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Abstract

In this paper, we first explore more properties of soft somewhere dense continuous functions. Then, we discuss the
preservation of soft Baire property and soft Baire category. We give some concrete examples to illustrate how our findings
extend some conclusions and connections made in the literature.

Keywords: Soft continuous, soft somewhat continuous, soft semicontinuous, soft somewhere dense continuous, fuzzy Baire
space, soft Baire space.

2020 MSC: 54C08, 54C10, 54E52, 03E72.

©2024 All rights reserved.

1. Introduction

In 1999, the theory of soft sets was given by the Russian mathematician Molodtsov [45] as a tool for
modeling mathematical problems that deal with uncertainties. According to Molodtsov, there are numer-
ous applications for soft set theory. In the present theory, there is no restricted condition to describe the
objects, as a result, researchers are free to choose the type of parameters that they demand, significantly
simplifying decision-making and allowing the method quite efficient in the lack of incomplete informa-
tion. Alternative theories like fuzzy set theory, rough set theory, and vague set theory, might be thought
of as mathematical techniques for dealing with uncertainty, nevertheless. Maji et al. [44] investigated
a (deep) conceptual framework of soft set theory in their study. They developed numerous operators
specifically for soft set theory. A number of other mathematical structures, including soft ring theory [1],
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soft group theory [2], soft σ-algebra [18], soft algebra [23], etc have been investigated in soft context after
Maji’s work.

Shabir and Naz [50], and Çağman et al. [30] individually defined the idea of soft (standard) topology in
2011. Then various methods of extending soft topologies have been introduced, see [4, 15, 21, 29, 47]. Soft
continuity of functions was defined by Nazmul and Samanta [46] in 2013. Then, in the literature, multiple
generalized forms of soft continuous and soft open functions showed up. Namely: soft bi-continuity [16],
soft U-continuous functions [20], soft somewhat continuous functions [24], soft β-continuous functions
[53], soft semicontinuous functions [43], soft semi-open functions [43], soft β-open functions [53], soft
somewhat open functions [24], Soft complete continuity [6], etc. In 2018, Al-shami [11] defined the notion
of soft somewhere dense sets and explored main properties. Then, many soft notions were established
depending on soft somewhere dense sets such as soft interior and closure operators [36], soft continuous
functions [14] and soft separation axioms [13]. Some findings that show the divergences between classical
and soft topological spaces were displayed in [12].

Correspondingly, the concepts of compactness [10, 28], connectedness [42], and separability [49], ex-
tremally disconnectedness [26], submaximality [7], separation axioms [17, 34, 35, 51], bases [3], Caliber
and chain conditions [5], etc, have been studied in soft settings. In addition, the maximal or minimal soft
topologies with regard to some of the latter soft topological properties have been investigated in [8, 22].

The Baire category theorem is an important criteria in topology and analysis. In general topology, the
theory of Baire spaces has been widely researched in [32, 33, 37–39]. In fuzzy settings, Thangaraj and
Anjalmose [52] examined Baire spaces in 2013. Riaz and Zain [48] investigated the notion of soft Baire
metric spaces in 2017. According to our knowledge, very few is known about Baire spaces in soft set
theoretic approach. In particular, the topic of soft Baire spaces being preserved under soft functions. One
could deduce from Theorem 2.38 in [11] that soft Baire spaces can be kept under soft open soft continuous
images. While soft open soft continuous preimages are preserved under soft Baire space without imposing
any additional requirements, this claim may be false. Recently, authors in [25, 27] have studied the
soft Baire invariance under the functions that are somewhat soft continuous, soft semicontinuous, soft
somewhat open, and soft somewhere dense open. In this paper, we continue in the same direction and
provide better results after studying more attributes of some categories of soft functions.

2. Definitions and notations

Certain fundamental concepts and notations that will be utilized in the continuation are presented in
this section. From now on, we refer to Z as our universal set and T̂ as a collection of parameters.

Definition 2.1 ([45]). A soft set in Z̃ is the pair (R,T) = {(θ,R(θ)) : θ ∈ T}, where R is a set-valued mapping
from a T ⊆ T̂ into the power set 2Z of Z. The system of all soft sets in Z̃ parameterized by T is represented
by S(ZT).

Definition 2.2 ([45]). Let (R,T) be a soft subset in Z̃. Then (R,T) is said to be

(i) null if R(θ) = ∅, ∀θ ∈ T;
(ii) absolute if R(θ) = Z, ∀θ ∈ T.

Z̃ and Φ̃, respectively, represent the soft absolute and null sets. Evidently, Z̃c = Φ̃ and Φ̃c = Z̃.

Definition 2.3 ([19, 46]). A soft set (R,T) in Z̃ is said to be a soft point, denoted by zθ, if θ ∈ T and x ∈ X
such that R(θ) = {z} and R(ϑ) = ∅ for every ϑ 6= θ, ϑ ∈ T. An expression zθ @− (R,T) means that z ∈ R(θ).

Definition 2.4 ([9]). The soft complement (R,T)c of is a soft set (R,T) in Z̃ is a soft set (Rc,T), where
Rc : T → 2Z is given by Rc(θ) = Z\R(θ) for every θ ∈ T.

