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Abstract

In this paper, we prove some interesting results using forward and backward convergence in quasi
cone metric spaces. We study forward and backward sequential compactness, sequential countably
compactness, and sequential continuity property in quasi cone metric spaces and give some interesting
results. (©2016 all rights reserved.
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1. Introduction and preliminaries

The concept of a cone metric which has been known since the middle of 20th century (see [17, 22]
27]) was reintroduced by Huang and Zhang in [14]. This concept is an interesting generalization of
usual metric space where the set of real numbers is replaced by an ordered Banach space. After the
study of this space by Huang and Zhang [14], a lot of work have been done on this structure. Cone
metric spaces are one of the many generalizations of metric spaces which play an important role in
fixed point theory, computer science, and some other research areas as well in general topology (see,
for example, [11, 2, [7H11), [13] 2], 26]). There have been a lot of papers dealing with the theory of cone
metric spaces. Recently, the paracompactness and the metrizability of cone metric spaces have been
discussed in [I5] and [24], respectively.
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A quasi metric is a distance function in which the symmetry axiom is eliminated in the definition
of a metric (see [4, [12] 16, 18, 28, 29]). Many authors have given different definitions of quasi cone
metric, see for instance [3, 25]. A lot of researches have been done on quasi cone metric space since
then, specially on fixed point theory. In this paper, we focus on a different direction and study
two sided convergence and completeness in a quasi cone metric space. We use the definition given
by Abdeljawad and Karapinar in [3]. However, it should be noted that due to the absence of real
numbers (which is replaced by an ordered Banach space), the methods of proofs are not always
analogous to the usual metric case. Now we recall some notions, definitions and results which will
be used in this work.

Definition 1.1. A subset P of a real Banach space F is called a cone if

(1) P is closed, nonempty, and P # {0};
(2) if a,b € R and z,y € P, then ax + by € P;
(3) if both x € P and —z € P then x = 0.

Given a cone P in F, we define a partial ordering < on E with respect to P by x < y if and only
if y —x € P. We shall write x < y to indicate that x < y but z # y, while + < y will stand for
y—1x € P where P denotes the interior of P.

In the following we always suppose that E' is a Banach space, P is a solid cone, i.e., P % ¢in K
and < is a partial ordering with respect to P.

Definition 1.2 ([I4]). A cone metric space is an ordered pair (X, d), where X is a non empty set
and d : X x X — F is a mapping satisfying:

(i) 0 2 d(z,y) for all z,y € X;
(ii) d(z,y)

(i) d(z,y)
(iv) d(z,y)

Definition 1.3 ([3]). Let X be a nonempty set. Suppose that the mapping d : X x X — E satisfies

(i) 0 < d(z,y) for all x,y € X;
(ii) d(x,y) =0 if and only if z = y;
(iii) d(z,y) < d(z,z) +d(z,y) for all z,y,z € X,

= @ if and only if x = y;
=d(y,z) for all z,y € X;
<d(z,z)+d(zvy) for all x,y,z € X.

then d is called quasi cone metric on X, and the pair (X, d) is called quasi cone metric space.

Example 1.4. Let X =R, E=R?* P={(z,y) € E: z,y >0} and ¢ : X x X — E defined by

(a, 1), r <y,

q@w%:{w—%au—y» 2y,

then ¢ is a quasi cone metric on X and (X, q) is a quasi cone metric space. But it is not a cone
metric space.

Definition 1.5 ([23]). A sequence (z,)ney forward converges (resp. backward converges) to zg € X
if for every ¢ € E with 0 < ¢ (i.e., c—60 € P) there exists a natural number N such that d(z, z,) < ¢
(resp. d(xp, o) < c) for all n > N.

We denote this by writing x,, EN xq (resp. x, LN xg).
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Definition 1.6. Let (X, dx) and (Y, dy) be two quasi cone metric spaces. A function f: X — Y is

ff — continuous at x € X if whenever x, 2 in (X, dx) we have f(x,) EN f(z) in (Y,dy).
An analogous statements can be written for the other three types of continuity, namely, fb-
continuity, bb-continuity, and b f-continuity.

