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Abstract

This paper introduces the notions of partially equi-integral stability and partially equi-integral
¢o-stability for two differential systems, and establishes some criteria on stability relative to the x-
component by using the cone-valued Lyapunov functions and the comparison technique. An example
is also given to illustrate our main results. (©)2016 All rights reserved.
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1. Introduction

In this paper, we discuss the partially equi-integral stability and partially equi-integral ¢o-stability
relative to the z-component for two differential systems

= F(t,z,y), x(to) = o,
{y/:H(t7$7y)a y(tO) = Yo, (11)

and the perturbed system

(1.2)
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where F hy € C[Ry x R* x R, R"|,H,hy € C[Ry x R* x R™,R™|, F(t,0,0) = hy(t,0,0) = 0,
H(t,0,0) = hs(t,0,0) =0,t € Ry =[0,400), R" and R™ are n-dimensional and m-dimensional real
Euclidean spaces, respectively, with any convenient norm || - || and scalar product (,).

It is well-known that the stability of system is one the most important property which must be
considered in system analysis and control system design. Owing to its complicated structure and
many other factors, it is very difficult to analyze its stable property. With the development of science
and technology, various notions of system stability were proposed based on Lyapunov stability theory.
In many actual problems, people are only interested in part state variables of systems, or because
of the technical difficulty, other state variables of the systems cannot be controlled or measured,
this will oblige people to study the partial stability property of system. Thus, the study of partial
stability for systems has its theoretical importance and practical values. Up till now, there are some
results on the partial stability for various systems. For example, Lakshmikantham and Leela [7]
discussed the partial stability of ordinary differential equations. El-Sheikh et al. [2] justified the
partial stability of nonlinear differential systems. Ignatyev [0] studied the partial equi-asymptotical
stability of functional differential equations.

As another development, there has been rapid development in the integral stability theory re-
cently. Soliman and Abd Alla [9] gave the integral stability criteria of nonlinear differential systems,
Hristova and Russinov [5] investigated the ¢p-integral stability in terms of two measures for differen-
tial equations, Hristova [3], 4] obtained the integral stability in terms of two measures for impulsive
differential equations with “supremum” and impulsive functional differential equations, respectively.
The main purpose of this paper is to discuss the notions of partially integral stability of two dif-
ferential systems, and extend the notions to the so-called partially integral ¢g-stability relative to
the z-component by employing the cone-valued Lyapunov functions that is used in [I} 2], 8] and the
comparison technique. Finally, we give an example to illustrate our main results.

2. Partially integral stability

In this section, we extend partial stability to partially integral stability relative to the z-compon-
ent. Firstly, we give the following class of functions and definitions:

K ={acC[0,p], Ry] : a(0) =0, and a(r) is strictly monotone increasing in r, p > 0 is a constant}.

We say that function V' (¢, z,y) belongs to the class V if V € C[Ry x R" x R™, R.], is locally
Lipschitzian in z and y. Meanwhile, we define the upper right-hand derivative of V (¢, z,y) by

1
DTV (t,2,y) = limsup [V (¢t + h,x + hF(t,2,y),y + hH(t, z,y)) = V(t, z,y)].

h—0t

Consider the comparison equation
u' = g(t,u), wu(ty) =ug >0, tg>0, (2.1)
and its perturbed equation
u' = g(t,u) +p(t), wu(to) =uo >0, to>0, (2.2)
where g € C[Ry x Ry, R]|,p € C[Ry,R], g(t,0) = 0.

Definition 2.1. The zero solution of (1.1]) is said to be partially equi-integral stable relative to the
xz-component, if for o > 0, ty € R, there exists a positive function (g, o) which is continuous in ¢,
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for o, 6 € K such that for every solution (¢, to, xo, yo) of the perturbed system (1.2)), the inequality
|z(t, to, To, o) || < B, t > to holds, provided that ||zo|| + ||voll < «, and

to+T
[ sw (ol + o)l <o T>0
to o

mESg,yESB

Definition 2.2. The zero solution of ([1.1]) is said to be partially uniformly-integral stable relative
to the z-component, if Definition [2.1] is satisfied, where ( is independent of .

