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Abstract

In this paper, we establish some new nonlinear integral inequalities with delay in two independent variables which general-
ize some known inequalities recently obtained. These results can be used as handy tools to study the boundedness of solutions
of Volterra integral equations. An application is given to illustrate how our results can be applied to study the boundedness of
the solutions of certain Volterra equations.
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1. Introduction

Gronwall-Bellman inequalities [5, 10] and their various generalizations [4, 12, 15, 16] that give ex-
plicit bounds on unknown functions provide a very useful and important device in the study of many
qualitative as well as quantitative properties of solutions of differential equations, integral equations and
integro-differential equations.

Recently, many new results on the nonlinear retarded integral inequalities can be found in [3, 7, 9, 11,
14, 17] and the references given therein.

Theorem 1.1 ([18]). Let @, @', € C'(I,1) be increasing functions with ¢'(t) < k, «(t) < t, «(0) = 0,Vt €
L; k, ug be positive constants, we assume that u(t) and f(t) are nonnegative real-valued continuous functions defined
on 1 and satisfy the inequality

x(t)
w(t) <o+ J fi(s)(uls))ds

0
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forallte L Ifug' — kfg‘(t) f(s)exp (4[5 f(t)dT)) ds > 0, then

x(t)
u(t) <o ! (cp(uo +J f(s)Bg(s)ds> Ntel,
0

where

X ds
(X) —J] m,vx>0,

o(t) o(t) s o
Bs(t) = exp (4 Jo f(s)ds) ((p(uo)_1 —kJO f(s)exp <4 L f(T)dT)) ds)

Theorem 1.2 ([1]). Let u(t), g(t),f(t) € C(L 1), x(t) € CY(I,1) be nondecreasing with «(t) < t on L. If the
inequality

x(t) s P
u(t) <uo+J f(s) [u(Zp)(s)—i—J g(?\)qu\)dA} ds,Vte 1,
0

holds, where vy > 0 and 0 < p < 1,0 < q < 1 are constants, then

x(t)

u(t)<uo+j

0

f(s)kq (ofl(s)) exp <p(2—p) r f(?\)d?\) ds,Vt €1,
0
where

x(t) s ﬁ
(1) [uélquzp) + (1—q)J0 g(s) exp <—(1—q)(2—p)J0 f(?\)d)\) ds] .

Theorem 1.3 ([6]). Let u,f, g € C(A,Ry), and c(x,y) € C(A, R%) be nondecreasing with respect to (x,y) € A, let
o€ CHIy, 1), B € Cl(Iy, Ip) be nondecreaszng with a(x) < xon Iy, By) <y on Ip. Further ¥, @ € C(R4,R4)
be nondecreasing functions with {1\, ¢} (u) > 0 for u > 0, and hm 1])( ) = +oo. If u satisfies

«(x) (B(y) 2
P (ulx,y)) < alx,y)+ (J J (s, t)o (u(s,t)) dtd8>

0 0

o (x) rB(yY) s
+J J f(s,t)cp(u(s,t))q g(’t,t)(p(u(’t,t))d'r> dtds,

0 0 0
for (x,y) € A, then

ulxy) <! {Hl

for 0 < x < x1,0 <y < yy, where

a(x) rB(y) s
B(x,y) :J J ’ f(s,t) (J g(T,t)dT) dtds,

0 0 0

' ds +oo ds
L e AR “”“”—L T

and (x1,y1) € A is chosen so that <H (a(x,y))+B(x,y) (fo fo f(s,t) dtds) > € Dom (H™1).
Motivated by the results above and the inequalities obtained very recently in [8, 13] we give a general-

ization of nonlinear retarded integral inequalities in two independent variables of Gronwall-Bellman type
which can be used as a handy tool to study the boundedness of solutions of Volterra integral equations.
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2. Main results

In what follows, R denotes the set of real numbAers, Ry = [0,+00),R% = (0,400),I; = [O,M], ], =
[0, N] are the given subsets of R, and A = I; x I,. C*(A, B) denotes the class of all i times continuously
differentiable functions defined on set A with range in set B (i =1,2,...) and C°(A,B) = C(A, B).

