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Abstract

With the aid of the g-binomial coefficients and utilizing the convolution, we define a new g-convolution operator that helps
us introduce two new families of bi-univalent functions. These classes are connected by subordination with a function G n.
We give upper bounds for the coefficients estimate |a;| (j = 2,3) of the functions that belong to these families, followed by
some special cases. Moreover, we found estimates for the Fekete-Szeg6 inequality for both of these families, followed by simple
particular results. We emphasize that the defined convolution g-difference operator generalizes some other operators given
by several authors. As an application of this study, Fekete-Szeg6 inequalities for these classes of functions defined by Pascal
distribution are investigated.
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1. Introduction and motivation

Let A be the class of functions of the form
f(z) :z+Zajzj, (L.1)
j=2

that are analytic in the open unit disk U := {z € C : |z| < 1}. The subclass of A made up of all functions
that are univalent in U will also be defined by 8.
By the Koebe One Quarter Theorem [14], a function f € 8§ has an inverse function f~! which is defined

by

f1(f(z)) =2, zeU and f (f_l(w)) =w (le < 1o(f), ro(f) = i) ,
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where

fHw) =w+ Z gjwj.
j=2

Since
w="f(f1(w) =w+ (g2 + a)W?+ (g3 —2aj + az) W’ + (g4 +5a3 — 5araz + as) w +- - -,
we get gp = —ay, g3 = 2a% —az,and g4 = —5a§ + 5asa3 — a4, then we obtain
fH(w) =w— aw? + (2a3 — a3) w* — (5a3 —5azaz + ag) wh+ - - .

Assume that the inverse function f~! has an analytic extension in U. In U, if f and f~1 are univalent,
then f is considered to be bi-univalent in U, and we express the class of bi-univalent functions by Xy. For
more explanation, the following functions belong to the class Zy:

1 1+z z
=1 —log(1—
20g<1—z>' 1—z losll—z)
with the following associated inverse functions
e —1 w e" —1
e2w+1" 1+w’ ew

Many investigators have concerned in examining of bi-univalent functions and investigated the bounds
of the coefficients estimate |an| (see [2, 6, 8, 9, 11, 36, 38]).

The Bieberbach conjecture-related Fekete-Szeg6 problem centers on an inequality for the coefficients
of univalent functions f in (1.1), that have been discovered by Fekete and Szeg6 [18]. The inequality
consists of determining an estimate of the maximum value of the coefficient functional |az — £a3| (see
[10, 12, 15, 21, 25, 29, 31, 32]).

For any analytic functions f and g in U, if there is a Schwarz function ¢, that is, ¢ is analytic in U,
with ¢(z) =0, [¢(z)| < 1, such that f(z) = g(d(z)), then f is considered a subordinate to g, indicated by
f(z) < g(z). If g is univalent in U, then the next relationship holds:

f(z) < g(z) & f(0) =g(0) and f(U) c g(U).

Lately, many investigators have concentrated on the scope of g-calculus, motivated by the success of
g-calculus applications in physics, mathematics and other fields, such as differential equations, special
functions, combinatorics, special polynomials, operator theory, and other related fields. In 1908, Jackson
([24]), was the first to introduce the concepts of g-analysis (derivative and integral). Also, the geometries
for g-analysis have been explored in numerous works introduced on quantum groups. Recently, numer-
ous studies have examined certain classes analytic functions in U utilizing fractional q-calculus operators.
In the present paper, some parts of the g-calculus theory will be employed to reach our results: see the
following papers for more information on the notions of gq-calculus ([4, 17, 20, 22, 23, 34, 37]).

Recently, some investigators have developed the g-calculus using the parameter p, such that 0 <
q < p < 1. Subsequently, Srivastava [35] has demonstrated that the value of p does not contribute to
developing q-calculus, and it is a trivial and inconsequential value. Therefore, we support the study of
the g-calculus and its applications. We are now going to provide the concepts of g-calculus that we need
to comprehend this work.