Definition 2.3. The zero solution of is said to be partially equi-asymptotically integral stable
relative to the x-component, if Definition holds, and for every € > 0, « > 0 and ¢ty € R, , there
exist positive numbers T' = T'(to, v, €) and v = (o, «, €) such that for every solution x(t, ¢y, zo, o)
of the perturbed system (1.2)), the inequality ||z (¢, %o, o, v0)|| < €, t > to + T holds, provided that
[zol[ + llwoll < @, and

to+T
[ s (ol + hlsog)lds <5, T>o0
to e

zesg,yesﬁ

Definition 2.4. The zero solution of (1.1)) is said to be partially uniformly-asymptotically integral
stable relative to the x-component, if Definition is satisfied, where T, ~ is independent of #;.

Theorem 2.5. Assume that there exists a function V €V, V(t,0,0) = 0, satisfying:

(PS1) a(flz]]) <Vt z,y), a € K;
(PSy) DYV (t,z,y) < g(t,V(t,x,y)).

If the zero solution of (2.1)) is equi-integral stable, then the zero solution of (L.1)) is partially equi-
integral stable relative to the x-component.

Proof. Since the zero solution of (2.1)) is equi-integral stable, for & > 0, there exists a positive
function 8 = B(to, ) which is continuous in ¢, for «, 5 € K such that

to+T
u < a, / p(s)ds < a, T >0,
to

implies u(t, to, up) < a(B), where u(t, ty, up) is an arbitrary solution of (2.2)).
Setting ||hy(t, z,y)|| = Maip(t), [|ha(t, x, y)|| = Map(t), in which M, My > 0 are constants, then

to+T
[ s sl + eats.0)}ds < (1, + 2
to

xESg,yESg
Since V' (¢,0,0) = 0 and the function V (¢, z,y) is continuous, there exists a 0 = d(ty, €), such that
V (to, xo, yo) < o, whenever ||zoll + [Jyo|| < 0.

By choosing ug = V (to, xo, yo) and noting condition (PS,), we can apply Theorem 3.1.1 of [7] to
obtain
V(t,z,y) <u*(t, to,up), t > to, (2.3)

where u*(t,tp, up) is the maximal solution of (2.2)).
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From |[|zo|| + ||lyo|| < d, we can obtain
V(t,x,y) < U*(t7t07u0) < a(ﬁ)? (24)

thus from (2.4) and the condition (PS;), we obtain ||zo|| + [|yo]] < ¢ implies a(||z||) < V(t,z,y) <
a(ﬁ), t Z to.
Furthermore, by choosing o = min{d, (M; + Ms)a}, then

to+T
[zoll + [lyoll < o, / sup  {[[h(s, 2, y)[| + [[ha(s, z,y)| }ds < o,
to xesg, yGSE’L

implies ||z|| < B, t > ty, where z(t, ty, up) is any solution of (1.2)). The proof is therefore complete. [

Theorem 2.6. Let the conditions of Theorem be satisfied except the conditions (PSy), is replaced
by
(PSs) a(llz]) < V(t,z,y) <o(llz] + [lyl), a,be K.

If the solution of (2.1) is uniformly-integral stable, then the zero solution of (1.1) is partially
uniformly-integral stable relative to the x-component.

Proof. Since the zero solution of ([2.1)) is uniformly-integral stable, then, for a« > 0, f(«) > 0 are
independent of ¢y, and «, § € K such that

to+T
u < a, / p(s)ds < a, T >0,

to

implies u(t, to, uo) < a(f),a € K, where u(t, to, up) is an arbitrary solution of (2.2)).
Similar to the above arguments in Theorem[2.5] by choosing ||k (¢, z,y)|| = Mip(t), ||ha(t, z,y)|| =
Msp(t), in which My, My > 0 are constants, we obtain

to+T
[ s (o)l + Iha(sog)lds < (M + Mo
to

zGSg, yESg‘
By setting ug = b(||zo|| + ||yol|) and by (PSs), we get
V(to, x0,90) < b([|zoll + [lgoll) = uo.

