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Abstract

Let E be a reflexive Banach space. In this paper, we are interested in the solvability of the nonlinear quadratic functional
integral inclusion with distributed delay

x(t) ∈ F(t, g(t, x(t))
∫ϕ(t)

0
u(t, s, x(s))ds), t ∈ [0,∞),

on the real half-axis. Our thought is found within the space BC(R+,E) of bounded continuous functions on the real half-axis
R+ and taking values in a reflexive Banach space E beneath the presumption that the multi-valued function F fulfill Lipschitz
condition in E. The main tool applied in this work is the procedure associated with measures of non-compactness in the space
BC(R+,E) by a given norm of continuity and using Darbo’s fixed point theorem. The asymptotic stability and the asymptotic
dependency of the solution will be studied. We additionally provide an example to demonstrate the effectiveness and value of
our results.
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1. Introduction

Let E be a reflexive Banach space with norm ‖.‖E and let R+ = [0,∞). Denote by BC(R+,E) the Banach
space of all functions defined, continuous, and bounded on the real half-axis R+ and taking values in a
given Banach space E. The norm of ρ ∈ BC(R+,E) is defined by

‖ρ‖BC = sup
t∈R+

‖ρ(t)‖E.
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The theory of measures of non-compactness plays an important role in applications to the nonlinear
analysis and to the theories of differential and integral equations (see [2, 4, 7–10, 12, 13]). It also applies
to control theory and the operator theory (see [2, 9, 15]). Measures of non-compactness are frequently
employed in fixed point theory. It is worthwhile mentioning that Darbo’s fixed point theorem and the
measures of non-compactness create a powerful and convenient procedure that is very applicable in
establishing theorems of existence for various types of operator equations (functional integral, integral,
and differential). For solvability of bounded domain see [11, 29]. In [1, 6, 8, 20, 21, 30] the authors
investigation the integral equations on different spaces of functions on the real half-axis. Moreover, in
[19, 38] authors examine the solvability of non-linear 2D Volterra integral equations through Petryshyn
fixed point theorem in Banach space and two systems of nonlinear Volterra integral equation and Volterra
integro-differential equation through Banach’s contraction principle and considered some properties of
this solution. In [39] authors delve into a nonlinear integral equation (IEq) with multiple variable time
delays and a nonlinear integro-differential equation (IDEq) without delay by the fixed point method using
progressive contractions and some properties of solutions of that IEq with multiple variable time delays
and IDEq are investigated. A multi-valued functional equations and multi-valued differential equations
have been extensively investigated by some authors. There are many interesting results concerning the
existence and properties of these problems (see [18, 31–33, 35, 36]). Also, a functional integral inclusion
was studied by Dhage and O’Regan, they proved the existence of extremal solutions using Caratheodory’s
conditions on the multi-valued function (see [5, 16, 22, 25, 28, 34]) and in our article, we establish our
results using Lipschitz condition on the multi-valued function. The existence theorems for the inclusions
problems are generally obtained under the assumptions that the multi-valued function is either lower or
upper semi-continuous on the domain of its definitions (see [3, 17, 34]) and for the discontinuity of the
multi-valued function (see [26]). The Lipschitz selections of the multi-valued functions was investigated
by a number of authors (see [23, 37]).

Here, we will apply the theory of measure of non-compactness to study the solutions, the asymptotic
stability and the asymptotic dependency of the solution for the nonlinear quadratic functional integral
inclusion with distributed delay

x(t) ∈ F(t, g(t, x(t))
∫ϕ(t)

0
u(t, s, x(s))ds), t ∈ R+, (1.1)

in BC(R+,E) and using Darbo’s fixed point theorem, where F : R+ × E → Ω(E) is a nonlinear multi-
valued mapping and Ω(E) denote the power set of nonempty subsets of the Banach space E, where the
function ϕ(t) is the delay function which is continuous function and ϕ(t) 6 t.

2. Preliminaries

Here, we display a few documentations and assistant comes about that will be required in this work.
First, we state the Darbo’s fixed point theorem.

Theorem 2.1 ([24]). Assume that A : Q → Q is continuous operator and Q is a nonempty closed bounded convex
subset of the space E with µ(AX) 6 Kµ(X) for any nonempty subset X of Q, where the constant K ∈ [0, 1). Then
A has a fixed point in the set Q.

Now, let E be a Banach space and let x : I→ E.

Definition 2.2 ([27]). A multi-valued map F from I× E to the family of all nonempty closed subsets of E
is called Lipschitzian if there exists L > 0 such that for all t1, t2 ∈ I and all x1, x2 ∈ E, we have

H(F(t1, x1),F(t2, x2)) 6 L{|t1 − t2|+ ‖x1 − x2‖E},

where H(`, ) is the Hausdorff metric between the two subsets `,  ∈ I× E.

Denote SF = Lip(I,E) be the set of Lipschitz selections of F.
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3. Main result

In this area, we present our fundamental result by demonstrating the existence of solution x ∈
BC(R+,E) of the nonlinear quadratic functional integral inclusion with distributed delay (1.1).

Definition 3.1. By a solution x ∈ BC(R+,E) of the nonlinear quadratic functional integral inclusion with
distributed delay (1.1) in the reflexive Banach space E, we mean a single-valued function, which fulfills
(1.1).

Consider now the following assumptions.

(H1) The set F(t, y) is compact and convex for all (t, y) ∈ R+ × E.
(H2) The multi-valued map F is Lipschitzian with a Lipschitz constant L1 > 0 such that

H(F(t1, y),F(t2, z)) 6 L1(|t1 − t2|+ ‖y − z‖E)

for all t1, t2 ∈ R+ and y, z ∈ E, where H(`, ) is the Hausdorff metric between the two subsets
`,  ∈ R+ × E.