Definition 2.5 ([44]). Let Θ1,Θ2 ⊆ T̂. Then, (S,T1) is a soft subset of (T ,Θ2) (written by (S,Θ1) v (T ,Θ2)) if
Θ1 ⊆ Θ2 and R(θ) ⊆ S(θ) for any θ ∈ Θ1. We say (S,Θ1) = (T ,Θ2) if (S,Θ1) v (T ,Θ2) and (T ,Θ2) v (S,Θ1).



Z. A. Ameen, et al., J. Math. Computer Sci., 32 (2024), 54–63 56

Definition 2.6 ([9]). Let {(Rλ,T) : λ ∈ Λ} be an indexed collection of soft sets in Z̃ with an index set Λ.
Then

(i) the soft set (S,T) is the intersection of all (Rλ,T), where S(θ) =
⋂
λ∈Λ Fλ(θ) for every θ ∈ T. (S,T) is

denoted by (S,T) =
d
λ∈Λ(Rλ,T);

(ii) the soft set (S,T) is the union of all (Rλ,T), where S(θ) =
⋃
λ∈Λ Fλ(θ) for every θ ∈ T. (S,T) is

denoted by (S,T) =
⊔
λ∈Λ(Rλ,T);

(iii) the symmetric difference of (Rλ1 ,T) and (Rλ2 ,T) is defined by

(Rλ1 ,T)∆̃(Rλ2 ,T) = ((Rλ1 ,T)\(Rλ2 ,T))
⊔

((Rλ2 ,T)\(Rλ1 ,T)).

Definition 2.7 ([50]). A subclass Ψ of S(ZT) is said to be a soft topology on Z if

(c1) Ψ includes both Φ̃ and Z̃;
(c2) Ψ is closed under finite intersections; and
(c3) Ψ is closed under any unions.

The 3-tuple (Z,Ψ,T) is said to be a soft topological space on Z. The members of Ψ are soft open sets, and
their complements are soft closed sets. By Ψc we mean the set of all soft closed sets.

Definition 2.8 ([50]). For a soft subset (R,T) of (Z,Ψ,T), the soft interior of (R,T) is denoted by IntZ((R,T))
(or simply Int((R,T))) and defined by

Int((R,T)) =
⋃̃

{(G,T) : (G,T)⊆̃(R,T), (G,T) ∈ Ψ}.

The soft interior of (R,T) is denoted by ClZ((R,T)) (or simply Cl((R,T))) and defined by

Cl((R,T)) =
⋂̃

{(F,T) : (F,T)⊇̃(R,T), (G,T) ∈ Ψc}.

Henceforward, (Z,Ψ,T) means a soft topological space.

Definition 2.9 ([8, 22]). Let F⊆̃S(ZT) and let {(Z,Ψλ,T) : λ ∈ Λ} be an indexed family of soft topological
space on Z with an arbitrary index Λ such that F⊆̃Θλ. Then

⋂̃
λ∈ΛΘλ is called the soft topology on Z

generated by F.

Definition 2.10 ([30]). Given a soft topological space (Z,Ψ,T). If any member of Ψ is represent as a union
of some members of a collection B, then B⊆̃Ψ is referred to as a soft base for Ψ.

Remark 2.11 ([40]). If (S,T) is a soft subset of (Z,Ψ,T), then

Cl((S,T)c) = (Int((S,T)))c and Int((S,T)c) = (Cl((S,T)))c.

Definition 2.12 ([50]). Let (Y,T) 6= Φ̃ be a soft subset of (Z,Ψ,T). The relative soft topology on Y is defined
by

ΨY := {(S,T)u (Y,T) : (S,T) @− Ψ}.

The 3-tuple (Y,ΨY ,T) is called a soft subspace of (Z,Ψ,T).

Definition 2.13. Let (S,T) be a soft subset of (Z,Ψ,T). Then (S,T) is called soft dense [48] if Cl((S,T)) = Z̃;
soft codense if Int((S,T)) = Φ̃; soft nowhere dense [48] if Int(Cl((S,T))) = Φ̃; soft meager [48] if (S,T) =⋃̃∞
n=1(Rn,T), where each (Rn,T) is soft nowhere dense; soft semiopen [31] if (S,T) v Cl(Int((S,T))); soft

β-open [53] if (S,T) v Cl(Int(Cl((S,T)))); soft somewhat open [24] (briefly soft sw-open) if Int((S,T)) 6= Φ̃
or (S,T) = Φ̃; and soft somewhere dense [11] (briefly soft SD-set) if Int(Cl((S,T))) 6= Φ̃.
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The set of all soft dense sets in (Z,Ψ,T) is denoted by D(Z,Ψ,T) or simply by DΨ.

Definition 2.14. Let (Z,Ψ,T) and (Y,Υ,T ′) be soft topological spaces. A soft function g : (Z,Ψ,T) →
(Y,Υ,T ′) is said to be

(i) soft open [46] (resp., soft sw-open [24], soft SD-open [14], soft semiopen [43]) if for every soft open
set (G,T) in (Z,Ψ,T), g((G,T)) is a soft open (resp., soft sw-open, soft soft SD-open, soft semiopen)
set in (Y,Υ,T ′).

