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Abstract

Sufficient conditions are obtained for the global attractivity of the positive equilibrium and bound-
ary equilibria of the following two-species competitive system with nonlinear inter-inhibition terms

dy, (t b
ydl—t() = yl(t) [7“1 — a1y — 1 leyZJ,
dyo(t b
de—t():yz(t)[Tz—azy2—l_2|_y;Ja

where r;, a;,b;,1 = 1,2 are all positive constants. Our result shows that conditions which ensure the
permanence of the system are almost enough to ensure the global stability of the system. The results
not only improve but also complement the main results of Wang et al. [Q. L. Wang, Z. J. Liu, Z. X.
Li, R. A. Cheke, Int. J. Biomath., 7 (2014), 18 pages]. (©2016 All rights reserved.
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1. Introduction

The aim of this paper is to investigate the global dynamic behaviors of the following two-species
competitive system with nonlinear inter-inhibition terms
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dyi(t) _ b1ys
da Y1 (1) [7“1 —a — 1+y2i|7 1)
dys(t) —y (t)[r oy — bay1 } '
i 2 2 2Y2 T+ 1)

where r;,a;,b;,1 = 1,2 are all positive constants.
Recently, Wang et al. [23] studied the dynamic behaviors of the following two-species competitive
system with nonlinear inter-inhibition terms

DD — 3y 0)[ra) = an (s — S2],
dys(t) t) | ro(t ¢ i h
o = el )[r2()_a2( Jy2 = 1+y1]’

where y; (i = 1,2) are the population densities of two competing species at time ¢; r;(¢) (i = 1,2) are

the intrinsic growth rates of species i; a; (i = 1,2) are the rates of intraspecific competition of the

first and second species, respectively; and b;(t) (i = 1,2) are the rates of intraspecific competition of

the first and second species, respectively. For more background of system , we refer the reader

to [I1, 19, 21-23, 28] and the references cited therein. For an almost periodic function f(t), set

b= gél}gf(t),f[] = sup f(¢). Under the assumption r;(t),a;(t) and b;(t),i = 1,2 are all positive
teR

almost periodic functions defined on R = [0,4+00). The authors investigated the existence and
global asymptotic stability of positive almost periodic solutions of the system (|1.2]), they obtained
the following results:

Theorem 1.1. Any positive solution (y1(t),y2(t)) of system (1.2]) satisfies

rv
limsupy;(t) < M; = 5, i =1,2.
t——+o00 a;
Theorem 1.2. If the following assumptions
rE > (Y —rB)Ms, vk > (05 — 2 My (1.3)

are satisfied, then any positive solution (y1(t),y=(t)) of system (1.2)) satisfies

L L _ pUNM.
o+ (e — b)) Ioi=1,2 i# ] (1.4)

PN

i) = m = T
Theorem 1.3. If the almost periodic parameters r;(t),a;(t), b;(t) (i = 1,2) of system (1.2) satisfies
[3) and

L by L o
ay ——>O,a2 —m

05 m)? > 0, (1.5)

then system (1.2)) has a globally asymptotically stable positive almost periodic solution.

It brings to our attention that the authors had investigated the stability property of the system
by constructing some suitable Lyapunov function, generally speaking, the conditions obtained by
using Lyapunov function are very complicated, the additional condition, to some extent, is necessary.
But for the system itself, this condition may not be necessary. Also, the authors in [23] did not
investigated the extinction property of the system (|1.2)), which is one of the most important topics in
the study of population dynamics (see [2-5] [7, 8, 12| 13|, 18, 20] and the references therein). Above
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analysis motivated us to revisit the autonomous case of system(|1.2)), i.e., system (|L.1).
From the point of view of biology, in the sequel, we shall consider (1.1]) together with the initial
conditions

yi(0) >0, i=1,2. (1.6)

Obviously, system(L.1)) has a unique solution (yi(t), y2(t)) satisfying the initial condition (L.6). We
easily prove y;(t) > 0 for all i = 1,2 in maximal interval of existence of the solution.

The aim of this paper is, by further developing the analysis technique of [I], 6, 9, 10, T4H17, 24
27, 29] and using the differential inequality theory, to investigate the global dynamic behaviors of
the system . More precisely, we will prove the following results.

