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Abstract

In this paper, we first give some new results and properties on the generalized (p,q)-numbers including explicit formula,
negative extension, etc. After that, by using the complete homogeneous symmetric functions we obtain the new generating
functions for the products of some bivariate polynomials with certain (p,q)-numbers at positive and negative indices.
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1. Introduction

Special integer sequences especially Mersenne sequence are encountered in different branches of sci-
ence. Also, the Mersenne Lucas sequence is one of the most famous and curious numerical sequence in
mathematics. The Mersenne sequence {Mn}n∈N (see [5]) is defined by:

Mn :=


0, if n = 0,
1, if n = 1,
3Mn−1 − 2Mn−2, if n > 2,

and the Mersenne Lucas sequence {mn}n∈N (see [16]) is defined by:

mn :=


2, if n = 0,
3, if n = 1,
3mn−1 − 2mn−2, if n > 2.

From the work [1], we know that the generalized Mersenne numbers called bivariate Mersenne poly-
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nomials which are defined as follows:

Mn (x,y) :=


0, if n = 0,
1, if n = 1,
3yMn−1 (x,y) − 2xMn−2 (x,y) , if n > 2,

(1.1)

and in [11], the authors introduced the generalized Mersenne Lucas numbers called bivariate Mersenne
Lucas polynomials which are defined as follows:

mn (x,y) :=


2, if n = 0,
3y, if n = 1,
3ymn−1 (x,y) − 2xmn−2 (x,y) , if n > 2.

(1.2)

From Eqs. (1.1) and (1.2) we thus have Table 1 for the bivariate Mersenne polynomials {Mn (x,y)}n∈N

and bivariate Mersenne Lucas polynomials {mn (x,y)}n∈N.

Table 1: The first few terms of bivariate Mersenne and bivariate Mersenne Lucas polynomials.
n Mn (x,y) mn (x,y)
0 0 2
1 1 3y
2 3y 9y2 − 4x
3 9y2 − 2x 27y3 − 18xy
4 27y3 − 12xy 81y4 − 72xy2 + 8x2

5 81y4 − 54xy2 + 4x2 243y5 − 270xy3 + 60x2y
...

...
...

In modern science, there are a huge interest in (p,q)-numbers and thier properties in [8, 10, 14,
18, 19]. There are many generalizations of these numbers, the generalized (p,q)-Fibonacci numbers
{fp,q,n(α,β,γ)}n∈N, generalized (p,q)-Pell numbers {lp,q,n(α,β,γ)}n∈N, and generalized (p,q)-Jacobsthal
numbers {Cp,q,n (α,β,γ)}n∈N [16] are one of them,

fp,q,0 = α, fp,q,1 = β+ γp, and fp,q,n = pfp,q,n−1 + qfp,q,n−2, (1.3)
lp,q,0 = α, lp,q,1 = β+ 2γp, and lp,q,n = 2plp,q,n−1 + qlp,q,n−2, (1.4)

and

Cp,q,0 = α, Cp,q,1 = β+ γp, and Cp,q,n = pCp,q,n−1 + 2qCp,q,n−2. (1.5)

Note that for the case α = γ = 0 and β = 1 the relationships (1.3), (1.4), and (1.5) are reduced
to the well-known recurrence relations for (p,q)-Fibonacci, (p,q)-Pell, and (p,q)-Jacobsthal numbers (see
[6, 19, 20]). And for the case α = 2, γ = 1, and β = 0 in (1.3), (1.4), and (1.5) we get the recurrence relations
for (p,q)-Lucas, (p,q)-Pell Lucas, and (p,q)-Jacobsthal Lucas numbers (see [6, 18, 20]). In addition, Saba
et al. in [13] defined the generalized (p,q)-numbers {Wp,q,n (a,b,α,β,γ)}n∈N or shortly {Wp,q,n}n∈N as
follows:

Wp,q,n = apWp,q,n−1 + bqWp,q,n−2, n > 2,

with Wp,q,0 = α, Wp,q,1 = βp+ γ, and {a,b,α,β,γ} ∈ C.
The members of this sequence can also be obtained different ways. It appears that this can be done

in either of two ways: the Binet’s formula or generating function. The Binet’s formula of generalized
(p,q)-numbers is given by:

Wp,q,n =
Axn1 −Bxn2
x1 − x2

, (1.6)
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with A = βp+ γ− αx2 and B = βp+ γ− αx1. As a second way, the generating function of generalized
(p,q)-numbers is given by: ∞∑

n=0

Wp,q,nz
n =

α+ (p (β−αa) + γ) z

1 − apz− bqz2 ,

with

Wp,q,n = αhn

(
ap+

√
a2p2 + 4bq

2
,
ap−

√
a2p2 + 4bq

2

)

+ (p (β−αa) + γ)hn−1

(
ap+

√
a2p2 + 4bq

2
,
ap−

√
a2p2 + 4bq

2

)
.

Remark 1.1. From which, specifying a,b,α,β, and γ, we get the generating functions of some (p,q)-
numbers given in the study [13] as follows.

• If we take a = b = γ = 1 and α = β = 0, then we get the generating function of (p,q)-Fibonacci
numbers as: ∞∑

n=0

Fp,q,nz
n =

z

1 − pz− qz2 ,

with Fp,q,n = hn−1

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
.

• If we take a = b = β = 1, α = 2, and γ = 0, then we get the generating function of (p,q)-Lucas
numbers as: ∞∑

n=0

Lp,q,nz
n =

2 − pz

1 − pz− qz2 ,

with Lp,q,n = 2hn

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
− phn−1

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
.

• If we take a = γ = 1, b = 2, and α = β = 0, then we get the generating function of (p,q)-Jacobsthal
numbers as: ∞∑

n=0

Jp,q,nz
n =

z

1 − pz− 2qz2 ,

with Jp,q,n = hn−1

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
.

• If we take a = β = 1, b = α = 2, and γ = 0, then we get the generating function of (p,q)-Jacobsthal
Lucas numbers as: ∞∑

n=0

jp,q,nz
n =

2 − pz

1 − pz− 2qz2 ,

with jp,q,n = 2hn

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
− phn−1

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
.

• If we take a = 2, b = γ = 1, and α = β = 0, then we get the generating function of (p,q)-Pell
numbers as: ∞∑

n=0

Pp,q,nz
n =

z

1 − 2pz− qz2 ,

with Pp,q,n = hn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
.
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• If we take a = α = β = 2, b = 1, and γ = 0, then we get the generating function of (p,q)-Pell

Lucas numbers as:
∞∑

n=0
Qp,q,nz

n = 2−2pz
1−2pz−qz2 , with Qp,q,n = 2hn

(
p+

√
p2 + q,p−

√
p2 + q

)
−

2phn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
.

Here we are going to recall some elementary facts on the symmetric functions and to state our main
results on this paper. For more details on the symmetric functions, we let the reader to the papers
[4, 7, 12, 15].

Definition 1.2 ([7]). Let k and n be two positive integers and {a1,a2, . . . ,an} are set of given variables the
kth elementary symmetric function ek (a1,a2, · · · ,an) is defined by:

e
(n)
k = ek (a1,a2, · · · ,an) =

∑
i1+i2+···+in=k

ai1
1 a

i2
2 · · ·a

in
n (0 6 k 6 n) ,

with i1, i2, . . . , in = 0 or 1.

Remark 1.3. Set e0 (a1,a2, · · · ,an) = 1, by usual convention. For k < 0 or k > n, we set ek (a1,a2, . . . ,an) =
0.

Example 1.4. The following lists the n elementary symmetric function for the first three positive values
of n.

For n = 1: e1 (a1) = a1.
For n = 2: e1 (a1,a2) = a1 + a2, e2 (a1,a2) = a1a2.
For n = 3: e1 (a1,a2,a3) = a1 + a2 + a3, e2 (a1,a2,a3) = a1a2 + a1a3 + a2a3, e3 (a1,a2,a3) = a1a2a3.

