Let s,℘ ∈ [0, 1] and let n ∈ [U($; s)] +
[U($;℘)]. Then n = υsns + υ℘n℘ for some υs,υ℘ ∈ U,ns ∈ U($; s), and n℘ ∈ U($;℘). Thus
$(ns) > s and $(n℘) > ℘. By (FBCCSM-1) and (FBCCSM-3), we have $(n) = $(υsns + υ℘n℘) >
min{$(υsns),$(υ℘n℘)} > min{$(ns),$(n℘)} > min{s,℘}. Thus n ∈ U($; min{s,℘}), so [U($; s)] +
[U($;℘)] ⊆ U($; min{s,℘}).

(iii) Assume that $ 6 β. Let ℘ ∈ [0, 1] and let n ∈ U($;℘). Then $(n) > ℘. Thus β(n) > $(n) > ℘.
Hence, n ∈ U(β;℘), so U($;℘) ⊆ U(β;℘).

(iv) Assume that $ 6 β and β satisfies (FBCCSM-3). Let ℘ ∈ [0, 1] and let n ∈ [U($;℘)]. Then n = υm

for some υ ∈ U and m ∈ U($;℘), that is, $(m) > ℘. By assumption and (FBCCSM-3), we have β(n) =
β(υm) > β(m) > $(m) > ℘. Thus n ∈ U(β;℘), so [U($;℘)] ⊆ U(β;℘).

Corollary 5.6. Let G be unitary and $,β ∈ F(G). Then

(i) if $ satisfies (FBCCSM-1), then U($; s) +U($;℘) ⊆ U($; min{s,℘}) ⊆ [U($; min{s,℘})], ∀s,℘ ∈ [0, 1];

(ii) if $ satisfies (FBCCSM-1) and (FBCCSM-3), then

U($; s) +U($;℘) ⊆ [U($; s)] + [U($;℘)] ⊆ U($; min{s,℘}) ⊆ [U($; min{s,℘})], ∀s,℘ ∈ [0, 1];

(iii) if $ 6 β, then U($;℘) ⊆ U(β;℘) ⊆ [U(β;℘)], ∀℘ ∈ [0, 1];

(iv) if $ 6 β and β satisfies (FBCCSM-3), then U($;℘) ⊆ [U($;℘)] ⊆ U(β;℘) ⊆ [U(β;℘)], ∀℘ ∈ [0, 1].

Proof. By Lemmas Lemmas 5.4 (i) and 5.5, it is simple.

Lemma 5.7. If $ ∈ F(G) satisfies (FBCCSM-3), then

(∀υ ∈ U)(sup{℘ ∈ [0, 1] | υn ∈ U($;℘)} > sup{℘ ∈ [0, 1] | n ∈ U($;℘)}). (5.1)

Proof. Assume that $ satisfies (FBCCSM-3) and let υ ∈ U. Let ℘0 ∈ {℘ ∈ [0, 1] | n ∈ U($;℘)}. Then
$(n) > ℘0. By (FBCCSM-3), we have $(υn) > $(n) > ℘0. Thus ℘0 ∈ {℘ ∈ [0, 1] | υn ∈ U($;℘)}, that is,
{℘ ∈ [0, 1] | n ∈ U($;℘)} ⊆ {℘ ∈ [0, 1] | υn ∈ U($;℘)}. Hence, sup{℘ ∈ [0, 1] | υn ∈ U($;℘)} > sup{℘ ∈
[0, 1] | n ∈ U($;℘)}.

Definition 5.8. Let f ∈ F(U) and β ∈ F(G). The composition f ◦ β and the product fβ of f and β are
defined as follows:

(∀n ∈ G)((f ◦β)(n) = sup
n=υm

{min{f(υ),β(m)}}),

(∀n ∈ G)((fβ)(n) = sup
n=
∑k
i=1 υini

{min{f(υ1), . . . , f(υk),β(n1), . . . ,β(nk)}}).
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From Definition 5.8, we know that

(∀f ∈ F(U),∀β ∈ F(G))(f ◦β 6 fβ). (5.2)

Theorem 5.9. Let A = {$i | i ∈ I} ⊆ FS(G). Then

(i) if
⋃
i∈I$i satisfies (FBCCSM-1), then

(∀n ∈ G)(〈A〉(n) = sup{℘ ∈ [0, 1] | n ∈ U(
⋃
i∈I
$i;℘)});

(ii) if G is separability, then a℘ = 1U ◦ a℘, ∀a ∈ G and ℘ ∈ [0, 1];

(iii) 〈0℘〉 = 0℘, ∀℘ ∈ [0, 1];

(iv) if G is separability, then
⋃
a℘6$(1U ◦ a℘) 6 $, ∀$ ∈ F(G).

Proof.

(i) Let λ be a FS in G defined by

(∀n ∈ G)(λ(n) = sup{℘ ∈ [0, 1] | n ∈ U(
⋃
i∈I
$i;℘)}).