Definition 1.7 ([23]). Let (X, d) be a quasi cone metric space. We say that a sequence (zy)ren is

1. forward Cauchy if for every ¢ € E with 6§ < c there exists N € N such that for m > n > N,
d(zy, z,,) < c holds;

2. backward Cauchy if for every ¢ € E with 8 < ¢ there exists N € N such that for m > n > N,
d(xpm, x,) < ¢ holds.

Shadad and Noorani used left (right) Cauchy for forward (backward) Cauchy in [23].

Definition 1.8. A set S C X is forward (resp. backward) sequentially compact if every sequence in
X has a forward (resp. backward) convergent subsequence with limit in S.

Definition 1.9 ([23]). A set S C X is forward (resp. backward) complete if every forward (resp.
backward) Cauchy sequence is forward (resp. backward) convergent.

Lemma 1.10 ([20]).

(1) Ifu <wv and v < w, then u K w.
(2) Ifu< v and v < w, then u < w.
(3) Ifu v and v < w, then u <K w.
(4) If 0 < u < ¢ for each ¢ € P then u = 0.

2. Main results

Lemma 2.1. Let (X,d) be a quasi cone metric space. Then x, g if and only if each subsequence
of it, is forward convergent to x.

Proof. Let z,, I, 2. Then for ¢ € E with 0 < c there exists an N € N such that ¢ — d(x,z,) € P for

all n > N. Let (x,, )ken be an arbitrary subsequence of (x,). If ny > N, we have ¢ — d(z, z,,) € P,

ie., d(x,x,,) < c So x,, N

The proof of the converse is straightforward so is omitted. Hence the proof is completed. m

Lemma 2.2. If (z))ken forward converges to xo € X and backward converges to yo € X then xo = yp.

Proof. By the assumption, i> 9. Thus for ¢ € E with 0 < ¢ there exists a natural number N;
such that d(zg, zx) < 5 for all & > N;. Also b Yo, so there exists a natural number N, such that
d(zy,y0) < 5 for all k > Ny,

Let N = max{Ny, No}. Then for all £ > N and ¢ € E with 0 < ¢, d(zo,y0) < d(xo,zx) +
d(zy,y0) < § + § = c. This implies that d(xo,yo) < c for every ¢, and so d(zo,y0) = 0 by (4) of
Lemma [I.10] Hence x¢ = . ]

Theorem 2.3. Let d: X x X — E be a quasi cone metric. If (X,d) is forward sequentially compact

b
and x, — x, then x, i) x.
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Proof. Let (x,) be a sequence such that x, L 2 for some 7 € X. By the forward compactness, the

sequence (x,,) has a forward convergent subsequence, say x,, EN y as j — oo. Then z = y, by Lemma
2.2

Suppose (z,) is not forward convergent to x. Then there exists a ¢ € F with § < ¢ and a
subsequence (i, ) with ¢ — d(z,z,,) ¢ P. But this subsequence has a subsequence I, forward

converging to x, so there exists J € N such that for all j > J one has d(x,wnkj) < ¢ ie., c—
d(zx, mnkj) € P which is a contradiction. So z, -5 . O
Definition 2.4. A sequence of functions ( f,) from a quasi cone metric space (X, dx) to a quasi cone

metric space (Y, dy) is said to be forward convergent (resp. backward convergent) uniformly to f if
for ¢ € E' with 0’ < ¢ and for all € X there exists a positive integer m such that

dy (f(z), fu(z)) < , (resp. dy(fn(x), f(z)) < ), Yz € X and n > m.

Note that, here we have taken dy as a quasi cone metric from Y X Y to a real Banach space £’ with
a cone P' C ' and €' is zero in F'.

Example 2.5. Let X = [0,1], E=R* P={(z,y) € E: z,y >0} and ¢ : X x X — E defined by

ey = J @ yalz—y), z =y,
q(z,y) {@1)7 v <y

then ¢ is a quasi cone metric on X.

(i) Consider the sequence (z,,) = (), then z, 2 0 due to

On the other hand, the sequence (z,) does not forward converge to 0.