Now, by using (PS,), and applying Theorem 3.1.1 of 7], we obtain the inequality (2.3]). Mean-
while, we choose a; > 0 such that b(c;) = o. Then the inequalities

[zoll + [|%oll < exand b([lzoll + llyoll) < a,
hold together. Therefore, by (PS3) and we get
allz]l) <V (E,z,y) < u'(t,t0, uo) < a(p).
Thus [|zo]| + [lol| < en implies a([lz]]) < V(t,2,y) < a(B), t = to.
Set o* = min{ay, (M; + Ms)a}, then

to+T
[zoll + llwoll < o, / sup  {|[h1(s, 2, y)[| + [ ha(s, 2z, y)|[}ds < o

to xesg, yeSg”

implies ||z|| < B, t > to, where (¢, to, ug) is any solution of ([1.2)). The proof is therefore complete. [
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Theorem 2.7. Let the hypotheses of Theorem be satisfied. If the zero solution of (2.1) is equi-
asymptotically integral stable, then the zero solution of (1.1|) is partially equi-asymptotically integral
stable relative to the x-component.

Proof. Since the zero solution of (2.1 is equi-asymptotically integral stable, there exist a > 0,
positive numbers T' = T'(ty, «, €) and v; = 71 (to, a, €) such that

to+T
wa [ peds<y, >0,

to

implies u(t, to, ug) < a(e), t > to+ T, where u(t, tg, up) is any solution of ([2.2)).
Set ||hi(t, z,y)|| = Mip(t), ||ha(t, xz,y)|| = Map(t), in which My, My > 0 are constants. Similar to
the arguments in Theorem [2.5 we can obtain

V(t,x, y) S U*(tv tOu uO) < CL(G),

where u*(t, tg, uo) is the maximal solution of (2.2).

Next, we show that ||z|| < € whenever ||zo|| + ||yo|l < 9, t > to+T. Suppose that this is not true,
then there exists a sequence {ty}, tx > to+ T, and t;, — oo as k — oo, such that ||zo]| + ||yol| < 9§
implies ||z|| > e. Then we get the following contradiction:

a(e) = a(llz(tp)]]) <V ({tr, x(tr), y(tr)) < ale).

Hence ||zo|| + ||yo|| < 0 implies ||z|| <€, t > to + T. Furthermore, we have

to+T
[zoll + llwoll <6, / sup  {|[fu(s, 2, y)|| + [lha(s, 2, y) || }ds <,

to xESE, yGSB

which implies ||z|| < €,t > to+ T, where x(t,to, up) is any solution of (1.2)). The proof is therefore
complete. 0

3. Partially integral ¢q-stability

In this section, we extend the partial stability to the partially equi-integral ¢g-stable relative to
the x-component. To obtain the main results, we give the following definitions.

Definition 3.1. A proper subset K; of R" is called a cone if
(i) MG € Ky, A > 0;
(i) K1+ Ky C K;
(i) Ky = K,
(iv) K7 #0;
(v) Kin(—kKy) = {0}

where K, K and 0K denote the closure, interior and boundary of K, respectively.

Definition 3.2. The set K7 = {¢ € R" : (¢,x) > 0 for all x € K;} is called the adjoint cone if it
satisfies the properties (i)-(v).

r € 0K, if (p,x) =0, forsome ¢ € K, Ky=K;\{0}.
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Definition 3.3. A function g : D — R", D C R" is called quasi-monotone relative to the cone K if
z,y € D and y—x € 0Ky, then there exists ¢g € K such that (¢o, y—z) = 0 and (¢, g(y)—g(z)) > 0.

Let K1 C R"™ be a cone in R", Ky C R™ be a cone in R™ satisfying the properties (i)-(v) of
Definition 3.1} then it follows that K = K;|J K> C R"|J R™ is a cone in R"JR™.

