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Abstract

In this paper, we first give some new results and properties on the generalized (p, q)-numbers including explicit formula,
negative extension, etc. After that, by using the complete homogeneous symmetric functions we obtain the new generating
functions for the products of some bivariate polynomials with certain (p, q)-numbers at positive and negative indices.
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1. Introduction

Special integer sequences especially Mersenne sequence are encountered in different branches of sci-
ence. Also, the Mersenne Lucas sequence is one of the most famous and curious numerical sequence in
mathematics. The Mersenne sequence {M},, iy (see [5]) is defined by:

0, ifn=0,
Mp:i=1¢ 1, ifn=1,
3Mp_1—2Mp o, ifn>2,

and the Mersenne Lucas sequence {mn}, oy (see [16]) is defined by:
2, ifn=0,
Mp =< 3, ifn=1,

3mp_1—2mp_op, ifn>2.

From the work [1], we know that the generalized Mersenne numbers called bivariate Mersenne poly-
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nomials which are defined as follows:

0, ifn=0,
My (x,y):=¢ 1, ifn=1, (1.1)
3yMn_1 (x,y) —2xMn 2 (x,y), ifn>2,

and in [11], the authors introduced the generalized Mersenne Lucas numbers called bivariate Mersenne
Lucas polynomials which are defined as follows:

2, ifn=0,
mn (x,y) =< 3y, ifn=1, (1.2)
3ym1’171 (X,U) - zxmn—Z (X;U) ’ lf n 2 2.

From Egs. (1.1) and (1.2) we thus have Table 1 for the bivariate Mersenne polynomials {M (x,y)},cn
and bivariate Mersenne Lucas polynomials {m (x,y)},,cn-

Table 1: The first few terms of bivariate Mersenne and bivariate Mersenne Lucas polynomials.

n Mun (x,Y) mn (X, Y)

0 0 2

1 1 3y

2 3y 9y? —4x

3 9y —2x 27y% — 18xy

4 27y — 12xy 81y* — 72xy? + 8x2
5

81y* — 5dxy? +4x2  243y° —270xy> + 60x%y

In modern science, there are a huge interest in (p,q)-numbers and thier properties in [8, 10, 14,
18, 19]. There are many generalizations of these numbers, the generalized (p, q)-Fibonacci numbers
{fp,qn (e B, v)}, cn- generalized (p, q)-Pell numbers {l, qn (&, B,V)},, cn and generalized (p, q)-Jacobsthal
numbers {Cp qn (&, B,Y)}, o [16] are one of them,

fpq0=& fpgq1=B+vp, and fpqn=Ppfpqn-1+dfpqn-2 (1.3)

lgo=o lyq1=B+2yp, and 1y qn =2plpgn-1+qlpqn-2 (1.4)
and

Cp/qlo == “, C‘p[q/] - B +yp1 al’ld Cp,q,n — pCp’q’n_l + ZqCp’q’nfz. (1.5)

Note that for the case «x = y = 0 and 3 = 1 the relationships (1.3), (1.4), and (1.5) are reduced
to the well-known recurrence relations for (p, q)-Fibonacci, (p, q)-Pell, and (p, q)-Jacobsthal numbers (see
[6, 19, 20]). And for the case x =2,y =1, and = 0in (1.3), (1.4), and (1.5) we get the recurrence relations
for (p, q)-Lucas, (p, q)-Pell Lucas, and (p, q)-Jacobsthal Lucas numbers (see [6, 18, 20]). In addition, Saba
et al. in [13] defined the generalized (p, q)-numbers {W}, qn (a,b, , B,v)}, cpy OF shortly {W}, g n},cny @S
follows:

Wp,q,n = apr,q,nfl + qup,q,n—Z; n=2,

with Wy, g0 =« Wy, g1 =Bp+7v,and {a,b, &, B,v} € C.
The members of this sequence can also be obtained different ways. It appears that this can be done

in either of two ways: the Binet’s formula or generating function. The Binet’s formula of generalized

(p, q)-numbers is given by:

AxT' —Bx3

Wy qn =
PATT X1 =%

(1.6)
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with A = fp+v—axp and B = Bp + v — ax;. As a second way, the generating function of generalized
(p, g)-numbers is given by:

- n_axt+(pB—aa)+vy)z
Z Wp,anz" = 1—apz—bqz?2

with

ap ++/a?p? +4bq ap —+/a?p? +4bq
Wp,q,n = ochy > ’ >

ap ++/a?p?+4bq ap —/a?p?+4b
+(p (B~ @) +7) hny ( PryTP R o var o).
Remark 1.1. From which, specifying a,b, «, 3, and vy, we get the generating functions of some (p,q)-
numbers given in the study [13] as follows.

e fwetakea=b =v =1and « = 3 =0, then we get the generating function of (p, q)-Fibonacci

numbers as:
o0

z
F M=,
nZ_o p.an 1—pz—qz?

. P+HVPit+iq p—vp*+iq
with Fp,q,n—hn1< \/2 , \/2 .

e Ifwetakea=b =0 =1, « =2, and vy = 0, then we get the generating function of (p, q)-Lucas

numbers as:
= 2—pz
2 Lrans” = T o

2 2 2 2
with Lp g = 2hn <p+ P>dq p- +4 ) Cpha <p+ Piidq p- : F4q > ‘

e Ifwetakea=v=1,b=2, and a = 3 =0, then we get the generating function of (p, q)-Jacobsthal
numbers as:

z
leqnl 1—pz—2qz%’

with ]p,q,n = hn—l <p+\/2pz+8q/ p\/szJqu) .
o Ifwetakea=pB=1,b=oa=2,and y =0, then we get the generating function of (p, q)-Jacobsthal

Lucas numbers as:
2—pz
Z )p.q, nz'

T 1—pz— 2qz?’

1 s +1/p%+84 2+8 +v/p*+89 p2+89
with j, gn = 2hn <p p = >—phn1 (p p g > )

e If wetake a =2, b =vy =1, and « = 3 = 0, then we get the generating function of (p, q)-Pell
numbers as:

ZP nz' S S—
PAmT T 2pz—qz2’

with Py gn =hn 1 (p +vP2+qp—Vpi+ q) .
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e [fwetakea = ax = =2,b =1, and y = 0, then we get the generating function of (p, q)-Pell
o0

Lucas numbers as: Zo Qp,gnz" = %%, with Qpgn = 2hn (p +vp2+q,p— VP> + q) -
=

2pha (p+ VIR F 4~ VPP a)

Here we are going to recall some elementary facts on the symmetric functions and to state our main

results on this paper. For more details on the symmetric functions, we let the reader to the papers
[4,7,12, 15].

Definition 1.2 ([7]). Let k and n be two positive integers and {a;, ay, ..., an} are set of given variables the
kth elementary symmetric function ey (aj, ap, - - -, an) is defined by:

i 1 i
e, =exl(aay, -, an) = E a'ay--ar (0<k<n),
+ip+Hin=k

with i1,1,...,1in =0 or 1.

Remark 1.3. Set eg (a1, az,- -+ ,an) =1, by usual convention. For k < 0 or k > n, we set e (aj, az,...,an) =
0.

Example 1.4. The following lists the n elementary symmetric function for the first three positive values
of n.

Forn=1:e;(a1) = a;.

Forn=2:e;(a;,a2) = a;+ay, e (ay,a2) = ajas.

Forn =3:e1(aj,ar,a3) = a;+ax+as, e (ay, az, az) = aja + ajas + aras, es (ag, a, az) = ajaras.

