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Abstract

In this paper, we consider a singularly perturbed integro-differential equation with a rapidly oscillating right-hand side,
which includes an integral operator with a slowly varying kernel. Earlier, singularly perturbed differential and integro-
differential equations with rapidly oscillating coefficients were considered. The main goal of this work is to generalize the
Lomov’s regularization method and to identify the rapidly oscillating right-hand side to the asymptotics of the solution to the
original problem.
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1. Introduction

When studying various applied problems related to the properties of media with a periodic structure,
it is necessary to study differential equations with rapidly oscillating inhomogeneities. Equations of this
type are often found, for example, in electrical systems under the influence of high frequency external
forces. The presence of such forces creates serious problems for the numerical integration of the corre-
sponding differential equations. Therefore, asymptotic methods are usually applied to such equations,
the most famous of which are the Feshchenko-Shkil-Nikolenko splitting method [16-18, 42] and Lomov’s
regularization method [38-40]. The splitting method is especially effective when applied to homogeneous
equations, and in the case of inhomogeneous differential equations, the Lomov regularization method
turned out to be the most effective. However, both of these methods were developed mainly for sin-
gularly perturbed equations that do not contain an integral operator. The transition from differential
equations to integro-differential equations requires a significant restructuring of the algorithm of the reg-
ularization method. The integral term generates new types of singularities in solutions that differ from
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the previously known ones, which complicates the development of the algorithm for the regularization
method. The splitting method, as far as we know, has not been applied to integro-differential equations.

In this study Lomov’s regularization method is generalized to previously unexplored classes of prob-
lems of the type

t

Leylt,e) = ¢S — Aty - J K(t, s)y(s, e)ds = hy (t) + ha(t) cos BS)

dt (1.1)

to

ylto, e) =y°, t e [to, T], to >0

where A(t), hy(t), ha(t), B (t) are scalar functions, f’(t) > 0 ia the frequency of the rapidly oscillating
sine, y° is a constant number, ¢ > 0 is a small parameter. The function A;(t) = A(t) is the eigenvalue
of the limit operator a(t), and the functions Ay(t) = —if’(t) and A3(t) = +ip’(t) are associated with the
presence of a rapidly oscillating sine in equation (1.1).

Problem (1.1) will be considered under the following conditions:

2) A(t) <0 Vte [ty, T].

The problem is posed of constructing a regularized [38, 39] asymptotic solution to problem (1.1). The
problem with parametric amplification from the standpoint of the regularization method was studied in
[40], where a regularized asymptotic solution was constructed. A generalization of the idea of the regu-
larization method for integral and integro-differential equations with rapidly oscillating coefficients was
studied in [3-5, 26-28, 30], based on our studies for singularly perturbed integro-differential equations
with slowly and rapidly varying kernels [6-9, 12, 24, 31-34, 37]. Singularly perturbed integro-differential
equations with partial derivatives are studied in the works [10, 11, 23, 25, 35] and singularly perturbed
differential, inegro-differential equations with fractional derivatives in the works [2, 20-22]. Based on the
algorithm of the regularization method for integro-differential equations with rapidly oscillating coeffi-
cients, the time has come to study singularly perturbed integral and integro-differential equations with
rapidly oscillating inhomogeneities [1, 13-15, 29, 36].

Thus, we begin to develop an algorithm for constructing a regularized asymptotic solution [38] to
problem (1.1).

2. Solution space and regularization of problem (1.1)

Denote by 0; = 0j (&), independent on t quantities o1 = et Blto) g, = e~ B (o) and rewrite equation
(1.1) as

t
d
Ley(te) = sd—l‘z —A(tly — J K(t,s)y(s, e)ds
o . 2.1)
—Lrp'(e)de +i[p'(®)de 0
=hi(t)++ e " op+e ' o2 |, ylto,e) =y .
We introduce regularizing variables (see [38])
1 t
it
T ZEJ)\)- (0)do = ‘1’18( ), i=1,3, (2.2)
to
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and instead of the problem (2.1) consider the problem

(2.3)

1
= hl (t) + EhZ(t) (eTzo—l + 6730—2) s g(tOI 0/ 8) = UOI

for the function § = i (t, T, ¢), where (according to (2.2)) T = (11, T2, 13), ¥ = (1,2, P3). It is clear that
P (t)

£ 7
solution of the problem (2.1). Thus, problem (2.3) is extended with respect to problem (2.1). However, it
cannot be considered fully regularized, since the integral term

if § =4 (t,7,¢) is the solution of the problem (2.3), then the vector function § = { (t, s) is an exact

=

—
»

N

t
IQE]@HJJpruwgm):JK@ﬂg@,

has not been regularized in it.
To regularize it, we introduce the class M, asymptotically invariant with respect to the operator J{j
(see [38, p. 62]). Consider first the space U of vector functions y (t, T, o), representable by the sums

3

Yy (t/ T, G) =Yo (t/ G) + Zy] (t/ G) eTj/yj (t/ G) € Coo ([tO/ T] /Cl) ’ ] = 0/ 3. (24)
j=1

Note that in (2.4) the elements of the space U depend on the constants 0; = oy (¢) and o, = 03 (¢)
(bounded in ¢ > 0), which do not affect the development of the algorithm described below, therefore,
henceforth, in the recording of element (2.4) of this space U, for the sake of brevity, the dependence on
0 = (07, 07) is omitted.