Theorem 2.1. Let u(x,y),f(x,y) € C(A,Ry), and c(x,y) € C(A,R?) be nondecreasing with respect to (x,y) €

A, let o« € CYIy,11), B € Cl(Ip, Ip) be nondecreasing with x(x) < x on Iy, B(y) < y on Ip. Further P, @ €

C(R4, R4) be nondecreasing functions with {1\, @} (u) > 0 for u > 0, and Lll};l P(u) = +o0. If u(x,y) satisfies
u o0

a(x) (B(y) 2
P (ulx,y)) <clxy)+ (J J f(s, t) @ (uls, t)) dtd8>

0 0
t

x(x) rB(y) s
H ] s e s ) [euts ) 42 | fix0) e un0) dode| atas,
0 0 0Jo

for (x,y) € A, and
T +o00
F(r) = J ZL F(400) = J _ds = +00, (2.1)

forr =19 >0, then

alx) (Bly) 2
u(x,y) < YIS F(e (x,y)) + <Jo L f(s,t)dtds)

+J0cx(x) J: (y) f(s,1) {1 +2Ls Jot f(1,0) dcd’t] dtds] }

or 0 < x < x1,0 <y < yy, where (x1,y1) € A is chosen so that
ysy Yy

a(x) (By) 2 ralx) (Bly) s gt
Flc(xy))+ (L JO ’ f(S,t)dtdS> +JO Jo ’ f(s, t) {1 —l—ZJO Jo f(t,0) dO‘dT] dtds € Dom (F').

(2.2)

Proof. Fixing an arbitrary (X,Y) € A, we define a positive and nondecreasing function z(x,y) by
x(x) (B (y) 2
z(x,y) =c(X,Y) + J J (s, )@ (u(s,t)) dtds
0 0

a(x) rB(y) s rt
—i—J ’ f(s, ) (u(s,t)) [(p (u(s,t)) —I—ZJ J f(t,0) @ (u(t,0)) dodt| dtds
0 0 0Jo

for0 < x < X<x,0<y<Y<uyy, thenz(0,y)=2(x,0) =c(X,Y) and
u(xy) <P (z(xy)), (2.3)

then we have
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x(x) pt
+2J J f(t,0) 9 (V! (z(t,0))) dcrd’t] dt

0 0

N

o(x) rB(y) B(y)
(pz (11)_1 (Z((X(X),B(U)))) {2 (J J ’ f(S,t)dtds) (x’(x)J ’ flo(x),t)dt

0 0

x(x) pt
1—|—2J Jf(’r,a)d(rd’t dt »,

0 0

B(y)
+od (x) J fla(x),t)

0

or

alx) (B(y) 2 B(y)
J J f(s,t)dtds) +oc’(x)J floe(x), 1)

0 0 0

o(x) pt
1+2J J f(t,0)dodt| dt.

0z(x,y) )
aX < .
©% (V1 (z(x,y))) ~ ox ( 0 0

In the last inequality we replace x by s, keeping y fixed, integrating the last inequality with respect to s
from 0 to x, making the change of variable s = «(x) and using (2.1), we get

a(x) (By) 2 alx) (B(y) st
F(z(x,y)) < F(c(X,Y))+ (L L f(s,t)dtds) —l—L L f(s,t) [1 —|—2J'0 Jo f(t,0) dcrd’r} dtds.

Since (X,Y) € A is chosen arbitrary, then

x(x) (B(y) 2
z(x,y) < F ! F(C(x,y))+<J J f(s,t)dtds>

0

+JMX) Jﬁ(y] f(s,t) [1 —|—2JS Jt f (7, 0) deT:| dtds] .

0 0 0J0

(2.4)

From (2.3) and (2.4) we obtain the desired inequality (2.2). O

Remark 2.2. If ¢ (x,y) = up > 0 is a constant, P (u) = @(u) = u, x(x) = x,B(y) =y, and y is fixed, then
Theorem 2.1 reduces to Theorem 2.1 in [2].

Remark 2.3. If ¢ (x,y) = up > 0 is a constant, J (u) = u, and y is fixed, then Theorem 2.1 reduces to
Theorem 1.1.