Proposition 1.5 ([16]). Given an alphabet A ={ay, ay, ..., an}, the elementary symmetric function is characterized
by the following identity of formal power series in z:

o0
Z ex(ay, ay, ..., an)z" = H (1+ az).
k=0

acA

Definition 1.6 ([7]). For any natural numbers k and n, the complete homogeneous symmetric function of
degree k in n variables aj, ay, ..., an is defined by:

(n) i 1 i
h, " =hi(aj,az...,an) = E a'ay---ay,  (k
+ig+-+in=k

WV

0),

with il,iz, ce ,in = 0.
Remark 1.7. Set hg (a1, az, ..., an) =1, by usual convention. For k < 0, we set hy (aj, az,...,an) =0.

Definition 1.8 ([9]). Let k be positive integer and A = {aj, az} an alphabet. Then, the k' complete
homogeneous symmetric function hy (aj, ay) is defined by:

, (ke Ng:=NuU{0} ={0,1,2,3,...}),
with
ho(ay, az) =1, hi(ay, az) = a; +az, ha(ag, ap) = af + aqjap + a3, ...

Proposition 1.9 ([16]). Given an alphabet A ={aj, ay, ..., an}, the complete homogeneous symmetric function is
characterized by the following identity of formal power series in z:

1
[T0-az)

(o/e]

k
E hi(ai, as,...,an)z" =
k=0 acA
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There is a fundamental relation between the elementary symmetric functions and the complete homo-

geneous ones:
k
S (~1ejlar, az ..

which is valid for all k > 0.

The following theorem is one of key tools of the proof of our main result. It has been proved in [14].
Theorem 1.10. Let A and B be two alphabets, respectively, {a1, ay, ..., ax} and {b1, ba}, then we have

,ax) biboh_1(by, by)z

> hnlay, @z, ., ax) hugioy (by, by) 2"
n=0
.y ak) b?2n>

hi—1(by, b2) —eq (ay, ay,.
> < Z (_1)“ €n (all as, ..

o0
<Z ( 1)nen (a1/a2/---/ak)b1112n )
n=

n=0
b2 2 Y ()M P e is (ar, ag, -, ak) ha(by, bo)z"
n=0
) (z (—1)“en(al,az,...,ak)byzn)
n=0

&
(£ 07 en (e a7
n=0
foralln € Ngand 1 € {0,1,2}.
2. Main results of generalized (p, q)-numbers
In this section, we introduce the negative extension, generating function at negative indice and explicit

formula of generalized (p, q)-numbers and we give some special cases of them.

2.1. The negative extension of generalized (p, q)-numbers
Now, we present the negative extension of the generalized (p, q)-numbers.

2.1)

Theorem 2.1. Let n be any positive integer. Then we have:
(-n" (Ax}‘ — Bx{‘)

W. =
P (bg)™ X1 —X2

with A =PBp+7v—axpyand B = Bp+v— axy.
Proof. Replacing (n) by (—n) in the Binet’s formula (1.6), we can write:
3 Axp—Bxt  (—1)" (AxQBx{L)
(bq)™ x1—x2 /)

AXl - BXZ X X
(Xl XZ) (Xl XZ)

Wy q—n = =
P.9—m X1 — X2

X1 —X2

Thus, this completes the proof.

The special cases of Eq. (2.1) are listed in the Table 2.
Remark 2.2. If we put p = kand q = 1in Fy g, n, Lp,q—n, Jp,q,—n and jp q,—n in Table 2, we get the

negative extension of k-Fibonacci, k-Lucas, k-Jacobsthal, and k-Jacobsthal Lucas numbers as follows:
(_1 n+1 (_1)TL )
= T]k,n-

le,n/ jk,fn

Foon=D""Fn, Lon=ED"Lin, Jin=
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Table 2: The (p, q)-numbers at negative indices.

N N = = = =|n
e S I S e o
N ©O N O N Og
N © R O = O™

,y
1
0
1 Jp/qffn = WIP,C[,“
0
1
0

Remark 2.3. If we take p =1 and q =k in P, 4, and Qyp q,—n in Table 2, we get the negative extension
of k-Pell and k-Pell Lucas numbers as follows:

(_1)n+1 (_1)n

Kkn Pk,n/ Qk,—n: Kkn Qk,n-

Pk,—n =

Remark 2.4. If we put p = q = 1 in Table 2, we get the negative extension of Fibonacci, Lucas, Jacob-

sthal, Jacobsthal Lucas, Pell and Pell Lucas numbers as F_n = (—1)" ™' Fp, Lon = (=1)" Ly, Jon =

_qyn+1 . 1\,
( ;21 Jn, jom = %]nr P_n= (_1)n+1 Pn,and Q_n = (_1)11 Qn.-

2.2. The generating functions of (p, q)-numbers at negative indices

Now, we give the generating functions of the generalized (p, q)-numbers at negative indices.

Theorem 2.5. For n € IN, the new generating functions of (p, q)-Fibonacci, (p, q)-Lucas, (p, q)-Jacobsthal, (p, q)-
Jacobsthal Lucas (p, q)-Pell, and (p, q)-Pell Lucas numbers at negative indices are respectively given by:

)Y Fpgnt"= s, 2)Y Lpgonzt= P2
)nzo P q+pz—2? )nzo paE q+pz—2?
S n z = . n 4q +pz

— = 4 _ =

2 e = g i TR
= z ad 2q +2pz

Y Pogonzt=—s > 2t =
5) — p.q,—n%Z q+2p2_22/ 6) = Qp,q, nz q+2pZ—Z2

Proof. By [13], we have:
— z
Z Fpanz" = o————s.
oy 1—pz—qz

Using Table 2, we get:

> Foantt=) — o
n=0
[e's) B n -z
e () e

1p(3)-a(z)) T

which is the first equation. Other equations can be proved similarly. O
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Remark 2.6. If we putp =k and q =1in1, 2, 3, and 4 in Theorem 2.5, we get the generating functions of
k-Fibonacci, k-Lucas, k-Jacobsthal, and k-Jacobsthal Lucas numbers at negative indices as follows:

z 2+kz
F , L ’
Z k2" T 1ikz—22 Z k2" T 1ikz—22

z n 4 +kz
ZIk —nz" T 24kz—22 Z]k —nZ# T 2ikz—22

Remark 2.7. 1f we take p = 1 and q = k in 5 and 6 in Theorem 2.5, we get the generating functions of
k-Pell and k-Pell Lucas numbers at negative indices as

z 2k +2z
P d
Z k2" T k2222 an Z Q2" T k42222

Remark 2.8. If we put p = q = 1 in Theorem 2.5, we get the generating functions of Fibonacci, Lucas,
Jacobsthal, Jacobsthal Lucas Pell, and Pell Lucas numbers at negative indices as

o0

z 24z z
Y F = § L §
n—0 n T 1liz— 2 nz’ T 1tz—2 ]nz T 24z-22
442 z > 242z
s P_ ’ — "= .
ZJ nz" T 21z 22 Z nz" T 142z-22 Z_OQ n# 14+2z—22

2.3. Explicit formula of generalized (p, q)-numbers

Now, we will give the explicit formula of the generalized (p, q)-numbers. We start by the following
theorem.

Theorem 2.9. The complete homogeneous symmetric function hy (a1, az) can be written explicitly as follows:

hn (a1, a0) = ) (~1) < o ) (a1+ @)™ (@a). (2.2)
j=0 ]
Proof. By [4], we have:
(z)—ooh(a ap)z" = !
J _n:O R  1—(a;+ax)z+ajaxz?’