Theorem 1.4. Assume that the following inequalities
ri(as +19) > bire, ra(ay 4+ 1) > bory (1.7)
hold, and assume further that one of the following conditions holds,
(A)

ag—b2+T27éO; (18)

(B)

ay — by + 19 = 0,a1m9 — asr; > 0, (1.9)

then system (1.1)) admits a unique positive equilibrium (yi,vs), which is globally attractive, that is,
for any positive solution (y,(t),y2(t)) of system (1.1) with the initial condition (1.6)), one has

lim y;(t) = yi,i=1,2.

t—-+o0

Remark 1.5. For system ([1.1)), the first inequality r¥ > (bY —rL) M, in (1.3)) is equivalent to ry > (b —
r1)22, or r1(az+rg) > byry. Similarly, the second inequality in ((1.3)) is equivalent to ro(ay +171) > bory.

az’

Therefore, Theorem shows that for the autonomous case of system (1.2]), the conditions which
ensure the permanence of the system are almost enough to ensure the global stability of the system,
only the degenerate case as — by + 19 = 0 needs further consideration.

As a direct corollary of Theorem [I.4] we have,
Corollary 1.6. Assume that the following inequalities
ry > bl, To > bg

hold, then system (1.1) admits a unique positive equilibrium (yi,ys), which is globally attractive, that
is, for any positive solution (y,(t),y2(t)) of system (1.1 with the initial condition (1.6), one has:

tEI-Elooyl(t> =Y, = 172

Theorem 1.7. Assume that the following inequalities

bam,

(1.10)

> b -
r1(ag + 79) 172, T2 L+ m

hold, where
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_ biMs r

14+Mo 2
my = ————, My=—,
ay 5]

then ,
lim g1 () = =, lim yo(t) = 0.

t—+o0 aq t—+o0

Remark 1.8. Condition (1.10) is equivalent to

r1(ag + 1r2) > byra,

1.11
(a1 — b1 + 7”1)7“% + ((116L2 + Ao + b1b2 — bQT’l)Tg — CLQbQT'l < 0. ( )

One could easily see that if r; is large enough and 75 is small enough, then (1.11]) always holds, and
the second species will be driven to extinction. That is, for system , the intrinsic growth rate
plays important role on the persistent and extinction property of the species. Large intrinsic growth
rate will improve the chance of the survival of the species.

Theorem 1.9. Assume that the following inequalities

blmg
ry— <0, ro(ay +1ry) > bor 1.12
1 1+ m, 2(aq 1) 271 ( )
hold, where
Tro — T 8]
my = — My = 1L
D) aq
then
lim y(t) =0, lLm y(t) = 2
t~>+ooy1 ’ t——+o0 2 a2.

Remark 1.10. Condition (|1.12) is equivalents to

(a2 — bQ + 7”2)7“% + (a1a2 + ai1To + b1b2 — bng)Tl — aleTQ < 0,

1.13
Tz(al—i—?"l) >b27"1. ( )

One can easily see that if ro is large enough and r; is small enough, then ([1.13)) always holds, and
the first species will be driven to extinction.

The rest of the paper is arranged as follows: We will introduce some useful lemmas in the next
section, and then prove the main results in Section [3] Some numeric simulations are carried out in
Section [4, and we end this paper by a brief discussion.

2. Lemmas

Now let us state several lemmas which will be useful in the proving of main results.

Lemma 2.1. In addition to (1.7)), further assume that (L.8)) or (L1.9)) holds, then system (1.1 admits

a unique positive equilibrium (yi,y3).

Proof. The positive equilibrium of system (|1.1)) satisfies the following equation

r— ayyy — biys _

1 1Y1 1+ 1, 2.1)
bay

T2 — Q2Y2 — =

1+
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Since we focus on the positive solution of the system , it implies that we only need to consider

the case y; > 0,y > 0. Hence, to ensure the first equality holds, y; should be lied in the interval

(0, 21). Similarly, to ensure the second equality holds, y, should be lied in the interval (0, 72). In th

followmg we will investigate the positive equilibrium of system ((1.1)) on the rectangle (0, al) x (0, Zi)
From the second equation of system one can obtain

bayr — roy1 — 12
as(1+y1)

Substituting ([2.2)) into the first equation of (2.1)) leads to

v = — (2.2)

Avyi + Asyr + Az =0,
where

Ay = aras — arby + a7y,
A2 = a1a9 + a1ry — ATy — blbz + b17"2 + 627”1 — rirae,

Ag = —Qa9 + bl’f’g — T1Tra.
Now let us consider the function
F(y1) = Avy; + Asyr + As.