(ii) soft continuous [46] (resp., soft sw-continuous [24], soft SD-continuous [14], soft semicontinuous
[43], soft β-continuous [53]) if for every soft open set (H,T ′) in (Y,Υ,T ′), g−1((H,T ′)) is a soft open
(resp., soft sw-open, soft SD-set, soft semiopen, β-open) set in (Z,Ψ,T).

(iii) soft homeomorphism [46] (resp. soft sw-homomorphism) if g is one to one, onto, soft continuous,
and soft open (resp. soft sw-continuous, and soft sw-open).

We direct the reader to [41] for a concept of soft functions defined on the collection of all soft sets.
From now on, when we refer to ”function,” we mean ”soft function.”

As a link between the soft types of continuous functions previously developed, the following diagram
is provided in [24].

soft semicontinuous soft β-continuous

soft sw-continuous soft SD-continuous

The above arrows mean inclusions and their reverses are false, generally, see Examples 4.3-4.5 in [24].

3. Some properties of soft SD-continuous functions

Theorem 3.1. Let (Z,Ψ,T) and (Y,Υ,T ′) be soft topological spaces. The following properties are equivalent for a
function f : (X,Ψ,E)→ (Y,Υ,E ′):

(1) g is soft SD-continuous;
(2) for every (W,T ′)∈Υ with g−1((W,T ′)) 6=Φ̃, there exists Φ̃ 6=(V ,T)∈Ψ such that (V ,T) v Cl(g−1((W,T ′)));
(3) for every (W,T ′) ∈ Υc with g−1((R,T ′)) 6= Z̃, there exists Z̃ 6= (V ,T) ∈ Ψc such that Int(g−1((R,T ′))) v

(T ,T);
(4) for every (D,T) ∈ Ψ∩̃DΨ, then R((D,T)) is soft dense in g(Z̃).

Proof.

(1) =⇒ (2) Instantly comes from definition of soft SD-continuity.

(2) =⇒ (3) Let (R,T ′) ∈ Υc such that g−1((R,T ′)) 6= Z̃. Then Ỹ\(R,T ′) ∈ Υ with g−1(Ỹ\(R,T ′) 6= Φ̃. By
(2), there exists a soft open set (V ,T) in Z̃ such that Φ̃ 6= (V ,T) v Cl(g−1(Ỹ\(R,T ′)) = Z̃\ Int(g−1((R,T ′))).
This implies that Int(g−1((R,T ′))) v Z̃\(V ,T) 6= Z̃. If (T ,T) = Z̃\(V ,T), then (T ,T) 6= Z̃ that fulfills the
needed criterion.

(3) =⇒ (4) Let (D,T) ∈ Ψ∩̃DΨ. We have to show that g((D,T)) is soft dense over g(Z̃). If not, then there
exists (R,T ′) ∈ Υc such that g((D,T)) v (R,T ′) 6= g(Z̃). Therefore (D,T) v g−1((R,T ′)). By (3), there
exist a soft closed set (T ,T) in Z̃ such that (D,T) v Int(g−1((R,T ′))) v (T ,T) 6= Z̃. This contradicts that
(D,T) ∈ DΨ. Thus (4) holds.
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(4) =⇒ (1) Let (X,T ′) ∈ Υ. If g−1((X,T ′)) = Φ̃, it is trivially a soft SD-set. Suppose that g−1((X,T ′)) 6= Φ̃
and g−1((X,T ′)) is not a soft SD-set. That is Int(Cl(g−1((X,T ′)))) = Φ̃. Therefore Cl(Int(Z̃\g−1((X,T ′))) =
Z̃. By (4), g(Z̃\g−1((X,T ′))) is soft dense in g(Z̃), i.e., Cl(g(Z̃\g−1((X,T ′)))) = g(Z̃). This yields that
Cl(g(Z̃)\(X,T ′)) = g(Z̃)\(X,T ′) = g(Z̃) and so (X,T ′) = Φ̃. Contradiction to the choice of (X,T ′). It
follows that Int(Cl(g−1((X,T ′))) must not be null. Thus g−1((X,T ′)) is a soft SD-set in Z̃.

Theorem 3.2. The following are equivalent for a one to one and onto function g : (X,Ψ,E)→ (Y,Υ,T ′):

(1) g is soft SD-continuous;
(2) for every soft (closed) nowhere dense set (N,T) in Z̃, g((N,T)) is soft codense in Ỹ.

Proof.

(1) =⇒ (2) Assume (N,T) is soft (closed) nowhere dense in Z̃. We need to show that g((N,T)) is soft
codense in Ỹ. Suppose otherwise, then there is Φ̃ 6= (X,T ′) ∈ Υ such that (X,T ′) v g((N,T)) and so
g−1((X,T ′)) v g−1(g((N,T))) = (N,T). By (1), Φ̃ 6= Int(Cl(g−1((X,T ′))) v Int(Cl(((N,T))) = Int(((N,T))).
This proves that (N,T) is not soft (closed) nowhere dense in Z̃, which is contradiction. Hence (2) is
established.

