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Abstract

In this paper, we establish some new sufficient conditions which guarantee the oscillatory behavior of solutions of a class of
second-order damped neutral differential equations with sub-linear neutral terms. Our criteria improve and complement related
results in the literature. Two examples are given to justify our main results.
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1. Introduction

This article is devoted to studying the oscillatory behavior of solutions of a class of second-order
damped neutral differential equations of the type

(a(®) (@ (©)") +ht) (@ ©) +f(tyle) =0, t>t >0, (1.1)

where @ (t) = y(t)+ X" ¢ (H)y* (vi(t)), m > 0 is an integer. Throughout the paper, we use the
following assumptions:

(A})) 0< oy <1fori=1,2,...,m, and vy are the ratios of odd positive integers;

(A7) a,h,cy: [tg,00) = R™ are continuous functions and tlim ci(t)=0fori=1,2,..., m;
—00

(A3) vi, @ : [tg,00) — R are continuous functions with v; (t) <t, ¢ (t) <t, ¢’ (t) >0and v; (t), @ (t) —
ccast—oofori=1,2,..., m;

(Ag) f(t,y) € C([to,0) x R,R), and there exists a function g (t) € C ([tg, 00), (0, 00)) such that f (t,y) /yP
> g (t) where f is a ratio of odd positive integers.
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We will be concerned in this work with nontrivial solutions satisfying sup{y (t) : t > T > ty} > 0. We
mean by an oscillatory solution that nontrivial one which has an infinite number of zeros in the half-line
[to, 00). Meanwhile we say that equation (1.1) is oscillatory if all its solutions are oscillatory.

In dynamical models, delay and oscillation effects are often formulated by means of external sources
and/or nonlinear diffusion, perturbing the natural evolution of related systems; see, e.g., [23, 24, 33].
Recently, there has been considerable interest in the study of the oscillation of second-order damped
equations because of their numerous applications in the fields of science, engineering, and technology,
etc (see [1, 6, 8, 9, 14-16, 31, 35-37]), and it has been studied extensively, see for instance [25, 28, 30] and
the references cited therein. To the best of our knowledge, we note that most of the results obtained in
the literature have been centered around the special un-damped case of Eq. (1.1), i.e.,, when h (t) =0 (see
[2,3,5,7,11,13, 18, 21, 22, 26, 27, 29, 32, 34, 38, 40-42]). Moreover, there are relatively few results dealing
with the oscillation of second order differential equations with sub-linear neutral terms (see [2, 4, 10—
12]). Here, we mention some recent works which were concerned with some special cases of (1.1), and
motivated this work.

Grammatikopoulos et al. [18] deduced that all solutions of the equation

YO +bMyt—1)"+gt)yt—v) =0

are oscillatory if

JOOQ(S) (1—b(s—v))ds=co.

to

In [17], Grace and Lalli were able to improve and extend the results of [18] to the more general equation

(a®) (y®) +b @)y t—v)) +gt)fly(t—v)) =0, (1.2)
with o
m>k>0 andJ ds =00
Yy o a(s)

They proved that Eq. (1.2) is oscillatory if for some continuously differentiable function U (t), one has

4kU (s)

to

00 / 2
J <U(s)g(s)(1b(sv))(u (s)) a(s_v)>ds:oo.

Agarwal et al. [3] and Baculikova et al. [5] discussed the second order nonlinear neutral differential
equation
/

(a(t) (@ (1)) +9®)yP (¢ (1) =0, (1.3)
where @ (t) = y(t) +b(t)y(v(t)) with 0 < b(t) < by < oo and v, 3 are the ratios of two positive
odd integers. Recently, Baculikovd [4] and DZurina et al. [12] discussed the second order nonlin-
ear differential equation (1.3) with v = 1, and several sub-linear neutral terms, ie., @ (t) = y(t) +
Y itici(t)y*(vi(t)),m > 0is an integer, 0 < oy < 1fori=1,2,...,m and B are the ratios of odd
positive integers, where the conditions (Az) and (A3) hold. Liu et al. [34] and Wu et al. [42] considered
the generalized Emden-Fowler equation with neutral type delay of the form

