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Abstract 

Let 𝐺 be a group and 𝑆 a subset of 𝐺 such that 1𝐺 ∉  𝑆 and 𝑆 = 𝑆−1. Let 𝛤 = 𝐶𝑎𝑦(𝐺, 𝑆) be a Cayley graph 

on  𝐺 relative to. Then 𝛤 is said to be normal edge-transitive,  if  𝑁𝐴𝑢𝑡 (𝛤)(𝐺) acts transitively on edges. In 

this  paper we determine all normal edge-transitive Cayley graphs on a dihedral Group 𝐷2𝑛  of 

valency 𝑛 . In addition we classify normal edge-transitive Cayley graphs 𝛤 = 𝐶𝑎𝑦(𝐷2𝑝 , 𝑆) of valency 

four, for a prime  𝑝 and give some normal edge-transitive Cayley graphs 𝛤 = 𝐶𝑎𝑦(𝐷2𝑛 , 𝑆) of valency 

four that 𝑛 is not a prime . 
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1 Introduction 

 For a given graph Γ, we denote by 𝑉 𝛤 , 𝐸 𝛤 , 𝐴𝑢𝑡(𝛤) the vertex set, edge set and automorphism 

group, respectively. Let 𝐺 be a group and let 𝑆 be a subset of 𝐺 such that 1𝐺  ∉ 𝑆 and 𝑆 = 𝑆−1. The 

Cayley graph  𝛤 = 𝐶𝑎𝑦 𝐺, 𝑆  on 𝐺 relative to 𝑆 is defined by   

𝑉 𝛤 = 𝐺, 𝐸 𝛤 =  {𝑔, 𝑠𝑔} 𝑔 ∈ 𝐺, 𝑠 ∈ 𝑆 . The graph 𝛤 = 𝐶𝑎𝑦 𝐺, 𝑆  is vertex-transitive, since 

 𝐴𝑢𝑡(𝛤)   contains the right regular representation 𝐺.Thus 𝐺 ≤ 𝐴𝑢𝑡(𝐶𝑎𝑦(𝐺, 𝑆)) and this action of 
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𝐺 is regular on vertices, that is, 𝐺 is transitive on vertices and only the identity element of 𝐺 

fixes a vertex. A Cayley graph 𝛤 = 𝐶𝑎𝑦 𝐺, 𝑆  is said to be edge-transitive if 𝐴𝑢𝑡(𝛤) is transitivwe 

on edges. In this paper graphs are finite , simple connected and undirected. It is difficult to find 

the full automorphism group of a graph in general, and so this makes it difficult to decide 

whether it is edge-trasitive. On the other hand we often have sufficien information about  the 

group 𝐺 to determine 𝑁 =   𝑁𝐴𝑢𝑡(𝛤)(𝐺) ,  because 𝑁is the semidirect product 𝑁 = 𝐺. 𝐴𝑢𝑡(𝐺, 𝑆), 

where  𝐴𝑢𝑡 𝐺, 𝑆 = {𝜎 ∈ 𝐴𝑢𝑡 𝐺 : 𝑆𝜎 = 𝑆} . Hence we focus attention on those graphs for 

which  𝑁𝐴𝑢𝑡 (𝛤)(𝐺) is transitive on edges. Such a graph is said to be normal edge-transitive. Thus 

it is often possible to determine whether 𝐶𝑎𝑦 𝐺, 𝑆   is normal edge-transitive. In [5] Praeger 

gave an approach to analyzing normal edge-transitive Cayley graphs. Houlis in [4] determined 

the isomorphism types of all connected normal edge-transitive undirected Cayley graphs for 

𝑍𝑝𝑞 where 𝑝, 𝑞 are primes, and for 𝐺 = 𝑍𝑝 × 𝑍𝑞 , 𝑝 a prime. In this paper we determined all 

normal edge-transitive Cayley graphs on a dihedral Group 𝐷2𝑛  of  valency 𝑛. In addition we 

classify normal edge-transitive Cayley graphs  𝛤 = 𝐶𝑎𝑦(𝐷2𝑝 , 𝑆)  of valency four, for a prime  𝑝 and 

give some normal edge-transitive Cayley graphs  𝛤 = 𝐶𝑎𝑦(𝐷2𝑛 , 𝑆)  of valency  four  such that 𝑛 is not 

a prime . 

