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Abstract
The main objective of this article is to find the general solution to some special cases of the fractional recursive equation

‘X\ynflwn75

, n=012,...,
WYn_3(B+0WnWn_1Wn_s¥n_s)

Wn—}—l =

where «, 3 and & are arbitrary real numbers. Furthermore, the solution’s qualitative behavior is explored, such as local and
global stability. For some situations, we have discovered periodic solutions. We also offered numerical examples to demonstrate
our results.

Keywords: Solutions expressions of difference equation, local and global stability, periodic solution.
2020 MSC: 39A10.
©2024 All rights reserved.

1. Introduction

Difference equations, often known as discrete dynamical systems, are one of the most important
scientific topics. The study of the qualitative features of rational difference equations has recently attracted
a lot of interest (see, for example, [1, 3, 6, 7, 15, 26, 30]). The study of rational difference equations of order
larger than one is both demanding and gratifying because the results for rational difference equations
serve as prototypes for the creation of the basic theory of the global behavior of nonlinear difference
equations of order higher than one. However, no efficient general approaches for dealing with the global
behavior of rational difference equations of order greater than one have been developed yet. As a result,
the study of rational difference equations is important. So, many disciplines of science and technology
have recently seen applications of discrete dynamical systems and difference equations.

Investigating the behavior of solutions to a system of nonlinear differential equations and discussing
the local asymptotic stability of their equilibrium points is particularly intriguing (see, for example, [2,
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8, 20, 23, 28, 32]). The technique of determining the general form of the solution for special cases of the
equation has been the subject of numerous investigations. Many publications have been written about the
systems and behavior of rational difference equations (for more details, check out the references).
Abo-Zeid and Kamal [1] solved and studied the global behavior of all admissible solutions of the two
difference equations:
XnXn—2 XnXn—2

X 1= 7 X 1= .
nr Xn—1—Xn-2 nr —Xn-1+Xn-2

Aljoufi et al. [5] obtained the forms of the eighteenth-order difference equation:

Wh17
+1 4+ Wn oWi sWn gWn_11Wh_1uWi_17’

Wn+1 =

and investigated the stabilityboundedness and the periodic character of these solutions. Alshareef et al.
[6] examined the dynamics behavior and periodicity character and gave the general form of the solution
of some special cases of the difference equation:

2
‘C’Vn—8

V, =&V .
n+1=EVn-gt uWVn_ g+ KkVn_17

El-Metwally and Alharthi [14] studied the qualitative properties of the solutions for nonlinear difference
equation:

o+ xoyn Foayy g+ oyl g

B+ Boyh +B1yy g+ +BrYR

Yn+1 =

Elsayed and Al-Rakhami investigated the qualitative behavior of the critical point and found the solution
for a rational recursive sequence in [19]

qun—qun—fi
YY¥Yn3+0¥Yn 6

Y1 =oWn o+

In [22], Folly-Gbetoula et al. studied the solution of the rational difference equation:

Un
An + Brununioun 4

Unt+6 =

Abdul Khaliq and Elsayed [31] investigated the asymptotic behavior of the solutions of the following
difference equation:

Wn—2Wn—7
Wn—g (£l + wn_rwn_7)’

Wn41 =

and gave the solution of some special cases of the difference equation. It is very interesting to investigate
the behavior of solutions of a system of nonlinear difference equations. Tollu et al. [39] solved and studied
the next system:

o B

Xp = ———, =
" 1+xn-1yn In 1+xn-1Yn

The goal of this paper is to find a general solution to some special cases of the fractional recursive
equation:

oV 1¥n s
1yn—B(ﬁ’ + 6“Pn“y‘nf11ynf41yn—5) ’

W = n=0,12,..., (1.1)

where «, 3, and 0 are arbitrary real numbers.
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2. The behavior of equilibrium points

In this section, we will find the fixed point and study its behavior. To find the critical points of Eq.
(1.1), we can write

yo
V(B +5W4)
Then, we have
W2(B 4 59 = oW? = W2(B 45— ) = 0.
Thus, Eq. (1.1) has two fixed points which are