We shall show that λ is a FBCCSM of G. By Theorem 4.13, we have
⋃
i∈I$i satisfies (FBCCSM-2) and

(FBCCSM-3). Let υ ∈ U and n ∈ G. Then

λ(υn) = sup{℘ ∈ [0, 1] | υn ∈ U(
⋃
i∈I
$i;℘)}

> sup{℘ ∈ [0, 1] | n ∈ U(
⋃
i∈I
$i;℘)} (5.1)

= λ(n),

this means that (FBCCSM-3) holds. Let n1,n2 ∈ G and let min{λ(n1), λ(n2)} = e ∈ [0, 1] and s = e− 1
m ,

where m is the least positive integer such that m > 1
e (by Archimedean property and well-ordering

principle). Then λ(n1) > e > s and λ(n2) > e > s.
We shall show that n1 ∈ U(

⋃
i∈I$i; λ(n1)) and n2 ∈ U(

⋃
i∈I$i; λ(n2)). Since λ(n1) = sup{℘ ∈

[0, 1] | n1 ∈ U(
⋃
i∈I$i;℘)}, we have (

⋃
i∈I$i)(n1) > ℘, ∀℘ ∈ {℘ ∈ [0, 1] | n1 ∈ U(

⋃
i∈I$i;℘)}. Thus

(
⋃
i∈I$i)(n1) is an upper bound of {℘ ∈ [0, 1] | n1 ∈ U(

⋃
i∈I$i;℘)}, so (

⋃
i∈I$i)(n1) > sup{℘ ∈

[0, 1] | n1 ∈ U(
⋃
i∈I$i;℘)} = λ(n1). Hence, n1 ∈ U(

⋃
i∈I$i; λ(n1)). Likewise, we can prove that

n2 ∈ U(
⋃
i∈I$i; λ(n2)).

We shall show that −n2 ∈ U(
⋃
i∈I$i; λ(n2)). Since n2 ∈ U(

⋃
i∈I$i; λ(n2)), we have (

⋃
i∈I$i)(n2) >

λ(n2). Since
⋃
i∈I$i satisfies (FBCCSM-2), we have (

⋃
i∈I$i)(−n2) = (

⋃
i∈I$i)(n2) > λ(n2). Thus

−n2 ∈ U(
⋃
i∈I$i; λ(n2)).

Next, we shall show that n1 − n2 ∈ U(
⋃
i∈I$i; min{λ(n1), λ(n2)}. Since n1 ∈ U(

⋃
i∈I$i; λ(n1) and

n2 ∈ U(
⋃
i∈I$i; λ(n2) and

⋃
i∈I$i satisfies (FBCCSM-1), it follows from Lemma 5.5 (i) that

n1 −n2 = n1 + (−n2) ∈ U(
⋃
i∈I
$i; λ(n1)) +U(

⋃
i∈I
$i; λ(n2)) ⊆ U(

⋃
i∈I
$i; min{λ(n1), λ(n2)}) = U(

⋃
i∈I
$i; e).

This shows that e ∈ {℘ ∈ [0, 1] | n1 −m2 ∈ U(
⋃
i∈I$i;℘)}. Thus λ(n1 − n2) = sup{℘ ∈ [0, 1] | n1 −m2 ∈

U(
⋃
i∈I$i;℘)} > e = min{λ(n1), λ(n2)}, this means that (3.2) holds. By Theorem 3.4, we have λ is a

FBCCSM of G.
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Let n ∈ G and $i(n) = ℘i for some ℘i ∈ [0, 1]. Since $i 6
⋃
i∈I$i, ∀i ∈ I, it follows from Lemma 5.5

(iii) that

n ∈ U($i;℘i) ⊆ U(
⋃
i∈I
$i;℘i).

Thus ℘i ∈ {℘ ∈ [0, 1] | n ∈ U(
⋃
i∈I$i;℘)}, so λ(n) = sup{℘ ∈ [0, 1] | n ∈ U(

⋃
i∈I$i;℘)} > ℘i = $i(n),

∀i ∈ I. This shows that $i 6 λ, ∀i ∈ I. Hence, λ is a FBCCSM of G greater than $i, ∀i ∈ I.
Let γ be a FBCCSM of G greater than $i, ∀i ∈ I. Then γ(n) > sup{$i(n) | i ∈ I} = (

⋃
i∈I$i)(n),

∀n ∈ G. Since λ(n) = sup{℘ ∈ [0, 1] | n ∈ U(
⋃
i∈I$i;℘)}, we have γ(n) > (

⋃
i∈I$i)(n) > ℘, ∀℘ ∈

{℘ ∈ [0, 1] | n ∈ U(
⋃
i∈I$i;℘)}. Thus γ(n) is an upper bound of {℘ ∈ [0, 1] | n ∈ U(

⋃
i∈I$i;℘)}. Hence,

γ(n) > sup{℘ ∈ [0, 1] | n ∈ U(
⋃
i∈I$i;℘)} = λ(n), this means that λ 6 γ. Therefore, λ is the least FBCCSM

of G greater than $i, ∀i ∈ I, that is,

(∀n ∈ G)(〈A〉(n) = sup{℘ ∈ [0, 1] | n ∈ U(
⋃
i∈I
$i;℘)}).

(ii) Assume that G is separability. Let a,n ∈ G and ℘ ∈ [0, 1]. Then

(1U ◦ a℘)(n) = sup
n=υn

{min{1U(υ),a℘(n)}} (Separability)

= sup
n=υn

{min{1,a℘(n)}} = sup
n=υn

{a℘(n)} = a℘(n).

Hence, a℘ = 1U ◦ a℘.

(iii) Let ℘ ∈ [0, 1]. Then we can show that 0℘ satisfies (FBCCSM-1). Let n ∈ G. If n 6= 0, then

〈0℘〉(n) = sup{s ∈ [0, 1] | n ∈ U(0℘; s)} (i)
= sup{s ∈ [0, 1] | 0℘(n) > s} = sup{s ∈ [0, 1] | 0 > s} = sup{s ∈ [0, 1] | s = 0} = 0 = 0℘(n).