The group –and  graph- theoretic notation and terminology are standard; see [2],  [3], and [6] for 

example.        

 The rest of this paper is organized as follows: In the section 2 we give some preliminaries. In 

the section 3 we give all normal edge-transitive Cayley graphs on a dihedral group  of valency  𝑛 

and also we classify normal edge-transitive Cayley graphs  𝛤 = 𝐶𝑎𝑦(𝐷2𝑝 , 𝑆)  of valency four, for a 

prime  𝑝. 

2 Preliminaries 

The following Propositions are basic for Cayley graphs. 

Propositions 2.1. Let 𝛤 = 𝐶𝑎𝑦 𝐺, 𝑆  be a Cayley graph on 𝐺 relative to 𝑆. Then 𝛤 is connected if 

and only if G =  𝑆  .   

Let 𝛤 = 𝐶𝑎𝑦 𝐺, 𝑆  be a Cayley  graph on 𝐺 relative to 𝑆, and let 𝐴 = 𝐴𝑢𝑡(𝛤). Obviously, 𝐴 ≥

𝐺. 𝐴𝑢𝑡(𝐺, 𝑆) . It is easy to prove the following.   

  Propositions 2.2.  [2] 

(1)  𝑁𝐴(𝐺) = 𝐺. 𝐴𝑢𝑡(𝐺, 𝑆), 

(2) 𝐴 = 𝐺. 𝐴𝑢𝑡 𝐺, 𝑆  is equivalence to 𝐺 ⊲ 𝐴.  

Propositions 2.3.  [6] Let 𝛤 = 𝐶𝑎𝑦 𝐺, 𝑆  be a Cayley graph on a finite group 𝐺. Then 𝛤 is normal 

edge-transitive if and only if 𝐴𝑢𝑡 𝐺, 𝑆  is either transitive on 𝑆 or has two orbits in 𝑆 which are 

inverses of each other. 
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3 Normal edge-transitive Cayley graphs on dihedral groups 

  Throughout this section, let 𝐷2𝑛 =  𝑎, 𝑏 ∶  𝑎2 = 𝑏𝑛 = 1, 𝑎−1𝑏𝑎 = 𝑏−1   denote the dihedral 

group of order 2𝑛. For 𝑛 ≥ 3 , any automorphism of 𝐷2𝑛  can be expressed by  𝜎(𝑟, 𝑠), where 

𝑏𝜎(𝑟 ,𝑠) = 𝑏𝑟 ,  𝑛, 𝑟 = 1  and 𝑎𝜎(𝑟 ,𝑠) = 𝑎𝑏𝑠  . 

Lemma 3.1 Let 𝛤 = 𝐶𝑎𝑦(𝐷2𝑛 , 𝑆)  be a normal edge-transitive Cayley graph on the dihedral group 

𝐷2𝑛   . Then 𝐴𝑢𝑡 𝐷2𝑛, 𝑆   is transitive on  . 

Proof. Let 𝛤 = 𝐶𝑎𝑦(𝐷2𝑛 , 𝑆)  be a normal edge-transitive Cayley graph for a dihedral group 𝐷2𝑛 . 

By Proposition 2.3, 𝐴𝑢𝑡 𝐷2𝑛, 𝑆  is either transitive on 𝑆 or has two orbits in 𝑆 which are 

inverses  of each other. We show  that the latter case dose not arise. Let 𝐴𝑢𝑡(𝐷2𝑛 , 𝑆)  has two 

orbits 𝑇 and 𝑇−1 such that = 𝑇 ∪ 𝑇−1 . Suppose  that  𝑆  contains  𝑎𝑡  for some 𝑡, and 𝑎𝑡 ∈ 𝑇. 