(H3) The set of Lipschitz selections SF of the multi-valued function F is nonempty.
(H4) u : R+ × R+ × E → R+ is continuous function and there exist continuous functions k(t, s) : R+ ×

R+ → R+ and b(s) : R+ → R+ such that

|u(t, s, x(s))| 6 |k(t, s)|+ |b(s)|‖x(s)‖E, ∀t, s ∈ R+,

where

sup
t∈R+

∫t
0
|k(t, s)|ds = K, lim

t→∞
∫ t

0
|k(t, s)|ds = 0

and

sup
t∈R+

∫t
0
|b(s)|ds = B, lim

t→∞
∫ t

0
|b(s)|ds = 0.

(H5) g : R+ × E → E satisfies Lipschitz condition and there exists a function a2(t) and a constant L2 > 0
such that

‖g(t, x(t))‖E 6 ‖a2(t)‖E +L2‖x(t)‖E.

(H6) The function ϕ : I→ I is continuous function and ϕ(t) 6 t.
(H7) There exists a positive real number r of the algebraic equation

L1L2br2B+ (L1L2K+L1‖a2‖BCB− 1)r + ‖a1‖BC +L1‖a2‖BCK = 0.

Now, let X ⊆ BC(R+,E) and Q = {x : x ∈ X}. Define the following norm of continuity:

ωT(x, ε) = sup{‖x(t) − x(τ)‖E : t, τ ∈ I, |t − τ| 6 ε}, ωT(X, ε) = sup{ωT(x, ε), x ∈ X},

and
ωT

0 (X) = lim
ε→0

ωT(X, ε), ω0(X) = lim
T→∞ωT

0 (X).

In addition for t ∈ R+,
diamX(t) = sup{‖x(t) − y(t)‖E : x, y ∈ X},

and
C(X) = lim

t→∞ sup diamX(t).

Finally, the measure of non-compactness on BC(R+,E) is given by

µ(X) = ω0(X) + C(X) = ω0(X) + lim
t→∞ sup diamX(t).
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Remark 3.2. From assumptions (H1)-(H3), there exists a Lipschiz selection f ∈ SF; f : R+ × E → E such
that

‖f(t, y(t))‖E 6 ‖a1(t)‖E +L1‖y(t)‖E,

this selection satisfies

x(t) = f(t, g(t, x(t))
∫ϕ(t)

0
u(t, s, x(s))ds), t ∈ R+. (3.1)

Then the solution of the nonlinear quadratic functional integral equation with distributed delay (3.1), if it
exists, is a solution of the nonlinear quadratic functional integral inclusion with distributed delay (1.1).

Now, we seek about the existence of solution of the nonlinear quadratic functional integral equation
with distributed delay (3.1).

Theorem 3.3. Let the assumptions (H1)-(H7) be satisfied. Then the nonlinear quadratic functional integral equa-
tion with distributed delay (3.1) has at least one solution x ∈ BC(R+,E).

Proof. Define the operator A by

Ax(t) = f(t, g(t, x(t))
∫ϕ(t)

0
u(t, s, x(s))ds), t ∈ R+.

Let the set Qr defined by

Qr = {x : x ∈ BC(R+,E), ‖x‖BC(R+,E) 6 r},

r = ‖a1‖BC +L1‖a2‖BCK+L1L2rK+L1‖a2‖BCrB+L1L2r2B.

Then, it is clear that it is nonempty, closed, bounded, and convex subset of the space E. Let x ∈ Qr be
arbitrary, then

‖Ax(t)‖E = ‖f(t, g(t, x(t))
∫ϕ(t)

0
u(t, s, x(s))ds)‖E

6 ‖a1(t)‖E +L1‖g(t, x(t))
∫ϕ(t)

0
u(t, s, x(s))ds‖E

6 ‖a1(t)‖E +L1‖g(t, x(t))‖E
∫ϕ(t)

0
|u(t, s, x(s))|ds

6 ‖a1(t)‖E +L1‖g(t, x(t))‖E
∫ t

0
|u(t, s, x(s))|ds

6 ‖a1(t)‖E +L1{‖a2(t)‖E +L2‖x(t)‖E}
∫ t

0
{|k(t, s)|+ |b(s)|‖x(s)‖E}ds

6 ‖a1(t)‖E +L1{‖a2(t)‖E +L2‖x(t)‖E}
∫ t

0
|k(t, s)|ds +L1{‖a2(t)‖E +L2‖x(t)‖E}

∫ t

0
|b(s)|‖x(s)‖Eds

6 ‖a1‖BC +L1{‖a2‖BC +L2‖x‖BC} sup
t∈R+

∫ t

0
|k(t, s)|ds

+L1{‖a2‖BC +L2‖x‖BC}‖x‖BC sup
t∈R+

∫ t

0
|b(s)|ds

6 ‖a1‖BC +L1{‖a2‖BC +L2‖x‖BC}K+L1{‖a2‖BC +L2‖x‖BC}‖x‖BCB

6 ‖a1‖BC +L1‖a2‖BCK+L1L2‖x‖BCK+L1‖a2‖BC‖x‖BCB+L1L2(‖x‖BC)
2B.
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Therefore

‖Ax‖BC 6 ‖a1‖BC +L1‖a2‖BCK+L1L2rK+L1‖a2‖BCrB+L1L2r2B = r,

where r = ‖a1‖BC +L1‖a2‖BCK+L1L2rK+L1‖a2‖BCrB+L1L2r2B. Then ‖Ax‖BC 6 r. Hence, Ax ∈ Qr,
which proves that AQr ⊂ Qr and A : Qr → Qr. Now, we will show that A is continuous on the ball Qr. Let
{xn} be a sequence in Qr that converges to x, ∀t ∈ R+ in Qr, i.e., xn → x, ∀t ∈ R+. Now

‖f(t, g(t, xn(t))
∫ϕ(t)

0
u(t, s, xn(s))ds)‖E 6 ‖a1(t)‖E +L1‖g(t, xn(t))