If n = 0, then

〈0℘〉(0) = sup{s ∈ [0, 1] | 0 ∈ U(0℘; s)} (i)
= sup{s ∈ [0, 1] | 0℘(0) > s} = sup{s ∈ [0, 1] | ℘ > s} = ℘ = 0℘(0).

Hence, 〈0℘〉 = 0℘.

(iv) Assume that G is separability and $ ∈ F(G). Let a ∈ G and ℘ ∈ [0, 1] be such that a℘ 6 $. By (ii),
we have 1U ◦ a℘ = a℘ 6 $. Hence,

⋃
a℘6$(1U ◦ a℘) 6 $.

Theorem 5.10. Let A = {$i | i ∈ {1, 2, . . . , k}} ⊆ FS(G) with the same tip. Then
⋃k
i=1$i 6

∑k
i=1$i. Moreover,

if
∑k
i=1$i is a FBCCSM of G, then 〈

⋃k
i=1$i〉 =

∑k
i=1$i.

Proof. By Proposition 4.3 (ix), we have $i 6
∑k
i=1$i, ∀i ∈ {1, 2, . . . , k}. By Lemma (ii), we have

k⋃
i=1

$i 6
k∑
i=1

$i.

Next, assume that
∑k
i=1$i is a FBCCSM of G. Let γ be a FBCCSM of G such that

⋃k
i=1$i 6 γ. Then

$i 6 γ, ∀i ∈ {1, 2, . . . , k}. By Proposition 4.3 (vi) and (4.3), we have

k∑
i=1

$i 6
k∑
i=1

γ 6 γ.

Hence,
∑k
i=1$i is the least FBCCSM of G greater than

⋃k
i=1$i, that is, hence 〈

⋃k
i=1$i〉 =

∑k
i=1$i.
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Lemma 5.11. Let Λi be an index set, ∀i = 1, 2, 3, . . . ,m. Then

min{ sup
$1∈Λ1

{℘$1}, sup
$2∈Λ2

{℘$2}, . . . , sup
$m∈Λm

{℘$m}} > sup
($1,$2,...,$m)∈Λ1×Λ2×...×Λm

{min{℘$1 ,℘$2 , . . . ,℘$m}}.

Proof. Since sup$i∈Λi{℘$i} > ℘$i , ∀i ∈ {1, 2, 3, . . . ,m}, we have min{ sup
$1∈Λ1

{℘$1}, sup
$2∈Λ2

{℘$2}, . . . ,

sup
$m∈Λm

{℘$m}} > min{℘$1 ,℘$2 , . . . ,℘$m}. Thus min{ sup
$1∈Λ1

{℘$1}, sup
$2∈Λ2

{℘$2}, . . . , sup
$m∈Λm

{℘$m}} is an up-

per bound of {min{℘$1 ,℘$2 , . . . ,℘$m} | ($1,$2, . . . ,$m) ∈ Λ1 ×Λ2 × . . .×Λm}. Hence,

min{ sup
$1∈Λ1

{℘$1}, sup
$2∈Λ2

{℘$2}, . . . , sup
$m∈Λm

{℘$m}} > sup
($1,$2,...,$m)∈Λ1×Λ2×...×Λm

{min{℘$1 ,℘$2 , . . . ,℘$m}}.

Theorem 5.12. Let $,β,γ ∈ F(G). If $ satisfies (FBCCSM-1), then

$∩ (β+ γ) > ($∩β) + ($∩ γ).

Proof. Assume that $ satisfies (FBCCSM-1). Let n ∈ G. Then

$∩ (β+ γ)(n) = min{$(n), (β+ γ)(n)}

> min{ min
n=m+k

{$(m),$(k)}, sup
n=m+k

{min{β(m),γ(k)}} (FBCCSM-1)

= min{ sup
n=m+k

{min{$(m),$(k)}}, sup
n=m+k

{min{β(m),γ(k)}}

> sup
n=m+k

{min{min{$(m),$(k)}, min{β(m),γ(k)}}} Lemma 5.11

= sup
n=m+k

{min{min{$(m),β(m)}, min{$(k),γ(k)}}}

= sup
n=m+k

{min{($∩β)(m), ($∩ γ)(k)}}

= (($∩β) + ($∩ γ))(n).

Hence, $∩ (β+ γ) > ($∩β) + ($∩ γ).

6. Fuzzy BCC-ideals of BCC-algebras

In this section, we apply the concept of FBCCIs of BCC-algebras while providing properties. Further
we find the results of the composition and the product between FBCCIs and FBCCSMs.

Definition 6.1 ([32]). A FS f in U is called a fuzzy BCC-ideal (FBCCI) of U if

(∀υ ∈ U)(f(1) > f(υ)), (6.1)
(∀υ, ι,σ ∈ U)(f(υ · σ) > min{f(υ · (ι · σ)), f(ι)}). (6.2)

We define FI(U) as the set of all FBCCIs of U.

Proposition 6.2. If f ∈ FI(U), then

(∀υ, ι ∈ U)(f(υ∧ ι) > max{f(υ), f(ι)}). (6.3)
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Proof. Assume that f ∈ FI(U). Let υ, ι ∈ U. Then

f(υ∧ ι) = f((ι · υ) · υ) (Meet)
> min{f((ι · υ) · (υ · υ)), f(υ)} (6.2)
= min{f((ι · υ) · 1), f(υ)} (1.1)
= min{f(1), f(υ)} (BCC-3)
= f(υ) (6.1)

and

f(υ∧ ι) = f((ι · υ) · υ) (Meet)
> min{f((ι · υ) · (ι · υ)), f(ι)} (6.2)
= min{f(1), f(ι)} (1.1)
= f(ι). (6.1)

Hence, f(υ∧ ι) > max{f(υ), f(ι)}.

