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Abstract
In this paper, the definition adjoint of the operator on fuzzy normed linear
spaces is introduced. It is shown that if (X,| ||) and (Y,| | ) are two fuzzy

normed linear spaces and T: X —Y be a strongly (weakly) fuzzy bounded
linear operator, then T :Y" — X (adjoint of T) is strongly ( weakly) fuzzy
bounded linear operator and |T| ;z‘T* - ,foreach « €(0,1].
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1. Introduction

In 1984, Katsaras [7], first introduced the notion of fuzzy norm on a linear space. In 1992,
Felbin [4] introduced an idea of a fuzzy norm on a linear space by assigning a fuzzy real number to
each element of the linear space so that the corresponding metric associated this fuzzy norm is of
Kaleva type [6] fuzzy metric. She also introduced an idea of fuzzy bounded linear operator, the
norm of which is a fuzzy number. In 1994, Cheng and Mordeson [3] introduced another idea of a

fuzzy norm on a linear space in such a manner that the corresponding fuzzy metric of it is of
Kramosil and Michelek type [8].
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Considering fuzzy functions, they defined boundedness of fuzzy linear operator. Very recently Xiao
and Zhu [9] redefined, in a more general setting, the idea of Felbin’s [4] definition of fuzzy norm of a
linear operator from a fuzzy normed linear space to another fuzzy normed linear space. In the
present paper we have tried to introduce a correct definition of a fuzzy bounded linear operator
and "fuzzy norm” for such an operator. With this definition of fuzzy normed linear space, it has
been possible to introduce in this paper a notion of fuzzy bounded linear operator over fuzzy
normed linear spaces and to define ” adjoint” for such an operator.

The organization of this paper is as follows: Section 2 comprises some useful definitions, notations
and preliminary results. In Section 3, the definition adjoint of the operator on fuzzy normed linear
spaces is introduced and investing some important general properties of adjoint fuzzy linear
operators on fuzzy normed linear spaces.

2. Some preliminary results
In this section some definitions and preliminary results are given which will be used in our
paper. The following concepts have in [1,4,9].

Definition 2. 1. A mapping 77: R —[0,1] is called a fuzzy real number, whose « -level set is
denoted by [77], ={t:7(t) > @}, if it satisfies two axioms:

(a) There exists t, € R such that 7(t,) =1.

(b) For each a €(0,1]: [7], =[7_,n"], where —co <7~ <75" <+o0. The set of all fuzzy real
numbers is denoted by F. If 7€ F and 77(t) = Owhenever t <0, then 7 is called a non-negative

fuzzy real number and F* stands for the set of all non-negative fuzzy real numbers. The number
0 stands for the fuzzy number satisfying 0(t) =1 if t=0 and O(t) =0 if t 0 clearly, O F*.
Since to each r € R, one can consider T € F defined by F(t)=1if t=r and F(t)=0 ift=r, R
can be embedded in F.

Definition 2.2. Let X be alinear space over R . Let || || : X = F " be a mapping satisfying:
(i) || X|| =0 ifand onlyif x=0,

(ii) ||rx||=|r|||x ,Xe X, reR,

(iif) for X,y e X, | x+y|<[x|@] y]
And
(A):x=0=|x|(t)=0, vt<O0.

Then (X, || ||) is called a fuzzy normed linear space and || || is called a fuzzy norm on X.

Remark 2.3. (i) Condition (A’) in Definition 2.2 is equivalent to the condition
(A"):for all x(#0) in X, [X|. >0, Ver € (0,1] where [|x|1, =[|x. .[x|.] and

(i) ||X|| ' i =12 are crisp norms on X.
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Definition 2.5. Let (X,|| ||) and (Y,|| || ") be two fuzzy normed linear spaces. An operator
T: X —Y issaid to be strongly fuzzy continuous at X, € X if for a given £ >0, 36 > Osuch that
||TX —TX0|| "< & whenever ||X - Xo" t<5,Vae(0]].

If T is strongly fuzzy continuous at all points of X, then T is said to be strongly fuzzy continuous
on X.

Definition 2.6. Let (X,” ||) and (Y,|| || ") be two fuzzy normed linear spaces. An operator

T:X —Y is said to be weakly fuzzy continuous at X, € X if for a given £ >0, 3§ F*,35€0
such that
"TX —TX0|| < & whenever ||X - Xo” 2< 62,

||TX - TXO” < & whenever ||X - X0|| L<on,
Where, [5], =[5,62], « €(0, 1].

Definition 2.7. Let (X,” ||) and (Y,|| || " )be two fuzzy normed linear spacesand T : X —Y be

a linear operator. T is said to be strongly fuzzy bounded if there exists a real number k >0 such

that x| "<k |x], Wx(=0) € X.

Notation 2.1. Denote B(X,Y) = Set of all strongly fuzzy bounded linear operators defined form

O] to €1

Definition 2.8. Let (X,” ||) and (Y,|| || ") be two fuzzy normed linear spacesand T : X — Y be
a linear operator. T is said to be weakly fuzzy bounded if there exists a fuzzy interval ne F*, >0
such that |[TX| "< 77|x|, vx(=0) € X.