(ii) Consider the sequence (z,,) = (1 — 1) then z, 1 due to

1 o

q(1,z,) = <—,—> — 0, as n — oo.
n’'n

On the other hand, the sequence (z,) does not backward converge to 1.

Theorem 2.6. If (f,) is a sequence of ff-continuous functions from a quasi cone metric space
(X,dx) to quasi cone metric space (Y, dy) with forward convergence equivalent to backward conver-
gence and (f,,) forward converges uniformly to a function f then f is f f-continuous.

Proof. Let ¢ € E' with §' < ¢ and (z,,) be any forward convergent sequence in X such that x,, EN xg.
Since f, EN f uniformly, there exists a positive integer /N such that

/

dy(f(a:),fn(a:))<<%, Vn>Nandzxe€ X. (2.1)

In particular, for n = n;
/

dy (f(x), fr, (7)) < %
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Since forward convergence is equivalent to backward convergence, therefore

/

c
Iy (fa(2), £ () < 5. (2.2
Furthermore, (f,) is given to be a sequence of f f-continuous functions, therefore
C/
dy (fin (20), frn (0)) < 3 (2.3)
Also from (2.1))
C/
dy (f(20), fni (70)) < 3 (2.4)

Thus from , , and
dy (f (o), f(2n)) < dy (f(@0), fui(20)) + dy (far (T0), fri (20)) + dy (frr (z0), fl20)) < .

Thus f transforms forward convergent sequence in X to a forward convergent sequence in Y. Hence
f is an f f-continuous function. m

An analogous statement can be written for the other three types of continuity.

Theorem 2.7. The set of all f f-continuous functions from quasi cone metric space (X, dx) to quasi
cone metric space (Y, dy), with forward convergence equivalent to backward convergence, is a closed
subset of all continuous functions, i.e., C'7(X,Y)= C/(X,Y) where C'(X,Y) is the set of all ff-
continuous functions from quasi cone metric space (X,dx) to quasi cone metric space (Y,dy) and
C/f(X,Y) denotes the closure of C//(X,Y).

Proof. Let f € C//(X,Y). Then there exists a sequence of points in C/7(X,Y") such that f, ER f
as n — oo. Let ¢ € F' with ¢ < ¢ and (x,,) be any forward convergent sequence in X such that

xngxoasn%oo.

Since f, EN f uniformly, there exists a positive integer N such that

/

dy (f(z), fo(z)) < % Vn>Nandze X (2.5)

In particular, for n = n;
/

dy (f(x), fr, (7)) < %

Since forward convergence is equivalent to backward convergence, therefore

/

c
y (fun(2), f(2) < 5. (2.6)
Furthermore, (f,) is given to be a sequence of f f-continuous functions, therefore
c/
dy (fir (0), frn (0)) < 3 (2.7)
Also, from (2.5)
C/
dy (f(20), fni(20)) < 3 (2.8)

Thus from ([2.6), [£7), and [23)
dy (f(@o), f(2n)) < dy (f(@0), fui(20)) + dy (far (T0), fri (20)) + dy (frr (z0), f(20)) < .
Hence f is ff-continuous function. So f € C//(X,Y) which completes the proof of the theorem. [
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Corollary 2.8. The set of all f f-continuous functions from a quasi cone metric space (X, dx) to a
quasi cone metric space (Y, dy), with forward convergence equivalent to backward convergence, is a
complete subspace of the space of all continuous functions.

Theorem 2.9. An ff-continuous image of a forward sequentially compact subset of a quasi cone
metric space (X, dx) is forward sequentially compact.

Proof. Let (X,dx) and (Y,dy) be quasi cone metric spaces. Let f : X — Y be ff-continuous
function and A C X be forward sequentially compact. Let (y,) be a sequence in f(A). Then we
can write y, = f(z,) where x,, € X for each n € N. Since A is forward sequentially compact, there
exists a forward convergent subsequence (z,, ) of (z,). Again it is given that f is f f-continuous, this
implies that f(x,,) is forward convergent subsequence of f(x,). Hence f(A) is forward sequentially
compact. ]

Example 2.10. Let X =[0,1], E=R?* P={(z,y) € E: z,y >0} and ¢ : X x X — F defined by

ey = J@myalz—y), @ =y,
4@ y) {(a,l), x <y.