‘I’:O and ‘1’24%6, 5#0, (Xg6>0
Assume ¢ : (0,00)°> — (0,00) be a C! function defined by
ovt
t)=—n— . 2.1
(p(ulvlwlsl ) W(B+6uvst) ( )
In consequence,
99 —adv?st? o9 apt 09 —avt
ou  w(p+ouvst)?” OV w(B+suvst)? Ow  w2(B+Suvst)’ 22)
9 —axduv?t? 9 xpv '
0s  w(p+ouvst)? Ot w(B+duvst)®
First, at = 0, we see that
0 — — — — — 0 — — —— — 0 — — — — — o
(\y q]lwlwl ) =0= Y1 (\y q]lq]lw ) = =2 7(“’/“’/%,/‘{//111) =—> =73
ou T 0v B ow B ’ (2.3)
0 — = — — = 0p - — — — — )
Yyyy =0= F AR A S = =Vs.
5, (B YY) vs, 5.l ) = B

The linearized equation of Eq. (1.1) about Y =0is

Zni1—Y1Ln —Y2Ln-1—Y3Ln-3—Y4ln—4—Y5Ln—5=0.

Hence, x x x
Zn+1 - an,1 + an—B - Ezn—S =0.

Theorem 2.1. The fixed point V=0 is locally asymptotically stable if 3oc < f3.

Proof. By using the values in Eq. (2.3) and by Lemma 1 in [30], it can be ensured that equation (1.1) is
asymptotically stable if

Wyl + Fyal + lval + hyal + hysl < 1,

so,
x

8

+‘ X +‘“‘<1
Bl IB '

therefore,
3o < B. O
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(\II/III/\II/\I]/ ) = — = Yl/ (‘1’/‘1,,\1/,11/, ) = E = Yz 7(@,\?’@,@,1_{/) = —1 = Y3
ou o ov o ow
a(p(qj/qj/qj/qlr 7) - _((X_ B) =Y4 ai(p(qqujrqj/qj, 7) = E =75
0s o ot o

The linearized equation of Eq. (1.1) about Y= “%‘3 is

o1 —Y1Ln —V2Zn-1—Y3Ln3—Yaln_4s—Y5Ln_5=0.

Hence,
B

n——
x

Zn+1 +

(x—B) (x—B) B
(04 04

Lo 4——Zn 5=0.
o
Theorem 2.2. The fixed point Y= “%B is not locally asymptotically stable.

Proof. From Lemma 1 in [30], it follows that Y is asymptotically stable if

Wl + Fyal + [val + lyal + hysl < 1,

S0,
ECEL TN RS T
o o o o
it follows that the fixed point Y= “%B is not locally asymptotically stable. O

Theorem 2.3. The equilibrium point Y =0 of Eq. (1.1) is a global attractor if « # 0.

Proof. Let [aj, az] be an interval of real numbers and ¢ : [ay, a]® — [aj, ap] is a continuous function
defined by Eq. (2.1). Then, we note that from Eq. (2.2) the function ¢(u,v,w, s, t) is increasing in v and t
and is decreasing in u, w, and s. Assume that whenever (B, b) is a solution of the system

B = ¢(b,B,b,b,B), b=¢(B,b,B,B,b),

then, we have

B2
B=— —— B2 = Bb §B%b?), 24
b(p 0By % (B +3B707) 24)
ab? 2 212
— ab? = bB(P + 6b%B?). (2.5)

® =55 + 50787
Substrating Eq. (2.4) from Eq. (2.5) we obtain
«(B* —b?) = Bb(B + 5B*b* — p — 5b?B?).

In consequence, B = b if « # 0. It follows by Theorem 1 in [30], the equilibrium point Y =0 of Eq. (1.1)is
a global attractor. Therefore, the proof is complete. O

3. General solution for special cases

In this section, we will find the general solution for some special cases of Eq. (1.1).
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3.1. Case 1
In this subsection, we will find the solution of Eq. (1.1) when & = 3 =& =1, so Eq. (1.1) becomes

lynfl\yn—5
\yn—?) ( 1+ ‘yn‘ynfl\ynfélan—S ) ’

where the initial conditions ¥_5,V_4,¥_3,¥_,,¥_4, and ¥, are positive real numbers.

n=0,12,..., 3.1)

\yn—o—l =

Theorem 3.1. Suppose that {W}3__s be a solution of Eq. (3.1) . Thus forn =0,1,2,...,