(a0 "o ) +g(tly(e )Py (1) =0,

where @ (t) =y (t)+b(t)y(v(t)),ad (t) >0,¢’ (t) >0and 0 < b(t) < 1,g(t) > 0 in the two cases

ro . (1.4)
to av (t)
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and

* t

J 1d < 0. (1.5)
to av (t)

The authors in [42] were able to discuss all the possible cases y > 3,y = 3, and vy < 3, while those in [34]

were concerned only with the case y > 3 > 0. Meanwhile, Sallam et al. [38] and Wang et al. [40] studied
the nonlinear second order neutral delay differential equation

(a]e @] @ ) +r Ly (e m) =0, (16)

In [38], the authors studied Eq. (1.6) when @ (t) =y (t)£b(t)y(v(t)),a(t) >0,0<b(t) <1l visa
positive constant and the condition (Ay) is satisfied in all the three possible casesy > 3,y =, vy < 3 and
in the two cases (1.4) and (1.5), while the authors in [40] studied Eq. (1.6) when @ (t) =y (t)+b (t)y (v (1))
with y is a positive constant and only with the condition (1.4) in the two cases 0 < b(t) < 1 and
—1 < b (t) <0, but they considered the condition (A4) with 3 as a positive constant satisfying 1 < 3 <.
On the other hand Eq. (1.1) can be considered as a natural generalization of the second order differential
equation
(a(®)y' () +h (Y (0 +g 1) f(y(1) =0,

which was studied by Agarwal et al. [1] and Rogovchenko et al. [35-37], under the conditions a €
C!([to,0),R),h,g € C(R,R),yf(y) > 0, and f'(y) > k > 0. Also Eq. (1.1) can be considered as a
natural generalization of the second order differential equation studied by Fu et al. [15] of the form

(a®)y' (1) +h)y ) +gt)fly(v(t)) =0.

Meanwhile, Jadlovska [16] studied Eq. (1.1) with f (t,y (¢ (t))) = g (t) f(y (¢ (t))), where @ (t) =y (t) +
b(t)y(v(t)),y > 1, is a quotient of positive odd integers, 0 < b(t) < 1,a(t),h(t) : [tp,00) — RT are
continuous functions. They assumed that f € C (R,R), with yf (y) > 0 and % >k >0withy #0, kis
a constant and {3 is a ratio of odd positive integers. The aim of this paper is to complement and extend

some of the results given in [12, 16, 34, 38, 40, 42], by using some elementary inequalities and Riccati
substitution. In this paper, we cover all possible cases y > 3,y = 3, and v < 3. So we think that our
results are of high generality.

2. Preliminaries

We consider the notation
ths) ) J (E(s))i
E(t) = — ds | ,TT(t) = ds,t; > tg > 0. 2.1
(t) eXp< Loa(s) s (t) Nats) s, t1 > to 2.1)

We suppose that there exists a positive, continuous function p : [ty, o) — R decreasing to zero, and

Vi =1-Y me (- Y (1-wal), 22)
i=1 i=1

1

such that ¥ (¢ (t)) > 0,

3 () = LT ;=] atisas, 23)
M S a¥ (o (1) x (1 u
wnd OI0
_X _
Q) = MORIOL (2.4)

where the parameter x (t) € C! ([tg, 00),R) will be determined later.
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Lemma 2.1 ([20]). If r is nonnegative, then

*Lar+(1—a) for 0< o< 1. (2.5)

< (E(s)\7
LO <a(s)> ds = 0o (2.6)

holds, where E (t) is defined by (2.1). If there exists a positive solution y (t) of Eq. (1.1), then there exists T € [tg, 00),
large enough, such that

Lemma 2.2. Assume that

(i) @( )>o @ (t) > 0,and (a(t) (@ (1)) <0

(i) & ” is decreasing.