∫ϕ(t)

0
u(t, s, xn(s))ds‖E

and xn → x, then f(t, g(t, xn(t))
∫ϕ(t)

0 u(t, s, xn(s))ds)→ f(t, g(t, x(t))
∫ϕ(t)

0 u(t, s, x(s))ds). Since

Axn(t) = f(t, g(t, xn(t))
∫ϕ(t)

0
u(t, s, xn(s))ds), t ∈ R+,

then

‖Axn(t) −Ax(t)‖E

= ‖f(t, g(t, xn(t))
∫ϕ(t)

0
u(t, s, xn(s))ds) − f(t, g(t, x(t))

∫ϕ(t)

0
u(t, s, x(s))ds)‖E

6 L1‖g(t, xn(t))
∫ϕ(t)

0
u(t, s, xn(s))ds − g(t, x(t))

∫ϕ(t)

0
u(t, s, x(s))ds‖E

6 L1‖g(t, xn(t))
∫ϕ(t)

0
u(t, s, xn(s))ds − g(t, x(t))

∫ϕ(t)

0
u(t, s, xn(s))ds‖E

+L1‖g(t, x(t))
∫ϕ(t)

0
u(t, s, xn(s))ds − g(t, x(t))

∫ϕ(t)

0
u(t, s, x(s))ds‖E

6 L1‖g(t, xn(t)) − g(t, x(t))‖E
∫ϕ(t)

0
|u(t, s, xn(s))|ds +L1‖g(t, x(t))‖E

∫ϕ(t)

0
|u(t, s, xn(s)) − u(t, s, x(s))|ds

6 L1‖g(t, xn(t)) − g(t, x(t))‖E
∫ t

0
|u(t, s, xn(s))|ds +L1‖g(t, x(t))‖E

∫ t

0
|u(t, s, xn(s)) − u(t, s, x(s))|ds

6 L1L2‖xn(t) − x(t)‖E
∫ t

0
|u(t, s, xn(s))|ds +L1{‖a2(t)‖E +L2‖x(t)‖E}

∫ t

0
|u(t, s, xn(s)) − u(t, s, x(s))|ds (3.2)

6 L1L2‖xn(t) − x(t)‖E
∫ t

0
|u(t, s, x(s))|ds + 2L1{‖a2(t)‖E +L2‖x(t)‖E}

∫ t

0
|u(t, s, x(s))|ds

6 L1L2‖xn(t) − x(t)‖E
∫ t

0
{|k(t, s)|+ |b(s)|‖x(s)‖E}ds

+ 2L1{‖a2(t)‖E +L2‖x(t)‖E}
∫ t

0
{|k(t, s)|+ |b(s)|‖x(s)‖E}ds

6 L1L2‖xn − x‖BCsupt∈R+

∫ t

0
|k(t, s)|ds +L1L2‖xn − x‖BC‖x‖BCsupt∈R+

∫ t

0
|b(s)|ds

+ 2{L1‖a2‖BC +L1L2‖x‖BC}

∫ t

0
|k(t, s)|ds + 2{L1‖a2‖BC +L1L2‖x‖BC}‖x‖BC

∫ t

0
|b(s)|ds

6 L1L2εK+L1L2εrB+ 2{L1‖a2‖BC +L1L2r}
∫ t

0
|k(t, s)|ds + 2{L1‖a2‖BC +L1L2r}r

∫ t

0
|b(s)|ds,

select T > 0 such that the following inequality holds for t > T,

2{L1‖a2‖BC +L1L2r}
∫ t

0
|k(t, s)|ds 6

ε

2
and 2{L1‖a2‖BC +L1L2r}r

∫ t

0
|b(s)|ds 6

ε

2
.

Discuss the following two ideas.
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(1) If t > T, we obtain
‖Axn(t) −Ax(t)‖E 6 L1L2εK+L1L2εrB+ ε = ε.

(2) If t 6 T, let us take a function ω = ω(ε) given by

ω(ε) = sup{|u(t, s, xn(s)) − u(t, s, x(s))| : t, s ∈ I, x, xn ∈ [−r, r], ‖xn(s) − x(s)‖E < ε}.

Then from the uniform continuity of the function u(t, s, x(s)) on the set I× I ×[−r, r], we deduce that
ω(ε)→ 0 as ε→ 0. Thus, from (3.2),

‖Axn(t) −Ax(t)‖E 6 L1L2εK+L1L2εrB+L1{‖a2‖BC +L2r}Tω(ε).

Hence

‖Axn −Ax‖BC 6 L1L2εK+L1L2εrB+L1{‖a2‖BC +L2r}Tω(ε).

Consequently, from the two ideas (1) and (2) and the above established facts, we can deduce that Axn →
Ax, ∀xn → x, and the operator A is continuous on Qr. Now, take a nonempty set X ⊆ Qr. Then for any
x1, x2 ∈ X and fixed t > 0, we obtain

‖Ax1(t) −Ax2(t)‖E

= ‖f(t, g(t, x1(t))
∫ϕ(t)

0
u(t, s, x1(s))ds) − f(t, g(t, x2(t))

∫ϕ(t)

0
u(t, s, x2(s))ds)‖E

6 L1‖g(t, x1(t))
∫ϕ(t)

0
u(t, s, x1(s))ds − g(t, x2(t))

∫ϕ(t)

0
u(t, s, x2(s))ds‖E

6 L1‖g(t, x1(t))
∫ϕ(t)

0
u(t, s, x1(s))ds − g(t, x2(t))

∫ϕ(t)

0
u(t, s, x1(s))ds‖E

+L1‖g(t, x2(t))
∫ϕ(t)

0
u(t, s, x1(s))ds − g(t, x2(t))

∫ϕ(t)

0
u(t, s, x2(s))ds‖E

6 L1‖g(t, x1(t)) − g(t, x2(t))‖E
∫ϕ(t)

0
|u(t, s, x1(s))|ds +L1‖g(t, x2(t))‖E

∫ϕ(t)