Let us show that the class M = U|;_y(t)/. is asymptotically invariant under the operator J. The
image of the operator | on the element (2.4) of the space U has the form

L 3 & %f)\]—(e)de
Ty (t,T):JK(t,s)yo(s)ds—i—ZJK(t,s)y]— (s)e 0 ds
to j::lt(]

Integrating by parts, we will have

t LS
hﬁ&):JKﬁﬁwﬂﬂem s

K(t, s)yj(s) t JAj(e)de

=e |~ de
b Als)
to
- ;S s=t t .S
o | Kltshysls) @ [ (2Kl T
- Aj(s) s A(s)
- s=tg to
- . S

—¢ | ———==1 ¢ —

Kt 09 Kt totol] (8 Kbt [0
A (t) A;j(to)
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Continuing this process further, we obtain the expansion

o =
Se—e
=
o
D

Z AR |: IV (K(t,s)yj(s)))szte

where it is indicated as . 1 s
0= , Y= —IV1 =13 (v>1).
b A(s) ) Aj(s)0s ) J v )

Hence, the image of the operator | on the element (2.4) of the space U can be represented as a series

Jy (t,7) = JK (t,5) yo (s) ds

to

Lx(0)a0

3 o
+Z Z { K(t,s)yj(s))),_,e ' — (I (X (t,8) y; (S)))S:to} :
P,

It is easy to show (see, for example, [41, pp. 291-294]) that this series converges asymptotically as ¢ — +0
(uniformly in t € [to, T] ). This means that the class M, is asymptotically invariant (for ¢ — +0) with
respect to the operator ]J.

Let us introduce operators R, : U — U, acting on each element y (t, T) € U of the form (2.4) according
to the law

t

Roy (t,T) = JK (t,s)yo (s) ds, (2.5)

to

|
.I\/]w

u
I
KR

Ry (t,7) [(Ig) (K(t,8)yj(s))),_, €T — (I? (K(t,s)y; (S)))s:to} ,

I
.I\/]‘*’

H
I
MR

Ry.1y (t,7) (1) [(I)-V (K(t,5)u; (3))) ., €9 — (I (K(t,5)y; (s)))s:to} vl

Now let § (t, T, ¢) be arbitrary continuous function in (t,T) € [tg, T] x {T :Ret; <0, j= 1,73} having an
asymptotic expansion

(t,T,¢) Ze yk (£, 1), ye (t, 1) e U (2.6)

converging as ¢ — +0 (uniformly in (t,7) € [to, T] x {T:Ret; < 0,j =1,3}). Then the image J{j (t, 7, ¢) of
this function expands into an asymptotic series

o0

Jg (t,T,E) :ZE ka Z ZRT sys ;T |T Pt

k=0

This equality is the basis for introducing an extension of the operator | on series of the form (2.6),

Ji(t,t,e) =] (Z e®yp (t, T)) = Z e Z Rr_sys(t, T). (2.7)
k=0 r=0 s=0
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Although the operator | is defined formally, its usefulness is obvious, since in practice the N-th approxi-
mation of the asymptotic solution of problem (2.1) is usually constructed, in which only the N-th partial
sums of the series (2.6) that have not formal, but true meaning. Now we can write down a problem that
is completely regularized with respect to the original problem (2.1),

i
™
<
-
A
o

Il

™

|

+

™M
=
=
Q
e

0 < 1
= MUY =]y =h(t) + S ho(t) (€01 +eo2), Glto,0,¢) = Y, (28)
j

where the operator ] has the form (2.7).

3. Iterative problems and their solvability in the space U

Substituting series (2.6) into (2.8) and equating the coefficients at the same powers ¢, we get the
following iterative problems

3
a 1
Lyo (t,7) = Z al‘io —M(t)yo — Royo =i (t) + Sha(t) (€01 + e 02) Yo (0, 0) = y’, (3.1)
P j

Yo

Ly (£,7) = =5+ Rivo, 1 (t0,0) =0, (3.2)
0

Lys (t,7) = —% +Riy1 + Rayo, y2 (o, 0) =0,
a

Ly (t,T) = yakt L Reyo+- -+ Riyk_1, Uk (t0,0) =0, k> 1. (3.3)

Each of the iterative problems (3.3) can be written as

3
> Al aT — Mty —Roy =H(t, 1), yl(to,0) =y, (34)
j=1 )

3
where H (t,7) = Hp (t) + >_ Hj (t) €Y is the known function of the space U, y, € C is constant, and the
j=1
operator Ry has the form (see (2.5))

t

3
Roy =Ry (Uo (t) +ZU;‘ (t) eT") = JK(t,S)yo (s) ds.
=1

to
We introduce a scalar (for each t € [to, T]) product in the space U

3

3 3
<z,w>=<zg(t)+ Z zj (t) e, wo (t) + ZW]‘ (t)e™ > défz (zj (1), wj (1))
j=1 j=1 j=0

where (*, *) denotes the usual scalar product in the complex space C. Let us prove the following statement.