Then, we get:

= 1

hn (Cl ,a ) "=
T;) v —((a1+ a2) z— a1@22%)

1
=) ((a1+ @) z— aqyaz®)"

n=0
~Y Y (1) ( i ) (a1 + a2) 2™ (ayapz?)
n—0j—0

=) ) (-1 ( T]L > (a1 + @)™ 7 (arap) 2.
=0
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Writing (n) instead of (n + j), we obtain:
D hnfaja)zt =) (—1) ( ) ) (a1 + @)™ (qa) | 2™
n=0 n=0 \ j=0 )

Comparing of the coefficients of z™, we obtain the desired result.

From the Eq. (2.2), we get:

hn_1(ay,az) = (—1) < n—jj -1 > (a1 +a)™ P arap)
j:

=]

Now, by using Egs. (2.2) and (2.3) we give the following lemma.

Lemma 2.10. For n > 1, we have

And we have the following theorem.

Theorem 2.11. The explicit formula of the generalized (p, q)-numbers is given by:

3, o ), -
Wp,q,n=o<Z(“j_J )(ap)“J (bq) + (p (B — acd) +7) Z ( j 1>(ap)“2” (bq)'.
=0 =0

ay — 9PF a?p2+4bq
Proof. Setting 1= ap— a22'p2—|—4bq, in Egs. (2.2) and (2.3), we get
a = VIR

ap ++/a?p?2+4bq ap — /a?p? +4bq 2 n—j n—2j j
hn 5 , 5 = (ap) (ba)’,

ap + v/ a’p? +4bq ap —/a’p*+4bq ) _ z) n—j—1 n—2j—1 j
hn—1 > ’ 5 (ap) (bq)’.

On the other hand, we have:

ap ++/a?p?+4bq ap —+/a?p? +4bq
Wp,q,n — (xhn 2 7 2

+(p(B—aa)+v)hn1

<ap ++/a2p2 +4bq ap —+/a?p? +4bq>
2 ’ 2 ’

(2.3)

(2.4)

(2.5)

(2.6)
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Multiplying the equation (2.5) by («) and adding it to the equation obtained by (2.6) multiplying by
(p (B —acx)+7), then we get

H | L5 -
Wp,q,n=o<Z<“j_] )(ap)“zi (bq) + (p (B — act) +7) Z < _)_1)(ap)“2” (bq)' .
j=0

j=0
Thus, this completes the proof. O
The special cases of Eq. (2.4) are listed in Table 3.

Table 3: The explicit formulas of some (p, q)-numbers.

a b « B v Explicit formula

L] i o
110 0 1 Fpgn= > (“ ) 1)p“_23_1q’

j=0
[3] i ,
1 1 2 1 0 I—p,q,n:‘ Onn_)<nj]>pn—2)q)
)=
e n—j—1 n—2j—1
1 20 0 1 Jpgn= 2 : pr2-1(2q)
j=0
3] i
1 22 10 Jp,q,nz_og_]( ).J>p“2](2q)
]:
'z n—j—1 2j—1
J:
2l o 2
2 1 2 2 0 Qpgn= W ) (2p) q
)=

Remark 2.12. If we putp =k and q = 1in Fy gn, Lp,qn, Jp,qn and jp,qn in Table 3, we get the explicit
formula of k-Fibonacci, k-Lucas, k-Jacobsthal, and k-Jacobsthal Lucas numbers as follows:

S EI NP
B e e ()

j=0 j=0

n-1 n

2] R =1 ) nas1 . 1 SEREN
Jkn = Z j k 27, Jkn = — j k 2.

j=0 j=0 )

Remark 2.13. If we take p =1 and q = k in Pp g,n and Qp, q,n in Table 3, we get the negative extension of
k-Pell and k-Pell Lucas numbers as follows:

2, B
Pxn = Z < ]J ) 2n72371k], Qun = Z E < ] ) ) =21
j=0 j=0

Remark 2.14. If we put p = q = 1 in Table 3, we get the explicit formula of Fibonacci, Lucas, Jacobsthal
Jacobsthal Lucas, Pell, and Pell Lucas numbers as follows:
n —?' —1 > 2
)

L n
2

7 e m ()
g( oSl ) Jn

,_
| I—
—
3
N
iR
| I—

Il
Il
o
A/~

—.



N. Saba, A. Boussayoud, K. V. Kanuri, J. Math. Computer Sci., 34 (2024), 326-349 335

TN 20N N
jn = ) . 2]/ n — . an]f’ n = T . 2",
=25 () e (M) e R (7))

3. Ordinary generating functions of binary products of bivariate Mersenne and bivariate Mersenne
Lucas polynomials with some (p, q)-numbers

In this part, we are now in a position to provide theorems. Also we derive the new generating functions
for the products of (p, q)-Fibonacci numbers, (p, q)-Lucas numbers, (p, q)-Pell numbers, (p, q)-Pell Lucas
numbers, (p, q)-Jacobsthal numbers, and (p, q)-Jacobsthal Lucas numbers with bivariate Mersenne and
bivariate Mersenne Lucas polynomials.

We consider A = {aj,a2}, B = {by,b1}, and 1 € {0,1,2} in Theorem 1.10, we deduce the following
lemmas.

Lemma 3.1. Given two alphabets A ={ay, az} and B = {by, by}, then we have:

(b1 +b2)z2 — biba(a) + ap)2?
(1—aib1z)(1 — azb1z)(1 — a1baz)(1 — azbyz)’

D hn(ar, ag)hn (b, by)z™ =

n=0

The previous lemma gives the following result as particular example:

i hn_1(a1, a2)hn(by by)z" = (b1 +by)z—Db1by(a; + (12)Z2
n— ’ n , =

. 3.1
— (1—a1b12)(1 — asbiz)(1 — a1b2z)(1 — azbyz) 3-1)
Lemma 3.2. Given two alphabets A ={ay, ap} and B = {by, ba}, then we have:
> 1-— ai (12b1b222
h ,a2)hn (b, by)z™ = . 3.2
nZ_O nlar d2)hn (b, o)z (1—a1b1z)(1 — azb1z) (1 — a1b2z)(1 — azbyz) 42
Note that, based on relationship (3.2), we get:
o
Z— (12b1b223
hn_ ,a2)hn_1(by,bo)z™ = . 3.3
T;) " 1((11 (12) " 1( ! Z)Z (1—alblz)(l—azblz)(l—albzz)(l—azbzz) ( )
Lemma 3.3. Given two alphabets A ={a;, ap} and B = {bq, by}, then we have:
(o)
(a1 4+ a2)z — ajas(by + by)z?
hn(ay, a2)hp_1(by, bo)z™ = . 3.4
; (a1, @)1 (b1, 02)2 = (% ) (T anbr2)(1 — arbyz) (1 — anbaz) G4

3.1. Generating functions of the products of (p, q)-Fibonacci and (p, q)-Lucas numbers with bivariate Mersenne
and bivariate Mersenne Lucas polynomials
Now, we give the new generating functions for the products of bivariate Mersenne and bivariate
Mersenne Lucas polynomials with (p, q)-Fibonacci and (p, q)-Lucas numbers, k-Fibonacci and k-Lucas
numbers, Fibonacci and Lucas numbers at positive and negative indices.

n=0

ap = p+y/pP+4q by = 3y+1/9y?—8x
. . - 2 - 2 .
The substitutions of e and o e Jovix in Egs. (3.1), (3.2), (3.3), and (3.4),
Q="—"75" 2=
gives
- h p+V/P*+4q p—\/pi+iq
Z n—1 2 ’ 2 Zn B M
3y+4/9y2_8x 3y—1/9y?_ 8x - Dy’
xhn ( \/2 , \/2 ) 1
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<p+\/p2+4q p— \/p2+4q>

(3y+\/9y2 8x 3y— \/992 8x> N D1’
+/p?+4 2+4
o o 1<p \/P a p- \/P q) «
> M=o

3
<”:»

Z —_—
3y++1/9y2—8x 3y—4/9y2—8x D’
Xhn—1 2 7 2
h P+ \/ 244q p p2+4q
n 2
3y++/9y2—8x 3y—+/9y2—8x
Xhn-1 ( \/2 ’ \/2

M8

=
c”:

with

Di =1-3pyz— (9qy® —2x (p* +2q)) 2° + 6pqxyz’ + 4¢°x*z*,

Ly =1+2qxz?, K;=z+2qxz’>, Nj=3yz—2pxz’, R;= pz+3qyzz,
and we deduce the following proposition and theorems.