(2) =⇒ (1) Let (X,T ′) ∈ Υ. If g−1((X,T ′)) = Φ̃, so g−1((X,T ′)) is a soft SD-set by the definition. Let
g−1((X,T ′)) 6= Φ̃. If g−1((X,T ′)) is not a soft SD-set, then g−1((X,T ′)) is soft nowhere dense in Z̃. By
(2), g(g−1((X,T ′))) is soft codense in Ỹ. That is, Φ̃ = Int(g(g−1((X,T ′)))) = (X,T ′). This cannot be done.
Hence g is soft SD-continuous.

Lemma 3.3. Let (S,T) 6= Φ̃ be a soft β-open subset of (X,Ψ,E). Then Int(Cl((S,T))) 6= Φ̃.

Proof. Straightforward.

Theorem 3.4. Suppose g : (Z,Ψ,T) → (Y,Υ,T ′) is an onto function. Then g is soft SD-continuous if and only
g−1((R,T ′)) is a soft SD-set for every soft sw-soft open set (R,T ′) in Ỹ.

Proof. Let g be soft SD-continuous. Let (R,T ′) be a soft sw-open set in Ỹ. If (R,T ′) = Φ̃, then Φ̃ =

g−1((R,T ′)) is clearly a soft SD-set. Let (R,T ′) 6= Φ̃. Then there is Φ̃ 6= (X,T ′) ∈ Υ such that (X,T ′) v
(R,T ′). Therefore g−1((X,T ′)) v g−1((R,T ′)). By assumption,

Φ̃ 6= Int(Cl(g−1((X,T ′)))) v Int(Cl(g−1((R,T ′)))).

This proves that g−1((R,T ′)) is a soft SD-set.
Conversely, if (X,T ′) is a soft open set in Ỹ, then it is soft sw-open. By assumption, g−1((X,T ′)) is a

soft SD-set. Hence g is soft SD-continuous.

Theorem 3.5. Assume g : (Z,Ψ,T) → (Y,Υ,T ′) is a one to one, onto, and soft semiopen function. Then the next
conditions are equivalent:

(1) g is soft SD-continuous;
(2) for every soft (closed) nowhere dense set (N,T) in Z̃, g((N,T)) is a soft nowhere dense set in Ỹ;
(3) for every soft SD-set (R,T ′) in Ỹ, g−1((R,T ′)) is a soft SD-set in Z̃;
(4) g is soft β-continuous.

Proof.

(1) =⇒ (2) Suppose (N,T)is soft closed nowhere dense inZ̃. By soft semiopenness of g, Int(Cl(g((N,T))))v
g((N,T)) and so Int(Cl(g((N,T)))) = Int(g((N,T))). By Theorem 3.2, Int(g((N,T))) = Φ̃. Thus
Int(Cl(g((N,T)))) = Φ̃. Hence g((N,T)) is soft nowhere dense in Ỹ.
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(2)⇐⇒(3) Suppose (3) is not true. One can find a soft SD-set (R,T ′) in Ỹ such that g−1((R,T ′)) is not
a soft SD-set, that is to say g−1((R,T ′)) is soft nowhere dense in Z̃. By (2), g(g−1((R,T ′))) = (R,T ′) is
soft nowhere dense, i.e., (R,T ′) is not a soft SD-set. This is contradiction. Hence (3) must be true. The
converse can be proved similarly.

(2) =⇒ (4) Let (X,T ′) ∈ Υ. We show that g−1((X,T ′)) is β-open in Z̃. Let zθ 6@− Cl(Int(Cl(g−1((X,T ′))))).
Then we can find (S,T) ∈ Ψ containing zθ such that Int(Cl(g−1((X,T ′))))

d
(S,T) = Φ̃ and so

Φ̃ = Int(Cl(g−1((X,T ′))))
l

Int(Cl((S,T))) w Int(Cl(g−1((X,T ′))
l

(S,T))).

Therefore g−1((X,T ′))
d
(S,T) is soft nowhere dense in Z̃. By (2),

g(g−1((X,T ′))
l

(S,T)) = (X,T ′)
l
g((S,T))

is soft nowhere dense in Ỹ. This implies that

Int((X,T ′)
l
g((S,T))) = (X,T ′)

l
Int(g((S,T))) = Φ̃

and so (X,T ′)
d

Cl(Int(g((S,T)))) = Φ̃. Since g is soft semiopen, then

g((S,T)) v Cl(Int(g((S,T)))).

Therefore (X,T ′)
d
g((S,T)) = Φ̃ and then g−1((X,T ′))

d
(S,T) = Φ̃. Thus zθ 6@− g−1((X,T ′)). This yields

that g−1((X,T ′)) v Cl(Int(Cl(g−1((X,T ′))))), which establishes that, g is soft β-continuous.

(4) =⇒ (1) Let (W,T ′) be a soft open set in Ỹ. If (W,T ′) = Φ̃, clearly its inverse is a soft SD-set. Sup-
pose that (W,T ′) 6= Φ̃. By (4), g−1((W,T ′)) v Cl(Int(Cl(g−1((W,T ′))))). Then Lemma 3.3 verifies that
Int(Cl(g−1((W,T ′)))) 6= Φ̃. Thus g is soft SD-continuous.