Theorem 3.1. Let conditions 1) and 2) be satisfied and the right-hand side H (t, 1) = )+ Z H; (t) €Y of

equation (3.4) belongs to the space U. Then for the solvability of equation (3.4) in U it is necessary and sufficient
that the identity

<H;(t,1),e">=0<H(t) =0, Vtelt,T]. (3.5)
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Proof. We will define the solution of the equation (3.4) as an element (2.4) of the space U:

3
y(t 1) =yol(t)+ ) yj(t)e". (3.6)
j=1
Substituting (3.6) into equation (3.4), we will have
3 t 3
I (8 —a(®)] yj (1) € — A1 (t)yo (1) — J K (t,5)yo (s) ds = Ho (1) + 3_ H; (t) €™,
j=1 to j=1

Equating here separately the free terms and coefficients at the same exponents, we obtain the following
equations

t t
A (O uo (0= [K(bs)wo(s)ds =Ho (1) & uol0) = [ Sy (sras+ 0L )
A (1) — A1 (D] y; (1) =H; (1), j=1,3. (3.8)

Due to the smoothness of the kernel —A; 1 (t)K (t, s) and heterogeneity —A1 Yt Hg (t) the integral equa-
tion (3.7) has a unique solution yg (t) € C®([ty, T],C). As Ay3(t) = £ip’(t) are purely imaginary
functions, and the function a (t) is real, then the equations (3.8) for j = 2,3 are solvable in the space
C* ([to, T],C) . The equation (3.1) is solvable in space C* ([to, T], C) if and only if the identity H; (t) =
0Vt € [to, T] holds. It is easy to see that this identity coincides with identity (3.5).

Thus, condition (3.5) is necessary and sufficient for the solvability of system (3.4) in the space U. [

Remark 3.2. If identity (3.5) is satisfied, then under conditions 1) and 2) equation (3.4) has the following
solution in the space U

3
Yt D) =yo(t)+og(t)e™ + ) — e, (3.9)
j=2

H; ()
— Aj(t) —Aq (1)
where a4 (t) € C* ([to, T], C) is arbitrary function and yo (t) is the solution of the integral equation (3.7).

4. Unique solvability of a general iterative problem in the space U: remainder term theorem

As seen from (3.9), the solution to equation (3.4) is determined ambiguously. However, if it is subjected
to additional conditions

)
y (to,0) =Y., —a—l‘z +Riy+Q(t, 1), >=0, Vte [t Tl, (4.1)

3
where Q (t,7) = Qo (t) + >_ Qj (t) €™ is a known function of the space U and y. is a constant number
j=1

of the complex space C, then problem (3.4) will be uniquely solvable in the space U. More precisely, the
following result holds.

Theorem 4.1. Let conditions 1) and 2) be satisfied and the right-hand side H (t, ) of equation (3.4) belongs to
the space U and satisfies the orthogonality condition (3.5). Then equation (3.4) under additional conditions (4.1) is
uniquely solvable in U.
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Proof. Under condition (3.5), equation (3.4) has a solution to (3.3) in the space U, where the function
o (t) € C* ([to, T],C) is so far arbitrary. Subordinate (3.3) to the initial condition y (tg, 0) = y.. We will
have

3

& o (to) =yu+a ' (to) Ho (to) — )
j—2

H; (to)

A(to) - M) 42

3
) W
Yx = Yo (to) + o (to) + ; Aj(to) — A1(to)

Let us now subordinate the solution (3.9) to the second condition (4.1). The right side of this equation
has the form

—%ﬂLRlyoJrQ(t,T)
3 [ ]
= —1 ) T HJi(t) Tj
— ol (e ]; (7‘5 (t)— 7\1(t)> ¢ (4.3)
MO M) é N Aj (o) Q).

Multiplying (4.2) scalarly by e™, we obtain the differential equation

K(t, t)o (t)

—&q(t) + (1)

+Q1(t) =0.

Adding the initial condition (4.1) to it, we uniquely find the function «4(t), and, therefore, construct a
solution (3.9) to problem (3.4) in the space U uniquely. O]

Applying Theorems 3.1 and 4.1 to iterative problems (3.3), we find uniquely their solutions in the

N
space U and construct series (2.6). Let y.n(t) = > ey (t, @) is the restriction of the Nth partial sum

k=0
of series (2.6) for T = @ Same as in [41], it is easy to prove the following statement.

Lemma 4.2. Let conditions 1) — 2) be satisfied. Then the partial sum yen(t) satisfies problem (1.1) up to
O(eNt) (e — +0), i.e.,

t
d t
N = atynlt) + [ Kit,shyen (5)ds
to (4.4)
t
() +ha(UcosP Y 4 N URG (1 €) yen(tg) = Y, Ve 1o, T,
where ||Rn (t, e)IIC[tO,T] < RN forall t € [to, T] and for all € € (0, en] .
Consider now the following problem
t
dz(t, €)

13 pram a(t)z(t, e) + | K(t,s)z(s, e)ds + D(t,¢),z(tg, ) =0,t € [to, T (4.5)

to

Let us show that this problem is solvable in the space C! ([to, T],C) (i.e., it has a solution for any right-hand
side @ (t,¢) € C ([to, T],C)) and that in this case there is an estimate

Vo
llz(t, 5)‘|C[t0,ﬂ < ?H(D(t; 5)||C[tg,T]'
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Theorem 4.3. Let conditions 1)-2) be satisfied. Then, for sufficiently small e< (0, eol, problem (4.4) for any right-
hand side ®(t, €) € Clto, T] has a unique solution z(t, ¢) in the space C! ([to, T], C) and estimate (4.5) holds, where
Vo is a constant independent of € > 0.