Corollary 2.4. Let u(x,y),f(x,y),c(x,y), e« B be as in Theorem 2.1 and p € (0,1) is a constant. If u(x,y)
satisfies

x(x) rB(y)
uPHl(x,y) <clx,y) + J J f(s,t)uP(s,t)dtds
0 0

x(x) rB(y) s rt
+2J J f(s, t)uP (s, t) [up(s, t) +J J f(1,0)uP (T, o)dmh] dtds,
0 Jo

a(x) (B(y) 2
J J f(s, t)dtds
0 0

L(1=p) J“(X) JB(H) f(s,t) [1+2r th(”t, o) dch] dtds]

(2.5)

1
1-p
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Proof. An application of Theorem 2.1 with
14+E

1 - 1-p 1-p 1— T—
W w) = ute, F(r) = — P [r%% —roﬂ’} ) = [ré“’ + HH " =10,

yields the desired inequality in (2.5).

Remark 2.5. In special cases the corollary 2.4 reduces to Theorem 3.4 in [2].

Corollary 2.6. Let u(x,y),f(x,y),c(x,y), &, and (3 be as in Theorem 2.1, p > 2q > 0 are constants. If u(x,y)

satisfies

a(x) (B(y) 2
uP(x,y) <clxy) + J J f(s, t)ud(s, t)dtds
0 0

a(x) rB(y) s pt
—|—J J f(s,t)ud(s,t) [uq(s,t) +J J f(t,0)ud(s, G)deT] dtds,
0 0 0Jo

for (x,y) € A, then

«(x) (By) 2
J J f(s, t)dtds
0 0
1

p_2q a(x) rB(y) s rt P—2q
+pJ J f(s,t) [l —|—J J f(t,0) deT} dtds .
0 0)

Proof. An application of Theorem 2.1 with

1 1 P p—2q P=2q 1 p—29q p_zq ijz*q
P (u):up,F(r):p_Zq reo—r," [JF(r) =17 +——r ,

for r > rg > 0, yields the desired inequality in (2.6).

Theorem 2.7. Let u(x,y),f(x,y),c(x,y), B, @, and \b be as in Theorem 2.1. Let d(x,y), h(x,y), g(x

C(A,R4). If u(x,y) satisfies

0 0

«(x) (B(y) 2
w(u(x,y))<c(x,yJ+(J J f(s,t)q)(u(s,t))dtds>

S

x(x) rB(y)
+J J g(s, 1)@ (uls, 1)) [d(s,t)+J h(’t,t)(p(u(”t,t))d’c] dtds,

0 0 0
for (x,y) € A, and

T ds +oo ds
@ f— ’ @ f— pr— 7
(r) L,cp(w—l(s)) (Fe0) J o i) T
T “+o0
Qm—J ds , Q(+oo)=J ds ~ oo,

a(x) (B(y) 2
0! Q(A(x,y))+2<L L f(s,t)dtds)

a(x) rB(y) s
+ JO) L g(s,t) (L h(T,t) dT> dtds)] },

(2.6)

O

JY) €

2.7)

2.8)

(2.9)

(2.10)
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where

a(x) rB(y)
J g(s,t)d (s,t) dtds,

Alx,y) = d)(c(x,y)) +J

0 0

or 0 < x <x1,0 <y <vyq,and (xq,y1) € A is chosen so that
ysy Y

a(x) (Bly) 2 rax) (By) s :
Q(A(xy))+2 J J f(s,t)dtds +J J g(s,t) (J h(T,1t) dT> dtds | € Dom (Q™ ).

0 0 0 0 0

Proof. Fixing an arbitrary (X, Y) € A, define a positive and nondecreasing function z(x,y) by

«(x) (B(y) 2
z(x,y) =c(X,Y)+ <J J f(s, ) (u(s,t)) dtds)

0 0

S

x(x) rB(y)
+J J g(s,t)(p(u(s,t))[d(s,t)+J h(’r,t)(p(u(’r,t))d’r} dtds,

0 0 0

for0 < x < X<x,0<y <Y<y, thenz(0,y) =2z(x,0) =c(X,Y) and
u(xy) < Hz(xy), (2.11)

then we have

or

GZéx,yJ ) o(x) B y) . dtd By) ] 4
X < — /
T € (J | fs e (0t et 1) a s>oc(x)J ((x), )t