Proposition 3.4. For n € IN, the new generating function of the product of (p, q)-Fibonacci numbers with
bivariate Mersenne polynomials is given by:

= K1 z+2qxz3
FpqnMn (x,y)z" = =F = ;B85
Z, panMn b0y 2 = g = g 2k (24 20)) 2 1 bpay A OO

. 2 —/p? 3y+1/9y2—8x 3y—+/9y2—8
with szq,nMn (X/y) =hn (P"‘\/ZP +q’ F \/,Zp +CI) hn—1 ( ¥ 29 X/ = Zy X) :

Theorem 3.5. For n € IN, the new generating function of the product of (p, q)-Fibonacci numbers with bivariate
Mersenne Lucas polynomials is given by:

3yz — 4pxz? — 6qxyz°
1—3pyz— (9qy? — 2x (p? +2q)) 22 + 6pqxyz3 + 4q2x2z*"

00
Z Fp,q,nmn (X/U) " =

n=0

(3.6)

Proof. We have

7

o 00 - -

> Fpgnmn(xy)zt =) ohi, <3y+\/§y =y 39—\/29 —8x> o
3y++4/9y2—8x 3y—+4/9y2—8x

_3‘9hn71 2 ’ 2

h p+v/P2+4q p—/P’H+4q
n—1 2 2

h p+vP*+4q p—y/pP+iq
n—1 2 ’ 2

o0
2y a»
3y+1/9y2—8x 3y—4/9y2—8x
Xhn 5 , 5

2 4 _ 2 4
- ho g <p+\/123+q,p \/§+q>
-3 z
Y Z 3y+4/9y2—8x 3y—4/9y2—8x
thfl 2 ’ 2

n
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2N1 —3yK1
-5,
B 2 (3yz —2pxz?) — 3y (z + 2qx2?)
- 1-3pyz— (9qy? —2x (p% +2q)) 22 + 6pqxyz® + 4q2x2z*
- 3yz — 4pxz? — 6qxyz°
~ 1-3pyz— (9qy? — 2x (p? +2q)) 22 + 6pqxyz® + 4g2x2z4’

This completes the proof. O

Theorem 3.6. For n € IN, the new generating function of the product of (p, q)-Lucas numbers with bivariate
Mersenne polynomials is given by:

= pz+ 6qyz? — 2pqxz®
L M , "= . 3.7
T; panMn (xy)z 1—3pyz— (9qy? — 2x (p2 +2q)) 2% + 6pqxyz> + 4q2x?z* 37)
Proof. We have
oh (pﬂ/xm p—v/p2+4q
n 2 2
o0 o0 3 _ 3
Z Lp,q,nMn (x,y)z" = Z —phn_1 (p+\/§ +4q/ P \/g +4q> N
n=0 n=0 h <3y+\/9y28x 3y\/9y28x>
XNn—1 2 s 2
2 _ 2
- h., <p+\/129 +4q p \/123 +4q)
=2 Z z"
—=1 (3y+m 3y—\/9y2—8x>
= n—1 2 7 2
- h p+v/P>+4q p—/p2+iq
Z n—1 2 s 2 N
e
2Ry —pKy
-5
B 2 (pz+3qyz?) —p (z+2qxz°)
~ 1—3pyz— (9qy?2 — 2x (p? +2q)) 22 + 6pqxyz® + 4q?x2z*
B Pz + 6qyz* —2pqxz’
~ 1-3pyz— (9qy? —2x (p2 +2q)) 22 + 6pqxyz> + 4q2x2z*’
This completes the proof. O

Theorem 3.7. For n € IN, the new generating function of the product of (p, q)-Lucas numbers with bivariate
Mersenne Lucas polynomials is given by:

S 4-9 dx (P2 +24) — 18au?) 22 + 6 3
ZLp,q,nmn (x,y)z" = pyz + (4x (p® +2q) qy?) 2% + 6pqxyz 69

—= ~ 1-3pyz— (9qy? — 2x (p? +2q)) 22 + 6pqxyz® + 4q2x2z4’
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Proof. We have

+4/p?+4 —/p?+4
oh., (p \/12D a P \/1; q
+4/p?+4 —/p?+4
5 g (o (e g
L mn (x,y)z" = z"
‘p,q,n mn 7 2 B 2
n=0 n=0 2hn <3y+\/§y 8X/ 3y \/zy SX)
X
3y++/9y2—8x 3y—+/9y2—8x
_3yhnfl 2 7 2

h. (PrVpida p—y/piriq
n R

o0
—4y o
3y+4/9y2—8x 3y—4/9y2—8x
xhn 5 , 5

n=0

P+ p2+4 p p2+4q
R < ;

o
— 6y E z
3y+4/9y2—8x 3y—+/9y>—8
" Xhp_1 < Y \/29 X oy \/zy X)

n

4

P+ p2+4 p p2+4q
> hnq 2
—2p E z"
3y+1v/9y2—8x 3y—+4/9y2—8x
n=0 xXhn 5 , 5

7

+3py Z 3y+4/9y2—8x 3y—+/9y2—8x
n=0 thfl 2 7 2

41, — 6yR; —2pNq + 3pyK;
- 5,
4 (1 + 2qxz2) — 6y (pz + 3qyz2) —2p (3yz — 2pxz2) +3py (Z + 2qxz3)
- 1—3pyz— (9qy? — 2x (p? + 2q)) 22 + 6pqxyz3 + 4q2x2z*
4 —9pyz + (4x (p? +2q) — 18qy?) 22 + 6pqxyz’
~ 1-3pyz— (9qy?2 —2x (p? +2q)) 22 + 6pqxyz® + 4q?x2z*’

ZTL

h p+v/P2+4q p—/pP’t+4q
n—1 2 2

This completes the proof. O
By using Table 2 and according to the Egs. (3.5), (3.6), (3.7), and (3.8), we get the following theorem.