Proof. Introduce an additional unknown function
t

u(t,e) = J K(t,s)z(s, €)ds.
to

Differentiating it with respect to t, we will have

From this and (4.4) it follows that the vector function w = {z, u} satisfies the following system

0
t) 1 D(t,
et — (0 Jwire) e . +( P57 ) e =0 @
Kt t)z+ [ a(:’s)z(s, ¢)ds
to
Denote by Y(t, s, ¢) the normal fundamental matrix of the homogeneous system 5%” = < (()1(t) (1) ) w,
i.e., the matrix satisfying the equation
dY(t, s, €) a(t) 1

— = <s<tLIT.

E dt < 0 O Y(tl SIE)I Y(SI S,£) II tO ~X S ~X t ~X T
Since the matrix agt) (1) is a matrix of simple structure and its spectrum {a (t) , 0} lies in the half-plane

ReA(t) <0, then the Cauchy matrix Y(t, s, ¢) is uniformly bounded, i.e.,
IIY(t,s,€)]| <co, ¥Y(ts,e): to<s<t<T, ¢>0,

where the constant ¢y > 0 does not depend on ¢ > 0 (see, for example, [38, pp. 119-120]). We now write
down an integral system equivalent to system (4.6):

t

0 t
1 D(¢,€)
W(t,s)ij(t,C,e) K(C,C)z(c,s)+faKgi's)z(s,s)ds dC+£JY(t,C,£)( 0 )dc. (4.7)
to

to

to

Since for each ¢ > 0 there exists a solution w(t, ¢) of system (4.6) in the space C!([to, T], C), then substitut-
ing it into (4.7), we obtain the identity. Let’s move on to the norms

t
w(t, e)ll < JIIY(t, ¢ &)l - IIK(C, Ol - llz(¢, €)lldg
to

t ¢

+J||Y(t,c,s)||J||

to to

0K ((, s)
ot

t
1
I -1lz(s, €)lldsdC + - J IY(t, ¢, e)ll - [[D(C, e)llde
to
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t
-

T
< coko | [W(G, €)lldC+ cokq ||W(5/5)Hd3dC+?OCOH(D(tfe)”C[tO,T}

I JC
to to to
t t t
[ C
< coko | IIw(s, €)llds + coky ”nw( )l dsd + & °||<D(t &)llci,
‘;J[) to to
tr' T t
C
< coko | IIw(s, €)llds + coks ”nw(s )l dsdi + ﬂncb(t &)llci,m
{JO to to
t
coTo
< (coko +cokiTo) | [w(s, 5)||d8+7||®(t &)llcreo, 1/

to
where Tp = T — 1o, HK(t'S)HC([to,T]X[to,TU = ko, [10K(t, S)/at‘|c([t0,ﬂx[t0,1—]) = k1. We got the inequality

t
co T
Iw(t, e)ll < =, €)llcre, 1) + (coko + coki To) j hw(s, e)lds.

to

Applying the Gronwall-Bellman lemma [19] to this inequality, we have

t
(Cgko+Cok1T0) f ds
to

coTo
[wit, &)l < =Pt &)l cpemr€
COTUHq) t,e HC e(coko+coki To) (t—to)
< ?H(D t, ) ||C[t0,T] = |lz(t, &)llcpey 1 ||(D (t, &)l ceg, 11/
where vo = coTp - t € [to, TImax e(cokoFcokiTo) (t—to), O

Theorem 4.4. Let conditions 1) and 2) be satisfied. Then for € € (0, eol, where ey > 0 is small enough, the problem
(1.1) has a unique solution y(t,e) € Cl([to, T], C); in this case, the estimate

Hg (t/ 8) —YeN (t) HC[tO,T} < CN £N+1 (N = O/ 1/ 2/ .. )
holds true, where the constant Cn > 0 does not depend on € € (0, €.

Proof. By the Lemma, the partial sum y.n(t) satisfies the problem (4.3), so the remainder rn(t, ) =
y(t, e) —yen(t) satisfies the following problem

t

t,
P aumalt )+ [ Kt sl eas—eN IR (), mlte e) =0,
to
t
where @ (t, e) = —eN*! J Rn(s, €)ds. By Theorem 4.3, we have the estimate
to
Irn (&)l e pegmy < €™ R
for all N = 0,1,2,... and all ¢ € (0,en], which means that the partial sum y,n+1(t) = yen(t) +
eNFlynia(t, ¥ Et ) satisfies the inequality

t _
Iyt &) —yeNn+1 (e, = Iyt e) —y(t)) — 5N+1UN+1(t:¢£))HC[tO,T] < CnpreNtL
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Using the inequality |[a — b|| > [||al| — [[bl||, valid for any numbers a and b, we will have

¥(t) ) N1
PERE—— E ,
Cltg,T]

where the constant Cy > 0 does not depend on ¢ € (0, en]. O

)