Proposition 1.5 ([16]). Given an alphabetA = {a1,a2, . . . ,an}, the elementary symmetric function is characterized
by the following identity of formal power series in z:

∞∑
k=0

ek(a1,a2, . . . ,an)zk =
∏
a∈A

(1 + az).

Definition 1.6 ([7]). For any natural numbers k and n, the complete homogeneous symmetric function of
degree k in n variables a1,a2, . . . ,an is defined by:

h
(n)
k = hk (a1,a2, . . . ,an) =

∑
i1+i2+···+in=k

ai1
1 a

i2
2 · · ·a

in
n , (k > 0) ,

with i1, i2, . . . , in > 0.

Remark 1.7. Set h0 (a1,a2, . . . ,an) = 1, by usual convention. For k < 0, we set hk (a1,a2, . . . ,an) = 0.

Definition 1.8 ([9]). Let k be positive integer and A = {a1,a2} an alphabet. Then, the kth complete
homogeneous symmetric function hk (a1,a2) is defined by:

h
(2)
k = hk(a1,a2) =

ak+1
1 − ak+1

2
a1 − a2

, (k ∈N0 := N∪ {0} = {0, 1, 2, 3, . . .}) ,

with

h0(a1,a2) = 1, h1(a1,a2) = a1 + a2, h2(a1,a2) = a
2
1 + a1a2 + a

2
2, . . . .

Proposition 1.9 ([16]). Given an alphabet A = {a1,a2, . . . ,an} , the complete homogeneous symmetric function is
characterized by the following identity of formal power series in z:

∞∑
k=0

hk(a1,a2, . . . ,an)zk =
1∏

a∈A
(1 − az)

.
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There is a fundamental relation between the elementary symmetric functions and the complete homo-
geneous ones:

k∑
j=0

(−1)jej(a1,a2, . . . ,an)hk−j(a1,a2, . . . ,an) = 0,

which is valid for all k > 0.
The following theorem is one of key tools of the proof of our main result. It has been proved in [14].

Theorem 1.10. Let A and B be two alphabets, respectively, {a1,a2, . . . ,ak} and {b1,b2}, then we have

∞∑
n=0

hn (a1,a2, . . . ,ak)hn+1−l (b1,b2) z
n

=
h1−l(b1,b2) − e1 (a1,a2, . . . ,ak)b1b2h−l(b1,b2)z( ∞∑

n=0
(−1)n en (a1,a2, . . . ,ak)bn1 z

n

)( ∞∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn2 zn
)

−

b2−l
1 b2−l

2 z3−l
∞∑

n=0
(−1)n−l+3 en−l+3 (a1,a2, . . . ,ak)hn(b1,b2)z

n( ∞∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn1 z
n

)( ∞∑
n=0

(−1)n en (a1,a2, . . . ,ak)bn2 zn
) ,

for all n ∈N0 and l ∈ {0, 1, 2} .

2. Main results of generalized (p,q)-numbers

In this section, we introduce the negative extension, generating function at negative indice and explicit
formula of generalized (p,q)-numbers and we give some special cases of them.

2.1. The negative extension of generalized (p,q)-numbers

Now, we present the negative extension of the generalized (p,q)-numbers.

Theorem 2.1. Let n be any positive integer. Then we have:

Wp,q,−n =
(−1)n

(bq)n

(
Axn2 −Bxn1
x1 − x2

)
, (2.1)

with A = βp+ γ−αx2 and B = βp+ γ−αx1.

Proof. Replacing (n) by (−n) in the Binet’s formula (1.6), we can write:

Wp,q,−n =
Ax−n

1 −Bx−n
2

x1 − x2
=

A
xn

1
− B

xn
2

x1 − x2
=

Axn2 −Bxn1
(x1x2)

n (x1 − x2)
=

(−1)n

(bq)n

(
Axn2 −Bxn1
x1 − x2

)
.

Thus, this completes the proof.

The special cases of Eq. (2.1) are listed in the Table 2.

Remark 2.2. If we put p = k and q = 1 in Fp,q,−n, Lp,q,−n, Jp,q,−n and jp,q,−n in Table 2, we get the
negative extension of k-Fibonacci, k-Lucas, k-Jacobsthal, and k-Jacobsthal Lucas numbers as follows:

Fk,−n = (−1)n+1 Fk,n, Lk,−n = (−1)n Lk,n, Jk,−n =
(−1)n+1

2n
Jk,n, jk,−n =

(−1)n

2n
jk,n.
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Table 2: The (p,q)-numbers at negative indices.
a b α β γ Wp,q,−n

1 1 0 0 1 Fp,q,−n =
(−1)n+1

qn Fp,q,n

1 1 2 1 0 Lp,q,−n =
(−1)n

qn Lp,q,n

1 2 0 0 1 Jp,q,−n =
(−1)n+1

(2q)n Jp,q,n

1 2 2 1 0 jp,q,−n =
(−1)n

(2q)n jp,q,n

2 1 0 0 1 Pp,q,−n =
(−1)n+1

qn Pp,q,n

2 1 2 2 0 Qp,q,−n =
(−1)n

qn Qp,q,n

Remark 2.3. If we take p = 1 and q = k in Pp,q,−n and Qp,q,−n in Table 2, we get the negative extension
of k-Pell and k-Pell Lucas numbers as follows:

Pk,−n =
(−1)n+1

kn
Pk,n, Qk,−n =

(−1)n

kn
Qk,n.

Remark 2.4. If we put p = q = 1 in Table 2, we get the negative extension of Fibonacci, Lucas, Jacob-
sthal, Jacobsthal Lucas, Pell and Pell Lucas numbers as F−n = (−1)n+1 Fn, L−n = (−1)n Ln, J−n =
(−1)n+1

2n Jn, j−n =
(−1)n

2n jn, P−n = (−1)n+1 Pn, and Q−n = (−1)nQn.

2.2. The generating functions of (p,q)-numbers at negative indices

Now, we give the generating functions of the generalized (p,q)-numbers at negative indices.

Theorem 2.5. For n ∈N, the new generating functions of (p,q)-Fibonacci, (p,q)-Lucas, (p,q)-Jacobsthal, (p,q)-
Jacobsthal Lucas (p,q)-Pell, and (p,q)-Pell Lucas numbers at negative indices are respectively given by:

1)
∞∑

n=0

Fp,q,−nz
n =

z

q+ pz− z2 , 2)
∞∑

n=0

Lp,q,−nz
n =

2q+ pz
q+ pz− z2 ,

3)
∞∑

n=0

Jp,q,−nz
n =

z

2q+ pz− z2 , 4)
∞∑

n=0

jp,q,−nz
n =

4q+ pz
2q+ pz− z2 ,

5)
∞∑

n=0

Pp,q,−nz
n =

z

q+ 2pz− z2 , 6)
∞∑

n=0

Qp,q,−nz
n =

2q+ 2pz
q+ 2pz− z2 .

Proof. By [13], we have: ∞∑
n=0

Fp,q,nz
n =

z

1 − pz− qz2 .

Using Table 2, we get:

∞∑
n=0

Fp,q,−nz
n =

∞∑
n=0

(−1)n+1

qn
Fp,q,nz

n

= −

∞∑
n=0

Fp,q,n

(
−z

q

)n

= −


(
−z
q

)
1 − p

(
−z
q

)
− q

(
−z
q

)2

 =
z

q+ pz− z2 ,

which is the first equation. Other equations can be proved similarly.
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Remark 2.6. If we put p = k and q = 1 in 1, 2, 3, and 4 in Theorem 2.5, we get the generating functions of
k-Fibonacci, k-Lucas, k-Jacobsthal, and k-Jacobsthal Lucas numbers at negative indices as follows:

∞∑
n=0

Fk,−nz
n =

z

1 + kz− z2 ,
∞∑

n=0

Lk,−nz
n =

2 + kz

1 + kz− z2 ,

∞∑
n=0

Jk,−nz
n =

z

2 + kz− z2 ,
∞∑

n=0

jk,−nz
n =

4 + kz

2 + kz− z2 .