Theorem 3.8. For n € N, the new generating functions of (Fpq-—nMn (x,Y)), (Fp,q-—nmn(x,y)),
(Lp,q—nMn (x,Y)), and (Lp,q,—nmn (x,y)) are respectively given by

qz +2xz°
F , 3.9
Z: P4, -nM X y) q2~|—3pqyz—(9qy2—2x(p2+2q))z2—6pxyz3+4x2z4 ( )
> 3qyz + 4pxz? — 6xyz®
, 3.10
nZ_ P.4q, —nMn (X U) q2+3pqyz—(9qy2—ZX(p2+2q))22—6pxyz3+4x2z4 ( )
- —pqz + 6qyz* + 2pxz’
Lp,anMn (x,y)z" = , 3.11
T;) pa-nMnboy)z 9% +3pqyz — (9qy? — 2x (p? +2q)) 22 — 6pxyz® + 4x?z* (3.11)
= 49> +9 4x (P2 +2q) —18qu?) 22 — 6 3
> Ly nmn (xy)2h = b PAYET (4 (p° +2q) —18qy”) 2* — 6pxyz (3.12)

92 +3pqyz — (9qy? — 2x (p? +2q)) 22 — 6pxyz® + 4x?z4

n=0
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Proof. We have:

(e ¢]
z+2qxz°
Fo o M (xy) 27 = |
nZ—O pantfin Byl =5 —3pyz — (9qy? — 2x (p? +2q)) 2 + 6pqxyz> + 4g*x?z*
Writing (%) instead of (z), we obtain:

E) 2 (5)

1—3py (%"‘) — (9qy2 —2x (p2 +2q)) (%)2 +6pqxy (%)3 +4q22 (%2)4'

Z Fp,q,nMn (X,y) (_qz> =

n=0

Since
(_1)n+1
Foq-—n = TFp'q'“'
Then, we get
qz + 2xz°
Z Fp.a—mMn (x,y)z" = — (9qu? — 2 2 _ 51 4l
T 2+ 3pquz— (9qyZ — 2x (p2 +2q)) 22 — 6pxyZ3 + 4x2z

So, the desired result is achieved. Applying the same method, the other equations can be proved. O

Corollary 3.9. Putting p = kand q =1 in Egs. (3.5)-(3.12) we get the new generating functions of the products of
k-Fibonacci and k-Lucas numbers at positive and negative indices with bivariate Mersenne and bivariate Mersenne
Lucas polynomials. The calculation and results are listed as follows:

z+ 2xz3

F " =
g knM 1—3kyz — (9y2 — 2x (k% +2)) 22 + 6kxyz> + 4x2z%’
i e (o) 27 3yz — 4kxz? — 6xyz®
= Fenmn (0 Y) 20 = 4 007 — ox (K2 1 2)) 22 + by 2® + 4x22”

8

kz + 6yz? — 2kxz®
L M y "= 7
Z knMan (v, y)z 1—3kyz — (9y? — 2x (k% + 2)) 2% + 6kxyz3 + 4x2z*

n=0

3

S Linmn (xy) 2" = o 2T (4x (k2 +2) —18y?) 22 + 6kxyz’
knMn (X, Y) 27 = 77 3kyz — (9y2 — 2x (k2 4 2)) 22 + 6kxyz3 + 4x224’

n=0

z+2x2°
T 1+ 3kyz — (9y2 — 2x (K2 +2)) 22 — 6kxyz® + 4x2z4’

l\’lg

—aMy (x,y) 2"

3
g

_ 3yz + 4kxz? — 6xyz>
14 3kyz— (9y2? —2x (k2 +2)) 22 — 6kxyz3 + 4x2z4’

Fi,—nmn (x,y) 2"
- —kz + 6yz? + 2kxz3
14+ 3kyz— (9y? —2x (k2 +2)) 22 — 6kxyz3 + 4x2z4’

4+ 9kyz+ (4x (k* +2) — 18y?) 22 — 6kxyz®
14 3kyz — (9y2 — 2x (k2 +2)) 22 — 6kxyz® + 4x2z*

l\’|81|\’l8

Lk,fn Mn (x, y) z"

3
g

n o _

L, —nmn (x,y) z

M ¢

3
Il

0

Putting k = 1 in Corollary 3.9, we obtain Table 4.
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Table 4: New generating functions of the products of Fibonacci and Lucas numbers at positive and negative indices with bivariate
Mersenne and bivariate Mersenne Lucas polynomials.

Coefficient of z™ Generating function Coefficient of z* Generating function
z+2x23 z+2x2°
FaMn (X’y) 1—-3yz—(9y2—6x)z2+6xyz3+4x2z* FnMn (X’y) 1+3yz—(9y2—6x)z2—6xYyz3+4x22*

3yz—4xz?—6xyz®

3yz+dxz>—6xyz°
Famn (X’y) 1—3yz—(9y2—6x)222+6x3yz3+4x224 Fonmn (X’y) 14+3yz—(9y2— 6x)zz 6X1§jZ3+4XZZ4
z+6yz-—2xz —z+6yz>+2xz
LaMan (x,y) 1-3yz—(9y?—6x)z24+-6xyz3+4x2z* L-nMn (x,y) 14+3yz—(9y2—6x)z2—6xyz3+4x2z*

4—9yz+(12x—18y2)z2+6xyz3 L ( ) 4+9yz+(12x—18y2)zz—6xyz3
1—3yz—(9y2—6x)z2+6xyz3+4x2z* —nMn X, Y 1+3yz—(9y2—6x)z2—bxyz3+4x2z*

Lomnp (X/ U)

3.2. Generating functions of the products of (p, q)-Pell and (p, q)-Pell Lucas numbers with bivariate Mersenne
and bivariate Mersenne Lucas polynomials

Now, we calcule the new generating functions for the products of bivariate Mersenne and bivari-
ate Mersenne Lucas polynomials with (p, q)-Pell and (p, q)-Pell Lucas numbers, k-Pell and k-Pell Lucas
numbers, Pell and Pell Lucas numbers at positive and negative indices.

/72 3y+\/9y2 8x
The substitutions of { ¢~ P + * 4 and b= > in Egs. (3.1), (3.2), (3.3), and (3.4),
Zzp—w/p q 3y \/9y —8x
we get

Rt (P /PP a,p— VP2 ) )
“h <3y—|—\/9yz “8x 3y— \/91_;2 8x> S W
41

o [ hn (p+ P2+q,p
Z why <3y+\/§y28xl3y \/gyz 8X) z :Dizl

n=0
Rt (p+ VP2 a,p— /P74 )

= K
2
" = ==,

nZ_o 1 (3y+\/9y2 8x 3y— \/9y2 8x> D,
i <p+ p i 2+ n Rz
2" ===,

P R <3y+\/9yz 8x 3y— \/9y2 8x> D,

with

Dz = 1—6pyz— (9qy” —4x (2p* + q) ) 2> + 12pqxyz’ + 4¢°x°2",

=1+ 2qx22, Ko =z+ 2qxz3, Ny =3yz— 4pxz , Ro=2pz+ 3qy22,
and we deduce the following proposition and theorems.

Proposition 3.10. For n € IN, the new generating function of the product of (p, q)-Pell numbers with bivariate
Mersenne polynomials is given by:

_ K z+2qxz3
D,  1—6pyz—(9qy? —4x (2p2+ q)) 22 + 12pqxyz® + 4q2x2z*’

o0
> PpanMn (x,y)z"

n=0

' /9u2—8x  3U—+/9u?—8x
with Pp,q,nM‘r‘L (le) = h'T‘Lfl (p+ V p2+ q4P—v p2 + q) hn,1 <3yJr zy : 4 . zy - > :

(3.13)
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Theorem 3.11. For n € IN, the new generating function of the product of (p, q)-Pell numbers with bivariate

Mersenne Lucas polynomials is given by:

o]

3yz — 8pxz? — 6qxyz’
P n .
2_Pranmn(xy)z 1—6pyz — (9qy? —4x (2p2 + q)) 22 + 12pqxyz® + 4q2x2z*

n=0

Proof. We have

M1 (p +VP2+aq,p—Vp2+q

> . > oh 3y+1/9y2—8x 3y—4/9y2—8x N
Z Py gnmn (x,y) 2" = Z n 2 ’ 2 z
n=0 n=0 X

3y+1/9y2—8x 3y—+/9y2—8x
_3yhnfl 2 7 2

Rt (P VPP a,p— VP2 )
sy, <39+\/§y2—8xl 3y—\/§y2—8x> z

Y A e R )

—3y Z 3y+1/9y2—8x 3y—+/9y?—8x z
thfl 2 7 2

n

n

n=0
2N2 — 3yK2
= =05,
2 (3yz —4pxz?) — 3y (z + 2qx2?)
T 1—6pyz— (9qyZ —4x (2p2 + q)) 22 + 12pqxyzd + 4q2x2z*
3yz — 8pxz? — 6qxyz’
T 1—6pyz— (9qyZ —4x (2p2 + q)) 22 + 12pqxyz® + 4q2x2z4

This completes the proof.