YUN+1 (t/

Iy (t, €) —UeN(t)Hc[to,ﬂ < (CN + ‘

whence we derive the estimate

ly(t, &) —yen (®llcre,m < Cne™ T,

5. Construction of the solution of the first iteration problem

Using Theorem 3.1, let us try to find a solution to the first iterative problem (3.1). Since the right-hand

side hi(t) + hy(t) cos @ of the equation (3.1) satisfies condition (3.5), this equation has (according to
(3.3)) the solution in the space U in the form

Yo (t,1) = yi (1) + ol” (1) €™ + hyy (t) 07€™ + hay (1) 52, (5.1)

where ocio) (t) € C®([tp, T],C) is an arbitrary function, y(go) (t) is the solution of the integral equation
t

—A1 (t)yo (t) — [ K(t,s)yo (s) ds = hy (t) and introduced the notation
to

hy (t)
Az (t) —Aq ()

h (t)
A3 (1) —Aq ()
Subjecting (5.1) to the initial condition yo (to,0) = y?, we will have

(0) (0)

Yo (to) +oq" (to) + hat (to) o1 + hay (to) 02 = y°
(0)

s ap (to) =y’ + M (to) hy (to) — hat (to) 01 — hay (to) 02

1 1
hyy (t) = 5 , ha(t)= 5

(5.2)

For the complete calculation of the function ocio) (t), we proceed to the next iterative problem (3.2).

Substituting solution (5.1) of the equation (3.1) into it, we arrive at the following equation

v 0 =3 (0 1) - = (d” (1) e = 2 (e (1) g™

Kt og” (1) o, Kt to) oy (to)
A () A1 (to)

d
T (hap (1)) 00e™ +

(5.3)

> IK(t, Ohyi(t) . K(tto)hy(to)
Z[ nNb o C N |

j=2

This equation is solvable in the space U if and only if its right-hand side satisfies condition (3.5). Sepa-
rating the coefficient of e™ on the right-hand side of equation (5.3) and equating it to zero, we obtain the
differential equation

(0)
dog ' (t)  K(t,t) ().,
E— + A (1) o (1) =0.

Adding the initial condition (5.2) to this equation, we uniquely find the function ocio) (t):

oi” (1) = [y + A1 (to) hy (to) — hay (to) 01 —hgy (to) o2l exp J K(6,9) 49
A (6)

to
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and hence we will uniquely construct solution (5.1) of problem (3.1) in the space U. The following iterative
problems are solved similarly (3.1).
The main term of the asymptotics of the solution to problem (1.1) is the restriction of function (5.1) for

T= @ and has the following form
St ot
©) —L[p’(e)ae +1[p’(e)ae
Yeo(t) =y, (t)+hy (t)ore ‘0 +hay (t) ope 0

(5.4)

. i f Nferde+1 }Al(e)de
+ [y + A1 (to) ha (to) —h (to) o1 — hay (to) o] €' ‘o

6. Conclusions

It can be seen from expression (5.4) for y.o(t) that the construction of the leading term of the asymp-
totics of the solution to problem (1.1) (or the equivalent problem (2.1)) is significantly influenced by both
the rapidly oscillating inhomogeneity and the kernel of the integral operator.

Acknowledgment

The authors are grateful to the anonymous referees for a careful checking of the details and for helpful
comments that improved this paper.

References

[1] D. Bibulova, B. Kalimbetov, V. Safonov, Regularized asymptotic solutions of a singularly perturbed Fredholm equation
with a rapidly varying kernel and a rapidly oscillating inhomogeneity, Axioms, 11 (2022), 1-14. 1

[2] M. A. Bobodzhanova, B. T. Kalimbetov, G. M. Bekmakhanbet, Asymptotics solutions of a singularly perturbed integro-
differential fractional order derivative equation with rapidly oscillating coefficients, Bulletin of the Karaganda, University-
Mathematics, 104 (2021), 56-67. 1

[3] A. A. Bobodzhanov, B. T. Kalimbetov, V. F. Safonov, Integro-differential problem about parametric amplification and its
asymptotical integration, Int. J. Appl. Math., 33 (2020), 331-353. 1

[4] A. A. Bobodzhanov, B. T. Kalimbetov, V. F. Safonov, Nonlinear singularly perturbed integro-differential equations and
reqularization method, WSEAS Trans. Math., 19 (2020), 301-311.

[5] A. A. Bobodzhanov, B. T. Kalimbetov, V. F. Safonov, Asymptotic solutions of singularly perturbed integro-differential
systems with rapidly oscillating coefficients in the case of a simple spectrum, AIMS Math., 6 (2021), 8835-8853. 1

[6] A. A. Bobodzhanov, V. F. Safonov, Singularly perturbed integro-differential equations with diagonal degeneration of the
kernel in reverse time, Differ. Equ., 40 (2004), 120-127. 1

[7] A. A. Bobodzhanov, V. F. Safonov, Asymptotic analysis of integro-differential systems with an unstable spectral value of
the integral operator’s kernel, Comput. Math. Math. Phys., 47 (2007), 65-79.

[8] A.A.Bobodzhanov, V. E. Safonov, Asymptotic solutions of Fredholm integro-differential equations with rapidly changing
kernels and irreversible limit operator, Russian Math., 59 (2015), 1-15.