Proof. Since y (t) is a positive solution of Eq. (1.1) on [tg, 00), then by the assumption (A3) there exists
t; > to such that y (vi (t)) > 0 and y (¢ (t)) > 0 on [t;,00). Then @ (t) > y (t) > 0, for t > t;. Thus in
view of (1.1), we have

(a(t) (@ ®)") +h(t) (@ 1) ==f(ty(e ) <—gt)y® (¢ (1) <0.

alt) v\ . fltyle )
(f e w)7) - <o

Therefore,

Thus % (@' (t))" is decreasing. Now, to show that @' (t) > 0 on [t;, o), suppose the contrary that there

exists tp € [t1,00) such that @' (t3) < 0. But since EE ) (@' (t))Y is decreasing, it follows for t > t,, that

G )Y < ) o)) —1 <

Thus it follows by integration from t; to t, that

@ (1) < ® (L) + 17 Jt (E(S))yds,

t) a(s)

for t > tp. This with (2.6), leads to tlim @ (t) = —oo, which contradicts the fact that @ (t) is eventually
— 00

positive. Therefore @’ (t) > 0. Moreover since from Eq. (1.1), we deduce that (a (t) (@’ (t))y), < 0 and

% (@' (t))Y is decreasing, then we have

@ (t) > Jt (E(S) (@' (s))” H?) " ds > <“(t) (@’ (t))y> "N,

which yields

Thus 2 n is decreasing for t > t,. O
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3. Main results

Theorem 3.1. Let (A1)-(Ay4), and (2.6) hold. Furthermore suppose that 1 < 3 <. If one has

(Q (1))
47 (t)

J [x () g () ¥P (@ (1) — dt = oo, 3.1)
to

for any function x (t) € Cl ([to, 00), (0,00)), where ¥ (t), T (t), and Q (t) are as defined in (2.2), (2.3), and (2.4),
respectively, then every solution of Eq. (1.1) oscillates.

Proof. Suppose the contrary that there exists a t; > to such that y (t) >0, y (vi (t)) >0, and y (¢ (t)) >0

fort>t;andi=12,..., m. Now since @ (t) is increasing, then from the definition of @ (t), and (2.5),
we have
Yy =) ) c®yX i) @) —) ci(t)@™ (vi(t)
i=1 i=1
> o (t) - Z ci () (@ (vi (1)) + (1 — o))
o . (3.2)
> (1 - Z oGy (U) ® (t) — Z (1—o)ci(t)
i=1 i=1
m 1 m
=@ (t) (1_;“ici(t)_a>(t);(1_0%)%“)) :

But since @ (t) is positive and increasing, while p (t) is positive and decreasing to zero, there is a t, > t;
such that

@ (t) = p(t) fort > ty. (3.3)
Substituting (3.3) into (3.2), we obtain
y(t) > @ (1) (1 - Z xici (t) — p?t) Z (1—o)ci (t)> =Y¥Y(t)o(t). (3.4)
i=1 i=1
This with (1.1) yields
(a(®) (@ ©)") +h(t) (@ 1) +g )Y (¢ (1) @P (¢ (1) <O, t>1, (3.5)
or v 8 5
a(t) (@ )\ | g t)¥P (o (1) @ (¢ (1)
( o ) n o <0, (36)
Pefine () (@ (1)
a(t) (@ (t
O(t)=x(t) ~—g o P (3.7)
Then © (t) > 0 for t > t», and
Loy @) (@ ()Y (a(t) (@ (1))
TW=xX s o) XY T er o) 65)
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Since a (t) (@' (t))Y is positive and decreasing, then there may exist a positive constant M such that for
some ty > t;, we have

alt) (@ (1) <M, t=t. (3.9)
Moreover, since ¢ (t) < t, then
a(t) (o (’t))y <alet) (@ (¢ (t)))y, (3.10)
and
@) =@ (1) +Jt (as) (?/((j)my ds > a¥ (t) @' (1) r eV (s)ds=E()ay (D (1),  (311)
t av (s t