Since f(‘)x () fg' W) ¢ (s,t)p (11)_1 (z(s,t))) dtds is a nonegative and nondecreasing function with respect to
(x,y) € A, then we get

% ) «(X) B(Y) . B(y)f
X < — /
T G S (J J f(s, ) (b (z(s,1))) dtds) o (x)J (au(x), t)dt

o (x)
gla(x), t) [d (ee(x),t) + J h(t,t) @ (b (z(s, 1)) dT] dt,

for 0 < x < X <x3,0 <y <Y < yp. Keeping y fixed, replace x by s and integrating the last inequality

with respect to s from 0 to x, making the change of variable s = «(x) and using (2.8) we get
a(x) rB(y) s

Olixy) <o+ [ gy [d 50+ | nin e am) dT] dtds
0 0 0

a(x) rB(y) a(X) rB(Y)
—i-ZJ J ’ f(s,t)dtds (J J f(s, ) (W' (z(s, 1)) dtds) )

0 0 0 0
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Since (X,Y) € A is chosen arbitrary, then

a(x) JB(U)

® (z(x,y)) < D (¢ (x,y)) +L

g(s,t)d (s, t) dtds
0

«(x) (B(Y) s
+J J ’ g(s,t) (J hitt)e (b (z(t,1) d’t) dtds

0 0

x(x) rB(y) a(x) rB(y)
+2J J Y f(s, t)dtds <J J Y f(s,t)@(tb1(2(s,t)))dtds>,

0 0

or

g(s,t) <JOS hitt)e (W (z(t,1) d’t) dtds

x(x) rB(y)
+k(x,y)J J

0

f(s, t)e (V! (z(s, 1)) dtds,
0

where k(x,y) = 2 (‘)X () jg (y) f(s,t)dtds is a nonegative and nondecreasing function with respect to
(x,y) € A, then for 0 <x < X <x1,0 <y <Y <y; we get

0 0

a(x) rB(y)
D (z(x,y)) <AXY)+k(XY) (J J f(s,t) (1])_1 (z(s,t))) dtds)

a(x) rB(y) s
—|—J J ’ g(s,t) <J h(t,t)e (1|)_1 (z(T, 1)) dT> dtds.

0 0 0

Define a positive and nondecreasing function v (x,y) by

0 0

o(x) B(yY)
vixy) =AXY)+k(XY) (J J f(s,t)(p(ll)l(z(s,t)))dtds>

«(x) rB(y) s
+J J ’ g(s, t) (J hit,t) e (b (Z(T,t)))d’t) dtds,
0

0 0

for0 < x < X<x,0<y <Y<y, thenv(0,y) =A(X,Y) and

2(x,y) <O (v (x,y)), @12)
and
v B(y)
Se <R ) [ e, O (b7 (071 v ), 1)) dt
B(y) o (x)
+oll)| T glalo (JO hit e W (@ (vir t))))dr) at,
B(y)
<o W (07 (v(xlx), BY))) {k(x,v) o (x) L f(x(x), t)dt
B(y) o (x)
+ oc'(x)J g(o(x),t) (Jo h(T,t) dT) dt} ,
0
or
% XY o B(y)f 4 , B(y) oc(X)h i) g
TS Ty <KV | et tat o | gtk 0 [ nimar ) ar
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Keeping y fixed, replace x by s and integrating the last inequality with respect to s from 0 to x, making
the change of variable s = «(x) and using (2.9) we get

a(x) rB(y) a(x) rB(y) s
Q(v(x,y))<Q(A(X,Y))+k(X,Y)JO L f(s,t)dtds—IrL JO g(s,t) (Lh(’r,t)d’r) dtds.

Since (X,Y) € A is chosen arbitrary, then we get

alx) (B(y) 2 a(x) (B(y) s
vix,y)<Q! Q(A(X,y))—l—Z(L L f(s,t)dtds) +L L g(s,t) (Lh(m)dw) dtds | . (2.13)

From (2.11)-(2.13) we obtain (2.10). The proof is complete. O
Remark 2.8. If d(x,y) =0 for all (x,y) € A, then Theorem 2.7 reduces to Theorem 1.3.