[9] A. A. Bobodzhanov, V. F. Safonov, Regularized asymptotic solutions of the initial problem of systems of integro-partial
differential equations, Mat. Zametki, 102 (2017), 28-38. 1

[10] A. A.Bobodzhanov, V. F. Safonov, Regularized asymptotics of solutions to integro-differential partial differential equations
with rapidly varying kernels, Ufa Math. J., 2 (2018), 3-13. 1

[11] A. A. Bobodzhanov, V. E. Safonov, A generalization of the reqularization method to the singularly perturbed integro-
differential equations with partial derivatives, Russ. Math., 62 (2018), 6-17. 1

[12] A. A. Bobodzhanov, V. E. Safonov, V. I. Kachalov, Asymptotic and pseudoholomorphic solutions of singularly perturbed
differential and integral equations in the Lomov’s reqularization method, Axioms 8 (2019), 1-20. 1

[13] A. A.Bobodzhanov, B. T. Kalimbetov, V. F. Safonov, Generalization of the regularization method to singularly perturbed
integro-differential systems of equations with rapidly oscillating inhomogeneity, Axioms, 10 (2021), 1-14. 1

[14] A. A.Bobodzhanov, B. T. Kalimbetov, V. F. Safonov, Algorithm of the Regularization Method for a Nonlinear Singularly
Perturbed Integro-Differential Equation with Rapidly Oscillating Inhomogeneities, Differ. Equ., 58 (2022), 392-404.

[15] A. A. Bobodzhanov, B. T. Kalimbetov, V. E. Safonov, Algorithm of the regularization method for a singularly perturbed
integro-differential equation with a rapidly decreasing kernel and rapidly oscillating inhomogeneity, Zh. Sib. Fed. Univ.
Mat. Fiz., 15 (2022), 214-223. 1

[16] Y. L. Daletsky, The asymptotic method for some differential equations with oscillating coefficients, In: Doklady Akademii
nauk SSSR Reports of the Academy of Science of the USSR, 143 (1962), 1026-1029. 1


https://doi.org/10.3390/axioms11030141
https://doi.org/10.3390/axioms11030141
https://scholar.archive.org/work/tslklzc4qza7zex5dvyj2lq6uu/access/wayback/https://mathematics-vestnik.ksu.kz/apart/2021-104-4/6.pdf
https://scholar.archive.org/work/tslklzc4qza7zex5dvyj2lq6uu/access/wayback/https://mathematics-vestnik.ksu.kz/apart/2021-104-4/6.pdf
https://scholar.archive.org/work/tslklzc4qza7zex5dvyj2lq6uu/access/wayback/https://mathematics-vestnik.ksu.kz/apart/2021-104-4/6.pdf
http://diogenes.bg/ijam/contents/2020-33-2/12/
http://diogenes.bg/ijam/contents/2020-33-2/12/
https://elibrary.ru/item.asp?id=45362047
https://elibrary.ru/item.asp?id=45362047
https://doi.org/10.3934/math.2021512
https://doi.org/10.3934/math.2021512
https://doi.org/10.1023/B:DIEQ.0000028721.81712.67
https://doi.org/10.1023/B:DIEQ.0000028721.81712.67
https://doi.org/10.1134/S0965542507010083
https://doi.org/10.1134/S0965542507010083
https://doi.org/10.3103/S1066369X15100011
https://doi.org/10.3103/S1066369X15100011
https://doi.org/10.4213/mzm11220
https://doi.org/10.4213/mzm11220
https://doi.org/10.5802/cml.49
https://doi.org/10.5802/cml.49
https://doi.org/10.3103/S1066369X18030027
https://doi.org/10.3103/S1066369X18030027
https://doi.org/10.3390/axioms8010027
https://doi.org/10.3390/axioms8010027
https://doi.org/10.3390/axioms10010040
https://doi.org/10.3390/axioms10010040
https://doi.org/10.1134/s0012266122030090
https://doi.org/10.1134/s0012266122030090
https://doi.org/10.17516/1997-1397-2022-15-2-214-223
https://doi.org/10.17516/1997-1397-2022-15-2-214-223
https://doi.org/10.17516/1997-1397-2022-15-2-214-223
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&as_yhi=1962&q=The+asymptotic+method+for+some+differential+equations+with+oscillating+coefficients+by+Daletsky&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&as_yhi=1962&q=The+asymptotic+method+for+some+differential+equations+with+oscillating+coefficients+by+Daletsky&btnG=

A. Bobodzhanov, B. Kalimbetov, N. Pardaeva, J. Math. Computer Sci., 32 (2024), 74-85 85

(17]
(18]

(19]
(20]

[21]
(22]
(23]

[24]

[25]
[26]
(27]
(28]
[29]
(30]
(31]
(32]
(33]
(34]
(35]

(36]

[37]
(38]
(39]
[40]
[41]

[42]

Y. L. Daletskiy, M. G. Krein, Stability of solutions of differential equations in Banach space, Moscow, Nauka, (1970).

S. F. Fes¢enko, M. L. Shkil, L. D. Nikolenko, Asymptotic methods in the theory of linear differential equations, “Naukova
Dumka”, Kiev, (1966). 1

P. Hartman, Ordinary differential equations, John Wiley & Sons, New York, (1964). 4

B. T. Kalimbetov, Regularized asymptotics of solutions for systems of singularly perturbed differential equations of fractional
order, Int. . Fuzzy Math. Arch., 16 (2018), 67-74. 1

B. T. Kalimbetov, On the Question of asymptotic integration of singularly perturbed fractional order problems, Asian J.
Fuzzy Appl. Math., 6 (2019), 44-49.