(3.14)

O

Theorem 3.12. For n € IN, the new generating function of the product of (p, q)-Pell Lucas numbers with bivariate

Mersenne polynomials is given by:

2pz + 6qyz® — 4pqxz®
—6pyz — (9qy2 —4x (2p% + q)) 22 + 12pqxyz® + 4q2x2z*

00
Z Qp,q,nMn (X,U)Zn = 1

n=0

Proof. We have

2hn (p+ VP2 a,p— /P2 T )
S QpanMa oyt =Y | \ 2Pt (p+ VPP Hap—Vi2+a) | |
<3U+\/9yz 8x 3y— \/992 ™

n=0 n=0

th—l

ZZZ xhn 1 <3y+\/9y2 —8x 3y—\/9y2 8x
n—

o (P (PHVPTEAP— VP2 E
*ZPZ <h <3y+\/9y2 8x 3y— \/992 8x>
n=0 n—1

. 2R2 — 2pK2
= D2

(3.15)
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2 (2pz+3qyz?) —2p (z +2qx2?)
" 1—6pyz— (9qy? — 4x (2p% + q)) 2% + 12pqxyz3 + 4g°x?z4
2pz + 6qyz® — 4pqxz®
T 1—6pyz— (9qyZ —4x (2p2 + q)) 22 + 12pqxyz3 + 4q2x2zE

This completes the proof. O

Theorem 3.13. For n € IN, the new generating function of the product of (p, q)-Pell Lucas numbers with bivariate
Mersenne Lucas polynomials is given by:

4 —18pyz + (8x (2p* + q) — 18qy?) z* + 12pgxyz®

Yzt = . 3.16
nZ_O Qpantmn bey) 28 = 7 6pyz — (9qy? —4x (2p% + q)) 22 + 12pqxyz® 4 4¢2x2z* (316

Proof. We have

2hn (p+ Vo2, p— VP +q)

- o\ o (pr v e Vi)

Z Qp,q,nmn (x,y) " = Z oh,, (3y+\/9y2—8x 3y—\/9yz—8x> z"
2 ’

3y+4/9y2—8x 3y—+/9y2—8x
_3yhn—l 2 ’ 2

o hn<P+VP2+q,P—\/p2+q)
=4 Z <h <3y+\/9y28x 3yy/9y28x> z
mn 2 7 2

= [ (Pt VPTEAP— V2 Ha)
— 6y Z 3y+4/9y2—8x 3y—+/9y’>—8x “
th—l 2 ’ 2

00 hn_l(p+w2+q,p—\/p2+q)
Sy Vo B dy Vo B | 2
Xhn 5 , 5

n

n

n

© [ hn- (P+\/p2+q,p—\/p2+q)
+ 6py Z «h <3y+\/9y28x Sy\/9y28x> z
n=0 n—1 2 ’ 2

4L, —6yRy —4pN;y + 6pyKs
D>
4 (1+42qxz?) — 6y (2pz +3qyz?) — 4p (3yz — 4pxz?) + 6py (z + 2qxz°)
1—6pyz — (9qy? — 4x (2p2 + q)) 22 + 12pqxyz> + 4q2x2z*
4 —18pyz+ (8x (2p* + q) — 18qy?) z° + 12pqxyz?
" 1—6pyz— (9qy? —4x (2p% + q)) 2% + 12pqxyz® + 4q2x2z*

n

This completes the proof. O

By using Table 2 and according to the Eqgs. (3.13), (3.14), (3.15), and (3.16), we get the following
theorem.
Theorem 3.14. For n € IN, the new generating functions of (Ppq,—nMn (x,Y)), (Ppq-—nmn(xy)),
(Qp,q—nMn (x,9)), and (Qp,q,—nmn (x,y)) are respectively given by

qz +2xz°

) 3.17
92+ 6pqyz — (9qy? — 4x (2p? + q)) 22 — 12pxyz?® + 4x?z* G17)

00
Z Pp,q,ann (X/U) " =
n=0
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3qyz + 8pxz* — 6xyz>

0
Z Pp,q,—nmn (le) " =

, 3.18
n-0 q2 + 6pquz — (9qy2 — 4x (2p2 + q)) 22 — 12pxyz3 + 4x2z4 (3.18)
(e ¢]
—2pqz + 6qyz? + 4pxz>
M () 27 = : 3.19
HZ_O Qp,q—nMn (x,y)z 4% + 6pquz — (9qy2 — 4x (2p% + q)) 22 — 12pxyz> + 4x2z* (3.19)
. 49 +18 8x (212 —18qu?) 22 — 12 3
S Qg nmn (o y) 2" = pqyz + (2 x (2p +2q) ay )z 2y 520
n=0 q? +6pqyz — (9qy? — 4x (2p% + q)) 22 — 12pxyz® + 4x?z
Proof. We have
3 z+2qxz°
P My, (x,y)z" = .
nZo panMn ) 2 G Oay —ax (257 + q)) 2 + 12paxyz) + AqPE
Writing (%) instead of (z), we obtain
o0 .z n
ZPp,q,nMn (xy) <>
n=0 q
3
(f) +2qx (?Z)
B 2 3 z
1—6py (%) —(9qy? —4x (2p%2 +q)) (%Z) + 12pqxy (%Z) +4q2x2 (%)
Since 1
Ppg-—m = qn Pp.an
Then, we get
3 qz +2xz°
Py q—nMn (x,y)z" = .
nZo v nMn (oy)2 4%+ 6pqyz — (9qy? — 4x (2p? + q)) 22 — 12pxyz® 4 4xz*
So, the desired result is achieved. Applying the same method, the other equations can be proved. O

Corollary 3.15. Puttingp =1 and q = k in Egs. (3.13)-(3.20) we get the new generating functions of the products
of k-Pell and k-Pell Lucas numbers at positive and negative indices with bivariate Mersenne and bivariate Mersenne
Lucas polynomials. The calculation and results are listed as follows:

. z + 2kxz
~ 1—6yz— (9ky? —4x (24 k)) 22 + 12kxyz3 + 4k2x2z4’

Z Pk,n My (X/y) z"
n=0

- 3yz — 8xz? — 6kxyz>
~ 1—6yz— (9ky? —4x (2 +k)) 22 + 12kxyz3 + 4k2x2z4

D Prenma(x,y)z"

n=0

i Qe nMn (0, y) 2" 2z + 6kyz? — 4kxz®
kn/Vin (X, =
n=0

1—6yz — (9ky? —4x (2 + k)) 22 + 12kxyz3 + 4k2x2z*’

i Qxnmn (x,y)z™ = 4—18yz + (8x (2 + k) — 18ky?) 22 + 12kxyz’
n—=0 o i T4 ~ 1—6yz— (9ky? —4x (2 + k)) 22 + 12kxyz3 + 4k2x2z%

- kz + 2xz3
k2 4 6kyz — (9ky2 —4x (2 + k) 22 — 12xyz3 + 4x2z4’

o
> Pr—nMn (x,y)z"
n=0
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3kyz + 8xz% — 6xyz°

Pk,fnmn (X/y) z"

T 12+ 6kyz— (9ky? —4x (24 K)) 22 — 12xy23 + 4x22E
—2kz + 6kyz? + 4xz°
M 7
TLZO Qk —n/Vin X U) kz —|—6kyz— (9ky2 —4x (2+ k)) 22 _ 12xyz3 +4X224
i Qx,—nMn (x,y) 2" = 41 + 18kyz + (8x (2+ k) — 18ky?) 22 — 12xyz’
n—=0 o k2 + 6kyz — (9ky? —4x (2 + k)) 22 — 12xyz3 + 4x?z*

Putting k = 1 in Corollary 3.15, we obtain Table 5.