Since 𝐴𝑢𝑡(𝐷2𝑛 , 𝑆)  is transitive on 𝑇 and for every 𝜎 ∈ 𝐴𝑢𝑡 𝐷2𝑛 , (𝑎𝑡)
𝜎

∈< 𝑎 >, we have 𝑇 ⊂  𝑎 . 

Thus 𝑆 = 𝑇 ∪ 𝑇−1 ⊆  𝑎 . This is contradiction with connectivity of 𝛤. Hence elements of 𝑆 have 

order2, and we get 𝑇 = 𝑇−1, a contradiction.  

Propositions 3.2. Let 𝛤 = 𝐶𝑎𝑦(𝐷2𝑛 , 𝑆) be a Cayley graph on the dihedral group 𝐷2𝑛 . Let 𝑘 be a 

positive integer with 𝑘 ≥ 2. If 𝑆 =   𝑎, 𝑎𝑏, 𝑎𝑏1+𝑙  , 𝑎𝑏1+𝑙+𝑙2
, … , 𝑎𝑏1+𝑙+⋯+𝑙𝑘−2

 , for an integer 

𝑙  satisfying  1 + 𝑙 + ⋯ + 𝑙𝑘−1 ≡ 0(𝑚𝑜𝑑 𝑛), then 𝛤 is normal edge transitive.  

Proof. Let 𝛤 = 𝐶𝑎𝑦 𝐷2𝑛 , 𝑆  be a Cayley graph in 

which   𝑆 =   𝑎, 𝑎𝑏, 𝑎𝑏1+𝑙  , 𝑎𝑏1+𝑙+𝑙2
, … , 𝑎𝑏1+𝑙+⋯+𝑙𝑘−2

 ,    for an integer 𝑙  satisfying  1 + 𝑙 + ⋯ +

𝑙𝑘−1 ≡ 0(𝑚𝑜𝑑 𝑛). Consider mapping 𝛼: 𝐷2𝑛 → 𝐷2𝑛  by 𝑏 → 𝑏𝑙 , 𝑎 → 𝑎𝑏. Clearly, we get that 

𝜎 ∈ 𝐴𝑢𝑡 𝐷2𝑛, 𝑆   and < 𝛼 >  acts  transitively on 𝑆. Then by Proposition  2.3, 𝛤 = 𝐶𝑎𝑦(𝐷2𝑛 , 𝑆) is 

normal edge transitive. 

Theorem 3.3. Let  𝛤 = 𝐶𝑎𝑦(𝐷2𝑛 , 𝑆)  be a Cayley graph on the dihedral group 𝐷2𝑛   of valency  . 

Then 𝛤 is normal edge-transitive if and only if 𝑆 =   𝑎, 𝑎𝑏, 𝑎𝑏2 , … , 𝑎𝑏𝑛−1  . 

 Proof. Let  𝛤 = 𝐶𝑎𝑦(𝐷2𝑛, 𝑆) such that 𝑆 =   𝑎, 𝑎𝑏, 𝑎𝑏2 , … , 𝑎𝑏𝑛−1  . Then 𝐴𝑢𝑡 𝐷2𝑛, 𝑆 = 𝐴𝑢𝑡(𝐷2𝑛). 