Remark 2.7. If we take p = 1 and q = k in 5 and 6 in Theorem 2.5, we get the generating functions of
k-Pell and k-Pell Lucas numbers at negative indices as

∞∑
n=0

Pk,−nz
n =

z

k+ 2z− z2 and
∞∑

n=0

Qk,−nz
n =

2k+ 2z
k+ 2z− z2 .

Remark 2.8. If we put p = q = 1 in Theorem 2.5, we get the generating functions of Fibonacci, Lucas,
Jacobsthal, Jacobsthal Lucas Pell, and Pell Lucas numbers at negative indices as

∞∑
n=0

F−nz
n =

z

1 + z− z2 ,
∞∑

n=0

L−nz
n =

2 + z

1 + z− z2 ,
∞∑

n=0

J−nz
n =

z

2 + z− z2 ,

∞∑
n=0

j−nz
n =

4 + z

2 + z− z2 ,
∞∑

n=0

P−nz
n =

z

1 + 2z− z2 ,
∞∑

n=0

Q−nz
n =

2 + 2z
1 + 2z− z2 .

2.3. Explicit formula of generalized (p,q)-numbers
Now, we will give the explicit formula of the generalized (p,q)-numbers. We start by the following

theorem.

Theorem 2.9. The complete homogeneous symmetric function hn (a1,a2) can be written explicitly as follows:

hn (a1,a2) =

bn2 c∑
j=0

(−1)j
(
n− j
j

)
(a1 + a2)

n−2j (a1a2)
j . (2.2)

Proof. By [4], we have:

g(z) =

∞∑
n=0

hn (a1,a2) z
n =

1
1 − (a1 + a2) z+ a1a2z2 .

Then, we get:

∞∑
n=0

hn (a1,a2) z
n =

1
1 − ((a1 + a2) z− a1a2z2)

=

∞∑
n=0

((a1 + a2) z− a1a2z
2)n

=

∞∑
n=0

n∑
j=0

(−1)j
(
n

j

)
((a1 + a2) z)

n−j
(
a1a2z

2)j
=

∞∑
n=0

n∑
j=0

(−1)j
(
n

j

)
(a1 + a2)

n−j (a1a2)
j zn+j.
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Writing (n) instead of (n+ j), we obtain:

∞∑
n=0

hn (a1,a2) z
n =

∞∑
n=0

bn2 c∑
j=0

(−1)j
(
n− j
j

)
(a1 + a2)

n−2j (a1a2)
j

 zn.

Comparing of the coefficients of zn, we obtain the desired result.

From the Eq. (2.2), we get:

hn−1 (a1,a2) =

bn−1
2 c∑

j=0

(−1)j
(
n− j− 1

j

)
(a1 + a2)

n−2j−1 (a1a2)
j . (2.3)

Now, by using Eqs. (2.2) and (2.3) we give the following lemma.

Lemma 2.10. For n > 1, we have

bn2 c∑
j=0

(−1)j
n

n− j

(
n− j
j

)
(a1 + a2)

n−2j (a1a2)
j

= 2
bn2 c∑
j=0

(−1)j
(
n− j
j

)
(a1 + a2)

n−2j (a1a2)
j

−

bn−1
2 c∑

j=0

(−1)j
(
n− j− 1

j

)
(a1 + a2)

n−2j (a1a2)
j .

And we have the following theorem.

Theorem 2.11. The explicit formula of the generalized (p,q)-numbers is given by:

Wp,q,n = α

bn2 c∑
j=0

(
n− j
j

)
(ap)n−2j (bq)j + (p (β− aα) + γ)

bn−1
2 c∑

j=0

(
n− j− 1

j

)
(ap)n−2j−1 (bq)j . (2.4)

Proof. Setting

 a1 =
ap+
√

a2p2+4bq
2 ,

a2 =
ap−
√

a2p2+4bq
2 ,

in Eqs. (2.2) and (2.3), we get

hn

(
ap+

√
a2p2 + 4bq

2
,
ap−

√
a2p2 + 4bq

2

)
=

bn2 c∑
j=0

(
n− j
j

)
(ap)n−2j (bq)j , (2.5)

hn−1

(
ap+

√
a2p2 + 4bq

2
,
ap−

√
a2p2 + 4bq

2

)
=

bn−1
2 c∑

j=0

(
n− j− 1

j

)
(ap)n−2j−1 (bq)j . (2.6)

On the other hand, we have:

Wp,q,n = αhn

(
ap+

√
a2p2 + 4bq

2
,
ap−

√
a2p2 + 4bq

2

)

+ (p (β− aα) + γ)hn−1

(
ap+

√
a2p2 + 4bq

2
,
ap−

√
a2p2 + 4bq

2

)
.
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Multiplying the equation (2.5) by (α) and adding it to the equation obtained by (2.6) multiplying by
(p (β− aα) + γ), then we get

Wp,q,n = α

bn2 c∑
j=0

(
n− j
j

)
(ap)n−2j (bq)j + (p (β− aα) + γ)

bn−1
2 c∑

j=0

(
n− j− 1

j

)
(ap)n−2j−1 (bq)j .

Thus, this completes the proof.

The special cases of Eq. (2.4) are listed in Table 3.

Table 3: The explicit formulas of some (p,q)-numbers.
a b α β γ Explicit formula

1 1 0 0 1 Fp,q,n =
bn−1

2 c∑
j=0

(
n− j− 1

j

)
pn−2j−1qj

1 1 2 1 0 Lp,q,n =
bn2 c∑
j=0

n
n−j

(
n− j
j

)
pn−2jqj

1 2 0 0 1 Jp,q,n =
bn−1

2 c∑
j=0

(
n− j− 1

j

)
pn−2j−1 (2q)j

1 2 2 1 0 jp,q,n =
bn2 c∑
j=0

n
n−j

(
n− j
j

)
pn−2j (2q)j

2 1 0 0 1 Pp,q,n =
bn−1

2 c∑
j=0

(
n− j− 1

j

)
(2p)n−2j−1 qj

2 1 2 2 0 Qp,q,n =
bn2 c∑
j=0

n
n−j

(
n− j
j

)
(2p)n−2j qj

Remark 2.12. If we put p = k and q = 1 in Fp,q,n, Lp,q,n, Jp,q,n and jp,q,n in Table 3, we get the explicit
formula of k-Fibonacci, k-Lucas, k-Jacobsthal, and k-Jacobsthal Lucas numbers as follows:

Fk,n =

bn−1
2 c∑

j=0

(
n− j− 1

j

)
kn−2j−1, Lk,n =

bn2 c∑
j=0

n

n− j

(
n− j
j

)
kn−2j,

Jk,n =

bn−1
2 c∑

j=0

(
n− j− 1

j

)
kn−2j−12j, jk,n =

bn2 c∑
j=0

n

n− j

(
n− j
j

)
kn−2j2j.

Remark 2.13. If we take p = 1 and q = k in Pp,q,n and Qp,q,n in Table 3, we get the negative extension of
k-Pell and k-Pell Lucas numbers as follows:

Pk,n =

bn−1
2 c∑

j=0

(
n− j− 1

j

)
2n−2j−1kj, Qk,n =

bn2 c∑
j=0

n

n− j

(
n− j
j

)
2n−2jkj.

Remark 2.14. If we put p = q = 1 in Table 3, we get the explicit formula of Fibonacci, Lucas, Jacobsthal
Jacobsthal Lucas, Pell, and Pell Lucas numbers as follows:

Fn =

bn−1
2 c∑

j=0

(
n− j− 1

j

)
, Ln =

bn2 c∑
j=0

n

n− j

(
n− j
j

)
, Jn =

bn−1
2 c∑

j=0

(
n− j− 1

j

)
2j,
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jn =

bn2 c∑
j=0

n

n− j

(
n− j
j

)
2j, Pn =

bn−1
2 c∑

j=0

(
n− j− 1

j

)
2n−2j−1, Qn =

bn2 c∑
j=0

n

n− j

(
n− j
j

)
2n−2j.