Corollary 2.9. Let u,f,c, «, and 3 be as in Theorem 2.1, k € C(A, RY.) be nondecreasing with respect to (x,y) € A,
p > 2q > 0 are constants. If u(x,y) satisfies

al(x) (By) 2 a(x) (By)
uP(x,y) <clx,y)+ J J f(s,t)ud(s,t)dtds —|—k(x,y)J J f(s,t)uf(s,t)dtds,
0 0

for (x,y) € A, then

1
—2q

2 _ a(x) (Bly) 21"
u(x,y)g{(S(x,y))"p +7—(P2q)<J J ’ f(s,t)dtds> } , (2.14)

where

a(x) rB(y)
J f(s,t)dtds.

_ ba  p—q
Stx,y) = (e (xy) 5" + P k(x,y)J

0 0

Proof. By the same steps given in the proof of Theorem 2.7 with P (u) = uP, @ (u) = ud, g(x,y) =
f(XIU)/ d(xly) = 1/ h(X/U) = O/ and

ux,y) < (z(x,y))7, (2.15)

e (W1 (2) =27, @ (2(x,y)) = (z(x,y) 7,
we obtain

P—9q

- _ a(x) (B (y)
(z(x,y)) "< (¢ (x,y))%+vk(x,y)L Jo f(s,t)dtds

p—q (X0 (P x(x) (B(y) .
#2P 8 T s vatas (| | s, (k) atas )
P Jo 0 0 0

or
P—q

(zxv) 7

where 1(x,y) = 2(]%1) f(()x (x) fg) (vl ¢ (s,t)dtds is a nonegative and nondecreasing function with respect
to (x,y) € A, thenfor 0 <x < X <x1,0 <y <Y <y we get

al(x) [Bly) .
<S(x,y)+ux,y)j J (s, ) (z(x,y))? dtds,

0 0

pP—q

(Z(x,y)> !

a(x) rB(y) q
<S(XY)+1(X,Y) (J J f(s,t) (z(x,y))P dtds) .
0 0
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Define a positive and nondecreasing function v (x,y) by

«(x) (Bly) .
v(x,y) =S(X,Y)+1(X,Y) (Jo L (s, t) (z(x,y))P dtds) ,

for0 < x < X<x,0<y <Y<y, thenv(0,y) =S (X,Y) and

_P_

z(x,y) < (v(x,y))r 9, (2.16)

and

ov B(y) q

» Xy a'(x)J fla(x), 1) (v ((x), 1) 7 dt

6x 0

4 Rly)
< (v (alx), BY)) 7T LX) o (x) L fla(x), t)dt,

or

% <1(XY) (xl(x)J f(o(x),t)dt.
(v(x,y))pa

Integrating the last inequality with respect to s from 0 to x, making the change of variable s = (x) we

get
Wix,y) 7 e < (S(x, Y)) P __qu(x, Y) J:(X) J: Y f(s, t)dtds.
Since (X,Y) € A is chosen arbitrary, then we get
b2 ogy (<0 (BLY) 2\ v
v(xy) < ((S(x,y)) p=d -|—2( - ) <L JO f(s,t)dtds> ) . (2.17)
From (2.15)-(2.17) we obtain (2.14). O

3. Applications

We shall in this section illustrate how our results can be applied to study the boundedness of the
solutions of certain Volterra equation.
Consider the following Volterra integral equation in two independent variables.

P x (Y
z2(x,y) = hP(x) + g9(y) —|—J0 L F(s,t,z(oc(s), B(t)))dtds, (3.1)

where p > 2q >0, F € C(AxR,R), h € C(I;,R), g € C(I,R), and o € C' (I;,R;),B € C! (I, R,) are
nondecreasing functions such that «(x) < xon Iy, f(y) <y on I,.
Our result deals with the boundedness of solutions.