Definition 1.1 ([24]).
(i) Let 0 < g <1 and [jl4! indicates the g-factorial, which is expressed as follows:

(i1 = Gl G—1q - 21g Mg, ifj=123,...,
Nl = 1, ifj =0,
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where .
1—¢
1=q
(ii) For 0 < g < 1, the g-derivative operator is established by

llq := and [0]q :=0.

f(qz) —f(z)

g1z 27

Dqf(z) =
We let the g-exponential function e defined by (see [27])

iz

j=0 ila*

j
', (z e U).

Furthermore, we define the g-binomial series (see [13])

T

(1 —n)fq = Z <;> (—1)°n®%, re N, s € Ny := IN U{0},
q

s=0
<r> o [r]q!
3 q'i [s]q! r—slq!”

represents the g-binomial coefficients (or Gaussian binomial coefficients). We use these q-binomial coeffi-

where

cients to introduce the differential operator L;’q’k A — Aby

LT90(z) = f(2),
LraH(z) = (1 =) (2) + (1— (1—n)} ) 2Dqf(2),

(1.2)
LRRI(z) = L9 (2) (L9 (z)), k> 2
If f is given by (1.1), from (1.2) we obtain
ad ko
Sy =2+ ) (14 (g —xam) 7, z€ L, (13)

j=2

where xg () := Yo (;)q(—l)”lns.

Remark 1.2. Note the following operators of particular cases of the operator L;’q’k previously determined
by other authors.

1. Taking q — 1—, we acquire the operator D¢ m introduced by Frasin ([3, 19]).
2. For ¢ — 1—and L%k, this last operator reduces to the operator defined by Al-Oboudi [5].
3. Ifgq—=1-and Li'k, we obtain the operator of Salagean [33].

Definition 1.3. For a function f € A, by utilizing the convolution principle, we define a g-convolution
operator Q%"*f(z) : A — A given as follows:

Tk _ rr,qk
QU f(z) = Ly f(z) * eq.
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From the above definition, it follows that
QT *(z) =z+ ) Y(lgd, (z€U), (1.4)
j=2
with
) Kk
(1+ (Blg — g ()

Y(j) = 7q . (1.5)

Moreover, from (1.3) it is easy to show the next relationship:

X5()2Dq (LF4*6(2) = Lx o+ H(z) — (1= () ) L9 *H(2), z € U.

In 2012, Lee and Asci [26] established the (m,n)-Lucas polynomial £, ,,j(x) based on the frequency
relationship between the polynomials m(x) and n(x) with real coefficients, as follows:

Lomno(X) =2, Lmni(x) =m(x), and Ly na(x) = m?(x) +2n(x),

- (1.6)
Lm,n,j (X) = m(X)Lm,n,j—l (X) + n(X)Lm,n,jfZ(X)r ) = 2;

and the generating function of the (m, n)-Lucas Polynomial is given by

B 2—m(x)z
1-—m(x)z—n(x)z?

gm,n (z) := Z [Jm,n,j (X)Zj

j=2

Depending on the values of m and n, some special polynomials can be obtained from the (m, n)-Lucas
polynomial like the Lucas polynomials £y 1 ;(x), the Pell-Lucas polynomials £y 1,;(x), the Jacobsthal poly-
nomials L1y j(x), the Fermat-Lucas polynomials £3, 2 ;(x), and the first-kind Chebyshev polynomials
Lox,—1,5(x). Many authors have provided studies on the (m, n)-Lucas polynomial ([1, 7, 39-41]).

This work aims to define a q-convolution operator that contains the g-binomial series and g-exponen-
tial function, and to determine upper bounds for several families of analytic functions defined by sub-
ordination. After that, our findings deal with the Fekete-Szeg6 inequality for (m,n)-Lucas polynomials.
Finally, we determine the upper bounds of Fekete-Szego inequality by using Pascal distribution.