Proposition 3.6. Suppose g : (Z,Ψ,T) → (Y,Υ,T ′) is a one to one, onto, soft semiopen, soft SD-continuous
function and (M,T) is a soft meager set in Z̃. Then g((M,T)) is soft meager in Ỹ.

Proof. If (M,T) is a soft meager set in Z̃, so we can have (M,T) =
⊔∞
i=1(Ni,T) such that (Ni,T) are soft

nowhere set in Z̃ for i = 1, 2, . . .. Therefore

g((M,T)) = f

( ∞⊔
i=1

(Ni,T)

)
=

∞⊔
i=1

g((Ni,T)).

By Theorem 3.5 (2), g((Ni,T)) is soft nowhere dense for every i. Hence g((M,T)) is soft meager in Ỹ.

Theorem 3.7. Let f : (X,Ψ,E) → (Y,Υ,E ′) be a function. If g is soft semiopen, then the next conditions are
equivalent:

(1) g is soft SD-continuous;
(2) for every (D,T) ∈ Ψ∩̃DΨ, Int(g((D,T))) is soft dense in g(Z̃).

Proof.

(1) =⇒ (2) Suppose (D,T) ∈ Ψ∩̃DΨ. By Theorem 3.1 (4), g((D,T)) is soft dense in g(Z̃). As g is soft
semiopen, then g((D,T)) v Cl(Int(g((D,T)))) and thus g(Z̃) = Cl(g((D,T))) = Cl(Int(g((D,T)))) by
Lemma 3.16 in [24]. Hence Int(g((D,T))) is soft dense in g(Z̃).

(2) =⇒ (1) Straightforward (from Theorem 3.1 (4) =⇒ (1)).
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4. Preservation of soft Baire property and category

We first define the terms soft sets with Baire property and soft Baire topological spaces, then investi-
gate them in depth.

Definition 4.1. A set (R,T) in Z̃ is said to have the soft Baire property if it is can be represented as
(R,T) = (S,T)∆̃(M,T), where (S,T) ∈ Ψ and (M,T) is a soft meager set.

Definition 4.2 ([48]). Let (Z,Ψ,T) be a soft topological space. Then (Z,Ψ,T) is called a soft Baire space if⋂̃∞
n=1(Gn,T) ∈ DΨ for each collection {(Gn,T) : (Gn,T) ∈ Ψ∩̃DΨ,n ∈N}.

The above definition is equivalent to say, soft Baire is a soft topological space in which every soft open
set that is not null is not soft meager.

Lemma 4.3. Every soft semiopen subset (R,T) of (Z,Ψ,T) has the soft Baire property.

Proof. If (R,T) is a soft semiopen set, by Theorem 3.1 in [31], there is (S,T) ∈ Ψ such that (S,T) v (R,T) v
Cl((S,T)). Clearly, (R,T) = (S,T)

⊔
((R,T)\(S,T)). Since (S,T) is soft open, then Cl((R,T))\(S,T) is a

soft nowhere dense set. But (R,T)\(S,T) v Cl((R,T))\(S,T), so (R,T)\(S,T) is soft nowhere dense. Set
(N,T) = (R,T)\(S,T). Therefore (R,T) = (S,T)

⊔
(N,T) = (S,T)∆̃(N,T) as (S,T)

d
(N,T) = Φ̃. Hence

(R,T) has the soft Baire property.

Theorem 4.4. Let g : (Z,Ψ,T)→ (Y,Υ,T ′) be a one to one, onto, soft semiopen, and soft SD-continuous function.
If (T ,T) is a soft set in Z̃ and has the soft Baire property, then g((T ,T)) has the soft Baire property in Ỹ.

Proof. Let (T ,T) v (Z,Ψ,T) be a set of soft Baire property. Then (T ,T) = (S,T)∆̃ (N,T) for some soft
open (S,T) and soft meager (N,T) subsets in Z̃. Now, g((T ,T)) = g((S,T))∆̃g((N,T)). By Proposition 3.6,
g((N,T)) is soft meager. It is enough to show that g((S,T)) has the soft Baire property. Since (S,T) is a
soft open set and the function g is soft semiopen, so g((S,T)) a soft semiopen set in Ỹ, by Lemma 4.3,
g((S,T)) has the soft Baire property. Thus g((R,T)) has the soft Baire property.

Theorem 4.5. Let g : (Z,Ψ,T)→ (Y,Υ,T ′) be a one to one, onto, and soft semiopen soft SD-continuous function.
Then (Z,Ψ,T) is a soft Baire space.

Proof. Suppose (S,T) ∈ Ψ, which is also soft meager. By Proposition 3.6, g((S,T)) is a soft meager set in
Ỹ. But g is soft semiopen, so g((S,T)) 6= Φ̃ is soft semiopen in Ỹ. Therefore, Int(g((S,T))) 6= Φ̃, and this is
opposite to the hypothesis that (Y,Υ,T ′) is soft Baire. Hence (Z,Ψ,T) is a soft Baire space.

From Theorems 3.5 and 4.5, one can have following.

Corollary 4.6. Let g : (Z,Ψ,T)→ (Y,Υ,T ′) be a one to one, onto, soft semiopen, and soft β-continuous function.
If (Y,Υ,T ′) is a soft Baire space, then (Z,Ψ,T) is soft Baire.