Let K*={¢p € R"|JR™: (¢,z+y) > 0forz € K; C K,y € Ky C K} and satisfies the properties
(i)-(v) of Definition 3.1} where (¢, z+y) < ||¢[|(||z||+ |y]). For m > n and @ = (z1, 22, -+ ,2,), y =
(1,92, ,Ym), thus

x—i_y:(xl?x%"' 7'rn70707"' ,0)‘1‘(91;92,"' 7ym)
= ($1+y1,$2+y2,"' :$n+ynayn+layn+27"' 7ym)-

Definition 3.4. The zero solution of is said to be partially equi-integral ¢g-stable relative to
the z-component, if for every o > 0 and ¢y € R,, there exists a positive function 3(to,a) which
is continuous in ty for «, 5 € K such that for the maximal solution z*(¢, ¢y, zo, yo) of the perturbed
system , the inequality (¢o, x*(t,t0, To,%0)) < B, t > to holds, provided that (¢o, zo + vo) < «,
and
to+T
/ sup — {|[ha(s, 2" y7) || + [[ha(s, 2%, y")|[}ds < o, T > 0.
to xesg, yeS’Eqb

Definition 3.5. The zero solution of is said to be partially uniformly-integral ¢g-stable relative
to the z-component, if Definition is satisfied, where f is independent of .

Definition 3.6. The zero solution of is said to be partially equi-asymptotically integral ¢g-
stable relative to the x-component, if Definition holds, and for every ¢ > 0, > 0 and tg € R,
there exist positive numbers T" = T'(ty, o, €) and v = (g, v, €) such that for the maximal solution
x*(t, to, o, yo) of the perturbed system and ¢y € K, the inequality (¢o, z*(t, to, o,%0)) < €, t >
to + T holds, provided that (¢g, zo + yo) < «,

to+T
/ sup  {lha(s,a",y")l| + [ha(s, 2, y)[}ds < 7, T > 0.
to

n m
xESB, yESﬁ

Definition 3.7. The zero solution of (1.1)) is said to be partially uniformly-asymptotically integral
¢o-stable relative to the z-component, if Definition [3.6] is satisfied, where T" and ~ are independent
of to.

We will say that function V'(t,,y) belongs to the class W, if V € C[R, x S} x S, K], S} =
{v e R": [lz|| < p}, S)' ={y € R™ : |ly|| < p}, and V(¢,2,y) is locally Lipschitzian in = and y.
Meanwhile, we define the upper right-hand derivative of V (¢, z,y) by

1
D+V(t,l‘7y) = hmsup—[V(t + h,ZL‘ + hF(t>$ay)>y + hH(t,ZL‘,y)) o V(t,l’,y)]

h—0t

We can consider the comparison system
u = G(t,u), u(ty) =uy >0, t5>0. (3.1)

u = G(t,u) + P(t), u(to) = Uy > 0, to > O, (32)
where G € C[Ry x K1, R"], P € C[Ry, R}, G(t,0)
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Theorem 3.8. Assume that there exists a function V€ W, V(t,0,0) = 0, satisfying
(PS4) a((do, ")) < (00, V(t, 2,y)),a € K;

(PSs) F(t,z,y) is quasi-monotone in x relative to Ky,
(PSg) DTV (t,z,y) < G(t,V(t,z,y)).

If the solution of (3.1)) is equi-integral stable, then the zero solution of (1.1)) is partially equi-integral
¢o-stable relative to the x-component.

Proof. Since the zero solution of (3.1)) is equi-integral stable, for given «, 5 € K such that

to+T
luoll < o, / Ip(s)llds <, T >0,

to
implies ||u(t, ty, w)|| < a1(B), a1 € K, where u(t, to, up) is any solution of (3.2]).
Set ||hi(t, 2*,y*)|| = Mi|p(t)]], [|[h2(t, z*, y*)|| = Mz||p(t)]|, in which M;, My > 0 are constants,
then

to+T
[ s flbala )+ s y) s < (041 + M)
to

n m
wésﬁ, yeSﬂ

Since V (¢,0,0) = 0 and the function V (¢, z,y) is continuous, then there exists a §; = 1 (to, €),
such that

IV (to, 2o, yo) || < e, whenever [lzo| + [[yol < 6.