2 (14 (8OMAT) (1 + (81 4+ 2)nAw)
Yen—s = THO ( 1+ (81 + 1)nApt) (1+(8i+3)n7\ufr)>
we T (L (8L LA (14 (8i4-3)n
8“‘4_“1: (1+ (8i+2)nAwt) (1+ (8i+4)
v C ((1+(81+2) nAuT) (14 (8i+4)n >
T L 1+ (Bi+3)nAw) (1+ (8145
n—1
B (14 (8i+3)MApt) (14 (8i+5)m
WS“‘Z_GH ((1+(81+4) Apt) (1+ (8L+6)n )
T (4 (84 4mApT) (14 (8i+6)n
Wgn‘l_)\g ((1+(81+5) Aut) (14 (8i+7)n )
v 1((1+(81+5) NAWT )(1+(8i+7)n7\wr)>
8“_“120 (1+ (8L + 6)nAwt) (1 + (8L + 8mAur) )
we AT ﬁ ((1+(8i+6)n?\m) (1+(8i+8)n?\m)>
fnl = C(T+mAwt) £ 4 \(1+ (Bi+7)mAnt) (1+ (8i+9)minr) )7
v M (1 4+nApT) § H < (1+ (8i+7)MAut) (1 + (8i+9)nAut) )
2 = 5 (11 2nApT) L4\ (14 (8i+8nApt) (1+ (8i+ 10)nApT)

whereV_s=1t,Y_4 =¥ 3=C(Y¥Y r=0Y_1=ANand ¥y =n

Proof. By using mathematical induction, we will prove that the solution is true. First, for n = 0, the result
holds. Second, we suppose that n > 0 and our assumption holds for n — 1, that is

v Ti—f (14 (8i)nAwt) (14 (814 2)nAur)
fn—13 = (1+ (8i+ 1)nApt) (1 + (8i+3)MAunT)
n—
(1+ (8i+1)nAut) (1+ (81 +3)n
Yon-12 = HO ( 1+ (8i+2)nApt) (1 + (8i+4)m )
n—2
(1+ (8i+2)nAuT) (1+ (81 +4)n
Yo
n—1l = Cg ( 1+ (81 +3)nApt) (1+ (81 +5)n )
n—2
(1+ (8i+3nAut) (14 (81 +5)n
Yon—10 = O'H ( 1+ (8i+4mAut) (1+ (8i+6)n >
y }\“ 2 /(14 (8i44)nAut) (1 + (814 6)n
§n=9 = (1+ (81 +5mApt) (1+ (8L +7)n

=0

,_.
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Wy 8—ﬂH< + (81+5)n ;\\ )(1+(8?+7)n;m)>,

(81 +6)nAwT) (1 + (81 + 8)nAut)
we AT *i—f ((1 1 (8i+ 6)mApT) (1+ (81+8)n)\wr)>
7T T LT+ BT+ 7)nAwn) (T+ (8i+ 9)nAw) )

Yo o — Wﬁz (((1 + (814 7)nAwT) (1+ (8i+ 9)nAuT) )

0 (1+2nAut) o 1+ (814 8)nAut) (1 + (81 + 10)nAwt)
Now, we prove that the results hold for n. From Eq. (3.1), it follows that