Definition 6.3. An $ ∈ F(G) is said to be increasing if

(∀n,m ∈ G)($(n+m) > max{$(n),$(m)}). (Increasing)

We know that every increasing FS in a BCC-module satisfies (FBCCSM-1).

Lemma 6.4. If $ ∈ F(G) satisfies (FBCCSM-3) and is increasing, then

(∀n ∈ G)($(n) = $(0)).

Proof. Assume that $ satisfies (FBCCSM-3) and is increasing. Let n ∈ G. Then

$(n) = $(n+ 0)
> max{$(n),$(0)} (Increasing)
> $(0) (3.1)
> $(n). (3.1)

Hence, $(n) = $(0).

Theorem 6.5. If G is distributive, f ∈ FI(U), and β ∈ F(G) is increasing, then f ◦ β is increasing, that is, it
satisfies (FBCCSM-1).

Proof. Assume that f ∈ FI(U) and β ∈ F(G) is increasing. Let n,m ∈ G. Then

(f ◦β)(n+m) = sup
n+m=υk

{min{f(υ),β(k)}}

> sup
n+m=ιk1+σk2=(ι∧σ)(k1+k2)

{min{f(ι∧ σ),β(k1 + k2)}} (Distributive)

> sup
n=ιk1

{min{f(ι),β(k1)}} (6.3), (Increasing)

= (f ◦β)(n).

Since + is commutative, we have (f ◦ β)(n+m) = (f ◦ β)(m+ n) > (f ◦ β)(m). Thus (f ◦ β)(n+m) >
max{(f ◦β)(n), (f ◦β)(m)}. Hence, f ◦β is increasing, that is, it satisfies (FBCCSM-1).

Theorem 6.6. If f ∈ FI(U) and β ∈ F(G) satisfies (FBCCSM-2), then f ◦β satisfies (FBCCSM-2), (FBCCSM-3).
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Proof. Assume that f ∈ FI(U) and β ∈ F(G) satisfies (FBCCSM-2). Let υ ∈ U and n ∈ G. Then

(f ◦β)(−n) = sup
−n=υk

{min{f(υ),β(k)}}

= sup
n=−υk

{min{f(υ),β(k)}}

= sup
n=υ(−k)

{min{f(υ),β(−k)}} Proposition 2.5 (v), (FBCCSM-2)

= (f ◦β)(n)
and

(f ◦β)(υn) = sup
υn=σm

{min{f(σ),β(m)}}

> sup
υn=(υ∧ι)k=υ(ιk)

{min{f(υ∧ ι),β(k)}} (BCCM-1)

> sup
n=ιk

{min{f(ι),β(k)}} (6.3)

= (f ◦β)(n).

Hence, f ◦β satisfies (FBCCSM-2) and (FBCCSM-3).

Theorem 6.7. If G is distributive, f ∈ FI(U), and β ∈ F(G) is increasing and satisfies (FBCCSM-2), then
f ◦β ∈ FS(G).

Proof. Theorems 6.5 and 6.6 make it simple.

Theorem 6.8. If G is distributive, f ∈ FI(U), and β ∈ F(G) is increasing, then fβ is increasing, that is, it satisfies
(FBCCSM-1).

Proof. Assume that G is distributive, f ∈ FI(U), and β ∈ F(G) is increasing. Let n,m ∈ G be such that
n =
∑r
i=1 ιini and m =

∑r
i=1 σimi, where r ∈N, ιi,σi ∈ U, and ni,mi ∈ G, ∀i = 1, 2, . . . , r. Then

n+m =

r∑
i=1

ιini +

r∑
i=1

σimi =

r∑
i=1

(ιini + σimi)

=

r∑
i=1

(ιi ∧ σi)(ni +mi). (Distributive)

Thus

(fβ)(n+m) = sup
n+m=

∑r
i=1 υiki

{
r

min
i=1

{f(υi),β(ki)}}

> sup
n+m=

∑r
i=1(ιi∧σi)(ni+mi)

{
r

min
i=1

{f(ιi ∧ σi),β(ni +mi)}}

> sup
n=
∑r
i=1 ιini

{
r

min
i=1

{f(ιi),β(ni)}} (6.3), (Increasing)

= (fβ)(n) > min{(fβ)(n), (fβ)(m)}.

Since + is commutative, we have (fβ)(n+m) = (fβ)(m+n) > (fβ)(n). Thus (fβ)(n+m) > max{(fβ)(n),
(fβ)(m)}. Hence, fβ is increasing, that is, it satisfies (FBCCSM-1).

Theorem 6.9. If f ∈ FI(U) and β ∈ F(G) satisfies (FBCCSM-2), then fβ satisfies (FBCCSM-2) and (FBCCSM-3).
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Proof. Assume that f ∈ FI(U) and β ∈ F(G) satisfies (FBCCSM-2). Let υ ∈ U and n ∈ G. Then

(fβ)(−n) = sup
−n=

∑r
i=1 υiki

{
r

min
i=1

{f(υi),β(ki)}}

= sup
n=−

∑r
i=1 υiki

{
r

min
i=1

{f(υi),β(ki)}}

= sup
n=
∑r
i=1 υi(−ki)

{
r

min
i=1

{f(υi),β(−ki)}} Proposition 2.5 (vii), (FBCCSM-2)

= (fβ)(n).