Table 5: New generating functions of the products of Pell and Pell Lucas numbers at positive and negative indices with bivariate
Mersenne and bivariate Mersenne Lucas polynomials.

Coefficient of z™

Generating function

Coefficient of z™

Generating function

z2+4+2x73 z+2x2°
PnMn (X’y) 1—6yz—(9y2— 12x)zz+12x13;z3+4x214 P-nMn (X’y) 1+6yz—(9y2— 12x)22 12x1§;z3+4xzz4
3yz—8xz?>—6xyz 3yz+8xz>—6xyz
Prmy (X/y) 1—6yz—(9y2— 12x)zz+12xyz3+4xzz4 Ponmn (X’y) 1+6yz—(9y2— 12x)z2 12xyz3+4x224
2z4+6yz2—4x2° —2z+6yz?+4xz®
QnMn (X’y) 1—6yz—(9y2—12x)z2+12xyz3+4x2z4 Q-nMn (X’y) 1+6yz—(9y2—12x)z2—12xyz3 +4x2z4
( | 4—-18yz+(24x—18y?) 22 +12xyz° ( | 4+18yz+(24x—18y?)z2—12xy 2>
Qnmn (%, y 1—6yz—(9y2—12x)z2+12xyz3+4x2z4 Q-nmn (x,Y 1+6yz—(9y2—12x)z2—12xyz3 +4x2z*

3.3. Generating functions of the products of (p, q)-Jacobsthal and (p, q)-Jacobsthal Lucas numbers with bivariate
Mersenne and bivariate Mersenne Lucas polynomials
Now, we introduce the new generating functions for the products of bivariate Mersenne and bivariate
Mersenne Lucas polynomials with (p, q)-Jacobsthal and (p, q)-Jacobsthal Lucas numbers, k-Jacobsthal and
k-Jacobsthal Lucas numbers, Jacobsthal and Jacobsthal Lucas numbers at positive and negative indices.

a; = PHVPIrse by = 3y+\/9y2 8x
The substitutions of . i2+8q and . 3y \/914278 in Egs. (3.1), (3.2), (3.3), and (3.4),
=—5— 2 =
gives
- p+\/p2+8q P— \/p2+8q
=1 xn (39—0—\/992 8x 3y— \/9y2 SX) D3’
- h p+\/P2+8q p— \/P2+8q
N . =5
el (N <3y+\/9y2 8x 3y— \/9y2 8x> Ds’
. he p+\/P2+8q p— \/P2+8q
Sl ocn <3y+\/9yz 8x 3y— \/9y2 SX) D3’
P \/ 24+8q p p2+8q
5 h“( : ) R
oy o 1(3y+\/9y2 8x 3y— \/9y2 SX) D3’
with

D3 = 1—3pyz— (18qy® — 2x (p* +4q)) 2 + 12pqxyz’ + 16q*x*z*,
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L3 =1+44qxz?, Kz =2z+4qxz’>, N3 =3yz—2pxz?, R3=7pz+6quz?
and we deduce the following proposition and theorems.

Proposition 3.16. For n € IN, the new generating function of the product of (p, q)-Jacobsthal numbers with
bivariate Mersenne polynomials is given by:

K3 z+4qxz3

M , "= = , 3.21
nZ_o JpanMan (xy)z D3 1-—3pyz— (18quy2 —2x (p2 +4q)) 22 + 12pqxyz3 + 16q2x2z* (321)

. +4/p2+8 —+/p%+8 3y++4/9y2—8x 3y—+4/9y2—8x
with Jp qnMn (xy) = hn_1 <p \/219 @, P q>hn_1 ( y \/zy 3y \/zy )

Theorem 3.17. For n € IN, the new generating function of the product of (p, q)-Jacobsthal numbers with bivariate
Mersenne Lucas polynomials is given by:

> 3yz — 4pxz? — 12qxyz>
Z Ip,q,nmn (X,y)Zn Y P qxy

= . 3.22
— 1—3pyz— (18qy? — 2x (p2 +4q)) 22 + 12pqxyz® + 16q*x2z* (322)
Proof. We have
h p+v/P*+8q p—y/p?+8q
n—1 2 7 2
[o¢] o0
Z ]p,q,nmn (x,y)z" = Z 2h, <3\J+\/zy28x’ 39\/292&() N
" R I <3y+m aym>
—oYynn—1 2 s 2
h P+v/P2+84 p—/p>+84q
& n—1 7 ’ 2
=2 Z z"
o <h <3y+\/9y28x 3y\/9y28x>
n 2 ’ 2
. he <p+\/p2+8q pP—V/P2+8q
2| e (0 s
- 2N3 — 3yK3
— 5,
B 2 (3yz—2pxz?) — 3y (z + 4qxz?)
~ 1-3pyz— (18qy2 — 2x (p2 +4q)) 22 + 12pqxyz> + 16¢2x2z*
- 3yz —4pxz® — 12qxyz3
~ 1—3pyz— (18qy2 — 2x (p2 +4q)) 22 + 12pqxyz® + 16¢2x2z*’
This completes the proof. O

Theorem 3.18. For n € IN, the new generating function of the product of (p, q)-Jacobsthal Lucas numbers with
bivariate Mersenne polynomials is given by:

pz + 12qyz? — 4pqxz®
1—3pyz — (18qy2 — 2x (p2 + 4q)) 22 + 12pqxyz>® + 16q2x2z*

Z ip,gnMn (x,y) 2™ = (3.23)
n=0
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Proof. We have

p+\/p2+8q pf\/v2+8q
7

2hn

o0 o0
. P+ p2+8 p p2+84q
> JpanMnxy)zt =) —phn1< 2 "
3y++/9y2—8x 3y—+/9y2—8x
Xhn 1 2 ’ 2

p+v/p>+8q p—\/p2+8q
I 2

) hn
=2) e 3y
3y++4/9y2—8x 3y—+/9y2—8x
n=0 th,1 5 ’ 5

ZTL

+/pP%*+8q 2+8
hy 1 (P p i

)
—P Z 3y++/9y2—8x 3y—+/9y?2—8x
n=0 th—l 5 ’ 5

2R3 —pK3
=5
B 2 (pz+6qyz?) —p (z +4qxz°)
~ 1—3pyz— (18qy2 —2x (p2 +4q)) 22 + 12pqxyz> + 16q2x2z4
B pz+12qyz? — 4pqxz®
~ 1—3pyz— (18qy? —2x (p2 +4q)) 22 + 12pqxyz® + 16q2x2z*’

This completes the proof. O

Theorem 3.19. For n € IN, the new generating function of the product of (p, q)-Jacobsthal Lucas numbers with

bivariate Mersenne Lucas polynomials is given by:

Z S 4—9pyz+ (4x (p? +4q) —36qy?) 22 + 12pqxyz> (3.24)
Jp,gnMn (X, )z 1 3pyz — (18qy2 — 2x (p?2 + 4q)) 22 + 12pqxyz® + 16q2x2z4’ .