Yen—7¥sn—11

Wen—5 = /
" Wen—9(1+Y¥en—6¥sn—7¥sn—10¥n—11)
—2
AT Ti—[ (14 (81+6)NAwT) (14 (81+8)NAuT)
C(1+mApT) (1+ (8i+7)MApT) (1+(8i+9)nApT)
0
n—2 =
4 (14 (8i4+2)nApt) (14 (8i+4)nApT)
(14+(8i4+3)nApt) (1+ (81+5)nApT)
— i=0
1+ np (14MmApt) 1:[ (14 (8i4+7)NApT) (1+ (81i+9)nA )
o(1+2nApuT) (14 (8i+8)NApT) (1+(8i+10)nAwT)
1=0
—2
AT (14 (8i4+6)NApt) (1+ (8i+8)nAwT)
n—2 C(14+mApT) (14+(8i4+7)nApt) (1+ (81+9)nA )
A ((1+(81+4)n?\p17)(l+(81+6]n7\p:r)) 1i=0
(14+(8i4+5)NApt) (1+ (81+7)nApT) n—2
i=0 o (14 (8i4+3)NApT) (1+ (8i+5)nApt)
(T (8Lt 4 mAnT) (11 (81+6)nAwT)
i=0
n2
C (14 (814+2)MAwT) (14 (8i+4)nAwT)
(1+(81+3)MAT) (1+(8i+5)MAuT)
L i=0 |
n—2
T H (14 (8i4+2)nApt) (14 (81+8)nApT)
(14mApuT) (14 (8i+3)NApT) (1+(81+9)nApT)
=0
Wen-—5 = : — ,
nAuT (14 (8i4+2)nApT)
1+ (142nApuT) H ((1+(81+10)n7\pfr)> ]
i=0
n—2
T H (14 (8i4+2)nApT) (14 (814+-8)NApT)
(14mApT) (14 (81+3)NApT) (1+(81+9)nAwT)
=0
Yen_5 = : e ,
[1 + (1+(8n—6)n7\u1)}
n—2
T (14 (8i4+2)NApt) (14 (81i+8)nAwT)
(14+mApT) (1+(8i+3)MAnT) (1+(8i+9)NAuT)
o i=0
Wan—s = (1+(8n—5)nAut) ’
(1+(8n—6)nApnT)
ve T (1+ (8n —6)mAut) ] ¥ / (1 + (81 +2)nAw) (1 + (8i+ 8)nAut)
S T T S qapt) | (1+ (8n —5)mApT) + (81 +3MApT) (1+ (8L +9)mAut) /)

Hence, we get

jim 1( (14 (81)mAwT) (1 + (81 + 2)mAuT) )
Wen 5 = TH . ,
14 (8i+ 1)nAwt) (1+ (81 + 3)nAur)
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Similarly, from Eq. (3.1), we have

Wen—6¥sn—10

Won—4 = ,
" Wen—g(1+ ¥en—5¥sn—6¥sn—9o¥n—10)
-2
nu(1+n)\u1)h (14 (8i+7)nApt) (1+ (8i+9)nA )
o(1+2nApT) (14 (8i4+8)NApt) (1+(8i+10)nApT)
0
n—2 =
(14 (8i4+3)nApt) (1+ (8i+5)nApnT)
o (14 (8i4+4)nAut) (14 (8i+6)nApnT)
o i=0
- r n—1 77
147 < (1+(8i)NApT) (14 (8i4+2)NAnT) >
1+ (8i+1)nApt) (1+(8i+3)nApT)
=0
¢ n—2
nu (14+MApT) H ( (14 (8i4+7)MAT) (14 (8i+9)MAuT) )
n—2 o(1+2nApT) 1+ (81+8)nAnt) (14 (8i+10)nApT)
H (14 (814+5)NAwT) (14 (81+7)NAnT) -0
n (A (81H6)MART) (14 (81+8)NART) -
i=0 H 1+ (8i+4)nApT) (1+(8i+6)nAnT)
1+ (8i+5)nApT) (14 (8i+7)nApnT)
=0
-2
+(8i4+3)nApt) (14 (8i+5)nApnT)
+(8i+4)nApT) (1+ (81+6)nApT)
L =0 |
n—2
w(d4mApT) H ( (14 (8i4+3)NApT) (1+ (8i+9)MA ) )
1+2n7\wr 1+ (8i+4)nAut) (14 (8i+10)nApnT)
=0
WSTL—4 = L n_1 s
1+ naAuT ( (14 (8i)nApT) (14 (8i+2)nAput) )
(143nApT) (14+(8i+1)nApt) (1+ (81+3)nApT)
i=1
1:[ ( (14 (8i43)nA ) (14 (849 A wT) )
1+ (8i+8)nAnt) (1+(8i+10)nApT)
i=0
n—2
w(l+nApt) H ( 14+ (8i+3)nApt) (14+(8i4+9)nAput) )
1+2n)\u'c (14 (8i+4)nApt) (1+(8i+10)nApT)
. i=0
W8n74 - |:1 N — mapr i| s
(1+(8n—5)nApnT)
_2 .
v _u (14+nAut) [(1+ (8n—5mAuT)] T (1+ (81 4+ 3nAuT) (14 (81 +9)nAut)
T (A4 2mAnn) [(T+ (Bn—4nAwt) | £ 4\ (14 (Bi+4)mint) (1+ (81 +10)nApt) )

So, we obtain

+ (8i+1)n
(81+2)n

T) (14
T) (14

(81+3)
(81 +4)

AR NALT)
v = .
o HH ( Ap n?\uﬂ>

Other expressions can be investigated in the same way. The proof has been completed.