By choosing uy = V (to, zo, o) and condition (PSg), therefore we can apply Theorem 1.4.1 of [7]
to obtain

V(t,x,y) < U*<t7t0>u0)7 t> th (33)
where u*(t) is maximal solution of (3.2]). Now for some ¢ € K,

(00, 20 +y0) < ||@oll([|zoll + [lmol]) < [|@olldr =6,
implies
(00, V(L 2, 9)) < l@ollllV(t, 2, )|l < ol (t; to, uo) |l < [[@ollar(8) = a(B). (3.4)

Thus from (3.4) and the condition (PS4), we obtain (¢o,zo + yo) < J implies a((¢o,z*)) <
(o, V(t,z,y)) < a(B), t > to. Set a* = min{0, (M; + Ms)a}, then

to+T
(Qb(),l’(] + ?JO) S 05*7 / sup {||h1(5,$*,y*)|| + ||h2(5,$*,y*)|l}d8 S Oé*,
to (DESE, yGSgL

implies (g, x*) < B, t > to, where x*(t, t, uo) is the maximal solution of (1.2]). The proof is therefore

complete. O
Theorem 3.9. Let the conditions of Theorem be satisfied except the conditions (PSy) is replaced
by

(PS7) a(llz*[]) < (b0, V(E,2,y)) < b([lz] + llyll), a,b € K, where ¢ € K.

If the solution of (3.1)) is equi-integralpy-stable, then the zero solution of (1.1)) is partially equi-integral
stable relative to the x-component.

Proof. Since the zero solution of (3.1)) is equi-integral ¢o-stable, for given «, 5 € K such that
to+T
o) <a, [ ps)lds <a, T >0

to
implies (¢, u*(t, to, up)) < a(B),a € K, where u*(t, ¢y, ug) is the maximal solution of ({3.2]).
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Similar to the above arguments in Theorem [3.8] by choosing

1ha (&, 2%, y*) || = Mullp@)I], ket 27, y7) || = Mallp()]],

in which M;, My > 0 are constants, thus

to+T
[ s syl + ials.a®,y7) s < (0 + Mo
to

zesg, yGSE{L
Choose (¢o, uo) = b(||zo|| + ||yol|), then by (PS7), we get

(60, V(to, 20, y0)) < b(l[zoll + [[woll) = (0, uo)-

Thus V (o, o, yo) < ug. Now, by using (PSg), and applying Theorem 1.4.1 of [7], we obtain the
inequality (3.3]). Set ar; > 0 such that b(a;) = «, then the inequalities

[zoll + llwoll < aaand  b([lzoll + [lwoll) <«

hold together. Therefore by (PS7) and (3.3), we get

a(llz*]]) < (¢o, V(t,2,y)) < (0, u"(t,t0, uo)) < a(p).

Thus [|zo]| + ||yo|| < aq implies ||z*|| < B,t > ty. Choose o* = min{ay, (M; + Msy)a}, then

to+T
[zoll + llwoll < o, / sup  {{[[h(s, 2", y*)[| + [|ha(s, 27, y7) | }ds < o,
to mGSg, yESgL

implies ||z*|| < S, t > to, where x*(t, to, up) is the maximal solution of (1.2)). The proof is therefore
complete. O

4. Example

Consider the two differential systems

(4.1)

/

¢ =y—z(2x®+y?), x(to) = o,
y =—x—y@@*+v*),  y(to) = vo,

and the perturbed system

v =y —a(2®+ ) +e x(to) = o,
Yy =—z—y@®+y*)+et ylto) = v

Let V(t,a,y) = 3(@® +12), a(llall) = 222, b(llz]l + lyl) = o2 + 42, then a(|l2ll) < V(t,,y) <
b(||l]| + llyll), V(t, x,y) is locally Lipschitzian in x and y, and Dal)V <0.

Consider the comparison equation v’ = g(¢,u) = 0 and its perturbed equation v’ = 0+ uge™". We
can easily know that the zero solution of the differential equation v’ = g(¢,u) = 0 is uniform-integral
stable. According to Theorem , the zero solution of is partially uniformly-integral stable

relative to the z-component.
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