Let n ∈ G be such that n =
∑r
i=1 υiki, where r ∈N,υi ∈ U, and ki ∈ G, ∀i = 1, 2, . . . , r. Then

υn = υ(

r∑
i=1

υiki)

=

r∑
i=1

υ(υiki) (BCCM-2)

=

r∑
i=1

(υ∧ υi)ki. (BCCM-1)

Thus

(fβ)(υn) = sup
υn=

∑r
i=1 ιimi

{
r

min
i=1

{f(ιi),β(mi)}}

> sup
υn=

∑r
i=1(υ∧υi)ki

{
r

min
i=1

{f(υ∧ υi),β(ki)}}

> sup
n=
∑r
i=1 υiki

{
r

min
i=1

{f(υi),β(ki)}} (6.3)

= (fβ)(n).

Hence, fβ satisfies (FBCCSM-2) and (FBCCSM-3).

Theorem 6.10. If G is distributive, f ∈ FI(U), and β ∈ F(G) is increasing and satisfies (FBCCSM-2), then
fβ ∈ FS(G).

Proof. Because of Theorems 6.8 and 6.9, it is simple.

Proposition 6.11. Let f,g ∈ F(U) and $,β ∈ F(G), where β satisfies (FBCCSM-1). Then f ◦$ 6 β if and only
if f$ 6 β.

Proof. Assume that f ◦$ 6 β. Let n ∈ G. Then

(f$)(n) = sup
n=
∑k
i=1 υini

{
k

min
i=1

{f(υi),$(ni)}}

= sup
n=
∑k
i=1 υini

{
k

min
i=1

{min{f(υi),$(ni)}}}

= sup
n=
∑k
i=1 υini

{
k

min
i=1

{sup{min{f(υi),$(ni)}}}}
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6 sup
n=
∑k
i=1 υini

{
k

min
i=1

{(f ◦$)(υini)}}

= sup
n=
∑k
i=1 υini

{
k

min
i=1

{β(υini)}} (f ◦$ 6 β)

6 β(
k∑
i=1

υini) (FBCCSM-1)

= β(n).

Hence, f$ 6 β.
Conversely, assume that f$ 6 β. By (5.2), we have f ◦$ 6 f$ 6 β.

Proposition 6.12. Let f,g ∈ F(U) and $,β ∈ F(G). Then

(i) if $ 6 β, then f ◦$ 6 f ◦β and f$ 6 fβ;

(ii) if f 6 g, then f ◦β 6 g ◦β and fβ 6 gβ.

Proof.

(i) Assume that $ 6 β. Let n ∈ G. Then

(f ◦$)(n) = sup
n=υm

{min{f(υ),$(m)}}

6 sup
n=υm

{min{f(υ),β(m)}} assumption

= (f ◦β)(n)

and

(f$)(n) = sup
n=
∑k
i=1 υini

{min{f(υ1), f(υ2), . . . , f(υk),$(n1),$(n2), . . . ,$(nk)}}

6 sup
n=
∑k
i=1 υini

{min{f(υ1), f(υ2), . . . , f(υk),β(n1),β(n2), . . . ,β(nk)}} assumption

= (fβ)(n).

Hence, f ◦$ 6 f ◦β and f$ 6 fβ.

(ii) Assume that f 6 g. Let n ∈ G. Then

(f ◦$)(n) = sup
n=υm

{min{f(υ),$(m)}}

6 sup
n=υm

{min{g(υ),$(m)}} assumption

= (g ◦$)(n)

and

(f$)(n) = sup
n=
∑k
i=1 υini

{min{f(υ1), f(υ2), . . . , f(υk),$(n1),$(n2), . . . ,$(nk)}}

6 sup
n=
∑k
i=1 υini

{min{g(υ1),g(υ2), . . . ,g(υk),$(n1),$(n2), . . . ,$(nk)}} assumption

= (g$)(n).

Hence f ◦β 6 g ◦β and fβ 6 gβ.
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Lemma 6.13. Let f ∈ F(U) and β ∈ F(G). Then

(∀υ ∈ U, ∀n ∈ G)((fβ)(0) > (f ◦β)(0) > max{min{f(υ),β(0)}, min{f(1),β(n)}}).

Proof. Let υ ∈ U and n ∈ G. Then

(f ◦β)(0) = sup
0=υn

{min{f(υ),β(n)}} > min{f(υ),β(0)}

and

(f ◦β)(0) = sup
0=υn

{min{f(υ),β(n)}} > min{f(1),β(n)}.

Hence, (f ◦β)(0) > max{min{f(υ),β(0)}, min{f(1),β(n)}}. By (5.2), we have

(fβ)(0) > (f ◦β)(0) > max{min{f(υ),β(0)}, min{f(1),β(n)}}.

Lemma 6.14. Let υs,υ℘, f ∈ F(U) and as,a℘,β ∈ F(G). Then

(i) f ◦ amin{℘,s} 6 (f ◦ as)∩ (f ◦ a℘);

(ii) famin{℘,s} 6 (fas)∩ (fa℘);

(iii) υmin{℘,s} ◦β 6 (υs ◦β)∩ (υ℘ ◦β);

(iv) υmin{℘,s}β 6 (υsβ)∩ (υ℘β).
Proof. By Note 4.16 (ii) and Proposition 6.12, it is established.