3.2. Case 2

In this subsection, we will find the solution of Eq. (1.1) when « = 3 =1 and & = —1, so the Eq. (1.1)

becomes
‘yn—lwn75

\ynf?) ( 1-— \yn\yn—lwn—4\yn75 ) ’

Yo = n=012..., (3.2)

where the initial conditions ¥_5,¥_4,¥Y_3,¥_5,¥_;, and ¥, are positive real numbers and (Vo¥_1¥_4¥_5

¢{1:1=1,23,..}.
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Theorem 3.2. Suppose that {W )35 be a solution of Eq. (3.2) . Thus forn =0,1,2,...,

(1 — (8i)nAuTt) (1 — (81 +2)nAut) )
(1—(8i+1)nAut) (1 — (81 +3)nAut)

) (1— (8i+3)n
) (1— (8i+4)n

nAp
nAp

(1—(81+2)nAut) (1 —(8i+4)n
(1—(8i+3)nAut) (1—(8i+5)n )

(1—(8i+3nAut) (1—(81+5)n
(1— (8L + 4)mAut) (1— (8L +6)

(1—(8i+4)n
(1—(8i+5)n

) (1—(8i+6)n
) (1—(8i+7)n

A
A

»” (1—(8i+5nAut )(1—(81+7)n7\uT)>
in *”1: (T— (8t + 6)mAwt) (1 — (8i+ 8)mAw) )’
w B AT H ((1 — (81 +6)nAuT) (1 —(81+ 8)11?\}11))
T A {4 \ (1= (8L 7)) (1~ (8L+ 9)mhwr) )/

n—1 . i
g, = M= nAD) I1 (((1 — (814 7)nAuT) (1 — (8i + 9)nAuT) )

o (1 —2nAur) 0 1— (81+8nAut) (1— (8i+ 10)nAut)

whereV_s =1, ¥Y_4 =¥ 3=CY¥Y r=0Y_1 =\ and ¥y =

Proof. We can use the same steps used to prove Theorem 3.2. O

3.3. Case 3

In this subsection, we will find the solution of Eq. (1.1) when o« = 1,3 = —1, and § = 1, so the Eq.

(1.1) becomes
anlwn—S

Yo = ,
MY (1 Y Y 1 Yn Y s)

where the initial conditions W_5,W_4, ¥ _3,¥_,,¥Y_;, and ¥y are nonzero positive real numbers and
(VoW V4V _5#1).

n=0,1,2,..., (3.3)

Theorem 3.3. Suppose that {Yn}5__s be a solution of Eq. (3.3) . Thus Eq. (3.3) has an unbounded solution and
forn=0,1,2,...,

T 2n
(T — Wen 4 = 1t (—1 +nApt)
8n—>5 (—1+ﬂ7\HT)2n 8n—4 = H
C 2n
Yoo 3= — Wen_o = 0 (—1 +nApT)
8n—3 (—1+T]7\u’t)2n 8n—2
A 2n
Yoo 1= — Wer =1 (—1 +nApt)
8n—1 (—1—!—1‘]7\u’l’)2n 8n
v - AT v - onu(—1 +Apr)>
8n+1 C (_1 —}—1’]}\”’[)2n+1, 8n+2 pu ’

whereV_s=1t,¥Y_4=wV¥Y 3=CY¥Y r=0,Y_1 =\ and ¥y =
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Proof. By using mathematical induction, we will prove that the solution is true. First, for n = 0 the result
holds. Second, we suppose that n > 0 and our assumption holds for n —1, that is