2. Initial coefficient bounds for some families connected with the (m,n)-Lucas polynomials

This section begins by introducing the concept of new families 7K (1, 1,k; p, ) and JF4(n, 7, k%; p, 0).
To demonstrate our first results, it needs to mention the following lemma.
Lemma 2.1 ([30], p. 172). Let w(z) = Y  wnz™ be an analytic function in U such that |w(z)| < 1 forall z € U.

n=1
Then,
|w1‘<1l |wn|<1_|w1|2/n:2/3/----
Definition 2.2. A function f € Zy is said to be in the family 5K (n, 1,k%; p, () if the below conditions hold:
! 12

1(z (QH’T’kf(Z)) + pz? (Qg'r’kf(z))
1+ - v

G\ (1-0)Q2"*f(2) + pz (Q‘c}”fkf(z))

_1 < 9m,n(Z) _1

and ) .
1 2 (QF 1 w)) + 02 (247 (w))
+ = /

“\ = p)Qy 1 (w) + pz (23741 w)

_1 < 9m,n(w)_1/

where p € [0,1], { € C\ {0} and Q)" f(z) defined in (1.4).
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Example 2.3.
(i) For k =0, we get the subfamily 7K 4(n,r,s,0;p, () = FK4 (n,7,s;p, C) defined by

¢

1 < Z(qu(Z))l + pzZ(qu(z))”
(1—p)Qqf(2) + pz(2qf(2))’

— 1) < 9m,n(z) —1

and
124

1 2(Qqf 1)) + p22(Qqf 1 (W)
1+
C\(1—p)Qqf1(w)+ pz(Qqf~1(w))

where p € [0,1], C€ C\ {0} and Y(j) := b']lq! = 0j.

(ii) For p =1, we get the subfamily 7K 4(n,r,k;1,() = FKq(n,1,k; () defined by

; 1) < Gmnw)—1,

1+ i z(QHka(z)>, <Gmn(z)—1 and 1+ 1 z (Qgﬁ,kfl(W))/ < G (W) —1,
e e

where ¢ € C\ {0} and Q3" (z) defined in (1.4).

Definition 2.4. A function f € Ly is said to be in the family §F(n, ,k; p, () if the next conditions hold:

(el
C\ (1- p)Q™f(2) + pz (QH’T'kf(Z))/

_1 < 9m,n(z) _1

and
/

1ol z (Qg" ™ (w))
“\ =)@ ™1 w) + pz (03T (w))

7 -1 < 9m,n(w)_1;

where p € [0,1), ¢ € C\ {0} and Q¥"*f(z) defined in (1.4).
Example 2.5. For p = 0, we get the subfamily J&4(n, 1, k;0, () defined by

/ /
1 (2 (94*(z) 1 (2 (90 w)

1+ = —1| <S%mn(z)—1 and 1+ =
C Qg’r’kf(z) mn(2) C Qg’r’kffl(w)

-1 < 9m,n(w) -1,

where ¢ € C\ {0} and QH’T’kf(z) defined in (1.4).
Theorem 2.6. If f € TKq(n,1,%; p, C) has the form (1.1), then

m?(x) || 4 __mIlldl

az| < min{A; B}, |a3| < '
|| { Lo lagl (14+p)21Y2(2)]  2(142p)[Y(3)]

where

A Im(x)| v/Im(x)l I¢] g ldm*g
- C 7T ey
\/Z‘mz(x) ((1+20)7(3) = (1+p)2Y2(2)) = 2n(x) (1 + p)2T2(2)

p €(0,1], C € C\{0}, and Y is defined by (1.5).
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Proof. If we suppose that f € FXq(n,1,k%;p, (), then there exist two analytic functions ¢ and ¢, with

$(0) =¢(0) =0, |d(z)] <1, |pw)| <1, for all z,w € U, such that

/ "
1z <Qg’r’kf(2)> + pz? (QH’”‘f(z))
142 ,
“\ (- 0037 (2) + oz (937 1(2))

—1 :Sm,n ((b(Z))—l, ZGU/

and .

/
) 1 z (QHIT,kffl (W)) + pZZ(Qg,Tzkffl (W))
+= /
C\ =2 w) 4 pz (37 ()

—1 :9m,n (@(W))_LWEUI

where ¢ and ¢ have the form

d(z) =01z4+ 0022 +032°+---, ze U, ow)=lw+Lw*+ W+, weU.