Since
F(O) = A3 <0,

and

F(T’l) _ b1<CL1T2 —bQT'l +T1T2) . O,

aq aq
which means that F'(y;) = 0 has at least one solution on the interval (0, ).
Now let us show that under the assumption of the lemma, F(y;) = 0 has at most one positive

solution on the interval (0, ).

(1) Assume that as — by 4175 > 0, in this case, F/(+00) = F/(—o0) = +oo since F'(0) < 0, it follows
that F'(y;) has at least one solution on the interval (—oo,0) and (0, 400), respectively. Since
F(y1) = 0 has at most two solutions, it follows that F (yl) 0 has at most one solution on the
interval (0, 1);

(2) Assume that ag — by +79 < 0, in this case, F'(+00) = —o0, since F'(0) <0, F/(7*) > 0, it follows
that F'(y;) has at least one solution on the interval (0, 1) and (7% +oo), respectively. Since
F(y1) = 0 has at most two solutions, it follows that F'(y;) =0 has at most one solution on the
interval (0, 71);

(3) Assume that ay — by + 72 = 0, in this case, F'(0) < 0, also, from (1.9) one has F(X) =
a1byro—asbyry > 0, since F'(yy) is the linear function of yy, it immediately follows that F'(y;) = 0
has only one solution on the interval (0, 1).

,_.

Above analysis shows that under the assumption of Lemma F(y1) = 0 has at most one
positive solution on the interval (0, 71). Therefore, F'(y1) = 0 has a unique positive solution on the
interval (0, %) Set this solution as y;. Also, from (2.2)) we have

by

Yo(tn) = R < 0.
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airy — bg?"l + 117

Since y2(0) = 22 and yo(2L) = > 0, it follows that yo(y]) > 0. Set yo(y]) = vs.
a2 a1 (Ig(al + 7“1)

Then system ([1.1) admits a unique positive equilibrium (yj,vs). This ends the proof of Lemma

21 O

As a direct corollary of Lemma 2.2 of [I] by Chen, we have,

Lemma 2.2. Ifa>0,b>0 and & > xz(b— ax), when t > 0 and x(0) > 0, we have

liminf z(t) >

t——+o0

Q|

Ifa>0,b>0 and & < z(b—ax), when t > 0 and x(0) > 0, we have

limsup z(t) <

t——+o0

Q|

3. Proof of the main results

Now we are in the position to prove the main results of this paper.

Proof of Theorem [1.4] Tt follows from (1.7)) that there exists an € > 0 small enough such that

bi(2 +¢) bao(2 +€)

ry > + a1, 19 > -
T I (B o)

+ ase. 3.1
P14 (2 4o ? (3.1)

Let (y1(t),y2(t)) be any positive solution of system (|1.1)) with initial condition ([1.6). From system
(1.1)) it follows that

dyi(t)
dt

Thus, as a direct corollary of Lemma , according to (3.1]), one has

< yi(t) [Tz‘ - az‘yz'] (3.2)

lim sup y; (1) < -

1
t—+00 a;

) (3.3)

Hence, for small enough ¢ > 0, it follows from (3.3]) that there exists a T} > 0 such that

ylt) < L4 u® i=12. (3.4)

a;

For t > T, it follows from the first equation of system ((1.1)) that

dy, (t)
dt

by MY
>y (t) [Tl —ay — —]
1+ MY

Thus, as a direct corollary of Lemma , according to (3.5]), one has
by MY
™

L 1+ MY
> —
() 2 =

(3.6)
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Hence, for small enough ¢ > 0, satisfying (3.1]), it follows from (3.1) and (3.6)) that there exists a
T, > 0 such that

by MY
T MY
y(t) > ——2— —¢ = m{" for t > Tp. (3.7)
3]

Similarly, for above ¢ > 0, it follows from the second equation of system ((1.1)) that there exists a
T, > T} such that

by MV
ST
yo(t) > Sk P m? for t > Tp.
a2
For t > Ty, it follows from the first equation of system ((1.1)) that
dyl (t) blmgl)
—— <u(t) [7"1 — a1y — —1] (3.8)
dt 1+ mg )
Thus, as a direct corollary of Lemma , according to (3.8]), one has
blmél)
e ©
1+my

limsup y, (t) <
t—+o00 ai

Hence, for £ > 0 satisfying (3.1]), it follows from (3.9) that there exists a T > 0 such that
blmgl)
1

1+ m® ,
() < — Ity g gy
ai

Similarly, for above € > 0, it follows from the second equation of system (|1.1)) that there exists a