T 2n—2

Wen—13 = L Ysn—12 = p(—1+nApt) ,
v B C v _ 1 + )22
Sn—11 — (_1 —|—T])\l_,[’t)2n72, 8n—10 — G(_ +n HT) ’
A _
Wen—9 = T Wen_g =1 (—1+nApt)*" 2,
N AT Wy o — nu (=1 +nApt)>™ !
1™ T o
Now, from Eq. (3.3) it follows that
v _ Wen—7¥sn—11
8n—5 —
Wen—9(—1+Y¥an_6¥sn—7¥an—10¥n—11)
AT 4
_ C(—14mApt)™ ' (—14+mApT)™ 2 _ T 1
. _q 4 ne(lmapn) A (=1 +nApt)®™ L (=1 +nAuT)’
o B i
((—1+n)\m)2“*2) o (—1 +nApt)*™ 2 w
(—14+nApT)?" 2
So, we have -
WYen 5= —5—.
" (—1 +nApt)®™
Similarly,
v _ Wen—6¥sn—10
8n—4 —
Yen—g(—1+ Ygn—s5¥sn—6¥Ysn—9¥n—10)
2n—1
_ nu(—1+n07\u1) o(—1 +n7\u’t)2n_2 _ H(_l +T]}\FLT)2TL_1
14+ T nu(—14nApt)™ ! <1—n7\m+n?\m) '
(11 (—1 +n)\p1)2“_2) (—1+nApT) ™ L, (=14mAut)
e
WG (=1 +nAuT)
Thus, we get
Wen g = p(—1+mApt)™.
Also,
y B Wen 5¥sn—9
8n—3 —
Wen—7(—1+Ygn_4¥sn 5¥Ysn—s¥Yn o)
T A 1 1
. (—14mApT)®™ (—14nApt)?" 2 B (—14MApT)®™ (—14mApT)?" 2
o 2n o 1
( A ) —1+4+ p(=1+nAut) (71+n§\u1)2n C(—1nApT)™ 2
SRy B 2n—2 A
¢(—1+mApT) N (=14 nAuT) [T
Hence, we obtain .
Yo 3= —"——.
" (=1 +nApt)™"
Similarly, by using the same method, we can investigate other relations. O
Y, by g g

Theorem 3.4. Equation (3.3) has a periodic solution of period eight iff nAut = 2 and {Wn)5__5 will take the form

{T/ u/ C/ GIA/T]I A7C"C/ %ITI ul C/()—/A/n/ )\TT/ %/“‘}
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Proof. First, assume that there exists a prime period eight solution

A A
TI u/ C/ ()—/ A/ T]/ l/ njl T/ u/ C/ O-I A/ nl jl -lll/ .
¢ o (' o
of Eq. (3.3); from the form of solution of Eq. (3.3), we can see that
T 2n C 2n
T=—————, p=p(1+nAp0)™, (=——"—73, 0 =0 (=1+nApt)™",
(—1 +nApT)*™ (—1 +nApt)™
A AT AT (=1 +nApt)®™ !
A= —————r, n=n(-l+mwd™, == = =1 o ,
(=1 +nAuT) ¢ (=14nAuT) o o

this means that
(—1 +nApt)*™ = 1.
Thus,
NART = 2.
Second, suppose that nAut = 2. Then, we see from the form of the solution of Eq. (3.3) that

AT ny
\y8n75 =T l{ISn74 =K \y8n73 = C/ l1’81172 =0, WSnfl = )\/ WSTL =, W8n+l = f/ l1’8n+2 = ?

Thus, we have a periodic solution of period eight and the proof is complete. O

3.4. Case 4
In this subsection, we will find the solution of Eq. (1.1) when « = 1,3 = —1 and § = —1, so the Eq.
(1.1) becomes
‘yn+1 _ 11lnflwn—S )
ly'rL—S(_l - ananflwnf4an—5)
where the initial conditions W_5,¥_4, W 3,V _,,¥_4, and ¥y are nonzero positive real numbers and
(WoW Y _4¥ 5 #—1).