0
|u(t, s, x1(s)) − u(t, s, x2(s))|ds

6 L1‖g(t, x1(t)) − g(t, x2(t))‖E
∫ t

0
|u(t, s, x1(s))|ds +L1‖g(t, x2(t))‖E

∫ t

0
|u(t, s, x1(s)) − u(t, s, x2(s))|ds

6 L1L2‖x1(t) − x2(t)‖E
∫ t

0
|u(t, s, x1(s))|ds + 2L1{‖a2(t)‖E +L2‖x2(t)‖E}

∫ t

0
|u(t, s, x2(s))|ds

6 L1L2‖x1(t) − x2(t)‖E
∫ t

0
{|k(t, s)|+ |b(s)|‖x1(s)}Eds

+ 2L1{‖a2(t)‖E +L2‖x2(t)‖E}
∫ t

0
{|k(t, s)|+ |b(s)|‖x2(s)‖E}ds

6 L1L2‖x1(t) − x2(t)‖E
∫ t

0
|k(t, s)|ds +L1L2‖x1(t) − x2(t)‖E

∫ t

0
|b(s)|‖x1(s)‖Eds

+ 2L1{‖a2(t)‖E +L2‖x2(t)‖E}
∫ t

0
|k(t, s)|ds + 2L1{‖a2(t)‖E +L2‖x2(t)‖E}

∫ t

0
|b(s)|‖x2(s)‖Eds

6 L1L2diamX(t)K+L1L2diamX(t)rB+ 2L1{‖a2‖BC +L2r}
∫ t

0
|k(t, s)|ds + 2L1{‖a2‖BC +L2r}r

∫ t

0
|b(s)|ds

6 (L1L2K+L1L2rB)diamX(t) + 2L1{‖a2‖BC +L2r}
∫ t

0
|k(t, s)|ds + 2L1{‖a2‖BC +L2r}r

∫ t

0
|b(s)|ds.
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Hence, we obtain

diam(AX)(t) 6 (L1L2K+L1L2rB)diamX(t) + 2L1{‖a2‖BC +L2r}
∫ t

0
|k(t, s)|ds

+ 2L1{‖a2‖BC +L2r}r
∫ t

0
|b(s)|ds

and

lim
t→∞ sup diam(AX)(t) 6 (L1L2K+L1L2rB) lim

t→∞ sup diamX(t).

Then

lim
t→∞ sup diam(AX)(t) 6 C lim

t→∞ sup diamX(t), (3.3)

where we take C as C = L1L2K+L1L2rB. Let T > 0 and ε > 0 be given. Let x ∈ X ⊆ Qr and t, τ ∈ I such
that τ 6 t and |t − τ| 6 ε, then

‖Ax(t) −Ax(τ)‖E

= ‖f(t, g(t, x(t))
∫ϕ(t)

0
u(t, s, x(s))ds) − f(τ, g(τ, x(τ))

∫ϕ(t)

0
u(τ, s, x(s))ds)‖E

6 L1{|t − τ|+ ‖g(t, x(t))
∫ϕ(t)

0
u(t, s, x(s))ds − g(τ, x(τ))

∫ϕ(τ)

0
u(τ, s, x(s))ds‖E}

6 L1|t − τ|+L1‖g(t, x(t))
∫ϕ(t)

0
u(t, s, x(s))ds − g(τ, x(τ))

∫ϕ(t)

0
u(t, s, x(s))ds‖E

+L1‖g(τ, x(τ))
∫ϕ(t)

0
u(t, s, x(s))ds − g(τ, x(τ))

∫ϕ(τ)

0
u(τ, s, x(s))ds‖E

6 L1|t − τ|+L1‖g(t, x(t)) − g(τ, x(τ))‖E
∫ϕ(t)

0
|u(t, s, x(s))|ds

+L1‖g(τ, x(τ))‖E‖
∫ϕ(t)

0
u(t, s, x(s))ds −

∫ϕ(τ)

0
u(τ, s, x(s))ds‖E

6 L1|t − τ|+L1‖g(t, x(t)) − g(τ, x(τ))‖E
∫ϕ(t)

0
|u(t, s, x(s))|ds

+L1‖g(τ, x(τ))‖E‖
∫ϕ(τ)

0
u(t, s, x(s))ds +

∫ϕ(t)

ϕ(τ)
u(t, s, x(s))ds −

∫ϕ(τ)

0
u(τ, s, x(s))ds‖E

6 L1|t − τ|+L1‖g(t, x(t)) − g(τ, x(τ))‖E
∫ϕ(t)

0
u(t, s, x(s))ds

+L1‖g(τ, x(τ))‖E
∫ϕ(τ)

0
|u(t, s, x(s)) − u(τ, s, x(s))|ds +L1‖g(τ, x(τ))‖E

∫ϕ(t)

ϕ(τ)
|u(t, s, x(s))|ds

6 L1|t − τ|+L1‖g(t, x(t)) − g(τ, x(τ))‖E
∫ t

0
|u(t, s, x(s))|ds

+L1‖g(τ, x(τ))‖E
∫τ

0
|u(t, s, x(s)) − u(τ, s, x(s))|ds+L1‖g(τ, x(τ))‖E

∫ϕ(t)

ϕ(τ)
|u(t, s, x(s))|ds

6 L1|t − τ|+L1‖g(t, x(t)) − g(t, x(τ))‖E
∫ t

0
|u(t, s, x(s))|ds +L1‖g(t, x(τ)) − g(τ, x(τ))‖E

∫ t

0
|u(t, s, x(s))|ds

+L1‖g(τ, x(τ))‖E
∫τ

0
|u(t, s, x(s)) − u(τ, s, x(s))|ds +L1‖g(τ, x(τ))‖E

∫ϕ(t)