We show that 𝐴𝑢𝑡(𝐷2𝑛) is transitive on 𝑆. For any 𝑎𝑏𝑖 , 0 ≤ 𝑖 ≤ 𝑛 − 1  there exist   𝜎 𝑟, 𝑠 ∈

𝐴𝑢𝑡(𝐷2𝑛) such that 𝑎𝜎(𝑟 ,𝑖) = 𝑎𝑏𝑖  . Hence  𝑎𝐴𝑢𝑡 (𝐷2𝑛 ) =S  and this  implies  that 𝐴𝑢𝑡(𝐷2𝑛)  is 

transitive on 𝑆 . Conversely, let 𝛤 = 𝐶𝑎𝑦 𝐷2𝑛 , 𝑆 , ∣ 𝑆 ∣= 𝑛  be normal edge transitive. If 𝑆  contains 

𝑏𝑡 , for some 𝑡, then 𝑆 = (𝑏𝑡)𝐴𝑢𝑡 (𝐷2𝑛 ) ⊆ ⟨𝑏⟩  and hence 𝐷2𝑛 = ⟨𝑆⟩   ⊆ ⟨𝑏⟩, a contrary. Thus 

  ⊆ 𝐷2𝑛  −  ⟨𝑏⟩ .  Since ∣ 𝑆 ∣ = ∣ 𝐷2𝑛  −  ⟨𝑏⟩ ∣= 𝑛, 𝑆 = 𝐷2𝑛  −  ⟨𝑏⟩ = {𝑎, 𝑎𝑏, … . , 𝑎𝑏𝑛−1} . 

Theorem 3.4. Let 𝛤 = 𝐶𝑎𝑦(𝐷2𝑛 , 𝑆)  be a Cayley graph on the dihedral group 𝐷2𝑛   of valency four. 

If 𝑆 =   𝑎, 𝑎𝑏, 𝑎𝑏𝑖  , 𝑎𝑏1−𝑖   such that  𝑛, 2𝑖 − 1 = 1, 2𝑖 1 − 𝑖 ≡ 0(𝑚𝑜𝑑 𝑛) then 𝛤 is normal edge 

transitive.   
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Proof. Let 𝛤 = 𝐶𝑎𝑦(𝐷2𝑛 , 𝑆) be a Cayley graph on the dihedral group 𝐷2𝑛  of valency four, for 

𝑆 =   𝑎, 𝑎𝑏, 𝑎𝑏2 , … , 𝑎𝑏𝑛−1   such that  𝑛, 2𝑖 − 1 = 1, 2𝑖 1 − 𝑖 ≡ 0(𝑚𝑜𝑑 𝑛).We show that 

𝐴𝑢𝑡 𝐷2𝑛, 𝑆  is transitive on 𝑆. There are automorphisms 𝜎1 = 𝜎 𝑛 − 1, 1 ,  𝜎2 = 𝜎 𝑛 − (2𝑖 −

1), 𝑖 ,   , and 𝜎3 = 𝜎 2𝑖 − 1, 1 − 𝑖  such that 𝑎𝜎1 = 𝑎𝑏, 𝑎𝜎2 = 𝑎𝑏𝑗  and 𝑎𝜎3 = 𝑎𝑏1−𝑖 . Also we have 

𝜎1, 𝜎2 ,𝜎3  ∈ 𝐴𝑢𝑡(𝐺, 𝑆).  Hence 𝐴𝑢𝑡 𝐷2𝑛, 𝑆    is transitive on 𝑆, and  by Proposition 2.3 𝛤 is normal 

edge transitive.  

Theorem 3.5. Let 𝛤 = 𝐶𝑎𝑦(𝐷2𝑝 , 𝑆) be a Cayley graph on the dihedral group 𝐷2𝑝 of valency four, 

where 𝑝 is a prime number. Then 𝛤 is normal edge-transitive, if and only if  𝛤 is isomorphic with 

𝛤 = 𝐶𝑎𝑦(𝐷2𝑝 , 𝑆)  where 𝑆 =   𝑎, 𝑎𝑏, 𝑎𝑏1+𝑙  , 𝑎𝑏1+𝑙+𝑙2
   for an integer 𝑙 satisfying 1 + 𝑙 + 𝑙2 + 𝑙3 ≡

0(𝑚𝑜𝑑 𝑛). 