Lemma 6.15. Let f ∈ F(U) and a℘,bs,β ∈ F(G), where β satisfies (FBCCSM-1). If f ◦ a℘ 6 β and f ◦ bs 6 β,
then

(∀υ ∈ U)((f ◦ (a+ b)min{℘,s})(υ(a+ b)) 6 β(υ(a+ b))).

Proof. Assume that f ◦ a℘ 6 β and f ◦ bs 6 β. Let υ ∈ U. Then

β(υa) > (f ◦ a℘)(υa) = sup
υa=ιn

{min{f(ι),a℘(n)}} > min{f(υ),a℘(a)} = min{f(υ),℘} (6.4)

and

β(υb) > (f ◦ bs)(υb) = sup
υb=ιn

{min{f(ι),bs(n)}} > min{f(υ),bs(b)} = min{f(υ), s}. (6.5)

Thus

(f ◦ (a+ b)min{℘,s})(υ(a+ b)) = sup
υ(a+b)=ιm

{min{f(ι), (a+ b)min{℘,s}(m)}}

= sup
υ(a+b)=ι(a+b)

{min{f(ι), (a+ b)min{℘,s}(a+ b)}}

= sup
υ(a+b)=ι(a+b)

{min{f(ι), min{℘, s}}}

= sup
υ(a+b)=ι(a+b)

{min{min{f(ι),℘}, min{f(ι), s}}}

6 sup
υ(a+b)=ι(a+b)

{min{β(ιa),β(ιb)}} (6.4), (6.5)

6 β(ιa+ ιb) (FBCCSM-1)
= β(ι(a+ b))

= β(υ(a+ b)). υ(a+ b) = ι(a+ b)
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Lemma 6.16. Let f ∈ F(U) and a℘,bs,β ∈ F(G), where β satisfies (FBCCSM-1) and (FBCCSM-2). If f ◦a℘ 6 β
and f ◦ bs 6 β, then

(∀υ ∈ U)((f ◦ (a− b)min{℘,s})(υ(a− b)) 6 β(υ(a− b))).

Proof. Assume that f ◦ a℘ 6 β and f ◦ bs 6 β. Let υ ∈ U. Thus

(f ◦ (a− b)min{℘,s})(υ(a− b)) = sup
υ(a−b)=ιm

{min{f(ι), (a− b)min{℘,s}(m)}}

= sup
υ(a−b)=ι(a−b)

{min{f(ι), (a− b)min{℘,s}(a− b)}}

= sup
υ(a−b)=ι(a−b)

{min{f(ι), min{℘, s}}}

= sup
υ(a−b)=ι(a−b)

{min{min{f(ι),℘}, min{f(ι), s}}}

6 sup
υ(a−b)=ι(a−b)

{min{β(ιa),β(ιb)}} (6.4), (6.5)

= sup
υ(a−b)=ι(a−b)

{min{β(ιa),β(−ιb)}} (FBCCSM-2)

6 β(ιa− ιb) (FBCCSM-1)
= β(ι(a− b))

= β(υ(a− b)). υ(a− b) = ι(a− b)

Proposition 6.17. Let f ∈ FI(U) and a℘ ∈ F(G). Then

(∀υ, ι ∈ U)(f ◦ (υa)℘)(ι(υa)) 6 (f ◦ a℘)(ι(υa)).

Proof. Let υ, ι ∈ U. Then

(f ◦ (υa)℘)(ι(υa)) = sup
ι(υa)=σm

{min{f(σ), (υa)℘(m)}}

= sup
ι(υa)=ι ′(υa)

{min{f(ι ′), (υa)℘(υa)}}

6 sup
(ι∧υ)a=(ι ′∧υ)a

{min{f(ι ′ ∧ υ),a℘(a)}} (BCCM-1), (6.3)

= sup
(ι∧υ)a=σm

{min{f(σ),a℘(m)}}

= (f ◦ a℘)((ι∧ υ)a)
= (f ◦ a℘)(ι(υa)). (BCCM-1)

Lemma 6.18. Let υ℘ ∈ F(U) and $ ∈ F(G). If $ satisfies (FBCCSM-3), then

(1℘ ◦$)(0) 6 (υ℘ ◦$)(0).

Proof. Assume that $ satisfies (FBCCSM-3). Then

(1℘ ◦$)(0) = sup
0=ιa

{min{1℘(ι),$(a)}}

= sup
0=1a

{min{1℘(1),$(a)}}
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= sup
0=1a

{min{℘,$(a)}}

6 min{℘,$(0)} (3.1)
= min{υ℘(υ),$(0)}}
6 sup

0=ιa
{min{υ℘(ι),$(a)}} Proposition 2.5 (ii)

= (υ℘ ◦$)(0).

Lemma 6.19. Let f ∈ F(U) and a℘ ∈ F(G). If f satisfies (6.1), then

(f ◦ 0℘)(0) 6 (f ◦ a℘)(0).

Proof. Suppose f meets (6.1). Then

(f ◦ 0℘)(0) = sup
0=ιb

{min{f(ι), 0℘(b)}}

= sup
0=ι0

{min{f(ι), 0℘(0)}}

= sup
0=ι0

{min{f(ι),℘}}

6 min{f(1),℘} (6.1)
= min{f(1),a℘(a)}
6 sup

0=ιb
{min{f(ι),a℘(b)}} (BCCM-3)

= (f ◦ a℘)(0).

Lemma 6.20. Let f ∈ F(U) and a℘,bs,β ∈ F(G), where β satisfies (FBCCSM-1). If fa℘ 6 β and fbs 6 β, then

(∀υ ∈ U)((f(a+ b)min{℘,s})(υ(a+ b)) 6 β(υ(a+ b))).