3. Ordinary generating functions of binary products of bivariate Mersenne and bivariate Mersenne
Lucas polynomials with some (p,q)-numbers

In this part, we are now in a position to provide theorems. Also we derive the new generating functions
for the products of (p,q)-Fibonacci numbers, (p,q)-Lucas numbers, (p,q)-Pell numbers, (p,q)-Pell Lucas
numbers, (p,q)-Jacobsthal numbers, and (p,q)-Jacobsthal Lucas numbers with bivariate Mersenne and
bivariate Mersenne Lucas polynomials.

We consider A = {a1,a2} , B = {b1,b1}, and l ∈ {0, 1, 2} in Theorem 1.10, we deduce the following
lemmas.

Lemma 3.1. Given two alphabets A = {a1,a2} and B = {b1,b2} , then we have:

∞∑
n=0

hn(a1,a2)hn+1(b1,b2)z
n =

(b1 + b2)z
2 − b1b2(a1 + a2)z

3

(1 − a1b1z)(1 − a2b1z)(1 − a1b2z)(1 − a2b2z)
.

The previous lemma gives the following result as particular example:

∞∑
n=0

hn−1(a1,a2)hn(b1,b2)z
n =

(b1 + b2)z− b1b2(a1 + a2)z
2

(1 − a1b1z)(1 − a2b1z)(1 − a1b2z)(1 − a2b2z)
. (3.1)

Lemma 3.2. Given two alphabets A = {a1,a2} and B = {b1,b2} , then we have:

∞∑
n=0

hn(a1,a2)hn(b1,b2)z
n =

1 − a1a2b1b2z
2

(1 − a1b1z)(1 − a2b1z)(1 − a1b2z)(1 − a2b2z)
. (3.2)

Note that, based on relationship (3.2), we get:

∞∑
n=0

hn−1(a1,a2)hn−1(b1,b2)z
n =

z− a1a2b1b2z
3

(1 − a1b1z)(1 − a2b1z)(1 − a1b2z)(1 − a2b2z)
. (3.3)

Lemma 3.3. Given two alphabets A = {a1,a2} and B = {b1,b2} , then we have:

∞∑
n=0

hn(a1,a2)hn−1(b1,b2)z
n =

(a1 + a2)z− a1a2(b1 + b2)z
2

(1 − a1b1z)(1 − a2b1z)(1 − a1b2z)(1 − a2b2z)
. (3.4)

3.1. Generating functions of the products of (p,q)-Fibonacci and (p,q)-Lucas numbers with bivariate Mersenne
and bivariate Mersenne Lucas polynomials

Now, we give the new generating functions for the products of bivariate Mersenne and bivariate
Mersenne Lucas polynomials with (p,q)-Fibonacci and (p,q)-Lucas numbers, k-Fibonacci and k-Lucas
numbers, Fibonacci and Lucas numbers at positive and negative indices.

The substitutions of

 a1 =
p+
√

p2+4q
2

a2 =
p−
√

p2+4q
2

and

 b1 =
3y+
√

9y2−8x
2

b2 =
3y−
√

9y2−8x
2

in Eqs. (3.1), (3.2), (3.3), and (3.4),

gives

∞∑
n=0

 hn−1

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
×hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn =

N1

D1
,
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∞∑
n=0

 hn

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
×hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn =

L1

D1
,

∞∑
n=0

 hn−1

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn =

K1

D1
,

∞∑
n=0

 hn

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn =

R1

D1
,

with

D1 = 1 − 3pyz−
(
9qy2 − 2x

(
p2 + 2q

))
z2 + 6pqxyz3 + 4q2x2z4,

L1 = 1 + 2qxz2, K1 = z+ 2qxz3, N1 = 3yz− 2pxz2, R1 = pz+ 3qyz2,

and we deduce the following proposition and theorems.

Proposition 3.4. For n ∈ N, the new generating function of the product of (p,q)-Fibonacci numbers with
bivariate Mersenne polynomials is given by:

∞∑
n=0

Fp,q,nMn (x,y) zn =
K1

D1
=

z+ 2qxz3

1 − 3pyz− (9qy2 − 2x (p2 + 2q)) z2 + 6pqxyz3 + 4q2x2z4 , (3.5)

with Fp,q,nMn (x,y) = hn−1

(
p+
√

p2+q

2 , p−
√

p2+q

2

)
hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
.

Theorem 3.5. For n ∈ N, the new generating function of the product of (p,q)-Fibonacci numbers with bivariate
Mersenne Lucas polynomials is given by:

∞∑
n=0

Fp,q,nmn (x,y) zn =
3yz− 4pxz2 − 6qxyz3

1 − 3pyz− (9qy2 − 2x (p2 + 2q)) z2 + 6pqxyz3 + 4q2x2z4 . (3.6)

Proof. We have

∞∑
n=0

Fp,q,nmn (x,y) zn =

∞∑
n=0


hn−1

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)

×

 2hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
−3yhn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)


 z
n

= 2
∞∑

n=0

 hn−1

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
×hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn

− 3y
∞∑

n=0

 hn−1

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn
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=
2N1 − 3yK1

D1

=
2
(
3yz− 2pxz2

)
− 3y

(
z+ 2qxz3

)
1 − 3pyz− (9qy2 − 2x (p2 + 2q)) z2 + 6pqxyz3 + 4q2x2z4

=
3yz− 4pxz2 − 6qxyz3

1 − 3pyz− (9qy2 − 2x (p2 + 2q)) z2 + 6pqxyz3 + 4q2x2z4 .

This completes the proof.

Theorem 3.6. For n ∈ N, the new generating function of the product of (p,q)-Lucas numbers with bivariate
Mersenne polynomials is given by:

∞∑
n=0

Lp,q,nMn (x,y) zn =
pz+ 6qyz2 − 2pqxz3

1 − 3pyz− (9qy2 − 2x (p2 + 2q)) z2 + 6pqxyz3 + 4q2x2z4 . (3.7)

Proof. We have

∞∑
n=0

Lp,q,nMn (x,y) zn =

∞∑
n=0



 2hn

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
−phn−1

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)


×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)

 z
n

= 2
∞∑

n=0

 hn

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn

− p

∞∑
n=0

 hn−1

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn

=
2R1 − pK1

D1

=
2
(
pz+ 3qyz2

)
− p

(
z+ 2qxz3

)
1 − 3pyz− (9qy2 − 2x (p2 + 2q)) z2 + 6pqxyz3 + 4q2x2z4

=
pz+ 6qyz2 − 2pqxz3

1 − 3pyz− (9qy2 − 2x (p2 + 2q)) z2 + 6pqxyz3 + 4q2x2z4 .

This completes the proof.

Theorem 3.7. For n ∈ N, the new generating function of the product of (p,q)-Lucas numbers with bivariate
Mersenne Lucas polynomials is given by:

∞∑
n=0

Lp,q,nmn (x,y) zn =
4 − 9pyz+

(
4x
(
p2 + 2q

)
− 18qy2

)
z2 + 6pqxyz3

1 − 3pyz− (9qy2 − 2x (p2 + 2q)) z2 + 6pqxyz3 + 4q2x2z4 . (3.8)
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Proof. We have

∞∑
n=0

Lp,q,nmn (x,y) zn =

∞∑
n=0



 2hn

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
−phn−1

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)


×

 2hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
−3yhn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)



zn

= 4
∞∑

n=0

 hn

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
×hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn

− 6y
∞∑

n=0

 hn

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn

− 2p
∞∑

n=0

 hn−1

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
×hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn

+ 3py
∞∑

n=0

 hn−1

(
p+
√

p2+4q
2 , p−

√
p2+4q
2

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn

=
4L1 − 6yR1 − 2pN1 + 3pyK1

D1

=
4
(
1 + 2qxz2

)
− 6y

(
pz+ 3qyz2

)
− 2p

(
3yz− 2pxz2

)
+ 3py

(
z+ 2qxz3

)
1 − 3pyz− (9qy2 − 2x (p2 + 2q)) z2 + 6pqxyz3 + 4q2x2z4

=
4 − 9pyz+

(
4x
(
p2 + 2q

)
− 18qy2

)
z2 + 6pqxyz3

1 − 3pyz− (9qy2 − 2x (p2 + 2q)) z2 + 6pqxyz3 + 4q2x2z4 .