B. T. Kalimbetov, E. Abylkasymova, G. Beissenova, On the asymptotic solutions of singulary perturbed differential
systems of fractional order, ]. Math. Comput. Sci., 24 (2022), 165-172. 1

B. T. Kalimbetov, Kh. E. Etmishev, Asymptotic solutions of scalar integro-differential equations with partial derivatives
and with rapidly oscillating coefficients, Bulletin of KarSU, series Mathematics, 97 (2020), 52-67. 1

B. T. Kalimbetov, I. M. Omarova, D. A. Sapakov, Regularization method for singularly perturbed integro-differential
systems with rapidly oscillating coefficients in resonance case, Bulletin of KarSU, series Mathematics, 75 (2014), 96-102.
1

B. T. Kalimbetov, N. A. Pardaeva, L. D. Sharipova, Asymptotic solutions of integro-differential equations with partial
derivatives and with rapidly varying kernel, Sib. Elektron. Mat. Izv., 16 (2019), 1623-1632. 1

B. T. Kalimbetov, V. F. Safonov, Regularization method for singularly perturbed integro-differential equations with rapidly
oscillating coefficients and rapidly changing kernels, Axioms, 9 (2020), 1-12. 1

B. T. Kalimbetov, V. E. Safonov, Singularly perturbed integro-differential equations with rapidly oscillating coefficients and
with rapidly changing kernel in the case of a multiple spectrum, WSEAS Trans. Math., 20 (2021), 84-96.

B.T. Kalimbetov, V. F. Safonov, Integro-differentiated singularly perturbed equations with fast oscillating coefficients, Bull.
KarSU. Ser. Math., 94 (2019), 33-47. 1

B. T. Kalimbetov, V. E. Safonov, E. Madikhan, Singularly perturbed integral equations with a rapidly oscillating inhomo-
geneity, Int. J. Appl. Math., 34 (2021), 653-668. 1

B. T. Kalimbetov, V. F. Safonov, O. D. Tuychiev, Singular perturbed integral equations with rapidly oscillation coefficients,
Sib. Elektron. Mat. Izv., 17 (2020), 2068-2083. 1

B. Kalimbetov, L. Tashimov, N. Imanbaev, D. Sapakov, Regularized asymptotical solutions of integro-differential systems
with spectral singularities, Adv. Difference Equ., 2013 (2013), 6 pages. 1

B. T. Kalimbetov, M. A. Temirbekov, Z. O. Khabibullaev, Asymptotic solution of singular perturbed problems with an
instable spectrum of the limiting operator, Abstr. Appl. Anal., 2012 (2012), 16 pages.

B. T. Kalimbetov, M. A. Temirbekov, B. 1. Yeskarayeva, Discrete boundary layer for systems of integro-differential
equations with zero points of spectrum, Bulletin of Karaganda SU, series Mathematics, 75 (2014), 88-95.

B. T. Kalimbetov, M. A. Temirbekov, B. I. Yeskarayeva, Mathematical description of the internal boundary layer for
nonlinear integro-differential system, Bulletin of Karaganda SU, series Mathematics, 75 (2014), 77-87. 1

B. T. Kalimbetov, A. N. Temirbekov, A. S. Tolep, Asymptotic solutions of scalar integro-differential equations with partial
derivatives and with fast oscillating coefficients, Eur. J. Pure Appl. Math., 13 (2020), 287-302. 1

B. T. Kalimbetov, O. D. Tuychiev, Asymptotic solution of the Cauchy problem for the singularly perturbed partial integro-
differential equation with rapidly oscillating coefficients and with rapidly oscillating heterogeneity, Open Math., 19 (2021),
244-258. 1

B. T. Kalimbetov, B. I. Yeskarayeva, Contrast structure in equations with zero spectrum of limit operator and irreversible
spectral value of the kernel, Bulletin of Karaganda SU, series Mathematics, 78 (2015), 56-64. 1

S. A. Lomov, Introduction to General Theory of Singular Perturbations, American Mathematical Society, Providence,
RI, (1992). 1,1, 2,2, 4

S. A. Lomov, L. S. Lomov, Foundations of Mathematical Theory of Boundary Layer, Mosk. Gos. Univ., Moscow, (2011).
1

A. D. Ryzih, Asymptotic solution of a linear differential equation with a rapidly oscillating coefficient, Trudy Moskov.
Orden. Lenin. Energet. Inst., 357 (1978), 92-94. 1, 1

V. E. Safonov, A. A. Bobodzhanov, Course of higher mathematics. Singularly perturbed equations and the regularization
method, Publishing House MPEI, Moscow, (2012). 2, 4