Since

9m,n ((1)(2)) —1=-1+ Lm,n,O(x) + Lm,n,l(x)d)(z) + Lm,n,Z(X)d)z(Z) +---,z€ U/
9m,n ((P(W)) —-1=-1 +Lm,n,0(x) +Lm,n,1(x)(p(w) +£‘m,n,2(x)(p2(w) +---,We U/

equating the first two corresponding coefficients of the equalities (2.1) and (2.2), we get

1+p)Y(2
(p)c()aZ = Lm,n,l (X)Glr
2(1+2p)Y —(1 2Y2(2)a?
[1+2p) (3)(13& A+ eV 2)a = Linna(x)02 + Limna(x)o?,
1+p)Y(2
_(p)c()aZ = Lm,n,l (X)h,
2 . 22 2
2(1+2p)Y(3) (203 Cag) (1+p)*Y%(2)a3 (O Lmna ()L
From (2.6) and (2.8) we get
o1 =—1y,
and - )
AT TR g2 ) ().

Adding (2.7) and (2.9) we have

2[2(1+20)7(3) - (1+ pPY2(2)]
G
and if we substitute the value of (07 + 12) from (2.11) into the relation (2.12), then

(1% = Lm,n,l (X) (02 + 12) + Lm,n,Z(X) (0% + l%) ’

L3 (X)) (o2 + 1)

mmn,l

(x)((1+20)7(3) = (14 p)2Y2(2)) = 2L mn 2 () (1 + 9)2Y2(2)]

= 2[252

m,mn,l

Using (1.6) and the first inequality of Lemma 2.1, from (2.13) it follows that

L3, () (o2 4 )

2262, 100 ((1+20)7(3) = (1+ p272(2)) = 2L mm2(X) (1 + )2Y2(2)] |

las| =

2.1)

(2.2)

(2.3)

(2.4)
(2.5)

(2.6)
2.7)
(2.8)

2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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therefore
ol < m(x)| /)1 o
\/Z‘mZ(x) ((1 +20)Y(3)—(1+ p)2Y2(2)> —2n(x)(1+ p)272(2)
Another upper bound for |ay| could be obtained from (2.11), because it implies
a2 _ Cﬁ%n,n,l(x) (O-% + ]'%)
2 2(1+p)2Y2(2) ’
hence
) — || FEmna ) (07 +1) dmiy) g
TN 20+022) | T (+eRP2))
Now, from the two upper bound values of |a,| we conclude that
laz| < min{A; B}.
To get a majorant for |a3|, using (2.10) and subtracting (2.9) from (2.7) we get
4(14+2p)Y(3
20D (03— ) = Lm0 (02— 1) + Lmmals) (0F ). .19
Based on (2.10) and (2.14) it follows that
Qa = [“%n,n,l (X)C (O-% + l‘%) Lm,n,l(x)c (62 - 12)
: 2(1+p)2Y2(2) 4(1+20)Y(3) '
and
las| < L 0IC(0T + 1) | | L () (02 — 1)
BT 214 0)272(2) 4(1+2p)Y(3)
L%n,n,l (X)C -2 Lm,n,l (X)C -2 _ L%n,n,l (X)C ‘ Lm,n,l (x)C ‘
2(1+ p)2Y2(2) 4(1+2p)Y(3) (1+p)2Y2(2) 2(1+2p)Y(3) |
Hence
0 < M1 mx)l I
S (14p)2172(2)]  2(142p) [Y(3)]
O
For the particular case k = 0, Theorem 2.6 gives the following.
Corollary 2.7. If f € FKq(n,71,5,0; p, () has the form (1.1), then
m?(x) || Im(x)[ [C|

a gmin{f\;g}, a3| < ,
la2] 1Big. ol (1+p)2[02] " 2(1+2p) 03|

where

A m(x)| vIm(x)] || & lgm?(x)

Al = P 1=

\/2’m2(x) ((1 +20)0s— (14 p)zog) —2n(x)(1 + p)203
1

p€[0,1], ¢ € C\{0}, and o; = W’j =23
q!