This completes the proof.

By using Table 2 and according to the Eqs. (3.5), (3.6), (3.7), and (3.8), we get the following theorem.

Theorem 3.8. For n ∈ N, the new generating functions of (Fp,q,−nMn (x,y)) , (Fp,q,−nmn (x,y)) ,
(Lp,q,−nMn (x,y)), and (Lp,q,−nmn (x,y)) are respectively given by

∞∑
n=0

Fp,q,−nMn (x,y) zn =
qz+ 2xz3

q2 + 3pqyz− (9qy2 − 2x (p2 + 2q)) z2 − 6pxyz3 + 4x2z4 , (3.9)

∞∑
n=0

Fp,q,−nmn (x,y) zn =
3qyz+ 4pxz2 − 6xyz3

q2 + 3pqyz− (9qy2 − 2x (p2 + 2q)) z2 − 6pxyz3 + 4x2z4 , (3.10)

∞∑
n=0

Lp,q,−nMn (x,y) zn =
−pqz+ 6qyz2 + 2pxz3

q2 + 3pqyz− (9qy2 − 2x (p2 + 2q)) z2 − 6pxyz3 + 4x2z4 , (3.11)

∞∑
n=0

Lp,q,−nmn (x,y) zn =
4q2 + 9pqyz+

(
4x
(
p2 + 2q

)
− 18qy2

)
z2 − 6pxyz3

q2 + 3pqyz− (9qy2 − 2x (p2 + 2q)) z2 − 6pxyz3 + 4x2z4 . (3.12)
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Proof. We have:

∞∑
n=0

Fp,q,nMn (x,y) zn =
z+ 2qxz3

1 − 3pyz− (9qy2 − 2x (p2 + 2q)) z2 + 6pqxyz3 + 4q2x2z4 .

Writing
(
−z
q

)
instead of (z), we obtain:

∞∑
n=0

Fp,q,nMn (x,y)
(
−z

q

)n

=

(
−z
q

)
+ 2qx

(
−z
q

)3

1 − 3py
(
−z
q

)
− (9qy2 − 2x (p2 + 2q))

(
−z
q

)2
+ 6pqxy

(
−z
q

)3
+ 4q2x2

(
−z
q

)4 .

Since

Fp,q,−n =
(−1)n+1

qn
Fp,q,n.

Then, we get

∞∑
n=0

Fp,q,−nMn (x,y) zn =
qz+ 2xz3

q2 + 3pqyz− (9qy2 − 2x (p2 + 2q)) z2 − 6pxyz3 + 4x2z4 .

So, the desired result is achieved. Applying the same method, the other equations can be proved.

Corollary 3.9. Putting p = k and q = 1 in Eqs. (3.5)-(3.12) we get the new generating functions of the products of
k-Fibonacci and k-Lucas numbers at positive and negative indices with bivariate Mersenne and bivariate Mersenne
Lucas polynomials. The calculation and results are listed as follows:

∞∑
n=0

Fk,nMn (x,y) zn =
z+ 2xz3

1 − 3kyz− (9y2 − 2x (k2 + 2)) z2 + 6kxyz3 + 4x2z4 ,

∞∑
n=0

Fk,nmn (x,y) zn =
3yz− 4kxz2 − 6xyz3

1 − 3kyz− (9y2 − 2x (k2 + 2)) z2 + 6kxyz3 + 4x2z4 ,

∞∑
n=0

Lk,nMn (x,y) zn =
kz+ 6yz2 − 2kxz3

1 − 3kyz− (9y2 − 2x (k2 + 2)) z2 + 6kxyz3 + 4x2z4 ,

∞∑
n=0

Lk,nmn (x,y) zn =
4 − 9kyz+

(
4x
(
k2 + 2

)
− 18y2

)
z2 + 6kxyz3

1 − 3kyz− (9y2 − 2x (k2 + 2)) z2 + 6kxyz3 + 4x2z4 ,

∞∑
n=0

Fk,−nMn (x,y) zn =
z+ 2xz3

1 + 3kyz− (9y2 − 2x (k2 + 2)) z2 − 6kxyz3 + 4x2z4 ,

∞∑
n=0

Fk,−nmn (x,y) zn =
3yz+ 4kxz2 − 6xyz3

1 + 3kyz− (9y2 − 2x (k2 + 2)) z2 − 6kxyz3 + 4x2z4 ,

∞∑
n=0

Lk,−nMn (x,y) zn =
−kz+ 6yz2 + 2kxz3

1 + 3kyz− (9y2 − 2x (k2 + 2)) z2 − 6kxyz3 + 4x2z4 ,

∞∑
n=0

Lk,−nmn (x,y) zn =
4 + 9kyz+

(
4x
(
k2 + 2

)
− 18y2

)
z2 − 6kxyz3

1 + 3kyz− (9y2 − 2x (k2 + 2)) z2 − 6kxyz3 + 4x2z4 .

Putting k = 1 in Corollary 3.9, we obtain Table 4.
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Table 4: New generating functions of the products of Fibonacci and Lucas numbers at positive and negative indices with bivariate
Mersenne and bivariate Mersenne Lucas polynomials.

Coefficient of zn Generating function Coefficient of zn Generating function
FnMn (x,y) z+2xz3

1−3yz−(9y2−6x)z2+6xyz3+4x2z4 F−nMn (x,y) z+2xz3

1+3yz−(9y2−6x)z2−6xyz3+4x2z4

Fnmn (x,y) 3yz−4xz2−6xyz3

1−3yz−(9y2−6x)z2+6xyz3+4x2z4 F−nmn (x,y) 3yz+4xz2−6xyz3

1+3yz−(9y2−6x)z2−6xyz3+4x2z4

LnMn (x,y) z+6yz2−2xz3

1−3yz−(9y2−6x)z2+6xyz3+4x2z4 L−nMn (x,y) −z+6yz2+2xz3

1+3yz−(9y2−6x)z2−6xyz3+4x2z4

Lnmn (x,y)
4−9yz+(12x−18y2)z2+6xyz3

1−3yz−(9y2−6x)z2+6xyz3+4x2z4 L−nmn (x,y)
4+9yz+(12x−18y2)z2−6xyz3

1+3yz−(9y2−6x)z2−6xyz3+4x2z4

3.2. Generating functions of the products of (p,q)-Pell and (p,q)-Pell Lucas numbers with bivariate Mersenne
and bivariate Mersenne Lucas polynomials

Now, we calcule the new generating functions for the products of bivariate Mersenne and bivari-
ate Mersenne Lucas polynomials with (p,q)-Pell and (p,q)-Pell Lucas numbers, k-Pell and k-Pell Lucas
numbers, Pell and Pell Lucas numbers at positive and negative indices.

The substitutions of

{
a1 = p+

√
p2 + q

a2 = p−
√
p2 + q

and

 b1 =
3y+
√

9y2−8x
2

b2 =
3y−
√

9y2−8x
2

in Eqs. (3.1), (3.2), (3.3), and (3.4),

we get

∞∑
n=0

 hn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
×hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)  zn =
N2

D2
,

∞∑
n=0

 hn

(
p+

√
p2 + q,p−

√
p2 + q

)
×hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)  zn =
L2

D2
,

∞∑
n=0

 hn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)  zn =
K2

D2
,

∞∑
n=0

 hn

(
p+

√
p2 + q,p−

√
p2 + q

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)  zn =
R2

D2
,

with

D2 = 1 − 6pyz−
(
9qy2 − 4x

(
2p2 + q

))
z2 + 12pqxyz3 + 4q2x2z4,

L2 = 1 + 2qxz2, K2 = z+ 2qxz3, N2 = 3yz− 4pxz2, R2 = 2pz+ 3qyz2,

and we deduce the following proposition and theorems.