N. I. Shkil, Asymptotic methods in differential equations, Naukova Dumka, Kiev, (1971). 1


https://scholar.google.com/scholar_lookup?title=Ustoichivost%E2%80%99%20reshenii%20differentsial%E2%80%99nykh%20uravnenii%20v%20banakhovom%20prostranstve&publication_year=1970&author=Daletskii%2CYuL&author=Krein%2CMG
https://scholar.google.com/scholar?q=Asymptotic+methods+in+the+theory+of+linear+differential+equations&hl=en&as_sdt=0%2C5&as_ylo=1966&as_yhi=1966
https://scholar.google.com/scholar?q=Asymptotic+methods+in+the+theory+of+linear+differential+equations&hl=en&as_sdt=0%2C5&as_ylo=1966&as_yhi=1966
https://mathscinet.ams.org/mathscinet/relay-station?mr=0171038
https://www.indianjournals.com/ijor.aspx?target=ijor:ijfma&volume=16&issue=2s&article=004
https://www.indianjournals.com/ijor.aspx?target=ijor:ijfma&volume=16&issue=2s&article=004
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=On+the+Question+of+asymptotic+integration+of+singularly+perturbed+fractional+order+problems&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=On+the+Question+of+asymptotic+integration+of+singularly+perturbed+fractional+order+problems&btnG=
https://scholar.archive.org/work/amrp2loj4nhcdial45twhpm2ha/access/wayback/https://www.isr-publications.com/jmcs/9562/download-on-the-asymptotic-solutions-of-singulary-perturbed-differential-systems-of-fractional-order
https://scholar.archive.org/work/amrp2loj4nhcdial45twhpm2ha/access/wayback/https://www.isr-publications.com/jmcs/9562/download-on-the-asymptotic-solutions-of-singulary-perturbed-differential-systems-of-fractional-order
http://rmebrk.kz/journals/5974/86007.pdf#page=52
http://rmebrk.kz/journals/5974/86007.pdf#page=52
https://mathematics-vestnik.ksu.kz/apart/srch/2014_mathematics_3_75_2014.pdf
https://mathematics-vestnik.ksu.kz/apart/srch/2014_mathematics_3_75_2014.pdf
https://doi.org/10.33048/semi.2019.16.113
https://doi.org/10.33048/semi.2019.16.113
https://doi.org/10.3390/axioms9040131
https://doi.org/10.3390/axioms9040131
https://www.wseas.com/journals/mathematics/2021/a185117-130.pdf
https://www.wseas.com/journals/mathematics/2021/a185117-130.pdf
https://elibrary.ru/item.asp?id=44724577
https://elibrary.ru/item.asp?id=44724577
http://diogenes.bg/ijam/contents/2021-34-4/5/5.pdf
http://diogenes.bg/ijam/contents/2021-34-4/5/5.pdf
https://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=semr&paperid=1332&option_lang=eng
https://www.mathnet.ru/php/archive.phtml?wshow=paper&jrnid=semr&paperid=1332&option_lang=eng
https://doi.org/10.1186/1687-1847-2013-109
https://doi.org/10.1186/1687-1847-2013-109
https://doi.org/10.1155/2012/120192
https://doi.org/10.1155/2012/120192
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Discrete+boundary+layer+for+systems+of+integro-differential+equations+with+zero+points+of+spectrum&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Discrete+boundary+layer+for+systems+of+integro-differential+equations+with+zero+points+of+spectrum&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Mathematical+description+of+the+internal+boundary+layer+for+nonlinear+integro-differential+system&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Mathematical+description+of+the+internal+boundary+layer+for+nonlinear+integro-differential+system&btnG=
https://doi.org/10.29020/nybg.ejpam.v13i2.3664
https://doi.org/10.29020/nybg.ejpam.v13i2.3664
https://doi.org/10.1515/math-2021-0021
https://doi.org/10.1515/math-2021-0021
https://doi.org/10.1515/math-2021-0021
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Contrast+structure+in+equations+with+zero+spectrum+of+limit+operator+and+irreversible+spectral+value+of+the+kernel&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Contrast+structure+in+equations+with+zero+spectrum+of+limit+operator+and+irreversible+spectral+value+of+the+kernel&btnG=
https://doi.org/10.1090/mmono/112
https://doi.org/10.1090/mmono/112
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Foundations+of+Mathematical+Theory+of+Boundary+Layer&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Asymptotic+solution+of+a+linear+differential+equation+with+a+rapidly+oscillating+coefficient&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Asymptotic+solution+of+a+linear+differential+equation+with+a+rapidly+oscillating+coefficient&btnG=
https://scholar.google.ca/scholar?hl=en&as_sdt=0%2C5&q=Course+of+higher+mathematics.+Singularly+perturbed+equations+and+the+regularization+method%3A+textbook&btnG=
https://scholar.google.ca/scholar?hl=en&as_sdt=0%2C5&q=Course+of+higher+mathematics.+Singularly+perturbed+equations+and+the+regularization+method%3A+textbook&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Asymptotic+methods+in+differential+equations&btnG=

	Introduction
	Solution space and regularization of problem (1.1)
	Iterative problems and their solvability in the space  U
	Unique solvability of a general iterative problem in the space  U : remainder term theorem
	Construction of the solution of the first iteration problem
	Conclusions