By substituting (3.5) and (3.11) into (3.8), we get

S X W R (@ (D) 6
6' (1) < < 1@ (0 —x () =5 —x (9P (@ (1)
/ Y —1 _
B’ (Ox (8 S o 6 (1) (2 (0 ()P 0 (0 (0) (@ (0 (1))
@28 (o (t)) (312)
X' (t) h(t) 5 '
< |EE -t ew-xingmye (o)
/ p—1 @ (t) (@ (1) 7*1 / B
=B’ (X (1 (& (0 ()P = rsma Y (o (1) (@ (0 (1)
It follows from (3.9), (3.10), and (3.12) that
oo 6 B W E(e )P a) (@ ()Y e /) B
© (1) < —x[t) g () YP (o (1) +Q (1) O (t) N W 2 emy @ ® @ ®)
/ B—1 %
— X Wg ¥ (o) +wom- L UERUINT B L
(ale(0)¥x(t)a(t) (@ (t))
/ B—1
<X (W9 (o) +amen-LLVECUIIT gy
My (a(e (t)))y x (t)
=—x[1) g ()Y (@ () +Q(1)O (1) —T (1) ©*(t),
where / 61
5t = ﬂﬁf”“¢“@ ,
MY (a (e ()7 x (1)
By completing the squares, we obtain
2
o 6 Q) | = el B 8 (Q (1)
©' (1) < —x (1) g (VWP (¢ (1) + 575 3o () 2| < X(0g(OWF (o (1) + 455

Integrating from t, to t, we get

t
0<®&)<®&ﬁ—J

1%

2
kunuawﬂmun—(iﬁglds

This is a contradiction with (3.1), and so the proof is completed. O
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Remark 3.2. Although Theorem 3.1 depends on the technique of Theorem 4 of [40], however the authors
in [40] dealt with the undamped case.

Theorem 3.3. Assume that (A1)-(Ay) and (2.6) hold. If for any function x (t) € C!([to, o0),(0,00)), and a
positive number M, we have

X (1) g (¥ (1) - /
b 46( o) g

where W (t) is defined by (2.2), and Q (t) is defined by (2.4), y > p > 1, and a’ (t) > 0, then Eq. (1.1) is oscillatory.

Joo M x (1) (Q (1) a” (¢ (1) dt = 0o (3.13)

Proof. Suppose the contrary that there exists a Ty > tg such thaty (t) >0, y (vi(t)) >0, and y (¢ (t)) >0
fort >Tyandi=1,2,...,m. Now as in the proof of Theorem 3.1, we have the inequality (3.5), by which
with the positivity of a’ (t), we get by Lemma 2.2 (i) that

(a(t) (@ (1)) <0,t=T.

This implies that there exists some T, > T; such that @” (t) < 0, for t > Ty, ie, @' (t) is eventually
decreasing. Therefore from the mean value theorem, we have

dt)—@M)=t—-T)o (Q)>t—T) (t), (€ (T,1),

i.e.,

@) > %@' (t), fort>To > 2T (3.14)

Now define © (t) as in Theorem 3.1, then © (t) > 0. Moreover from (3.5), (3.7), (3.10), and (3.14), we have

Lo X (a(t) (@ 1)) BxWal) (@ ©) 5,4 ) ,
o (1) = X He ) +x (1S s S oy @ e )@ (0 (1) ¢! (1
Xt hm] ;
< |5 - et -xms vt @)
| Balv (@ (0)? (=) o' 1) iy N2 (3.15)
—x 2% (¢ (1) a(cp(t))>
B—1
B (Lét)> @’ (1) 1
<OMOM—x([1)g )W (o) —> e (t
e T Wl (o) (@ )P