ϕ(τ)
|u(t, s, x(s))|ds
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6 L1|t − τ|+L1L2‖x(t) − x(τ)‖E
∫ t

0
{|k(t, s)|+ |b(s)|‖x(s)‖E}ds

+L1‖g(t, x(t)) − g(τ, x(τ))‖E
∫ t

0
{|k(t, s)|+ |b(s)|‖x(s)‖E}ds

+L1{‖a2(τ)‖E +L2‖x(τ)‖E}
∫τ

0
|u(t, s, x(s)) − u(τ, s, x(s))|ds

+L1{‖a2(τ)‖E +L2‖x(τ)‖E}
∫ϕ(t)

ϕ(τ)
{|k(t, s)|+ |b(s)|‖x(s)‖E}ds

6 L1|t − τ|+L1L2‖x(t) − x(τ)‖E{
∫ t

0
|k(t, s)|ds+

∫ t

0
|b(s)|‖x(s)‖Eds}

+L1‖g(t, x(τ)) − g(τ, x(τ))‖E{
∫ t

0
|k(t, s)|ds +

∫ t

0
|b(s)|‖x(s)‖Eds}

+L1{‖a2(τ)‖E +L2‖x(τ)‖E}
∫τ

0
|u(t, s, x(s)) − u(τ, s, x(s))|ds

+L1{‖a2(τ)‖E +L2‖x(τ)‖E}{
∫ϕ(t)

ϕ(τ)
|k(t, s)|ds +

∫ϕ(t)

ϕ(τ)
|b(s)|‖x(s)‖Eds}

6 L1ε+L1L2ω
T(x, ε){K+ rB}+L1ω

T(g, ε){K+ rB}

+L1{‖a2‖BC +L2r}ωT(u, ε)T +L1{‖a2‖BC +L2r}
∫ϕ(t)

ϕ(τ)
|k(t, s)|ds +L1{‖a2‖BC +L2r}r

∫ϕ(t)

ϕ(τ)
|b(s)|ds,

where
ωT(u, ε) = sup{|u(t, s, x(s)) − u(τ, s, x(s))| : t, τ ∈ I, |t − τ| 6 ε, ‖x‖BC 6 r}

and
ωT(g, ε) = sup{‖g(t, x(τ)) − g(τ, x(τ))‖E : t, τ ∈ I, |t − τ| 6 ε, ‖x‖BC 6 r}

are norm of continuity of the functions u and g on the interval I. Hence

ωT(Ax, ε) 6 L1ε+L1L2ω
T(x, ε){K+ rB}+L1ω

T(g, ε){K+ rB}+L1{‖a2‖BC

+L2r}TωT(u, ε) +L1{‖a2‖BC +L2r}
∫ϕ(t)

ϕ(τ)
|k(t, s)|ds +L1{‖a2‖BC +L2r}r

∫ϕ(t)

ϕ(τ)
|b(s)|ds,

and

ωT(AX, ε) 6 L1ε+L1L2ω
T(X, ε){K+ rB}+L1ω

T(g, ε){K+ rB}

+L1{‖a2‖BC +L2r}TωT(u, ε) +L1{‖a2‖BC +L2r}{εsup{|k(t, s)| : s ∈ I }}

+L1{‖a2‖BC +L2r}{rε sup{|b(s)| : s ∈ I }.}

According to the uniform continuity of the function u(t, s, x(s)) on the set I× I× [−r, r] and the function
g(t, x(t)) on I× [−r, r] we deduce that ωT(u, ε)→ 0, ωT(g, ε)→ 0 as ε→ 0. Consequently, we obtain

ωT
0 (AX) 6 L1L2ω

T
0 (X){K+ rB} 6 {L1L2K+L1L2rB}ωT

0 (X).

As T →∞, we have

ω0(AX) 6 Cω0(X). (3.4)

Now, from the estimations (3.3) and (3.4) and the definition of the measure of noncompactness µ on X,
we obtain

µ(AX) 6 Cµ(X).
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Since all conditions of Darbo’s fixed point Theorem are satisfied, then the operator A has at least one
fixed point x ∈ Qr, then there exists at least one solution x ∈ BC(R+,E) of the nonlinear quadratic
functional integral equation with distributed delay (3.1). Consequently, there exists at least one solution
x ∈ BC(R+,E) of the nonlinear quadratic functional integral inclusion with distributed delay (1.1).

4. Asymptotic stability

Definition 4.1. The solution x ∈ BC(R+,E) of the nonlinear quadratic functional integral inclusion with
distributed delay (1.1) is asymptotically stable, that is, ∀ε > 0, ∃T(ε) > 0 and r > 0 such that if any
two solutions to the nonlinear quadratic functional integral inclusion with distributed delay (1.1) are
x, x1 ∈ BC(R+,E), then ‖x(t) − x1(t)‖E 6 ε for t > T(ε).

Theorem 4.2. Consider the assumptions (H1)-(H7) hold, then the solution x ∈ BC(R+,E) of (1.1) is asymptoti-
cally stable.

Proof. Let ε > 0 be given, take x, x1 ∈ BC(R+,E) be any two solutions of the inclusion (1.1), then

‖x(t) − x1(t)‖E

= ‖f(t, g(t, x(t))
∫ϕ(t)

0
u(t, s, x(s))ds) − f(t, g(t, x1(t))

∫ϕ(t)

0
u(t, s, x1(s))ds)‖E

6 L1‖g(t, x(t))
∫ϕ(t)

0
u(t, s, x(s))ds − g(t, x1(t))

∫ϕ(t)

0
u(t, s, x1(s))ds‖E

6 L1‖g(t, x(t))
∫ϕ(t)

0
u(t, s, x(s))ds − g(t, x1(t))

∫ϕ(t)

0
u(t, s, x(s))ds‖E

+L1‖g(t, x1(t))
∫ϕ(t)

0
u(t, s, x(s))ds − g(t, x1(t))