Theorem 3.1. Consider the problem (3.1). If
F(x,y,v)l < b(x,y) v, (3.2)

and
[hP (%) + g9 (y)l < alx,y), (3.3)
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where b € C(A,Ry) and a € C(A,RY.) are nondecreasing with respect to (x,y) € A, then all solutions z(x,y) of

(3.1) satisfy
p-2 _ a(x) (By) 2) p
lz(x,y)| < {(S(x,y))Tq +M (L . ’ B(s,t)dtds> } , (3.4)
where 2(p—q) 2(p—q) rec(x) B (y)
S(x,y) = (a(x,y)) Ty pp Yax,y) O L B(s, t)dtds, (3.5)
and
b1 (x), B ()
B(x,y) = (3.6)

Proof. From (3.1) and (3.3), we obtain

2

2(x, y)IP < (alx,y))* + +2a(x,y)

J: E F(s, t,z(x(s), B(t))) dtds

J: J;J F(s, t,z((s), B(t))) dtds

Hence by (3.2) we have

X ry 2
2y < (alyy))P + UO L b(s, 1) [2(als), B(1)[® dtds}
. 3.7)

Yy
+2a(x,y) L JO b(s,t) ‘z(cx(s), [S(t))‘q dtds,

by a change of variables 0 = «(s), T = 3(t), in (3.7) we have

2

wx) (Bly) b (0),p1(1)) o
J Jo 0(/(06_1(0‘))[3/([3—1(T)) 1z (0, T)|" dtdo

2(x,y)IP < (alx,y))?+ { )

«(x) (B(y) b((xfl(c),ﬁfl(ﬂ)
q
—i—2a(x,y)J0 L oc’(oc—l((r))[.’)’(ﬁ—l('r)) |z (0,7)|% dtdo,
or
w(x) (By) 2 a(x) (By)
206, y)P < (aloy)? + j J B(0,7) |z (0, 7)| dvdo +2a(x,y)J J B(0,7) |z (0,7)|9 dvda,
0 0 0 0

where B is defined in (3.6). Now an application of corollary 2.9 to the last inequality gives the desired
estimate of |z(x, y)| in (3.4). a

Corollary 3.2. Consider the problem (3.1). If
[F(x,y,v)l < blx,y) VP, (3.8)

and

WP (x) + g9yl < 5, (3.9)

N =

then all solutions z(x,y) of (3.1) satisfy

|=

lz(x,y)| < {exp (C(X,g)) —|—A(x,y)} v (3.10)
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where
a(x) (B (y) 2 1 e By
Alx,y) =2 J J B(s,t)dtds | , C(x,y)=1log— —i—J J B(s,t)dtds,
o Jo 4 Jo o
where B is defined in (3.6).
Proof. By (3.1) and (3.9), we obtain
1 X ry 2 X (y
lz(x,y)IP <~ J J F(s,t,z(oc(s),ﬁ(t)))dtds + J J F(s,t,z(oc(s),ﬁ(t)))dtds .
4 {Jo Jo 0 Jo
Hence by (3.8) we have
1 X ry 2 X ry
lz(x,y)IP < 1 + U J b(s,t) |z(oc(s),f5(t))‘p dtds] + J J b(s,t) ]z(oc(s),B(t))‘p dtds|, (3.11)

0 Jo 0 Jo

by a change of variables 0 = «(s), T= (t), in (3.11) we have

1z (0,7)|” dodt

a(x) st(y) b (oc*1 (x), Bfl(y))

1
p L
z(x,y)| <t J I Py T (=T

0

1z (o, 7)|P dodr,

+

alx) (Bly) b(a 10,871 (y))
J Jo of (=1 (x)) B/ (B~ 1(y))

0

a(x) rB(y)
J J B(o,1)|z(0,T)|P dodt

<1+
Tl 0 0

0 0

2 ralx) (By)
—i—J J B(o, 1) |z (0,7)|P dodT.

An application of Theorem 2.7 (with @(u) = P(u) = uP, g(s,t) = f(s,t), d(s,t) =1, h(s,t) =0, and
c(x,y) = 1) to the last inequality, now gives the assertion immediately in (3.10). In particular, if B is

bounded on A, then every solution z(x,y) of (3.1) is bounded on A.

O

Remark 3.3. Our results in this work can be also applied to study the uniqueness and continuous de-
pendence of the solutions of certain initial boundary value problems for hyperbolic partial differential

equations given in (3.1).
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