Proof. By Proposition 3.2, if 𝑆 =   𝑎, 𝑎𝑏, 𝑎𝑏1+𝑙  , 𝑎𝑏1+𝑙+𝑙2
    for an integer 𝑙 satisfying 1 + 𝑙 +

𝑙2 + 𝑙3 ≡ 0 𝑚𝑜𝑑 𝑝 , then graph 𝐶𝑎𝑦(𝐷2𝑝 , 𝑆)  is normal edge- transitive. Conversely, let 

𝛤 = 𝐶𝑎𝑦(𝐷2𝑝 , 𝑆) be a normal edge-transitive Cayley graph on the dihedral group 𝐷2𝑝   of valency 

four. By lemma 3.1, 𝐴𝑢𝑡 𝐷2𝑝, 𝑆  is transitive on 𝑆. Since for every automorphism 𝛼 of  

𝐴𝑢𝑡 𝐷2𝑝  , ⟨𝑏⟩𝛼 = ⟨𝑏⟩ , 𝑆  is not contain 𝑏𝑡 , 0 ≤ 𝑡 ≤ 𝑝 − 1, thus we may assume that 𝑆 =

  𝑎, 𝑎𝑏𝑖 , 𝑎𝑏𝑗 , 𝑎𝑏𝑘 . We have only two transitive permutation group on 𝑆 that are  following :  

(I) 𝐴𝑢𝑡 𝐷2𝑝, 𝑆 = ⟨𝛼 = (𝑎, 𝑎𝑏𝑖 , 𝑎𝑏𝑗 , 𝑎𝑏𝑘)⟩   

(II) 𝐴𝑢𝑡 𝐷2𝑝, 𝑆 = ⟨𝛼1 =  𝑎, 𝑎𝑏𝑖  𝑎𝑏𝑗 , 𝑎𝑏𝑘 , 𝛼2 =  𝑎, 𝑎𝑏𝑗   𝑎𝑏𝑖 , 𝑎𝑏𝑘  ⟩   

In the case (I), we have 𝑎𝛼 = 𝑎𝑏𝑖 , (𝑎𝑏𝑖)𝛼 = 𝑎𝑏𝑗 , (𝑎𝑏𝑗 )𝛼 = 𝑎𝑏𝑘   and  (𝑎𝑏𝑘)𝛼 = 𝑎. It follows that 
(𝑎. 𝑎𝑏𝑖)𝛼 = 𝑎𝑏𝑖 . 𝑎𝑏𝑗 , (𝑎𝑏𝑖 . 𝑎𝑏𝑗 )𝛼 = 𝑎𝑏𝑗 . 𝑎𝑏𝑘 , (𝑎𝑏𝑗 . 𝑎𝑏𝑘)𝛼 = 𝑎𝑏𝑘 . 𝑎 and (𝑎𝑏𝑘 . 𝑎)𝛼 = 𝑎. 𝑎𝑏𝑖 , that 
is  (𝑏𝑖)𝛼 = 𝑏𝑗−𝑖 , (𝑏𝑗−𝑖)𝛼 = 𝑏𝑘−𝑗 , (𝑏𝑘−𝑗 )𝛼 = 𝑏−𝑘  and (𝑏−𝑘)𝛼 = 𝑏𝑖 .  Sinse  𝛼 is a group 

automorphism of ⟨𝑏⟩, This implies that  𝑏𝑗  ⊆  𝑏𝑖 , ⟨𝑏𝑘⟩  ⊆  𝑏𝑖 , and hence  𝑏𝑖  ⊆ ⟨𝑏⟩. Thus 

 𝑖, 𝑝 = 1 and without loss of generality,we may assume that 𝑖 = 1 and 𝑆 =   𝑎, 𝑎𝑏, 𝑎𝑏𝑗 , 𝑎𝑏𝑘 .So 
we have (𝑎)𝛼 = 𝑎𝑏, (𝑎𝑏)𝛼 = 𝑎𝑏𝑗 , (𝑎𝑏)𝛼 = 𝑎𝑏𝑗   , (𝑎𝑏𝑗 )𝛼 = 𝑎𝑏𝑘  and (𝑎𝑏𝑘)𝛼 = 𝑎. Hence (𝑏)𝛼 =