∫ϕ(t)

0
u(t, s, x1(s))ds‖E

6 L1‖g(t, x(t)) − g(t, x1(t))‖E
∫ϕ(t)

0
|u(t, s, x(s))|ds

+L1‖g(t, x1(t))‖E
∫ϕ(t)

0
|u(t, s, x(s)) − u(t, s, x1(s))|ds

6 L1‖g(t, x(t)) − g(t, x1(t))‖E
∫ t

0
|u(t, s, x(s))|ds +L1‖g(t, x1(t))‖E

∫ t

0
|u(t, s, x(s)) − u(t, s, x1(s))|ds

6 L1L2‖x(t) − x1(t)‖E
∫ t

0
|u(t, s, x(s))|ds

+L1{‖a2(t)‖E +L2‖x1(t)‖E}
∫ t

0
|u(t, s, x(s)) − u(t, s, x1(s))|ds (4.1)

6 L1L2‖x(t) − x1(t)‖E
∫ t

0
|u(t, s, x(s))|ds + 2L1{‖a2(t)‖E +L2‖x1(t)‖E}

∫ t

0
|u(t, s, x1(s))|ds

6 L1L2‖x(t) − x1(t)‖E
∫ t

0
{|k(t, s)|+ |b(s)|‖x(s)‖E}ds

+ 2L1{‖a2(t)‖E +L2‖x1(t)‖E}
∫ t

0
{|k(t, s)|+ |b(s)|‖x1(s)‖E}ds

6 L1L2‖x − x1‖BC sup
t∈R+

∫ t

0
|k(t, s)|ds +L1L2‖x − x1‖BC‖x‖BC sup

t∈R+

∫ t

0
|b(s)|ds

+ 2{L1‖a2‖BC +L1L2‖x1‖BC}

∫ t

0
|k(t, s)|ds + 2{L1‖a2‖BC +L1L2‖x1‖BC}‖x‖BC

∫ t

0
|b(s)|ds
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6 L1L2εK+L1L2εrB+ 2{L1‖a2‖BC +L1L2r}
∫ t

0
|k(t, s)|ds + 2{L1‖a2‖BC +L1L2r}r

∫ t

0
|b(s)|ds,

select T > 0 such that the following inequality holds for t > T,

2{L1‖a2‖BC +L1L2r}
∫ t

0
|k(t, s)|ds 6

ε

2
and 2{L1‖a2‖BC +L1L2r}r

∫ t

0
|b(s)|ds 6

ε

2
.

Now we have two situations.

(i) If t > T, we obtain
‖x(t) − x1(t)‖E 6 L1L2εK+L1L2εrB+ ε, t > T(ε).

Hence

‖x − x1‖BC 6 L1L2εK+L1L2εrB+ ε = ε.

(ii) If t 6 T, let us take a function ω = ω(ε) given by

ω(ε) = sup{|u(t, s, x(s)) − u(t, s, x1(s))| : t, s ∈ I, x, x1 ∈ [−r, r], ‖x(s) − x1(s)‖E < ε}.

Then from the uniform continuity of the function u(t, s, x(s)) on the set I× I× [−r, r], we deduce that
ω(ε)→ 0 as ε→ 0. Thus, from (4.1),

‖x(t) − x1(t)‖E 6 L1L2εK+L1L2εrB+L1{‖a2‖BC +L2r}ω(ε)T, t > T(ε).

Hence

‖x − x1‖BC 6 L1L2εL2 +L1L2εrB+L1{‖a2‖BC +L2r}ω(ε)T = ε.

5. Dependency on ϕ(t)

Definition 5.1. The solution x ∈ BC(R+,E) of (3.1) depends asymptotically on the function ϕ, if ∀ε >
0, ∃δ > 0, and T(ε) > 0 such that |ϕ(t) −ϕ∗(t)| < δ, t > T(ε) implies ‖x − x∗‖BC < ε, where x, x∗ are the
two solutions of (3.1) and

x∗(t) = f(t, g(t, x∗(t))
∫ϕ(t)

0
u(t, s, x∗(s))ds), t ∈ R+,

respectively.

Theorem 5.2. Assume that the assumptions (H1)-(H7) hold, then the asymptotic dependency of the solution x ∈
BC(R+,E) of (3.1) on ϕ(t) yields.

Proof. Let ϕ,ϕ∗ be continuous functions such that

|ϕ(t) −ϕ∗(t)| < δ.

Then

‖x(t) − x∗(t)‖E

= ‖f(t, g(t, x(t))
∫ϕ(t)

0
u(t, s, x(s))ds) − f(t, g(t, x∗(t))

∫ϕ(t)

0
u(t, s, x∗(s))ds)‖E
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6 L1‖g(t, x(t))
∫ϕ(t)

0
u(t, s, x(s))ds − g(t, x∗(t))

∫ϕ∗(t)
0

u(t, s, x∗(s))ds‖E

6 L1‖g(t, x(t))
∫ϕ(t)

0
u(t, s, x(s))ds − g(t, x∗(t))

∫ϕ(t)

0
u(t, s, x(s))ds‖E

+L1‖g(t, x∗(t))
∫ϕ(t)

0
u(t, s, x(s))ds − g(t, x∗(t))

∫ϕ∗(t)
0

u(t, s, x∗(s))ds‖E

6 L1‖g(t, x(t)) − g(t, x∗(t))‖E
∫ϕ(t)

0
|u(t, s, x(s))|ds

+L1‖g(t, x∗(t))‖E
∫ϕ∗(t)

0
|u(t, s, x(s)) − u(t, s, x∗(s))|ds +L1‖g(t, x∗(t))‖E

∫ϕ(t)