 (1+p)? ‘G%|’
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If we take p =1 in Theorem 2.6, we deduce the next special case.

Corollary 2.8. If f € FKq(n,1,%; () has the form (1.1), then

(4 = m2(x) (¢ | Im(x)] ||
az| < min {AZ,Bz}, las| < 22 T 6 a)
where

Ay e Im(x)| /Im(x) || B, — ] m?(x)

ToAn2(2)”
\/ Z'mz(x) (3Y(3) _ 2Y2(2)> _ 4n(x)Y2(2)'

C € C\{0}, and Y is defined by (1.5).
Theorem 2.9. If f € T 4(n, 7, k; p, () has the form (1.1), then

m?(x) || m(x)[ I
(1—p)272(2)]  2(1—p)[V(3)I

laz| < min{C; D}, J|az| <

where

m()| VIm(x)] ] |l m?(x)

C = D =
! 1—0)2 172(2)"
\/2]m2(x)((1—pm3)—(1—p)2Y2(2))—zn(xm—p)zvzm (1=p)* F*(2)]

p €1[0,1), C € C\{0}, and Y is defined by (1.5).

Proof. If we assume that f € JF4(n,1,k;p, (), then there exist two analytic functions ¢ and ¢, with
$(0) =¢(0) =0, |d(z)] <1, |ew)| <1, for all z,w € U, such that

1 z (QE’”‘f(Z))I
14— 1| < G (B(2) =1, z€ U, (2.15)
G\ (1— Q2 #(2) + pz (Q}]’T’kf(z)>
and )
z (QVT R 1(w)
142 (2 ) 1| < Gmn (W) —1, wel,  (216)

C\ (1= QY1) + pz (AT (w))

where ¢ and ¢ have the form (2.3).
Since Gmn (¢(z)) and Gmn (@(w)) have the form (2.4) and (2.5), respectively, equating the first two
corresponding coefficients of the equalities (2.15) and (2.16), we have

(1—p)Y(2)az

7 = Lm,n,l (X)Gll (2'17)
_ (1 01272 2
2(1—p)Y(3)as C(l PV (2)a; — Lrni(X)02 + Lomna(x)02, (2.18)
_(1—0)2((2)612 — L (L, (2.19)
2(1-p)Y(3) (203 —a3) — (1—p)Y?(2)a} _ L0 £ ma (x)12 (2.20)
= A~mmn, mmn, 1 :

¢
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From (2.17) and (2.19) we get

o1 =—l (221)
and - 5
AP TRI a0 (0 8). 222)
Adding (2.18) to (2.20) we have
212(1—p)Y(3) — (1—p)*T2(2)
[ } a% =Lmni1(x)(0y+ 1)+ Lmna(x) (G% + l%) , (2.23)

G

and substituting the value of (07 + 1) from (2.22) into the equation (2.23) it follows that

3 1
a2 = Homna ()0 + o) (2.24)

2[2€2, 1 () (1= p)T(3) = (1= p)2Y2(2)) = 2L 2 () (1 — p)2Y2(2)]

Using (1.6) and the first inequality of Lemma 2.1, from (2.24) it follows that

L3 (x)(o2+ 1)

m,n,l

2[2€2, 100 (1= )Y(3) = (1= p)272(2)) 2L mn2(X) (1 — 0)2Y2(2)] |

las| =

and
m(x)| /Im(x)] [C]

laz| < =C.
\/2\m2(x) (1=p)7(3) — (1-0)272(2)) —2n(x)(1 — )2Y2(2)]

Another upper bound for |a;| could be obtained from (2.22), since this relation implies

L) (0F+8)
2(1-p)272(2) °

a3 =

thus

| m2(x)|
S 1—p2 2(2)]

=D,

| [ a6 (01 + 1)
=\ | 200

and we conclude that
laz| < min{C; D}.