Proposition 3.10. For n ∈ N, the new generating function of the product of (p,q)-Pell numbers with bivariate
Mersenne polynomials is given by:

∞∑
n=0

Pp,q,nMn (x,y) zn =
K2

D2
=

z+ 2qxz3

1 − 6pyz− (9qy2 − 4x (2p2 + q)) z2 + 12pqxyz3 + 4q2x2z4 , (3.13)

with Pp,q,nMn (x,y) = hn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
.
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Theorem 3.11. For n ∈ N, the new generating function of the product of (p,q)-Pell numbers with bivariate
Mersenne Lucas polynomials is given by:

∞∑
n=0

Pp,q,nmn (x,y) zn =
3yz− 8pxz2 − 6qxyz3

1 − 6pyz− (9qy2 − 4x (2p2 + q)) z2 + 12pqxyz3 + 4q2x2z4 . (3.14)

Proof. We have

∞∑
n=0

Pp,q,nmn (x,y) zn =

∞∑
n=0


hn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
×

 2hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
−3yhn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)


 zn

= 2
∞∑

n=0

 hn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
×hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)  zn

− 3y
∞∑

n=0

 hn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)  zn
=

2N2 − 3yK2

D2

=
2
(
3yz− 4pxz2

)
− 3y

(
z+ 2qxz3

)
1 − 6pyz− (9qy2 − 4x (2p2 + q)) z2 + 12pqxyz3 + 4q2x2z4

=
3yz− 8pxz2 − 6qxyz3

1 − 6pyz− (9qy2 − 4x (2p2 + q)) z2 + 12pqxyz3 + 4q2x2z4 .

This completes the proof.

Theorem 3.12. For n ∈N, the new generating function of the product of (p,q)-Pell Lucas numbers with bivariate
Mersenne polynomials is given by:

∞∑
n=0

Qp,q,nMn (x,y) zn =
2pz+ 6qyz2 − 4pqxz3

1 − 6pyz− (9qy2 − 4x (2p2 + q)) z2 + 12pqxyz3 + 4q2x2z4 . (3.15)

Proof. We have

∞∑
n=0

Qp,q,nMn (x,y) zn =

∞∑
n=0


 2hn

(
p+

√
p2 + q,p−

√
p2 + q

)
−2phn−1

(
p+

√
p2 + q,p−

√
p2 + q

) 
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn

= 2
∞∑

n=0

 hn

(
p+

√
p2 + q,p−

√
p2 + q

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)  zn

− 2p
∞∑

n=0

 hn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)  zn
=

2R2 − 2pK2

D2
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=
2
(
2pz+ 3qyz2

)
− 2p

(
z+ 2qxz3

)
1 − 6pyz− (9qy2 − 4x (2p2 + q)) z2 + 12pqxyz3 + 4q2x2z4

=
2pz+ 6qyz2 − 4pqxz3

1 − 6pyz− (9qy2 − 4x (2p2 + q)) z2 + 12pqxyz3 + 4q2x2z4 .

This completes the proof.

Theorem 3.13. For n ∈N, the new generating function of the product of (p,q)-Pell Lucas numbers with bivariate
Mersenne Lucas polynomials is given by:∞∑

n=0

Qp,q,nmn (x,y) zn =
4 − 18pyz+

(
8x
(
2p2 + q

)
− 18qy2

)
z2 + 12pqxyz3

1 − 6pyz− (9qy2 − 4x (2p2 + q)) z2 + 12pqxyz3 + 4q2x2z4 . (3.16)

Proof. We have

∞∑
n=0

Qp,q,nmn (x,y) zn =

∞∑
n=0



 2hn
(
p+

√
p2 + q,p−

√
p2 + q

)
−2phn−1

(
p+

√
p2 + q,p−

√
p2 + q

) 
×

 2hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
−3yhn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)



zn

= 4
∞∑

n=0

 hn

(
p+

√
p2 + q,p−

√
p2 + q

)
×hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)  zn

− 6y
∞∑

n=0

 hn

(
p+

√
p2 + q,p−

√
p2 + q

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)  zn

− 4p
∞∑

n=0

 hn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
×hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)  zn

+ 6py
∞∑

n=0

 hn−1

(
p+

√
p2 + q,p−

√
p2 + q

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)  zn
=

4L2 − 6yR2 − 4pN2 + 6pyK2

D2

=
4
(
1 + 2qxz2

)
− 6y

(
2pz+ 3qyz2

)
− 4p

(
3yz− 4pxz2

)
+ 6py

(
z+ 2qxz3

)
1 − 6pyz− (9qy2 − 4x (2p2 + q)) z2 + 12pqxyz3 + 4q2x2z4

=
4 − 18pyz+

(
8x
(
2p2 + q

)
− 18qy2

)
z2 + 12pqxyz3

1 − 6pyz− (9qy2 − 4x (2p2 + q)) z2 + 12pqxyz3 + 4q2x2z4 .

This completes the proof.

By using Table 2 and according to the Eqs. (3.13), (3.14), (3.15), and (3.16), we get the following
theorem.

Theorem 3.14. For n ∈ N, the new generating functions of (Pp,q,−nMn (x,y)) , (Pp,q,−nmn (x,y)) ,
(Qp,q,−nMn (x,y)), and (Qp,q,−nmn (x,y)) are respectively given by

∞∑
n=0

Pp,q,−nMn (x,y) zn =
qz+ 2xz3

q2 + 6pqyz− (9qy2 − 4x (2p2 + q)) z2 − 12pxyz3 + 4x2z4 , (3.17)
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∞∑
n=0

Pp,q,−nmn (x,y) zn =
3qyz+ 8pxz2 − 6xyz3

q2 + 6pqyz− (9qy2 − 4x (2p2 + q)) z2 − 12pxyz3 + 4x2z4 , (3.18)

∞∑
n=0

Qp,q,−nMn (x,y) zn =
−2pqz+ 6qyz2 + 4pxz3

q2 + 6pqyz− (9qy2 − 4x (2p2 + q)) z2 − 12pxyz3 + 4x2z4 , (3.19)

∞∑
n=0

Qp,q,−nmn (x,y) zn =
4q2 + 18pqyz+

(
8x
(
2p2 + q

)
− 18qy2

)
z2 − 12pxyz3

q2 + 6pqyz− (9qy2 − 4x (2p2 + q)) z2 − 12pxyz3 + 4x2z4 . (3.20)

Proof. We have

∞∑
n=0

Pp,q,nMn (x,y) zn =
z+ 2qxz3

1 − 6pyz− (9qy2 − 4x (2p2 + q)) z2 + 12pqxyz3 + 4q2x2z4 .

Writing
(
−z
q

)
instead of (z), we obtain

∞∑
n=0

Pp,q,nMn (x,y)
(
−z

q

)n

=

(
−z
q

)
+ 2qx

(
−z
q

)3

1 − 6py
(
−z
q

)
− (9qy2 − 4x (2p2 + q))

(
−z
q

)2
+ 12pqxy

(
−z
q

)3
+ 4q2x2

(
−z
q

)4 .

Since

Pp,q,−n =
(−1)n+1

qn
Pp,q,n.

Then, we get

∞∑
n=0

Pp,q,−nMn (x,y) zn =
qz+ 2xz3

q2 + 6pqyz− (9qy2 − 4x (2p2 + q)) z2 − 12pxyz3 + 4x2z4 .

So, the desired result is achieved. Applying the same method, the other equations can be proved.