Remark 2.4. T is strongly (weakly) fuzzy bounded linear operator from (X,” ||) to (Y,” || 7)) iff

T is a bounded linear operator from (X,” ||10,)t0 (Y.|[-?) and from(X,” ||i)to(Y,|| (r}
Va e(0,1].

Remark 2.5. If T is strongly fuzzy bounded then it is weakly fuzzy bounded but not conversely.
This is supported by the following example [1].

Notation 2.2. Denote B'(X,Y) = Set of all weakly fuzzy bounded linear operators defined form

O to €.

Theorem 2.1. Let T : X —Y be a linear operator where (X,” ||) and (Y,|| ||~) are two fuzzy

normed linear spaces. Then T is strongly (weakly) fuzzy continuous iff it is strongly (weakly) fuzzy
bounded
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Theorem 2.2. A linear operator T from (X,” ||) and (Y,|| ||~) is strongly (weakly) fuzzy

continuous iff it is strongly (weakly) fuzzy continuous at a point.

Theorem 2.3. The set B(X,Y)(B'(X,Y)) of all strongly (weakly) bounded linear operators

from a fuzzy normed linear space (X,” ||) to a fuzzy normed linear space (Y,|| ||~) is a linear

space with respect to usual linear operators.

Definition 2.9. A strongly (weakly) fuzzy bounded linear operator defined from a fuzzy normed
linear space (X,” ||) to (R,” ||~), is called a strongly (weakly) fuzzy bounded linear functional.

Where, the function ||I’||~ :R —[0,]] is defined by
. 1 if t=r]
Il = .
0 ,otherwise

Then ||I’|| " isafuzzy normon R and « -level sets of ||r||~ are given by [||I‘||~]a = [|I’|,|I’|], O<a<l
Denote by X *( X ') the set of all strongly (weakly) fuzzy bounded linear functionals over (X, || ||)
We call X™ ( X') the first strong (weakly) fuzzy dual space of X.
3. The main results

In this section Hahn- Banach theorem is given which will be used in our main results.

Theorem 3.1. (Hahn- Banach [1]) . Let (X,” ||) be a fuzzy normed linear space and Z be a

subspace of X. Let f be a strongly fuzzy bounded linear functional defined on (Z,|| ||).Then there

exists a strongly fuzzy bounded linear functional A on X such that A|,= f and || f ||; < ||A||; .

Lemma 3.1. [2]. Let (X,|| ||) bea a fuzzy normed linear space and X, € X, then the exists a

strongly fuzzy bounded linear functional A € X "such that ||A|| ;: 1 and AX, = ”Xo”a ,Va € (0,1].

Definition 3.1. Let(X,” ||) and (Y,|| ||~ ) are two fuzzy normed linear spaces and
T eB(X,Y)(B'(X,Y)).0peratorT":Y" — X" is defined
(T'A)(X)=A(Tx), AeY ,xe X.

Operator T is called adjoint operator T.

Theorem 3.2. Let (X,” ||) and (Y,” || ") are two fuzzy normed linear spaces. If T € B(X,Y)
then T e B(Y", X") and [T .=[T"[ . Ve (0.1
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Proof. For each A €Y we get T'A = AT and hence T Ais linear and continuous. So for each

A €Y wehave T'A € X”. Clearly, T is linear. Since T is strongly fuzzy bounded linear, the exists
k(>0) € R such that

x| "<k[x], Vx(=0)eX,

L.e.
4 -2
r (X)|2| £ <k and U (X)|1| 2 <k W¥X(#0)e X.We define
2P Il
TX| o
T| o= ™. <k),
M= sw gz €9
” ™
= = (L K).
ITl= sue i €90
Hence
Tl <[ I .
s - , Vae(0,1],vxe X (i)
(LR L i
Then {]| L ae (01} and {]| Z o € (01]} are, respectively, ascending and descending families
of norms. Also from above it follows that {[”T T 7771:0 < ¢ <1} is a family of nested bounded

closed intervals of real numbers.

Let Xe XandA €Y", we have

| T M)

o= ATX)

For >0, so ||T||; implies that there exists a X such that ||X||a =Jland ||TX|| ;1 > ||T
-1 and A(TY) = [Tx]

o S[Alm 2 <[A]T

*1
a

X2, Yae(0.1],
So

T continuous and

" va(0,1, (i)

2<|T

*1
o« €

By Lemma 3.1 the exists A €Y * such that”A

T A)X)| =AM =[] > [T &, Va e (0.1],

Thus

T Al T2 -2, va e .11,
So
T ;lZHT ;1 Vae(0,1], (iii)

(if) and (iii) imply that

457



Ali Taghavi, Majid Mehdizadeh/ TIMCS Vol .2 No.3 (2011) 453-458

T =T, vae(0,1],

Similarly we have

T" Z . Vae(0,1,

*2_
=T

So

*

=
Theorem 3.3. Let (X,” ||) and (Y,” || ") be two fuzzy normed linear spaces. If T € B'(X,Y)
then T e B'(Y',X") and ||T ’T* Z , Va€(0,1].

Proof. The proof is similar to Theorem 3.2 and therefore, it is
omitted.

; ,Va e(0,1].

a

*
a—
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