T3 > Ty such that
bgmgl)
Tg — —
1+ mgl) € def

yo(t) < + - = MQ(Q) for t > T;.
(05} 2

For t > T3, it follows from the first equation of system ((1.1)) that

dy: (t) by MY
di > yl(t) [7"1 — a1y — T]WQ(Q)]

Thus, as a direct corollary of Lemma , according to (3.8]), one has
by MY
™

. 1+ MY
> =
lim inf y, () > o

(3.10)

Hence, for € > 0 satisfying (3.1]), it follows from (3.10]) that there exists a T, > 0 such that

by MY
BTy
€ de /
nit) > —— = 0 for ¢ > T,

Similarly, for above ¢ > 0, it follows from the second equation of system ((1.1)) that there exists a
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T, > Ty such that
by M?)
L)
€ de
yo(t) > B S mgz) for ¢t > Tj.
a9 2
One can easily see that
blmgl)
" 1+ m® e r
YIS bl SN WYL}
aq 2 aq
megl)
7"2 o 1 + (1)
e r
MP =TT 2o 2 o= Y,
a9 2 a9 3 11)
(2) 1) (3.
e @) o (1)
(2) _ L+ M,™ ¢ L+ M, _ ()
m =—-"—"->——"=——c=my,
aq 2 ay
by M?) by MV
@ s M
(@) _ L+ M~ ¢ 1+ M, _
my, =——— = > — =My .
as 2 a2
Repeating the above procedure, we get four sequences Mi(n), mf.”),z =1,2,n=1,2,---, such that for
n>2
blmgnfl) megnfl)
"o 1+mi ¢ T 1+mi™™ ¢
Ml(n) = a 2 + ﬁa MQ(n) = a ! + ﬁ?
! - > . (3.12)
Y Y]
(n) 1+ M, € (n) 1+ M; €
a1 n a2 n
Obviously,
m{™ < Ni(t) < M, for t>Ty,, i=1,2.

We claim that sequences Mi(”),i = 1,2 are non-increasing, and sequences m

,En),i = 1,2 are non-

decreasing. To prove this claim, we will carry out by the induction. Firstly, from (3.11)) we have

M < MO, @ 5

i

i=1,2.
Let us assume now that our claim is true for n, that is,

M™ < M"Y i s gy

7 )

i=1,2.

T
Again from the strictly increasing of function of g(z) = ——, we immediately obtain

14+
o b1m§n) r— blmgnil)
n n—1
M - At LemyD LS
ai n—+1 ai n
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r bgmgn) r bgmgn_l)
) 2T T T e
M) 1 +m§ ) € < 1 +m§ 1) . g _ oy
2 as n—+1 as 20
o b1M2(n+1) o b1M2(n)
RNy 5 TR ;O
m(n+1) _ 2 _ > 2 _ = _ m(n)
L aq n+1 aq Lo
o b2M1(n+1) . b2M1(n)
21+ MY 5 Sl M™
m§n+1) _ 1 . > 1 & mg")
as n+1 as

Therefore,

Letting n — 400 in (3.12]), we obtain

by boy
— _ .. Ul _ . 2U
a1y = Ty, 42y, =12 T3
b__ boy (3.13)
2
alglzrl—%, a2§2:7’2—1+_;.
2 21

Equation (3.13) shows that (¥;,y,) and (y,,¥») are solutions of (2.1). By Lemma , equation ([2.1)

has a unique positive solution E*(y;,y;). Hence, we conclude that

that is,
l‘lll y * ) 1 2-
¢ 1 y’L (t) yl ? Y

Thus, the unique interior equilibrium E*(yj,y;) is globally attractive. This completes the proof of
Theorem [L.4] O

Proof of Theorem [1.7 Condition

bgml
ri(ag +19) > biro, 1o — 0
1(ag +12) 172, T2 o
implies that there exists a small enough € such that
bl(r—2 —+ 6) b2m5
7”1>a2—+(11€, 9 — !
1+ (2 +¢) 1+ mj
holds, where
ry — M5
< r
ms=— 0 e 2
ay az