Proof. Assume that fa℘ 6 β and fbs 6 β. Let υ ∈ U. By (5.2), (6.4), and (6.5), we have

β(υa) > (fa℘)(υa) > (f ◦ a℘)(υa) > min{f(υ),℘} (6.6)

and

β(υb) > (fbs)(υb) > (f ◦ bs)(υb) > min{f(υ), s}. (6.7)

Thus

(f(a+ b)min{℘,s})(υ(a+ b)) = sup
υ(a+b)=

∑k
i=1 ιimi

{
k

min
i=1

{f(ιi), (a+ b)min{℘,s}(mi)}}

= sup
υ(a+b)=

∑k
i=1 ιi(a+b)

{
k

min
i=1

{f(ιi), (a+ b)min{℘,s}(a+ b)}}

= sup
υ(a+b)=

∑k
i=1 ιi(a+b)

{
k

min
i=1

{f(ιi), min{℘, s}}}

= sup
υ(a+b)=

∑k
i=1 ιi(a+b)

{min{
k

min
i=1

{f(ιi),℘},
k

min
i=1

{f(ιi), s}}}
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6 sup
υ(a+b)=

∑k
i=1 ιi(a+b)

{
k

min
i=1

{β(ιia),β(ιib)}} (6.6), (6.7)

6 β(
k∑
i=1

(ιia+ ιib)) (FBCCSM-1)

= β(

k∑
i=1

ιi(a+ b))

= β(υ(a+ b)). υ(a+ b) =
∑k
i=1 ιi(a+ b)

Lemma 6.21. Let f ∈ F(U) and a℘,bs,β ∈ F(G), where β satisfies (FBCCSM-1) and (FBCCSM-2). If fa℘ 6 β

and fbs 6 β, then

(∀υ ∈ U)((f(a− b)min{℘,s})(υ(a− b)) 6 β(υ(a− b))).

Proof. Assume that fa℘ 6 β and fbs 6 β. Let υ ∈ U. Thus

(f(a− b)min{℘,s})(υ(a− b)) = sup
υ(a−b)=

∑k
i=1 ιimi

{
k

min
i=1

{f(ιi), (a− b)min{℘,s}(mi)}}

= sup
υ(a−b)=

∑k
i=1 ιi(a−b)

{
k

min
i=1

{f(ιi), (a− b)min{℘,s}(a− b)}}

= sup
υ(a−b)=

∑k
i=1 ιi(a−b)

{
k

min
i=1

{f(ιi), min{℘, s}}}

= sup
υ(a−b)=

∑k
i=1 ιi(a−b)

{min{
k

min
i=1

{f(ιi),℘},
k

min
i=1

{f(ιi), s}}}

6 sup
υ(a−b)=

∑k
i=1 ιi(a−b)

{
k

min
i=1

{β(ιia),β(ιib)}} (6.6), (6.7)

= sup
υ(a−b)=

∑k
i=1 ιi(a−b)

{
k

min
i=1

{β(ιia),β(−ιib)}} (FBCCSM-2)

6 β(
k∑
i=1

(ιia− ιib)) (FBCCSM-1)

= β(

k∑
i=1

ιi(a− b))

= β(υ(a− b)). υ(a− b) =
∑k
i=1 ιi(a− b)

Proposition 6.22. Let f ∈ FI(U) and a℘ ∈ F(G). Then

(∀υ, ι ∈ U)(f(υa)℘)(ι(υa)) 6 (fa℘)(ι(υa)).

Proof. Let υ, ι ∈ U. Then

(f(υa)℘)(ι(υa)) = sup
ι(υa)=

∑k
i=1 σimi

{
k

min
i=1

{f(σi), (υa)℘(mi)}}
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= sup
ι(υa)=

∑k
i=1 ι

′
i(υa)

{
k

min
i=1

{f(ι ′i), (υa)℘(υa)}}

6 sup
(ι∧υ)a=

∑k
i=1(ι

′∧υ)a

{
k

min
i=1

{f(ι ′i ∧ υ),a℘(a)}} (BCCM-1), (6.3)

= sup
(ι∧υ)a=

∑k
i=1 σimi

{
k

min
i=1

{f(σi),a℘(mi)}}

= (fa℘)((ι∧ υ)a)

= (fa℘)(ι(υa)). (BCCM-1)

7. Conclusions and future works

The idea of BCC-modules has been proposed in this article. The idea of FBCCSMs of BCC-modules
has also been proposed, and its features and necessary and sufficient conditions have been given. We
have defined FSs in BCC-modules of several patterns, identifying the properties and relationships of
these FSs to the FBCCSM. We have also defined and studied the FBCCSM generated by a set of FSs in
BCC-modules, as well as identifying their properties and their relationship to FBCCSMs. Finally, we have
applied the concept of FBCCIs of BCC-algebras while providing properties and searched for the results
of the composition and the product between FBCCIs and FBCCSMs.

In the near future, more research on the following subjects will be conducted:

(1) to investigate Fermatean fuzzy sets based on the Senapati and Yager notion [31];

(2) to present the idea of bipolar Pythagorean fuzzy soft sets using the Jana and Pal concept [13];

(3) to study generalized intuitionistic fuzzy BCC-ideals based on the Jana and Pal concept [12];

(4) to study Pythagorean fuzzy sets based on Pythagorean fuzzy points and Pythagorean fuzzy num-
bers according to Jana et al.’s approach [14, 15].

Acknowledgments

This research project was supported by the Thailand Science Research and Innovation Fund and the
University of Phayao (Grant No. FF66-RIM032).