We remark that the ”one to one” condition in Theorem 4.5 can be weakened to ”σ-fiber-complete”.

Definition 4.7 ([25]). A soft function f : (X,Ψ,E) → (Y,Υ,E ′)is called σ-fiber complete if for every count-
able collection {(Kn,T)}n>1 of soft open sets that is centered in Z̃,

d
(Kn,T) 6= Φ̃, there is zθ ′ @− Ỹ with

g−1(zθ ′)
d
(Kn,T) 6= Φ̃ for every n > 1.

Theorem 4.8. Let g : (Z,Ψ,T) → (Y,Υ,T ′) be an onto, soft semiopen, soft SD-continuous, σ-fiber-complete soft
function. If (Y,Υ,T ′) is a soft Baire space, then (Z,Ψ,T) is soft Baire.
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Proof. Let {(Gn,T) : (Gn,T) ∈ Ψ∩̃DΨ,n ∈ N}. We have to check that
d
n∈N(Dn,T) ∈ DΨ. Let Φ̃ 6=

(S,T) ∈ Ψ. Since g is soft semiopen, then g((S,T)) is a non-null soft semiopen set in Ỹ. Therefore,
Int(g((S,T))) 6= Φ̃. Set (U,T) = Int(g((S,T))). By Theorem 3.7, Int(g((Dn,T))) ∈ DΥ, for every n,
and clearly {Int(g((Dn,T)))}n∈N is a countable collection. Since (Y,Υ,T ′) is a soft Baire space, thend
n∈N Int(g((Dn,T))) ∈ DΥ. This means that

l

n∈N

Int(g((Dn,T)))
l

(U,T) 6= Φ̃.

Let
zθ ′ @−

l

n∈N

Int(g((Dn,T)))
l

(U,T).

This implies that
{zθ ′}

l
g((Dn,T))

l
(U,T) 6= Φ̃

and therefore
g−1{zθ ′}

l
(Dn,T)

l
(S,T) 6= Φ̃ for every n.

By σ-fiber-completeness of g,
d
n∈N(Dn,T)

d
(S,T) 6= Φ̃, which means that

d
n∈N(Dn,T) is soft dense in

Z̃. This proves that (Z,Ψ,T) is a soft Baire space.

The next example shows that the condition ”soft semiopenness of a function g” in Theorems 4.5 and
4.8 cannot be removed:

Example 4.9. Let X = Y = R and let T = {θ}. Suppose Ψ is a soft topology generated by {(θ,B(θ)) : B(θ) =
(r,∞); r ∈ R} (called the soft right order topology) and Υ = {(θ,S(θ)) : S(θ) = ∅ or R\S(θ) is finite} is
the finite complement soft topology on Y. If g : (Z,Ψ,T) → (Y,Υ,E) is the identity soft function, we
assert that g is soft SD-continuous but not soft semiopen. On the other hand, (Y,Υ,E) is a soft Baire
space but (Z,Ψ,T) is not. Clearly g is one to one and onto (consequently g satisfies countable fiber-
completeness). We start to prove that g is soft SD-continuous. Given any soft open set (G,T) in Ỹ, then
it has the form (G,T) = {(θ, (−∞, x1))}

⊔
{(θ, (x1, x2))}

⊔
· · ·
⊔
{(θ, (xn,∞))} for some x1, x2, . . . , xn ∈ R.

It follows that g−1((G,T)) always contains some basic soft open set in Z̃, and each soft open set in Z̃
is soft dense, so Int(Cl(g−1((G,T)))) 6= Φ̃. Thus g is soft SD-continuous. Now, take the soft open set
(W,T) = {(θ, (0,∞)) : θ ∈ T} in Z̃, then (W,T) = g((W,T)) 6v Cl(Int(g((W,T)))) = Φ̃. Therefore g is
not soft semiopen. Obviously, all finite soft sets in Ỹ are soft nowhere dense. Then (Y,Υ,E) a soft Baire
space since it cannot be represented as a countable union of finite sets. While Z̃ =

⊔
m∈N(Nm,T), where

(Nm,T) = {(θ, (−∞,m)) : θ ∈ T} and, for every m, Int(Cl((Nm,T))) = Φ̃. Thus (Z,Ψ,T) cannot be soft
Baire.

Here, we shall notify the reader that following result is given in [25].

Theorem 4.10. If g : (Z,Ψ,T)→ (Y,Υ,T ′) is a soft sw-homeomorphism and (Y,Υ,T ′) is a soft Baire space, then
(Z,Ψ,T) is a soft Baire space.

The following example justifies that Theorems 4.5 and 4.8 are respectively natural generalizations of
Theorems 4.5 and 4.7 proved in [25].