ϕ∗(t)
|u(t, s, x(s))|ds

6 L1‖g(t, x(t)) − g(t, x∗(t))‖E
∫ t

0
|u(t, s, x(s))|ds

+L1‖g(t, x∗(t))‖E
∫ t

0
|u(t, s, x(s)) − u(t, s, x∗(s))|ds +L1‖g(t, x∗(t))‖E

∫ϕ(t)

ϕ∗(t)
|u(t, s, x(s))|ds

6 L1L2‖x(t) − x∗(t)‖E
∫ t

0
|u(t, s, x(s))|ds +L1{‖a2(t)‖E +L2‖x∗(t)‖E}

×
∫t

0
|u(t, s, x(s)) − u(t, s, x∗(s))|ds +L1{‖a2(t)‖E +L2‖x∗(t)‖E}

∫ϕ(t)

ϕ∗(t)
|u(t, s, x(s))|ds

6 L1L2‖x(t) − x∗(t)‖E
∫ t

0
|u(t, s, x(s))|ds + 2L1{‖a2(t)‖E +L1‖x∗(t)‖E}

∫ t

0
|u(t, s, x∗(s))|ds

+L1{‖a2(t)‖E +L2‖x∗(t)‖E}
∫ϕ(t)

ϕ∗(t)
|u(t, s, x(s))|ds (5.1)

6 L1L2‖x(t) − x∗(t)‖E
∫ t

0
{|k(t, s)|+ |b(s)|‖x(s)‖E}ds

+ 2L1{‖a2(t)‖E +L2‖x∗(t)‖E}
∫ t

0
{|k(t, s)|+ |b(s)|‖x∗(s)‖E}ds

+ {‖a2(t)‖E +L2‖x∗(t)‖E}
∫ϕ(t)

ϕ∗(t)
{|k(t, s)|+ |b(s)|‖x(s)‖E}ds

6 L1L2‖x(t) − x∗(t)‖E
∫ t

0
|k(t, s)|ds +L1L2‖x(t) − x∗(t)‖E

∫ t

0
|b(s)|‖x(s)‖Eds

+ 2L1{‖a2(t)‖E +L2‖x∗(t)‖E}
∫ t

0
|k(t, s)|ds + 2L1{‖a2(t)‖E +L2‖x∗(t)‖E}

∫ t

0
|b(s)|‖x∗(s)‖Eds

+L1{‖a2(t)‖E +L2‖x∗(t)‖E}
∫ϕ(t)

ϕ∗(t)
|k(t, s)|ds +L1{‖a2(t)‖E +L2‖x∗(t)‖E}

∫ϕ(t)

ϕ∗(t)
|b(s)|‖x(s)‖Eds

6 L1L2‖x − x∗‖BCK+L1L2‖x − x∗‖BC‖x‖BCB

+ 2L1{‖a2‖BC +L2‖x∗‖BC}

∫ t

0
|k(t, s)|ds + 2L1{‖a2‖BC +L2‖x∗‖BC}‖x∗‖BC

∫ t

0
|b(s)|ds

+L1{‖a2‖BC +L2‖x∗‖BC}

∫ϕ(t)

ϕ∗(t)
|k(t, s)|ds +L1{‖a2‖BC +L2‖x∗‖BC}‖x‖BC

∫ϕ(t)

ϕ∗(t)
|b(s)|ds

6 L1L2‖x − x∗‖BCK+L1L2‖x − x∗‖BCrB+ 2L1{‖a2‖BC +L2r}
∫ t

0
|k(t, s)|ds

+ 2L1{‖a2‖BC +L2r}r
∫ t

0
|b(s)|ds +L1{‖a2‖BC +L2r}δ1 +L1{‖a2‖BC +L2r}rδ2,
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select T > 0 such that the two relations hold for t > T,

2L1{‖a2‖BC +L2r}
∫ t

0
|k(t, s)|ds 6

ε

2
and 2L1{‖a2‖BC +L2r}r

∫ t

0
|b(s)|ds 6

ε

2
.

Now we have two situations.

(i) If t > T, we obtain

‖x(t) − x∗(t)‖E 6 L1L2‖x − x∗‖BCK+L1L2‖x − x∗‖BCrB
+ ε+L1{‖a2‖BC +L2r}δ1 +L1{‖a2‖BC +L2r}rδ2.

Then

‖x − x∗‖BC 6
ε+L1{‖a2‖BC +L2r}δ1 +L1{‖a2‖BC +L2r}rδ2

1 −L1L2K−L1L2rB
= ε.

(ii) If t 6 T, let us take a function ω = ω(ε) given by

ω(ε) = sup{|u(t, s, x(s)) − u(t, s, x∗(s))| : t, s ∈ I, x, x∗ ∈ [−r, r], ‖x(s) − x∗(s)‖E < ε}.

Then from the uniform continuity of the function u(t, s, x(s)) on the set I× I× [−r, r], we deduce that
ω(ε)→ 0 as ε→ 0. Thus, from (5.1),

‖x(t) − x∗(t)‖E 6 L1L2‖x − x∗‖BCK+L1L2‖x − x∗‖BCrB+L1{‖a2‖BC +L2r}ω(ε)T

+L1{‖a2‖BC +L2r}δ1 +L1{‖a2‖BC +L2r}rδ2.

Hence

‖x − x∗‖BC 6
L1{‖a2‖BC +L2r}ω(ε)T +L1{‖a2‖BC +L2r}δ1 +L1{‖a2‖BC +L2r}rδ2

1 −L1L1K−L1L2rB
= ε.

That completes the proof.

Corollary 5.3. For every f ∈ SF the solution of the equation (3.1) depends asymptotically on the function ϕ(t).

6. Dependency on SF

Definition 6.1. The solution x ∈ BC(R+,E) of the inclusion (1.1) depends asymptotically on the set SF, if
for every ε > 0, T(ε) > 0, and any two functions f, h ∈ SF, there exists δ > 0 such that ‖f− h‖E < δ, t >
T(ε) implies ‖xf − xh‖BC < ε.