(𝑎. 𝑎𝑏)𝛼 = (𝑎)𝛼(𝑎𝑏)𝛼 = 𝑎𝑏. 𝑎𝑏𝑖2 = 𝑏𝑗−1  and 𝑎𝑏𝑘 = (𝑎𝑏𝑗 )𝛼 = 𝑎𝑏 𝑏𝑗 (𝑗−1) = 𝑎𝑏𝑗  𝑗−1 +1, 𝑎 =

(𝑎𝑏𝑘)𝛼 = 𝑎𝑏. 𝑏𝑘(𝑗−1) = 𝑎𝑏𝑗 (𝑗−1)2+ 𝑗−1 +1 . Let = 𝑗 − 1 . Then  we have 𝑏𝑘 = 𝑏𝑙2+𝑙+1 and 

1 + 𝑙 + 𝑙2 + 𝑙3 ≡ 0 𝑚𝑜𝑑 𝑝 . Thus 𝑆 =   𝑎, 𝑎𝑏, 𝑎𝑏1+𝑙  , 𝑎𝑏1+𝑙+𝑙2
   and 1 + 𝑙 + 𝑙2 + 𝑙3 ≡ 0 𝑚𝑜𝑑 𝑝 .  

We show that the case (II) dos not arise. Let 𝛼1 = 𝜎 𝑟, 𝑖  , which  𝑟, 𝑝 = 1. Then we have 
(𝑎𝑏𝑖)𝛼1 = 𝑎𝑏𝑖 . 𝑏𝑟𝑖 = 𝑎. Hence 𝑏𝑖+𝑟𝑖 = 𝑒 and we conclude that ∣ 𝑖(1 + 𝑟) . It follows that 𝑝 = 1 + 𝑟 
and so 𝛼1 = 𝜎 𝑝 − 1, 𝑖 . Furthermore, we have 𝑎𝑏𝑘 = (𝑎𝑏𝑗 )𝛼1 = 𝑎𝑏𝑖𝑏𝑗 (𝑝−1) = 𝑎𝑏𝑖−𝑗  . This 
implies that 𝑘 ≡ 𝑖 − 𝑗(𝑚𝑜𝑑 𝑝). Similarly, we get that𝛼2 = 𝜎 𝑝 − 1, 𝑗  and 𝑘 ≡ 𝑗 − 𝑖(𝑚𝑜𝑑 𝑝).  
Hence 𝑖 − 𝑗 ≡ 𝑗 − 𝑖(𝑚𝑜𝑑 𝑝).  This implies that ∣ 2(𝑖 − 𝑗) , contrary. 

In the end we give the  following conjecture . 

Conjecture. If 𝛤 be a  normal  edge transitive Cayley graph on dihedral group of valency four , 

then 𝛤 is isomorphism with 𝐶𝑎𝑦(𝐷2𝑛 , 𝑆)  in which either 𝑆 =   𝑎, 𝑎𝑏, 𝑎𝑏1+𝑙  , 𝑎𝑏1+𝑙+𝑙2
  for an 

integer  𝑙 satisfying1 + 𝑙 + 𝑙2 + 𝑙3 ≡ 0 𝑚𝑜𝑑 𝑝  or 𝑆 =   𝑎, 𝑎𝑏, 𝑎𝑏𝑖  , 𝑎𝑏𝑖−1  such that  𝑛, 2𝑖 − 1 =
1, 2𝑖 1 − 𝑖 ≡ 0(𝑚𝑜𝑑 𝑛).  
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Proposition  (3.3) shows that this conjecture holds for prime number 𝑛.   
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