Example 4.11. Let Q be the set of rational numbers, X = Y = R, and T = {θ}. If Ψ is the soft topol-
ogy on Z with the soft base {(θ,B(θ)) : B(θ) = (r, s); r, s ∈ R; r < s} and Υ = {(W,T) : (W,T) =
(G,T)

⊔
((V ,T)\(Q,T)) : where (G,T), (V ,T) @− Ψ} is a soft topology on Y, then the identity function

g : (Z,Ψ,T) → (Y,Υ,E) is soft semiopen and soft SD-continuous. On the other hand, g cannot be a soft
sw-homeomorphism. Clearly g is soft semiopen. To check g for soft SD-continuity, let (H,T) be a soft
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open set in Ỹ. The preimage of (H,T) includes either a soft set {(θ, (r, s))}, {(θ, (r, s)∩Qc)} or their unions,
and in all cases, Int(Cl((H,T))) 6= Φ̃. Now, we shall show that g cannot be a soft sw-homeomorphism. Let
(Q,T)c be the soft open set in Ỹ. Evidently, Int(g−1((Q,T)c)) = Φ̃. Therefore g is not soft sw-continuous
and hence it is not a soft sw-homeomorphism. On the other hand, by soft Baire category theorem in [48],
both (Z,Ψ,T) and (Y,Υ,E) are soft Baire spaces.

5. Conclusion

This paper contributes to the area of soft topology introduced in [50]. We have given some characteri-
zations of soft SD-continuous functions in terms of some other types of generalized soft continuous and
open functions. Then, we have defined soft sets that have Baire property and studied the main properties.
We determine some conditions under which the image and preimage of soft sets with Baire property
and soft Baire spaces are preserved, respectively. To show our findings we extended some results and
relationships from the literature and demonstrated some examples.

As future work, we plan to study further properties of soft somewhere dense sets and soft sets with
Baire property.
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[2] H. Aktas, N. Çağman, Soft sets and soft groups, Inform. Sci., 177 (2007), 2726–2735. 1
[3] J. C. R. Alcantud, Soft open bases and a novel construction of soft topologies from bases for topologies, Mathematics, 8

(2020), 1–12. 1
[4] J. C. R. Alcantud, An operational characterization of soft topologies by crisp topologies, Mathematics, 9 (2021), 1–12. 1
[5] J. C. R. Alcantud, T. M. Al-shami, A. A. Azzam, Caliber and chain conditions in soft topologies, Mathematics, 9 (2021),

1–15. 1
[6] S. Al Ghour, Soft complete continuity and soft strong continuity in soft topological spaces, Axioms, 12 (2023), 1–14. 1
[7] S. Al Ghour, Z. A. Ameen, On soft submaximal spaces, Heliyon, 8 (2022), e10574. 1
[8] S. Al-Ghour, Z. A. Ameen, Maximal soft compact and maximal soft connected topologies, Appl. Comput. Intell. Soft

Comput., 2022 (2022), 7 pages. 1, 2.9
[9] M. I. Ali, F. Feng, X. Liu, W. K. Min, M. Shabir, On some new operations in soft set theory, Comput. Math. Appl., 57

(2009), 1547–1553. 2.4, 2.6
[10] H. H. Al-jarrah, A. Rawshdeh, T. M. Al-shami, On soft compact and soft Lindelöf spaces via soft regular closed sets, Afr.
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[33] J. Doboš, Z. Piotrowski, I. L. Reilly, Preimages of Baire spaces, Math. Bohem., 119 (1994), 373–379. 1
[34] M. E. El-Shafei, M. Abo-Elhamayel, T. M. Al-shami, Partial soft separation axioms and soft compact spaces, Filomat,

32 (2018), 4755–4771. 1
[35] M. E. El-Shafei, T. M. Al-shami, Applications of partial belong and total non-belong relations on soft separation axioms

and decision-making problem, Comput. Appl. Math., 39 (2020), 17 pages. 1
[36] M. E. El-Shafei, T. M. Al-shami, Some operators of a soft set and soft connected spaces using soft somewhere dense sets, J.

Interdiscip. Math., 24 (2021), 1471–1495. 1
[37] Z. Frolı́k, Baire spaces and some generalizations of complete metric spaces, Czechoslovak Math. J., 11 (1961), 237–248. 1
[38] Z. Frolı́k, Remarks concerning the invariance of Baire spaces under mappings, Czechoslovak Math. J., 11 (1961), 381–385.
[39] R. C. Haworth, R. A. McCoy, Baire spaces, Dissertationes Math., 141 (1977), 73 pages. 1
[40] S. Hussain, B. Ahmad, Some properties of soft topological spaces, Comput. Math. Appl., 62 (2011), 4058–4067. 2.11
[41] A. Kharal, B. Ahmad, Mappings of soft classes, New Math. Nat. Comput., 7 (2011), 471–481. 2
[42] F. Lin, Soft connected spaces and soft paracompact spaces, Int. J. Math. Comput. Sci., 7 (2013), 277–283. 1
[43] J. Mahanta, P. K. Das, On soft topological space via semiopen and semiclosed soft sets, Kyungpook Math J., 4 (2014),

221–223. 1, i, ii
[44] P. K. Maji, R. Biswas, A. R. Roy, Soft set theory, Comput. Math. Appl., 45 (2003), 555–562. 1, 2.5
[45] D. Molodtsov, Soft set theory—first results, Comput. Math. Appl., 37 (1999), 19–31. 1, 2.1, 2.2
[46] S. K. Nazmul, S. K. Samanta, Neighbourhood properties of soft topological spaces, Ann. Fuzzy Math. Inform., 6 (2013),