Corollary 3.15. Putting p = 1 and q = k in Eqs. (3.13)-(3.20) we get the new generating functions of the products
of k-Pell and k-Pell Lucas numbers at positive and negative indices with bivariate Mersenne and bivariate Mersenne
Lucas polynomials. The calculation and results are listed as follows:

∞∑
n=0

Pk,nMn (x,y) zn =
z+ 2kxz3

1 − 6yz− (9ky2 − 4x (2 + k)) z2 + 12kxyz3 + 4k2x2z4 ,

∞∑
n=0

Pk,nmn (x,y) zn =
3yz− 8xz2 − 6kxyz3

1 − 6yz− (9ky2 − 4x (2 + k)) z2 + 12kxyz3 + 4k2x2z4 ,

∞∑
n=0

Qk,nMn (x,y) zn =
2z+ 6kyz2 − 4kxz3

1 − 6yz− (9ky2 − 4x (2 + k)) z2 + 12kxyz3 + 4k2x2z4 ,

∞∑
n=0

Qk,nmn (x,y) zn =
4 − 18yz+

(
8x (2 + k) − 18ky2

)
z2 + 12kxyz3

1 − 6yz− (9ky2 − 4x (2 + k)) z2 + 12kxyz3 + 4k2x2z4 ,

∞∑
n=0

Pk,−nMn (x,y) zn =
kz+ 2xz3

k2 + 6kyz− (9ky2 − 4x (2 + k)) z2 − 12xyz3 + 4x2z4 ,



N. Saba, A. Boussayoud, K. V. Kanuri, J. Math. Computer Sci., 34 (2024), 326–349 344

∞∑
n=0

Pk,−nmn (x,y) zn =
3kyz+ 8xz2 − 6xyz3

k2 + 6kyz− (9ky2 − 4x (2 + k)) z2 − 12xyz3 + 4x2z4 ,

∞∑
n=0

Qk,−nMn (x,y) zn =
−2kz+ 6kyz2 + 4xz3

k2 + 6kyz− (9ky2 − 4x (2 + k)) z2 − 12xyz3 + 4x2z4 ,

∞∑
n=0

Qk,−nmn (x,y) zn =
4k2 + 18kyz+

(
8x (2 + k) − 18ky2

)
z2 − 12xyz3

k2 + 6kyz− (9ky2 − 4x (2 + k)) z2 − 12xyz3 + 4x2z4 .

Putting k = 1 in Corollary 3.15, we obtain Table 5.

Table 5: New generating functions of the products of Pell and Pell Lucas numbers at positive and negative indices with bivariate
Mersenne and bivariate Mersenne Lucas polynomials.

Coefficient of zn Generating function Coefficient of zn Generating function
PnMn (x,y) z+2xz3

1−6yz−(9y2−12x)z2+12xyz3+4x2z4 P−nMn (x,y) z+2xz3

1+6yz−(9y2−12x)z2−12xyz3+4x2z4

Pnmn (x,y) 3yz−8xz2−6xyz3

1−6yz−(9y2−12x)z2+12xyz3+4x2z4 P−nmn (x,y) 3yz+8xz2−6xyz3

1+6yz−(9y2−12x)z2−12xyz3+4x2z4

QnMn (x,y) 2z+6yz2−4xz3

1−6yz−(9y2−12x)z2+12xyz3+4x2z4 Q−nMn (x,y) −2z+6yz2+4xz3

1+6yz−(9y2−12x)z2−12xyz3+4x2z4

Qnmn (x,y)
4−18yz+(24x−18y2)z2+12xyz3

1−6yz−(9y2−12x)z2+12xyz3+4x2z4 Q−nmn (x,y)
4+18yz+(24x−18y2)z2−12xyz3

1+6yz−(9y2−12x)z2−12xyz3+4x2z4

3.3. Generating functions of the products of (p,q)-Jacobsthal and (p,q)-Jacobsthal Lucas numbers with bivariate
Mersenne and bivariate Mersenne Lucas polynomials

Now, we introduce the new generating functions for the products of bivariate Mersenne and bivariate
Mersenne Lucas polynomials with (p,q)-Jacobsthal and (p,q)-Jacobsthal Lucas numbers, k-Jacobsthal and
k-Jacobsthal Lucas numbers, Jacobsthal and Jacobsthal Lucas numbers at positive and negative indices.

The substitutions of

 a1 =
p+
√

p2+8q
2

a2 =
p−
√

p2+8q
2

and

 b1 =
3y+
√

9y2−8x
2

b2 =
3y−
√

9y2−8x
2

in Eqs. (3.1), (3.2), (3.3), and (3.4),

gives

∞∑
n=0

 hn−1

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
×hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn =

N3

D3
,

∞∑
n=0

 hn

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
×hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn =

L3

D3
,

∞∑
n=0

 hn−1

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn =

K3

D3
,

∞∑
n=0

 hn

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn =

R3

D3
,

with

D3 = 1 − 3pyz−
(
18qy2 − 2x

(
p2 + 4q

))
z2 + 12pqxyz3 + 16q2x2z4,
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L3 = 1 + 4qxz2, K3 = z+ 4qxz3, N3 = 3yz− 2pxz2, R3 = pz+ 6qyz2,

and we deduce the following proposition and theorems.

Proposition 3.16. For n ∈ N, the new generating function of the product of (p,q)-Jacobsthal numbers with
bivariate Mersenne polynomials is given by:

∞∑
n=0

Jp,q,nMn (x,y) zn =
K3

D3
=

z+ 4qxz3

1 − 3pyz− (18qy2 − 2x (p2 + 4q)) z2 + 12pqxyz3 + 16q2x2z4 , (3.21)

with Jp,q,nMn (x,y) = hn−1

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
.

Theorem 3.17. For n ∈N, the new generating function of the product of (p,q)-Jacobsthal numbers with bivariate
Mersenne Lucas polynomials is given by:

∞∑
n=0

Jp,q,nmn (x,y) zn =
3yz− 4pxz2 − 12qxyz3

1 − 3pyz− (18qy2 − 2x (p2 + 4q)) z2 + 12pqxyz3 + 16q2x2z4 . (3.22)

Proof. We have

∞∑
n=0

Jp,q,nmn (x,y) zn =

∞∑
n=0


hn−1

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)

×

 2hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
−3yhn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)


 z
n

= 2
∞∑

n=0

 hn−1

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
×hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn

− 3y
∞∑

n=0

 hn−1

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn

=
2N3 − 3yK3

D3

=
2
(
3yz− 2pxz2

)
− 3y

(
z+ 4qxz3

)
1 − 3pyz− (18qy2 − 2x (p2 + 4q)) z2 + 12pqxyz3 + 16q2x2z4

=
3yz− 4pxz2 − 12qxyz3

1 − 3pyz− (18qy2 − 2x (p2 + 4q)) z2 + 12pqxyz3 + 16q2x2z4 .

This completes the proof.

Theorem 3.18. For n ∈ N, the new generating function of the product of (p,q)-Jacobsthal Lucas numbers with
bivariate Mersenne polynomials is given by:

∞∑
n=0

jp,q,nMn (x,y) zn =
pz+ 12qyz2 − 4pqxz3

1 − 3pyz− (18qy2 − 2x (p2 + 4q)) z2 + 12pqxyz3 + 16q2x2z4 . (3.23)
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Proof. We have

∞∑
n=0

jp,q,nMn (x,y) zn =

∞∑
n=0



 2hn

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
−phn−1

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)


×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)

 z
n

= 2
∞∑

n=0

 hn

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn

− p

∞∑
n=0

 hn−1

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn

=
2R3 − pK3

D3

=
2
(
pz+ 6qyz2

)
− p

(
z+ 4qxz3

)
1 − 3pyz− (18qy2 − 2x (p2 + 4q)) z2 + 12pqxyz3 + 16q2x2z4

=
pz+ 12qyz2 − 4pqxz3

1 − 3pyz− (18qy2 − 2x (p2 + 4q)) z2 + 12pqxyz3 + 16q2x2z4 .

This completes the proof.