To get a majorant for |asz|, using (2.21) and subtracting (2.20) from (2.18) we get

4(1—p)Y(3)
¢

From (2.21) and (2.25) it follows that

((13 - Cl%) = Lm,n,l (X) (62 - 12) + Lm,n,Z(X) (0-% - 1%) . (225)

. L%n,n,l (X)C (G% + l%) Lm,n,l(x)c (02 - 12)
“T T 41-p)Y3)

then

Linna(¥)E (07 +1)
2(1-p)2V2(2)

lag| <

’ Lm,n,l (X)C ((72 - l2)
4(1—p)Y(3)
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Lfnm (x)¢-2
2(1—p)2Y2(2)

L%n,n,l (X)C
(1—p)2Y2(2)

~ 4

‘Lm,n,l (X)C . 2‘
4(1—p)Y(3)

‘ Lm,n,l (X)C
2(1-p)Y(3)

that is

m?(x) || N Im(x)| [

las| < (1—p)272(2)  2(1—p)IY3)I

If we take p = 0 in Theorem 2.9, we obtain the following special case.
Corollary 2.10. If f € §F4(n,1,k;0, () has the form (1.1), then

m?(x) || L mOIlg
v2(2) 273’

las| < min{é;f)}, lag| <

where

c. m(x)| /fmx][ [{] 5. ldm?(x)

::vb%ﬂwmvmy—vam)—mq@yqﬁ( o)l

C € C\{0}and Y defined by (1.5).

2.1. Fekete-Szegd problem for the families FXq(n, 7, k; p, ) and 3F 4(n, 7, k; p, ()

This part determines upper bounds for the Fekete-Szegd functional ’a3 — &a%’ for the classes
FKqMm, 1,k p,0) and 3F 4(n, 7, k; p, C).
Theorem 2.11. Let f € TKq(n,1,k; p,C) and & € R. Then,

[m(x)] 1

PR ol R PaY 1t
) 20200 . i1e~11< o7 [ 2%
)a3_£a2 B |1_£‘|m (X)| , lf|E,—1|> 1 ‘er)r'&n‘/
2‘m2(x) ((1 F20)7(3)— (14 p)2Y2(2)> —on(x)(1+ p)2T2(2)’ (1+2p)Y(3)
where )
pl . . 242 A X 2~r2
04l = 2((14+20)73) — (14 pPY2(2)) 2,555 1+ 0 12(2),
p €(0,1], C € C\{0}, and Y is defined by (1.5).
Proof. If f € TKq(n,1,%; p, ¢), then from the relations (2.13) and (2.14) it follows that
o £l L3 () (1 =€) (o2 +1p) Lmni(x)C (o2 —1p)
3— = -
220200 (14 20)Y(3) — (14 0)2Y2(2)) — 2L mma() (14 p)272(2)]  4(1+20)Y(3)

B £ o )L
= Lm,n,l (X) { <q)1 (X) + 4(1 + 2p)'Y‘(3)> 02+ <®1 (X) 4(1 + ZP)Y(\?’)) 12} ’

where
L2 1)1 —-&)

() ((1+20)7(3) = (14 p12Y2(2) ) — 2L mm2(6)(1 4 p)2V2(2)| F

Thus, according to the relation (2.8) and using (1.6) we conclude that

Dy (x) =
e 2[252

m,mn,l

m(o)
2(1+2p)Y(3)
2im(x)| |0 (x)

1
. z <
o “Dl (X)‘ S 411 20)7(3)
1
. z 5>t
, i ‘q)l (")‘ Z 41 +20)Y(3)’

that is equivalent to our result. O

laz — £a3| <
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Theorem 2.12. Let f € §Fq(n,1,k; p, ¢) and & € R. Then,