Now, from the fact that a (t) (@' (t))Y is positive and decreasing, there exists a Ty > T3 sufficiently large
such that a (t) (@' (t))Y < M, t > T, where M is defined in (3.9), and therefore

(@ 1) P < (%) Lt T (3.16)

Combining (3.15) and (3.16), we get

a
® (1) QMO (1) —x(t) g (t) ¥P (¢ (1) -
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By completing the squares, we get

@ (t) < —x(t) g(t)¥P (@ (1) +

Integrating from T4 to t, we have

t M7 x(s)ar (@(s) (Q(s)?
o) <o)~ [ [x(s)g()? (pe) - FIXIELEIEE oo g7
Te 4B (%) @’ (s)
Let t — oo in (3.17), and using (3.13), then O (t) will be eventually negative, which is a contradiction, and
so the proof is completed. O

Remark 3.4. In the special case f(t,y (¢ (t))) = g(t)ly (e (t))lﬁfly (@ (t)) and h(t) = 0, Theorem 3.3
improves and extends Theorem 2.1 of [34].

Theorem 3.5. Suppose that (A1)-(As) and (2.6) hold. Furthermore suppose that a’ (t) > 0. If there exists a
function x (t) € C! ([to, 00), (0, 00)) such that

J [x(t)g(t)wﬁ (@ (1)) —

to

3] dt = oo, (3.18)
where ¥ (1) is defined by (2.2),

A =min{y, B}, MUZ{@(U' P>V q:{l’ Y =8

then Eq. (1.1) is oscillatory.

Proof. Suppose for the contrary that Eq. (1.1) has a non-oscillatory solution y (t) > 0, for sufficiently large
t. The case of y (t) < 0 can be similarly treated. Now in view of (A3), there may exist t; > to such that
y(t) >0,y(vi(t)) >0, and y(e@(t)) >0fort >ty and i = 1,2,...,m. It is not difficult to see that
y (t) > 0 for t > ty, but since from Lemma 2.2 (i), and the definition of @ (t), we get (3.4), from which and
(1.1), we arrive at (3.5). Now since ¢ (t) < t, we have (3.10). Put

Then Y (t) > 0, and

(e @ 1)) pe’ W@ (e 1) alt) (@ (1)
@F (o (1)) 2P (g (1)) (3.19)
B W@ (e () alt) (@ (1)
2P (g (1)) '

Now, we consider the possible cases for (3.19).
Case 1: v = 3. From (3.10), it is clear that

Y (1) < —g()¥P (@ (1) — — YY), t=>T. (3.20)
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Case 2: y < . Since @ (t) is increasing on [T, 0o), then there may exist a constant q; > 0 such that

(1) < —g (1) ¥ (o (1) — vy - B oy (g

a(t) (a(e (1))
)

< —g (VP (¢ (1) — LUy (g YO WA oy

a(t) (a(e (1))

Case 3: v > B. From the fact that (a (1) (@' (t))y)/ < 0,and a’ (t) > 0, we get @” (t) < 0, and so @’ (t) is
decreasing. Thus, there exists a positive constant q», such that

2=

(3.21)

<\>—-

Y (1) < —g (0¥ (g (1)) — 0y ) - PO (a5 5 gy
a(t) (a(t)?
R Be' (1)

a(t) (a(t))

(3.22)

<—g(t) VP (@ (1) — gzv% (t).

Now from (3.20), (3.21), and (3.22) it follows that for any vy > 0, and 3 > 0,

Y () < —g (1) WP (@ (1) ';EBY (0 — mv ), t>T. (3.23)
a A

Multiplying (3.23) by x (t) and integrating it from T to t, we obtain

t
J x(5) g ()P (@ (s)) ds
(3.24)

Applying the following inequality of [39],

Atl AN _
DY —FY " WD)‘“F A (3.25)
with F > 0 and A > 0, then (3.24) will take the form
(X (s)a(s) —x(s)h (s a(A(s))
A DM (gx (5) @’ () (a ()M

Letting t — oo in the above inequality, we get a contradiction with (3.18). O

t
J [x(S)g(S)‘PB(cp(S))— ds < x(T)Y(T).