Theorem 3.19. For n ∈ N, the new generating function of the product of (p,q)-Jacobsthal Lucas numbers with
bivariate Mersenne Lucas polynomials is given by:

∞∑
n=0

jp,q,nmn (x,y) zn =
4 − 9pyz+

(
4x
(
p2 + 4q

)
− 36qy2

)
z2 + 12pqxyz3

1 − 3pyz− (18qy2 − 2x (p2 + 4q)) z2 + 12pqxyz3 + 16q2x2z4 . (3.24)

Proof. We have

∞∑
n=0

jp,q,nmn (x,y) zn =

∞∑
n=0



 2hn

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
−phn−1

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)


×

 2hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
−3yhn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)



zn

= 4
∞∑

n=0

 hn

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
×hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn

− 6y
∞∑

n=0

 hn

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn
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− 2p
∞∑

n=0

 hn−1

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
×hn

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn

+ 3py
∞∑

n=0

 hn−1

(
p+
√

p2+8q
2 , p−

√
p2+8q
2

)
×hn−1

(
3y+
√

9y2−8x
2 , 3y−

√
9y2−8x
2

)
 zn

=
4L3 − 6yR3 − 2pN3 + 3pyK3

D3

=
4
(
1 + 4qxz2

)
− 6y

(
pz+ 6qyz2

)
− 2p

(
3yz− 2pxz2

)
+ 3py

(
z+ 4qxz3

)
1 − 3pyz− (18qy2 − 2x (p2 + 4q)) z2 + 12pqxyz3 + 16q2x2z4

=
4 − 9pyz+

(
4x
(
p2 + 4q

)
− 36qy2

)
z2 + 12pqxyz3

1 − 3pyz− (18qy2 − 2x (p2 + 4q)) z2 + 12pqxyz3 + 16q2x2z4 .

This completes the proof.

By using Table 1 and according to the Eqs. (3.21), (3.22), (3.23), and (3.24), we get the following
theorem.

Theorem 3.20. For n ∈ N, the new generating functions of (Jp,q,−nMn (x,y)) , (Jp,q,−nmn (x,y)) ,
(jp,q,−nMn (x,y)), and (jp,q,−nmn (x,y)) are respectively given by

∞∑
n=0

Jp,q,−nMn (x,y) zn =
qz+ xz3

2q2 + 3pqyz− (9qy2 − x (p2 + 4q)) z2 − 3pxyz3 + 2x2z4 , (3.25)

∞∑
n=0

Jp,q,−nmn (x,y) zn =
3qyz+ 2pxz2 − 3xyz3

2q2 + 3pqyz− (9qy2 − x (p2 + 4q)) z2 − 3pxyz3 + 2x2z4 , (3.26)

∞∑
n=0

jp,q,−nMn (x,y) zn =
−pqz+ 6qyz2 + pxz3

2q2 + 3pqyz− (9qy2 − x (p2 + 4q)) z2 − 3pxyz3 + 2x2z4 , (3.27)

∞∑
n=0

jp,q,−nmn (x,y) zn =
8q2 + 9pqyz+

(
2x
(
p2 + 4q

)
− 18qy2

)
z2 − 3pxyz3

2q2 + 3pqyz− (9qy2 − x (p2 + 4q)) z2 − 3pxyz3 + 2x2z4 . (3.28)

Proof. We have

∞∑
n=0

Jp,q,nMn (x,y) zn =
z+ 4qxz3

1 − 3pyz− (18qy2 − 2x (p2 + 4q)) z2 + 12pqxyz3 + 16q2x2z4 .

Writing
(
−z
2q

)
instead of (z), we obtain

∞∑
n=0

Jp,q,nMn (x,y)
(
−z

2q

)n

=

(
−z
2q

)
+ 4qx

(
−z
2q

)3

1 − 3py
(
−z
2q

)
− (18qy2 − 2x (p2 + 4q))

(
−z
2q

)2
+ 12pqxy

(
−z
2q

)3
+ 16q2x2

(
−z
2q

)4 .

Since

Jp,q,−n =
(−1)n+1

(2q)n
Jp,q,n.
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Then, we get
∞∑

n=0

Jp,q,−nMn (x,y) zn =
qz+ xz3

2q2 + 3pqyz− (9qy2 − x (p2 + 4q)) z2 − 3pxyz3 + 2x2z4 .

So, the desired result is achieved. Applying the same method, the other equations can be proved.

Corollary 3.21. Putting p = k and q = 1 in Eqs. (3.21)-(3.28) we get the new generating functions of the
products of k-Jacobsthal and k-Jacobsthal Lucas numbers at positive and negative indices with bivariate Mersenne
and bivariate Mersenne Lucas polynomials. The calculation and results are listed as follows:

∞∑
n=0

Jk,nMn (x,y) zn =
z+ 4xz3

1 − 3kyz− (18y2 − 2x (k2 + 4)) z2 + 12kxyz3 + 16x2z4 ,

∞∑
n=0

Jk,nmn (x,y) zn =
3yz− 4kxz2 − 12xyz3

1 − 3kyz− (18y2 − 2x (k2 + 4)) z2 + 12kxyz3 + 16x2z4 ,

∞∑
n=0

jk,nMn (x,y) zn =
kz+ 12yz2 − 4kxz3

1 − 3kyz− (18y2 − 2x (k2 + 4)) z2 + 12kxyz3 + 16x2z4 ,

∞∑
n=0

jk,nmn (x,y) zn =
4 − 9kyz+

(
4x
(
k2 + 4

)
− 36y2

)
z2 + 12kxyz3

1 − 3kyz− (18y2 − 2x (k2 + 4)) z2 + 12kxyz3 + 16x2z4 ,

∞∑
n=0

Jk,−nMn (x,y) zn =
z+ xz3

2 + 3kyz− (9y2 − x (k2 + 4)) z2 − 3kxyz3 + 2x2z4 ,

∞∑
n=0

Jk,−nmn (x,y) zn =
3yz+ 2kxz2 − 3xyz3

2 + 3kyz− (9y2 − x (k2 + 4)) z2 − 3kxyz3 + 2x2z4 ,

∞∑
n=0

jk,−nMn (x,y) zn =
−kz+ 6yz2 + kxz3

2 + 3kyz− (9y2 − x (k2 + 4)) z2 − 3kxyz3 + 2x2z4 ,

∞∑
n=0

jk,−nmn (x,y) zn =
8 + 9kyz+

(
2x
(
k2 + 4

)
− 18y2

)
z2 − 3kxyz3

2 + 3kyz− (9y2 − x (k2 + 4)) z2 − 3kxyz3 + 2x2z4 .

Putting k = 1 in Corollary 3.21, we obtain Table 6.

Table 6: New generating functions of the products of Jacobsthal and Jacobsthal Lucas numbers at positive and negative indices
with bivariate Mersenne and bivariate Mersenne Lucas polynomials.

Coefficient of zn Generating function Coefficient of zn Generating function
JnMn (x,y) z+4xz3

1−3yz−(18y2−10x)z2+12xyz3+16x2z4 J−nMn (x,y) z+xz3

2+3yz−(9y2−5x)z2−3xyz3+2x2z4

Jnmn (x,y) 3yz−4xz2−12xyz3

1−3yz−(18y2−10x)z2+12xyz3+16x2z4 J−nmn (x,y) 3yz+2xz2−3xyz3

2+3yz−(9y2−5x)z2−3xyz3+2x2z4

jnMn (x,y) z+12yz2−4xz3

1−3yz−(18y2−10x)z2+12xyz3+16x2z4 j−nMn (x,y) −z+6yz2+xz3

2+3yz−(9y2−5x)z2−3xyz3+2x2z4

jnmn (x,y)
4−9yz+(20x−36y2)z2+12xyz3

1−3yz−(18y2−10x)z2+12xyz3+16x2z4 j−nmn (x,y)
8+9yz+(10x−18y2)z2−3xyz3

2+3yz−(9y2−5x)z2−3xyz3+2x2z4

4. Conclusion

In this paper, we studied the generalized (p,q)-numbers given in [13]. We gave some new results
of this generalized (p,q)-numbers, including the explicit formula and the negative extension of them.
Moreover, by using the symmetric functions we obtained the new generating functions for the products
of bivariate Mersenne and bivariate Mersenne Lucas polynomials with (p,q)-numbers at positive and
negative indices.
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