Im(x)l . - 0,2
‘ & 2’ S Hmemer 1—é|| )| e e ’ern ’
az — 6as| < —&||m3 (x . 1 >
, IfIE=1 2 ———s | QR
Z’mz(x)<(1 —0)Y(3) = (1—p)2T2(2) ) 2n(x)(1 - p)2Y2(2) ¥ (1—p)Y(3) ’
where
g2, =2(11-)Y(3) ~ (1 - 0)72(2)) — 20 (1 - p212(2),
’ m2(x)
p€[0,1), ¢ € C\{0}, and Y is defined by (1.5).
Proof. If f € JF4(n, 7, %; p, C), then using the relations (2.24) and (2.25) we get
05— £} = L ()1~ E)(07 + L) Lt (¥ (02— 1)
2[22, 100 (1= p)T(3) = (1= pP12(2)) =28 mma() (1 —ppY2(2)] 41 =PIVE)
_ 3 I E(v)_ 1
=m0 { (9509 g —e) 7 (0509 s ) -
where
D5) L2 (e(1—¢)
T 2a 00— )Y (B) - (1-p12Y22)) — 2L na(¥)(1 - p)2Y2(2)| B
Using now the relations (2.8) and (1.6) we obtain that
Im(x)] 5 1
—_—, if | @ _
jay—taf| < | 20-0IVD) o ) 9| < g e

2|m(x)|’(1)2( , if ‘Q) ’ m/

that represents our result. O

If we take k = 0 in Theorem 2.11 and p = 0 in Theorem 2.12, then we obtain the next special cases,
respectively.

Corollary 2.13. If f € TKq(n,71,5,0;p,C) and & € R, then

m(x))| . 1 03
, | 2042000 lf%”“m’ ol
laz — £a3] < 11— &l |m3(x)| 1 03
- , iflE— 1|>m\ 3|,
2[m2(x) (1 +20)03 — (1+ p)203 ) —2n(x)(1 + p)2 p)o3
where )
Qg% =2((1420)03 — (1+9)03) ~2- 5751+ )03
€ [0,1], ¢ € C\{0}, and 0j = ml',) =2,3.
o
Corollary 2.14. If f € JF4(n,7,k;0,C) and & € R, then
Im(x)] L pA4
2 ) 3 iFIE~11< 5 b,
— < _
a3 — bag 1= & [mto) , ifl&—1|>%‘ﬂfifn,
2(m2(x) (Y(3) —T2(2)> —2n(x)72(2 (3)
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where
n(x)

2
zpg T2

foTaps 2(Y(3) - Y2(2)) 2
and Y is defined by (1.5).

2.2. Application of functions defined by Pascal distribution

The power series whose coefficients are probabilities of the Pascal distribution have been studied by
El-Deeb et al. [16]. Using the function

00 . ) ) )
Oh(z) =2+ ) (Jtil >931(1—e)w, (t>1,0<0<1ze ),
j=2

and motivated by this function, Murugusundaramoorthy et al. [28] investigated the convolution operator
W§ : & — 8 formulated by

Whf(z) = Df(z) # f(z) =z+ )_ (j t: 2) 01 (1-0)'a;2, (ze€U),
j=2

where f(z) in the formula (1.1). Since

Woflz) =z+ ) _ (3 J: . >ell(1 —0)aj7) =z+10(1—0) a2’ + 1‘(”2;) 0%(1—0)*azz’ +--- (ze L),
j=2

if we replace in the Theorems 2.11, 2.12, and in Corollaries 2.13 and 2.14 the function f by W§f defined

above, then we obtain the subsequent outcomes.

Theorem 2.15. Let Wi € FKq(n,1,k; p, () and & € R, where f € 8 has the form (1.1), then

(¢41) a3 — 28 t(1- 0)° o

m(x)| . 1 .
) 2(142p)Y(3)’ il fle—1l< (1+2p)Y(3) ’ o

v |1 - E,| m (X) . 1
t0(1-0) ; E=112> | Qhin|

2[m2(x) ((1+20)7(3) — (14 9)2Y2(2)) —2n(x)(1+ p)22(2) g T+ 207 |
where
a5t =2((1+20)7(3) - (1+02Y2(2)) -2 M (14 ppy2),
m2(x)