Clearly, ¢ is a quasi cone metric on X. We define a mapping f : X — X by f(z) = z. It is easy to
see that X is forward sequentially compact and f is an f f-continuous function. Clearly, the image
space of f,ie., f(X) is also forward sequentially compact.

Corollary 2.11. An fb-continuous image of a forward sequentially compact subset of a quasi cone
metric space (X, dy), with backward convergence equivalent to forward convergence in the image space
of (X,dx), is forward sequentially compact.

An analogous statement can be written for the other types of continuity.
Recalling the concepts of G-sequential closure, G-sequential accumulation point, and G-sequenti-
ally compactness given in [5] suggests us to give the following definitions in a quasi-cone metric space

(X,d) (see also [6] and [19]).

Definition 2.12. A point x € X is called forward (resp. backward) sequential accumulation point
of F¥ C X if there is a sequence (x,,) of points in F' — {x} such that x, NS (Resp. x, LN x).
Definition 2.13. A subset F' of X is called forward (resp. backward) sequentially countably compact
if any infinite subset of F' has at least one forward (resp. backward) sequential accumulation point
in F.

Definition 2.14. Let /' C X and # € X. Then z is in the forward (resp. backward) sequential
closure of F' if there is a sequence (x,,) of points in F' such that x,, RN (resp. EN x). We denote

the forward (resp. backward) sequential closure of F' by 7 (resp. Fb). We say that a set is forward
(resp. backward) sequentially closed if it contains all of the points in its forward (resp. backward)
sequential closure.

Theorem 2.15. A forward sequential compact subset of a quasi cone metric space (X,d) is forward
sequentially closed.

Proof. Let F' be any forward sequential compact subset of a quasi cone metric space (X,d). Take

any r € F’. Then there exists a sequence (z,) of points in F' such that z, Jy . Now since F is

forward sequentially compact, there exists a subsequence (z,, ) of (x,) such that x,, EN xg € F. Thus
xg = x € F. Therefore, F' is sequentially closed in X. O
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Example 2.16. We consider the same quasi cone metric space as discussed in the Example [2.10]
Clearly, the set A = [%, 1] is forward sequentially compact. Consider the sequence z,, = (1 — %) in
A. Then (z,) forward converges to 1 € A for

(67

1
q(1,z,) = (%, %) — 0, as n — oo.

Hence A is forward sequentially closed.

Theorem 2.17. A subset F' of a quasi cone metric space (X,d) is forward sequentially compact if
and only if it is forward sequentially countably compact.

Proof. Let F be any forward sequentially compact subset of a quasi cone metric space (X,d) and
B be an infinite subset of F. Let (z,) be any sequence of distinct points in B. Since F' is forward
sequentially compact, this sequence (x,,) has a forward convergent subsequence (x,, ) whose limit is
x, say. Then x is the limit point of B. This proves the first part.

Conversely, Suppose that F' is forward sequentially countably compact subset of X. Let (x,) be
any sequence of points F. Let A = {z,, : n € N} . If A is finite then we have nothing to prove. Let
A be infinite. Now since F' is forward sequentially countably compact, A has a forward sequential

accumulation point = in F. Now it is not difficult to extract a subsequence (z,,) of (x,) such that

T, A € F. This completes the proof. O

An analogous statement can be written for backward case.

Theorem 2.18. Any forward sequentially closed subset of a forward sequentially compact subset of
a quasi cone metric space (X,d) is forward sequentially compact.

Proof. Let A be any forward sequentially compact subset of X and B be a forward sequentially
closed subset of A. Let x = (z,) be any sequence of points in B. Then x = (z,,) is a sequence of
points in A. Since A is forward sequentially compact, there exists a forward convergent subsequence
(2, ) of the sequence z. Since B is forward sequentially closed, any sequence x = (x,,) of points in
B has forward convergent subsequence in B. Hence the result follows. O

Example 2.19. The result is very clear from the previous examples and [2.16| We consider the
same quasi cone metric space wherein A = [%, 1] is a forward sequentially closed subset of forward
sequentially compact set X = [0, 1]. Now it is easy to see that the set A = [3,1] is forward sequentially
compact.