References

[1] H. A. S. Abujabal, M. Aslam, A. B. Thaheem, On actions of BCK-algebras on groups, Panam. Math. J., 4 (1994), 43–48.
1

[2] M. A. Ansari, A. Haidar, A. N. A. Koam, On a graph associated to UP-algebras, Math. Comput. Appl., 23 (2018), 12
pages. 1, 1

[3] M. A. Ansari, A. N. A. Koam, A. Haider, Rough set theory applied to UP-algebras, Ital. J. Pure Appl. Math., 42 (2019),
388–402. 1

[4] M. Bakhshi, Fuzzy set theory applied to BCK-modules, Adv. Fuzzy Sets Syst., 8 (2011), 61–87. 1
[5] R. A. Borzooei, J. Shohani, M. Jafari, Extended BCK-module, World Appl. Sci. J., 14 (2011), 1843–1850. 1
[6] P. Burandate, S. Thongarsa, A. Iampan, Fuzzy sets in UP-algebras with respect to a triangular norm, Konuralp J. Math.,

7 (2019), 410–432. 1
[7] N. Dokkhamdang, A. Kesorn, A. Iampan, Generalized fuzzy sets in UP-algebras, Ann. Fuzzy Math. Inform., 16

(2018), 171–190. 1
[8] Y. Huang, BCI-algebra, Science Press, Beijing, (2006). 1.1
[9] A. Iampan, A new branch of the logical algebra: UP-algebras, J. Algebra Relat. Topics, 5 (2017), 35–54. 1, 1

[10] A. Iampan, Introducing fully UP-semigroups, Discuss. Math. Gen. Algebra Appl., 38 (2018), 297–306. 1

https://cir.nii.ac.jp/crid/1573950400990168192
https://doi.org/10.3390/mca23040061
https://doi.org/10.3390/mca23040061
https://ijpam.uniud.it/online_issue/201942/33%20Ansari-Koam-Haidar.pdf
https://ijpam.uniud.it/online_issue/201942/33%20Ansari-Koam-Haidar.pdf
https://www.researchgate.net/profile/Mahmood-Bakhshi/publication/266968243_Fuzzy_set_theory_applied_to_BCK-modules/links/549337c10cf22d7925da2d67/Fuzzy-set-theory-applied-to-BCK-modules.pdf
https://www.researchgate.net/profile/Rajabali-Borzooei/publication/265820052_Extended_BCK-module/links/568e97cd08aeaa1481b02b1b/Extended-BCK-module.pdf
https://dergipark.org.tr/en/download/article-file/844547
https://dergipark.org.tr/en/download/article-file/844547
https://doi.org/10.30948/afmi.2018.16.2.171
https://doi.org/10.30948/afmi.2018.16.2.171
https://scholar.google.com/scholar_lookup?title=BCI-Algebras&publication_year=2006&author=Y.S.%20Huang
https://doi.org/10.22124/jart.2017.2403
https://doi.org/10.7151/dmgaa.1290


C. Polhinkong, et al., J. Math. Computer Sci., 31 (2023), 403–432 432

[11] A. Iampan, M. Songsaeng, G. Muhiuddin, Fuzzy duplex UP-algebras, Eur. J. Pure Appl. Math., 13 (2020), 459–471.
1

[12] C. Jana, M. Pal, Generalized intuitionistic fuzzy ideals of BCK/BCI-algebras based on 3-valued logic and its computational
study, Fuzzy Inf. Eng., 9 (2017), 455–478. (3)

[13] C. Jana, M. Pal, Application of bipolar intuitionistic fuzzy soft sets in decision making problem, Int. J. Fuzzy Syst. Appl.,
7 (2018), 32–55. (2)

[14] C. Jana, M. Pal, Extended bipolar fuzzy EDAS approach for multi-criteria group decision-making process, Comput. Appl.
Math., 40 (2021), 15 pages. (4)

[15] C. Jana, T. Senapati, K. P. Shum, M. Pal, Bipolar fuzzy soft subalgebras and ideals of BCK/BCI-algebras based on bipolar
fuzzy points, J. Intell. Fuzzy Syst., 37 (2019), 2785–2795. (4)

[16] Y. B. Jun, B. Brundha, N. Rajesh, R. K. Bandaru, (3, 2)-Fuzzy UP (BCC)-subalgebras and (3, 2)-fuzzy UP (BCC)-filters,
J. Mahani Math. Res. Cent., 11 (2022), 1–14. 1

[17] B. Kesorn, K. Maimun, W. Ratbandan, A. Iampan, Intuitionistic fuzzy sets in UP-algebras, Ital. J. Pure Appl. Math.,
34 (2015), 339–364. 1

[18] Y. Komori, The class of BCC-algebras is not a variety, Math. Japon., 29 (1984), 391–394. 1
[19] R. Kumar, S. K. Bhambri, P. Kumar, Fuzzy submodules: some analogues and deviations, Fuzzy Sets and Systems, 70

(1995), 125–130. 1
[20] M. Mashinchi, M. M. Zahedi, On L-fuzzy primary submodules, Fuzzy Sets and Systems, 49 (1992), 231–236. 1
[21] P. Mosrijai, A. Iampan, A new branch of bialgebraic structures: UP-bialgebras, J. Taibah Univ. Sci., 13 (2019), 450–459.

1
[22] C. V. Negoiota, D. A. Ralescu, Applications of fuzzy sets to systems analysis, Birkhäuser, Basel, (1975). 1
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