Similar to the analysis of (3.2))-(3.7)), there exists a 7' > 0 such that

ylt) < Do =M, i=1,2

a;
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and
by M3
T Mg def
y(t) > —————2 — == ms. (3.14)
ai
From the second equation of system ([1.1]) and (3.14)), we have
dyg(t) bgmi
< ot [ - ]
T U IR g
Hence,
¢ bgmi
yo(t) = y2(T) exp{/ [7“2 - ]dt} — 0 as t — +oo. (3.15)
T L+mj
For small enough ¢, > 0, it follows from ([3.15]) that there exists a 77 > T such that
0 < y2(t) <ey for all t >1T. (3.16)
It follows from (3.16)) and the first equation of ([1.1)) that
dyq(t) biey
TGN S | 5
pm > yi(t) |11 — arn 5o (3.17)
Applying Lemma to (3.17)), it follows that
5181
o 1+¢
i >
Setting ¢ — 0 leads to
lim g (t) >
This together with (3.3]) shows that
. T
1 = —.
Jm e =2
This completes the proof of Theorem [I.7] O
Proof of Theorem[1.9] Since the proof of Theorem [1.9is similar to that of the proof of Theorem [1.7]
we omit the detail here. O
4. Numeric simulations
Now let us consider the following examples.
Example 4.1.
dyy (t 3
yl():yl(t)[g_yl_ Y2 ],
o)) _ [3 T ] |
dt 2 2 l4y
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Corresponding to system , one has
ri=ro=b=0=3, ag=ay=1,
and so,
ri(ag +re) =12 > 9 = byrg,ro(a; + 1) = 12 > 9 = bory, (4.2)
and
ay —by+1r9=1+#0. (4.3)

Equations (4.2) and (4.3)) show that all the conditions of Theorem hold, and it follows from
Theorem that system (4.1)) admits a unique positive equilibrium which is globally attractive.
Fig. [1] also supports these findings. However, by simple computation, one can easily obtain that

M1:M2:3
and
5 3x3 3
M1 = Mo = —_ = —
1 2 1+3 47
and so,
b2 3 1 bl 1
ap——=1-——==——<0, ag— —5 =——= < 0.
L1+ m)? (1+3)2 49 2 4+ me)? 49

Which means that Theorem C of [23] could not be applied to system (4.1]), and one can only obtain
the persistent property of system (4.1)) from [23]. Obviously, we improve the main results of [23] by
deleting unnecessary conditions.

R R N N

/
/
/
/
/
/
/
/
¥4

y2

yi

Figure 1: Dynamic behavior of system (4.1)) with the initial condition (y1(0),y2(0)) = (0.4,0.2), (1, 3), (3,2.9), (3,0.2),
(3,2) and (0.1, 3), respectively.
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Example 4.2.
dy (t 3
y1<):y1(t)|:3_y1_ Y2 ]7
dt 1+ ye
(4.4)
o) _ [3 . ]
dt 2 > l4y
Corresponding to system ({1.1)), one has
T1:T2:b1:3, alzagzl, b2:8
and so,
7“1(@2+7’2)=12>9=b17“2, (45)
and
(a1 — bl + 7"1)7“% + ((Ilag + asry + blbg — bg’f’l)’l“g — a2b27'1 =-3<0. (46)

Equations (4.5) and show that all the conditions of (1.11]) hold, it follows from Theorem
that

lim y(t) =3, lim y,(t) =0.

t——400 t——4o00

Fig. [2| also supports these findings.

y2

S L e e e e e
e ————
i T e ———————

/ ///../‘.r—'-e—-e—-—-q—-.—q—-.—-.—-.—

e e, e e, e, W e, e, e W e e N e e

Sy T s Ny \U e ————

LN e ——————
T T e e T T N e e, e e e e
—— NN A N L S

N

[ —
A N R N N
AN NN NN NN NN

A R N N N N R

yi

Figure 2: Dynamic behavior of system (4.4)) with the initial condition (y1(0),y2(0)) = (0.4,0.2), (1, 3), (3,2.9), (3,0.2),
(3,2) and (0.1, 3), respectively.

5. Discussion

In this paper, we revisit the dynamic behaviors of a two-species competitive system with nonlinear
inter-inhibition terms, which was proposed by Wang et al. [23]. By using the iterative method, we
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are able to obtain some more deep results. More precisely, we show that for the autonomous case of
system , conditions which ensure the permanence of the system are almost enough to ensure the
global stability of the system. We also investigate the extinction property of the system . Our
results indicate that if the growth rate of the species is small enough and the rate of the intraspecific
is large enough, then the species will be driven to extinction.

We mention here that a suitable population model should incorporate some past state of the
species, and this will lead to a system with delay. Whether the delay has positive or negative influence
on the dynamic behaviors of the system is still unknown, we leave this for future investigation.
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