Corollary 2.20. Any backward sequentially closed subset of a backward sequentially compact subset
of a quasi cone metric space (X,d) is backward sequentially compact.

Theorem 2.21. An ff-continuous image of a forward sequentially countably compact set is forward
sequentially countably compact.

Proof. Let (X,dx) and (Y,dy) be quasi cone metric spaces. Let f : X — Y be an f f-continuous
mapping. Let A C X be forward sequentially countably compact. Let B be an infinite subset of
f(A), so that B contains a set {b, : n € N}.

Then there exists a set {a,, : n € N} C A such that f(a,) = b, for every n € N. Now A is forward
sequentially countably compact, therefore every infinite subset of A contains forward sequential
accumulation point in A.

= {a, : n € N} has a forward sequential accumulation point in A, say ay.
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= a, i> ag € A.

Since f is f f-continuous function, so a, EN ag € A implies f(ay,) EN f(ag) € f(A). That is,
bn EN f(ap) € f(A). Thus f(ap) is a forward sequential accumulation point in f(A). This proves the
result. O

Lemma 2.22. A quasi cone metric space is forward complete if every forward Cauchy sequence has
a forward convergent subsequence.

Proof. Let (X,d) be a quasi cone metric space and (z,)nen be a forward Cauchy sequence in (X, d)
with subsequence (z,, ) forward converging to € X. Let ¢ € E with 6 < ¢ so that d(x,,7,,) < §
for all m > n > N € N. Choose k € N so that n, > N and d(z,z,,) << 5. Then for n > ny > N

This implies x,, Lras n— oo Therefore, X is forward complete. n

We introduce some further notations: YX denotes the space of functions from X to Y. The
uniform metric on Y is

p(f,g) = sup {dy (f(z),9(x)) -z € X},
where dy (f(x), g(z)) = min {dy ((f(z), g(x)),1)} and dy is a quasi cone metric associated with Y.

Theorem 2.23. Let (X,dx) and (Y, dy) be quasi cone metric spaces. If Y is forward complete, then
YX is also forward complete.

Proof. Let (f,)nen be forward Cauchy sequence in Y. By definition, for ¢ € E’ with ' < ¢ there
exists NV € N such that for m > n > N,

P(frs frn) < €.

For x € X, clearly, f,(x) is a forward Cauchy sequence in Y. Since Y is forward complete, so f,(x)

is forward convergent, say f,(z) EN f(z). Thus there exists N € N such that n > N implies that

dy (f(x), fo(z)) < ¢, ¢ € E' with ' < (.

Taking supremum on x € X, we obtain f, EN f in uniform metric p. O

Theorem 2.24. Let F C YX be a family of ff-continuous functions from quasi cone metric space
(X,dx) to quasi cone metric space (Y,dy). Let Y be forward complete and forward convergence
implies backward convergence in Y. Then F is forward complete.

Proof. Let f, C F such that f, EN f. Since Y is forward complete, so Y¥ is also forward complete.
Also F C Y¥, so it is sufficient to show that f € F.
Now for z,y € X, ¢ € E with 0§ < ¢, there exists ¢ € E’' with ¢ < ¢ such that dx(z,y) < ¢

implies
/

c
Also there is N € N such that

/

dy(f(@), fa(2)) € 5, Vn >N,
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Now, forward convergence implies backward convergence, therefore,

/

Ay (fuly), f) <€ 5, V0 2 N,

Therefore, ¢ € F with 6 < ¢ and dx(z,y) < ¢, we have

dy (f(x), 1)) < dy (f(2), ful(@) + dy (fal@), fu(y) + dy (faly), f(¥)) € =+ = + = = .

Therefore, f is f f-continuous and so f € F. Thus the result follows. n
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