T

Remark 3.6. The above theorem includes Theorem 1 of [42] in the case f (t,y (¢ (1)) = g (1) [y (¢ (£))[P!
y (@ (1)), and h(t) =0.

Theorem 3.7. Let the conditions (A1)-(As) and (2.6) hold. Furthermore assume that there exists a positive contin-
uously differentiable function x (t) such that, for all sufficiently large t; > to

o0 B
lim sup{x (t) E (t) L 9 (S)i (s()(p (s))

t—o0

t
|
ty

ds

Y x(s)ale(s)(Q () (3:26)

(y+1)Y "t (B’ (s)W (s)Y

ds} =00
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where
dq, dy is some positive constant if 3 >y,
V() =<1 ifB=v.
1
d, (EO av (s) ds) , dp is some positive constant if 3 <,

and vy > 1. Then, Eq. (1.1) is oscillatory, where E (t), ¥ (t), and Q (t) be as in (2.1), (2.2), and (2.4).

Proof. Suppose to the contrary that y (t) is a non-oscillatory solution of Eq. (1.1). We may assume that
there exists a t; > tgp such thaty (t) >0, y(vi(t)) >0, andy (e (t)) >0fort >ty andi=1,2,..., m. It
is not difficult to see that @ (t) > 0 for t > t;. But since from Lemma 2.2 (i) with the definition of @ (t),
we get (3.4). Moreover by substituting (3.4) into (1.1), we arrive at (3.5), and using the assumption (Ay),
we get (3.6). Integrating inequality (3.6) from t to co and using the fact that @ (t) is increasing, we have

alt) oy [P gls) ¥R (g (s) @f (¢ (s))
w (@) >L E(s)

Defining O (t) as in Theorem 3.1, we get

ds.

o B

ds. (3.27)

—x (1)
S 2F (o (1)
) X' (t) Bx (t) @P~ (o () @ (@ (1) ¢ ()
+a(t) (CD (’C))Y <a)f3((p(t)) — G)ZB((P(t)) ) (3.28)
—x (t) )Y B B '
< 2% (o (U] (h(t) (@ (1) +g M ¥P (@ (1) @ (@ (1)
, (1) Bx(D@ (@) ¢ (1)
talt) (@ (1) (@B 0@ P i(g(1) )
! / Y / /
<x (090 (1) - 2o 1)+ X Hon) -y S DI el e (L

Thus the inequality (3.28) becomes

O () < —x[t)gt)¥P (@ (1) +Q (1) O (t)

X' (Y (@(t))v =

Now we have the three possible cases.

Case I: > y. In this case, since @’ (t) > 0 for t > to, then there may exist t; > to such that @ (¢ (t)) > d
for t > t;. Then it follows that

B—y B—v

@7 (et)) =d Y =di.
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Case II: p = . In this case, we see that GJBV;Y (p(t)) =1.

Case III: B < y. Since a (t) (@' (t))" is decreasing, there may exist a constant M such that
a(t) (@ (1) <M

for t > to. By integrating from tg to t, we get

@ (1) < @(toHL (a“é)y ds.

Hence, there may exist t; > tp and a constant M; depending on M such that

t
@ (1) < Mlj a”v (s)ds for t> 1,
to

and thus

By By
vt Y o Y
J a v (s) ds> =dp <J a v (s) ds) ,
to to
for some positive constant d».