n=0

Proof. We have

oh.. [ PFVP+8a p—y/p+8q
n 2 ’ 2
P+vp2+8q p—y/p2+8q
o0 —phn-1 ( \/2 7 \/2

o0
. mn _
2 Jpanmn(xy)zt =3 3y+1/9y2—8x 3y—1/9y’—8x z
2hn ) 2

n:o TLIO 7

X
3y+4/9y2—8x 3y—+/9y2—8x
_3yhn71 2 7 2

p+ p2+8 p p2+8q
2

o0
iy e |
<h <3y+ 9y2_8x 3y— 9y28x>
n 2 7 2

<p+ p2+8q p 2+8

— 6y Z xhpy 1 <3y+\/3928x, 3y\/2928x>

ZTI
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h P+ p2+8 p p2+8q
n—1 2

S
—2p E z"
3y+v/9y2—8x 3y—4/9y2—8x
n=0 xXhn 5 , 5

4

+3py Z 3y+4/9y2—8x 3y—+/9y2—8x
= th,1 2 ’ 2

. 413 — 6yR3 —2pN3 + 3pyK;
D3
4 (1 + 4qxzz) — 6y (pz + 6qy22) —2p (3yz — 2pxz2) +3py (Z + 4qx23)
- 1—3pyz — (18qy? — 2x (p2 +4q)) 22 + 12pqxyz® + 16q*x2z*
4 —9pyz+ (4x (p? +4q) —36qy?) 22 + 12pqxyz>
T 1—3pyz— (18qy2 —2x (p2 + 4q)) 22 + 12pqxyz> + 16¢2x2z*"

ZTL

PHVP3+8q p—v/p3+8q
> hnl( \/2 \/2

This completes the proof. O

By using Table 1 and according to the Eqgs. (3.21), (3.22), (3.23), and (3.24), we get the following
theorem.

Theorem 3.20. For n € IN, the new generating functions of (Jp,q-nMn (x,Y)), (Jp,q-—nmn (x,Y)),
(p,q—nMn (x,4)), and (jp,q,—nmn (X,y)) are respectively given by

s qz +xz°
—nMn (x,y)z" = , 3.25
HZ_OIp,q, M oY) 2 = e By — 99y — x (2 1+ 4q)) 2 3pxu § 2x228 (3.25)
> n 3qyz + 2pxz? — 3xyz®
- ’ - , 3.26
nZ_Olp,q, nMn (X U)Z 2q2+3pqyz— (9QUZ*X(P2+4q))ZZ*3‘pxyZ3+2X224 ( )
- . —pqz + 6qyz* +pxz3
M (v y) 2" = , 3.27
TLZ_OJP,C], n n(X U)Z 2q2+3pqyz—(9qy2—X(p2+4q))22—3pxyz3 +2X224 ( )
> 89> +9 + (2x (p? +4q) — 18qy?) 2% — 3pxyz®
3 Jrqnin (x,y) 2" = 9% +9pqyz + (2x (p* +4q) — 18qy?) z° — 3pxyz (3.28)

-~ 2q2+3pqyz — (9qy? —x (p2 +4q)) 22 — 3pxyz> + 2x2z*’

3
I
o

Proof. We have

4 3
> TpanMn(xy)z" = e .
A 1—3pyz — (18qy? — 2x (p2 +4q)) 22 + 12pqxyz> + 16q2x2z*

n=0

Writing (2—7‘> instead of (z), we obtain

Tli;o]p,q,n]vln (x,y) <;qz) ’
() + 4o (58)
2

1=py (5%) — (18ay? ~2¢ (2 +40)) (55) + 1200y (55) -+ 1602 (55

Since
( 1)TL+1
Jp,q,—n = (2q)“ ]pqn
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Then, we get

o0 qz + xz°
M = .
Z_ Jp.a-nMn (v y)z 29 +3pqyz— (9qy? — x (p? +4q)) z% — 3pxyz3 + 2x?z*

So, the desired result is achieved. Applying the same method, the other equations can be proved. O

Corollary 3.21. Putting p = k and q = 1 in Egs. (3.21)-(3.28) we get the new generating functions of the
products of k-Jacobsthal and k-Jacobsthal Lucas numbers at positive and negative indices with bivariate Mersenne
and bivariate Mersenne Lucas polynomials. The calculation and results are listed as follows:

o
4 3
D JknMn(xy)zt = 2T ,
' 1—3kyz — (18y2 — 2x (k2 +4)) 22 + 12kxyz> + 16x2z*

n=0
= 3yz — 4kxz? — 12xyz?
n __
nZ_O Jenmin (% Y) 2 = 4 Rk (2 £4)) 2 + 12y 16x220
i . n_ kz + 12yz* — 4kxz>
Jien 1 —3kyz— (18y2 — 2x (k2 4 4)) 22 + 12kxyz3 + 16x224’
i i () 2" = 4—9kyz + (4x (K? +4) —36y?) 2% + 12kxyz>
e 1—3kyz — (18y2 — 2x (k? +4)) 22 + 12kxyz3 + 16x2z*’
Z J )zt = z+x2°
— kM - 24 3kyz— (9y2 —x (k2 +4)) 22 — 3kxyz> + 2x2z%’
i T () 2 3yz + 2kxz? — 3xyz®
£ Jlomniin Y = Bkyz— (992 —x (K2 +4)) 22 — Bkay2? + 2224
i M )2 — —kz + 6yz? + kxz?
Jk—m - 24 3kyz— (9y2 —x (k2 +4)) 22 — 3kxyz3 + 2x2z4’
Z e (o) 2 8+ 9kyz + (2x (k2 +4) — 18y?) 22 — Bkxyz®
- n

T2t 3kyz — (9y? — x (k2 +4)) 22 — Bkxyz3 + 2x2z*"

Putting k = 1 in Corollary 3.21, we obtain Table 6.

Table 6: New generating functions of the products of Jacobsthal and Jacobsthal Lucas numbers at positive and negative indices
with bivariate Mersenne and bivariate Mersenne Lucas polynomials.

Coefficient of z™ Generating function Coefficient of z™*  Generating function
z+4xz3 z+x2z3
JaMn (x, U) 1-3yz—(18y2—10x)z2+12xyz3+16x2z* J-nMn (X’y) 2+3yz—(9y2—5x)z2—3xyz3+2x2z4

3yz—4xz?—12xyz’

3yz+2xz>—3xyz?
1—3yz—(18y2—10x)z2+12xyz3+16x2z% J-nmn (X’y

) 2+3yz—(9y2—5x)z2—3xyz3+2x2z4
) —z46yz>+x2°

X, y)
z+12yz?—4x28
n (x,y) T 3yz—(18y2—10x) 22+ 12xy 23+ 16x227 Y
| 4-9yz+(20x—36y? )22 +12xy 2° . (
Y 1 3yz_ (18y2_10x) 22+ 2xy5+16x%28  J—nMn (XY

2+43yz—(9y2—5x)z2—3xyz3+2x2z*
8-+9yz+(10x—18y?)z?>—3xyz®
2+43yz—(9y?—5x)z2—3xyz3+2x2z*

4. Conclusion

In this paper, we studied the generalized (p, q)-numbers given in [13]. We gave some new results
of this generalized (p, q)-numbers, including the explicit formula and the negative extension of them.
Moreover, by using the symmetric functions we obtained the new generating functions for the products
of bivariate Mersenne and bivariate Mersenne Lucas polynomials with (p, q)-numbers at positive and
negative indices.
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