1–15. 1, 2.3, i, ii, iii
[47] A. A. Rawshdeh, H. H. Al-Jarrah,, T. M. Al-shami, Soft expandable spaces, Filomat, 37 (2023), 2845–2858. 1
[48] M. Riaz, F. Zain, Certain properties of soft metric spaces, J. Fuzzy Math., 25 (2017), 543–560. 1, 2.13, 4.2, 4.11
[49] W. Rong, The countabilities of soft topological spaces, Int. J. Comput. Math. Sci., 6 (2012), 952–955. 1
[50] M. Shabir, M. Naz, On soft topological spaces, Comput. Math. Appl., 61 (2011), 1786–1799. 1, 2.7, 2.8, 2.12, 5
[51] M. Terepeta, On separating axioms and similarity of soft topological spaces, Soft Comput., 23 (2019), 1049–1057. 1
[52] G. Thangaraj, S. Anjalmose, On fuzzy Baire spaces, J. Fuzzy Math., 21 (2013), 667–676. 1
[53] Y. Yumak, A. K. Kaymakci, Soft β-open sets and their applications, J. New Theory, 4 (2015), 80–89. 1, 2.13, ii

https://doi.org/10.2298/fil2204143a
https://doi.org/10.1142/S1793005722500466
https://doi.org/10.3390/math11092035
https://doi.org/10.3390/math11092035
https://doi.org/10.48550/arXiv.2112.15201
https://doi.org/10.48550/arXiv.2112.15201
https://doi.org/10.1080/09720502.2021.1978999
https://doi.org/10.1080/09720502.2021.1978999
https://www.researchgate.net/profile/Baravan-Asaad/publication/319345341_Results_on_Soft_Extremally_Disconnectedness_of_Soft_Topological_Spaces/links/59a5fc9ba6fdcc61fcf98c5a/Results-on-Soft-Extremally-Disconnectedness-of-Soft-Topological-Spaces.pdf
https://www.researchgate.net/profile/Baravan-Asaad/publication/319345341_Results_on_Soft_Extremally_Disconnectedness_of_Soft_Topological_Spaces/links/59a5fc9ba6fdcc61fcf98c5a/Results-on-Soft-Extremally-Disconnectedness-of-Soft-Topological-Spaces.pdf
https://www.iasj.net/iasj/download/123633d74e0a84bc
https://www.iasj.net/iasj/download/123633d74e0a84bc
https://doi.org/10.1007/s00521-011-0722-3
https://doi.org/10.3390/sym14050914
https://doi.org/10.3390/sym14050914
https://doi.org/10.1016/j.camwa.2011.05.016
https://doi.org/10.12785/amis/070136
https://dml.cz/bitstream/handle/10338.dmlcz/118185/CasPestMat_108-1983-4_6.pdf
https://dml.cz/bitstream/handle/10338.dmlcz/126122/MathBohem_119-1994-4_5.pdf
https://doi.org/10.2298/fil1813755e
https://doi.org/10.2298/fil1813755e
https://doi.org/10.1007/s40314-020-01161-3
https://doi.org/10.1007/s40314-020-01161-3
https://doi.org/10.1080/09720502.2020.1842348
https://doi.org/10.1080/09720502.2020.1842348
https://dml.cz/bitstream/handle/10338.dmlcz/100457/CzechMathJ_11-1961-2_6.pdf
https://dml.cz/bitstream/handle/10338.dmlcz/100466/CzechMathJ_11-1961-3_3.pdf
https://eudml.org/doc/268479
https://doi.org/10.1016/j.camwa.2011.09.051
https://doi.org/10.1142/S1793005711002025
https://doi.org/10.5281/zenodo.1335680
https://doi.org/10.5666/KMJ.2014.54.2.221
https://doi.org/10.5666/KMJ.2014.54.2.221
https://doi.org/10.1016/S0898-1221(03)00016-6
https://doi.org/10.1016/S0898-1221(99)00056-5
http://www.afmi.or.kr/papers/2013/Vol-06_No-01/AFMI-6-1(1--226)/AFMI-6-1(1--15)-H-120703R1.pdf
http://www.afmi.or.kr/papers/2013/Vol-06_No-01/AFMI-6-1(1--226)/AFMI-6-1(1--15)-H-120703R1.pdf
https://doi.org/10.1039/c3nj00444a
https://www.researchgate.net/profile/Muhammad-Riaz-35/publication/323303405_Certain_Properties_of_Soft_Metric_Space/links/5b0242954585154aeb061324/Certain-Properties-of-Soft-Metric-Space.pdf
https://doi.org/10.5281/zenodo.1334982
https://doi.org/10.1016/j.camwa.2011.02.006
https://doi.org/10.1007/s00500-017-2824-z
https://www.researchgate.net/profile/Palani-Raja-2/publication/323445949_On_Fuzzy_b-Baire_Spaces/links/5a966e260f7e9ba42972ec67/On-Fuzzy-b-Baire-Spaces.pdf
https://dergipark.org.tr/en/pub/jnt/issue/34490/381117

	Introduction
	Definitions and notations
	Some properties of soft SD-continuous functions
	Preservation of soft Baire property and category
	Conclusion