Using the conclusions of these three cases and the definition of { (t), we get
/ +
Bo/ (VW () s
(x (t) a(e (1))

o5 (o) > M, <

@) <—xt)gt)¥P (e (t)+Q(t)O(t) —

2

for t > t; > to. Now setting

B’ () ()
(x (t) a (e (1)

D=0Q(), F=

<

and using the inequality (3.25), we obtain

Y x®ale ) Q)
Y+t (B (WY ()

@ (t) < —x(t)g(t) WP (@ () +

Integrating from t; to t, we have

t

@(t)s@(tl)—J

t

Taking into account (3.27), we get

©© B
@(t1)>x(t)E(t)J 9““;”“”
vY x(s)a(@(s))(Q(s))V“]d
S.

. t
+L1 (y+1)Y " (B’ () (s))”

Taking limsup on both sides of the above inequality as t — oo, we obtain a contradiction with the
condition (3.26). This completes the proof. O

X (s) g (s)¥P (@ (s)) —

Remark 3.8. Theorem 3.7 improves and extends Theorem 1 of [16].

Theorem 3.9. Let the conditions (A1)-(A4) hold. Suppose further that (2.6) holds and v = . If there exists a

positive function x (t) € C! ([tg, ), R) such that

a(e(s) (Q () x(s)
(B+1)P* (o ()P

where Y (t) is defined by (2.2), and Q (t) is defined by (2.4), then every solution of Eq. (1.1) is oscillatory.

Proof. The proof follows the lines of the proof of Theorem 3.5. And so it is omitted. O

t
limsupj [X (s)g(s)¥P (@ (s))—

t—o0 to

]ds:oo,
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4. Examples

Example 4.1. Consider the differential equation
1T)
4.1)

Here a(t) = t,a’(t) =1 > 0,h(t) = 1,¢1 (1) = %,CQ (t) = % Thus clearly lim ci( ) = 0. Moreover

vilt)=5va(t) =% =32, 00 =13 and f(t,y(e(t) = 393 (1), ie, g(t) = ts,ﬁ > 0 et) =tp =
3,v = 5. It is not difficult to see that E (t) = %, and so (2.6) is satisfied. Choosing p (t) = ;, thenp(t) =0
ast — oo and

3 1 2 6 3 351 1 21t2 — 51t —5
Y)=1-c —cs—tlotos )=t~ —53= 222 — >0 t>3.
() 5t 7t (5t+ 7t2> 5 35t 72 B
Choosing x (t) = t2, we have Q (t) é,((,:)] —%: 1and

to 44 ((PZ

So by Theorem 3.3, every solution of Eq. (4.1) is oscillatory.

> b MY xOQW ave)]| (% 8[3_51_1]3_7\4% o
J x(t) gt Yo (t) (”)B_l@/(t) dt—L 153 i dt = co.

Example 4.2. Consider the differential equation

1 (t)+1%3+l%1/,

2 \Y t0 \3) eV 5

1 11/t 1 s /t\\ 9
+t3<y(t)+ty3 <3>+t2y5 <5>> +t—3y(t):0, t > 3.

Here a(t) = tlz,h( ) = %, B=1c1(t) = %,cz (t) = % Thus clearly hm cl( ) = 0. Moreover vy (t) =

(4.2)

:g,andf(ty( ()))—tsy() ie., g():tg,8>0(p():t.1tisnot

Lvat) =5 o (t) =4«
) = %, and so (2.6) is satisfied. Letting p (t) = %, then p (t) - 0ast — oo and

difficult to see that E (t

1 3 2 2 1 1 3  5t2—11t—9
Yt)=1——— —t | — | = = 7 for t>3.
® 3t 52 [3t+5t2} 3 15t 52 0 for t=3
Choosing x (t) = t2, we see that
1
Qit)==,
(t) "

and

t
limsupJ [x (s)g(s) WP (¢ (s))—

t—o0 to

a(tp(S))(Q(S))ﬁ“x(S)] i
(B+1)P (¢! (5))P
Jt[ﬁ 119 30 1

=limsup | 30— 157 55 1s2

t—oo 3

Then by Theorem 3.9 every solution of Eq. (4.2) is oscillatory.
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