Theorem 3.5. Suppose that {Wn}5__s be a solution of Eq. (3.4) . Then Eq. (3.4) has an unbounded solution and
forn=0,1,2,...,

n=0,1,2,..., (3.4)

T

Yon5 = ————, Wen_g = p(—1—nApt)™™,
8n—5 1) gn—4 = I NAR
¢ 2
Wen—3 = m/ Wgn 2 =0 (=1 —mApt)™",
Wen—1 = %, Wgn =1 (—1—mApt)™,
(=1 —nApt)™
we AT S 1 G B V150 Sl
8n+1 4 (_1 —T]Au’t)zn+l ’ 8n+2 = ’
whereV_ 5=t Y _4=uw¥ 3=C¢Y¥Y r=0,¥Y_1=A and Yo =n.
Proof. We can use the same steps used to prove Theorem 3.4. O

Theorem 3.6. Equation (3.4) has a periodic solution of period eight iff nA\pt = —2 and {Wn}7__5 will take the
form {T, W, G, 0, A M, 28, B, 1,0, G o, A m, A, %}

Proof. The proof will be the same as the proof of Theorem 3.5. O

4. Numerical examples

In this section, we provide some of the numerical results to demonstrate the solution behavior of Eq.
(1.1) for our prior results.
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Example 4.1. In numerical simulation, we assume that for Eq. (3.1) the initial valuesare WV_5 =12, ¥_4 =
55V _3=34¥Y_,=68Y¥Y_1 =19, and ¥y =7.7. Then the solution appears in Figure 1.

0 10 20 30 40 50 60 70 80
n

Figure 1: Plotting the solution of the difference equation ¥y, 11 = g—p3 +\1,y “\j‘{?\j v

Example 4.2. Numerically, we take the initial values are ¥_5 = 05¥_4 = 021,¥_3 = 042,¥_, =
0.85,¥_1 = 0.65, and ¥y = 0.12, the results of Eq. (3.2) are shown in Figure 2.

1.4

12r

1k

0.8

W(n)

0.6

0.4

0.2

0

0 10 20 30 40 50 60 70 80
n

Figure 2: Plotting the solution of the difference equation ¥, 1 = 73(17:5 “\;l‘{?\j .

Example 4.3. Figures 3 and 4 depict the behavior of Eq. (3.3), with Figure 3 indicating that the solution
is unbounded where the initial conditions are ¥_5 = 0.8,Y_4 =09,¥_3=15¥_, = —4¥Y_; = 1.8, and
Yy = 0.4, and Figure 4 indicating that the solution is periodic when the initial values are ¥_5 =1/2,¥_4 =
5W_3=3V¥_,=-25V¥_1=2 and ¥y =2/5in Eq. (3.3) are set to VoW _1¥_4¥_5 =2.

W(n)
3]

5 10 15 20 25 30
n

Figure 3: Unbounded solution of the difference equation ¥, 1 = —1 f{ly“ jf,lyj ljf, —T
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-3

L L L L L
0 10 20 30 40 50 60
n

Figure 4: Periodic solution of the difference equation ¥y, 11 = =) +‘{1,“ *\f,\y“;f; V)
n— n n— n n—.

Example 4.4. For Eq. (3.4) the initial conditions are set as follows: ¥_5 = —1.1,¥_4 =08, ¥_3=03,¥Y_, =
2,¥Y_ 1=13, and ¥y =01. AndV¥_5=1/3,¥Y_4, = -2,¥Y_3=45V¥Y_, =-25V¥_1 =8, and ¥y = 3/8,
and the results are shown in Figures 5 and 6.

10 ‘ ‘ ‘ ‘ ‘
0 10 20 30 40 50 60
n
3 . 3 3 3 — ‘yn 71‘1}“ —5
Figure 5: Unbounded solution of the difference equation ¥;, 1 = LY B e Tt T T B

2L

-4

[ 10 20 30 40 50 60
n

. . . . . . . _ Yo a¥Yn s
Figure 6: Periodic solution of the difference equation ¥,, 1 = Ve g e ey s ey B

5. Conclusion

In this article, we have found the general form of the solutions of rational difference equations and
we investigated the existence of positive equilibrium points. In Section 2, we investigated the solution’s
qualitative behavior, such as local and global stability. In Section 3, we found the solution’s expressions to
some special cases of the fractional recursive equation (1.1). In Cases 3 and 4, we had a periodic solution
of period eight iff nAut = 2 and nApt = —2, respectively. Finally, some illustrative examples are provided
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to support our theoretical discussion. As future work, we can use the parameters «, 3, and 5 as a sequence
or form a system of the same equation in multiple dimensions.
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