Y is defined by (1.5), p € [0,1], ( € C\ {0}, and 0 < 6 < 1.
Theorem 2.16. Let Wt € JF q(n, 7, k; p, () and & € R, where f € 8§ has the form (1.1). Then,

‘(c+ 1)0a3 — 28 ¢(1— ) a%’

m(x)] i 1 02
_ 2 21— p)Y(3)’ NI, fle=1< T=ovm Q8]
Ste(_er — &l m ifle-1> — L _|as2,
Z‘mz(X)((l —p)Y(3) — (1—p)2Y2(2)) —2n(x)(1—p)2Y2(2) ! (1—p)Y(3) ‘ ’
where

n(x)

m2(x)

02, =2((1-p)T(3) — (1 p)13(2)) =25 (1 - p)PT2(2),

Y is defined by (1.5), p € [0,1), C€ C\{0}, and 0 < 0 < 1.



S. H. Hadi, M. Darus, T. Bulboacd, J. Math. Computer Sci., 31 (2023), 433—447 445

Corollary 2.17. If W5 € TKq(n,71,5,0;p,C) and & € R, where f € 8 has the form (1.1), then

[(t+1)0as —2&¢(1—0)" a3

m(x)] o 1 0.3
< 2 2(1+2p)o3” \ FlE-1l< (1+2p)o3 ‘ e
Se-_or 1= &lfm 6| ez o [08d,
2[m2(x) ((1+20)03 — (1+ p)203 ) — 2n(x)(1+ p)203 (1+2p)03
where x)
3 . - 2 5 X 2
Qee ._2((1 +2p)oz — (1+p) 0%) 2m2(x)(1+p) 03,
0 = [j]l',j =23, C\{0},and 0 <O < 1.
q!
Corollary 2.18. If W5 € JFq(n,1,%;0, ¢) and & € R, where f € 8 has the form (1.1), then
|(v+1)0az —2&¢(1—0)° af|
Im(x)| : 1 04
7 71 < A~ A an Vi
_ 2 ' 2Y(3) ) \ if1E —1i Y(3) )
Ste(_o) 1= &m0 e 11> o gk,
Z‘mz(x) (Y(3) —Y2(2)> —2n(x)Y2(2) Y(3)

where
n(x)

2
mZ(X) T (2)/

0pf = z(v(3) —YZ(Z)) 2
Y is defined by (1.5), € C\ {0}, and 0 < 0 < 1.

Remark 2.19. Setting q — 1—, r = k = s = 1 = 1, and replacing Gmn(z) —1 by ®(z), such that
®(0) = 1and ®’(0) > 0, in Theorems 2.6 and 2.11, then we deduce Theorems 2.3 and 2.4, that have
been investigated by Kazimoglu and Deniz [25].

3. Conclusion

Recently, many studies have focused on introducing new concepts by using q-calculus, due to its
wide applications in physics, mathematics and other fields. We used the g-calculus to define a new (-
differential operator that involves the q-binomial series, which is a generalization to an operator provided
by Frasin [19]. With the aid of this operator and by using the concept of subordination, we defined two
families of functions K4 (n, 7, k; p, ¢) and JF4(n, 7, k; p, (). These subordinations are connected with the
function G, n, where some special polynomials can be obtained from the (m,n)-Lucas Polynomial like
the Lucas polynomials.

We found estimates for the first two coefficients for the functions of classes, followed by some special
cases obtained for special values of the parameters. Also, we determined estimates for the Fekete-Szeg6
inequality for these families and some special cases of the main results are given.

The importance of these results consists in the next facts: the new differential operator L;’q’k con-
nected with the g-binomial coefficients extend some operators previously defined by other authors, and
the subordinations used to define the new classes which are connected to the well-known (m, n)-Lucas
polynomial like the Lucas polynomials. The results we obtained are simple to use, giving an upper bound
for the modules of the first two coefficients, and for the Fekete-Szeg6 functional for these new classes.

We consider that those who are interested in the topics of Geometric Function Theory of one variable
functions connected with special functions could use these results for some possible studies.
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