Theorem 6.2. Let the assumptions (H1)-(H7) be fulfilled, then the solution x ∈ BC(R+,E) of the inclusion (1.1)
depends asymptotically on SF.

Proof. Let f,h ∈ SF such that

‖f(t, g(t, xf(t))
∫ϕ(t)

0
u(t, s, xf(s)ds)) − h(t, g(t, xf(t))

∫ϕ(t)

0
u(t, s, xf(s)ds))‖E < δ, δ > 0, t ∈ R+.

Then

‖xf(t) − xh(t) ‖E

= ‖f(t, g(t, xf(t))
∫ϕ(t)

0
u(t, s, xf(s))ds) − h(t, g(t, xh(t))

∫ϕ(t)

0
u((t), s, xh(s))ds)‖E
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6 ‖f(t, g(t, xf(t))
∫ϕ(t)

0
u(t, s, xf(s))ds) − h(t, g(t, xf(t))

∫ϕ(t)

0
u(t, s, xf(s))ds)‖E

+ ‖h(t, g(t, xf(t))
∫ϕ(t)

0
u(t, s, xf(s))ds) − h(t, g(t, xh(t))

∫ϕ(t)

0
u(t, s, xh(s))ds)‖E

6 ‖f(t, g(t, xf(t))
∫ϕ(t)

0
u(t, s, xf(s))ds) − h(t, g(t, xf(t))

∫ϕ(t)

0
u(t, s, xf(s))ds)‖E

+L1‖g(t, xf(t))
∫ϕ(t)

0
u(t, s, xf(s))ds − g(t, xh(t))

∫ϕ(t)

0
u(t, s, xh(s))ds‖E

6 ‖f(t, g(t, xf(t))
∫ϕ(t)

0
u(t, s, xf(s))ds) − h(t, g(t, xf(t))

∫ϕ(t)

0
u(t, s, xf(s))ds)‖E

+L1‖g(t, xf(t))
∫ϕ(t)

0
u(t, s, xf(s))ds − g(t, xh(t))

∫ϕ(t)

0
u(t, s, xf(s))ds‖E

+L1‖g(t, xh(t))
∫ϕ(t)

0
u(t, s, xf(s))ds − g(t, xh(t))

∫ϕ(t)

0
u(t, s, xh(s))ds‖E

6 ‖f(t, g(t, xf(t))
∫ϕ(t)

0
u(t, s, xf(s))ds) − h(t, g(t, xf(t))

∫ϕ(t)

0
u(t, s, xf(s))ds)‖E

+L1‖g(t, xf(t)) − g(t, xh(t))‖E
∫ϕ(t)

0
|u(t, s, xf(s))|ds

+L1‖g(t, xh(t))‖E
∫ϕ(t)

0
|u(t, s, xf(s)) − u(t, s, xh(s))|ds

6 δ+L1‖g(t, xf(t)) − g(t, xh(t))‖E
∫ t

0
|u(t, s, xf(s))|ds

+L1‖g(t, xh(t))‖E
∫ t

0
|u(t, s, xf(s)) − u(t, s, xh(s))|ds

6 δ+L1L2‖xf(t) − xh(t)‖E
∫ t

0
|u(t, s, xf(s))|ds

+L1{‖a2(t)‖E +L2‖xh(t)‖E}
∫ t

0
|u(t, s, xf(s)) − u(t, s, xh(s))|ds (6.1)

6 δ+L1L2‖xf(t) − xh(t)‖E
∫ t

0
|u(t, s, xf(s))|ds + 2L1{‖a2(t)‖E +L2‖xh(t)‖E}

∫ t

0
|u(t, s, xh(s))|ds

6 δ+L1L2‖xf(t) − xh(t)‖E
∫ t

0
{|k(t, s)|+ |b(s)|‖xf(s)‖E}ds

+ 2L1{‖a2(t)‖E +L2‖xh(t)‖E}
∫t

0
{|k(t, s)|+ |b(s)|‖xh(s)‖E}ds

6 δ+L1L2‖xf(t) − xh(t)‖E{
∫ t

0
|k(t, s)|ds +

∫ t

0
|b(s)|‖xf(t)‖Eds}

+ 2L1{‖a2(t)‖E +L2‖xh(t)‖E}{
∫ t

0
|k(t, s)|ds +

∫ t

0
|b(s)|‖xh(t)‖Eds}

6 δ+L1L2‖xf − xh‖BC{K+ rB}+ 2L1{‖a2‖BC +L2r}{
∫ t

0
|k(t, s)|ds + r

∫ t

0
|b(s)|ds}

6 δ+L1L2‖xf − xh‖BC{K+ rB}+ 2L1{‖a2‖BC +L2r}
∫ t

0
|k(t, s)|ds + 2L1{‖a2‖BC +L2r}r

∫ t

0
|b(s)|ds,
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select T > 0 such that the two relations hold for t > T,

2L1{‖a2‖BC +L2r}
∫ t

0
|k(t, s)|ds 6

ε

2
and 2L1{‖a2‖BC +L2r}r

∫ t

0
|b(s)|ds 6

ε

2
.

Now we have two situations.

(1) If t > T, we obtain

‖xf(t) − xh(t)‖E 6 δ+L1L2‖xf − xh‖BC{K+ rB}+ ε.

Then
‖xf − xh‖BC 6

δ+ ε

1 −L1L2{K+ rB}
= ε.

(2) If t 6 T, let us take a function ω = ω(ε) given by

ω(ε) = sup{|u(t, s, xf(s)) − u(t, s, xh(s))| : t, s ∈ I, xf, xh ∈ [−r, r], ‖xf(s), xh(s)‖E < ε}.

Then from the uniform continuity of the function u(t, s, x(s)) on the set I× I× [−r, r], we deduce that
ω(ε)→ 0 as ε→ 0. Thus, from (6.1),

‖xf(t) − xh(t)‖E 6 δ+L1L2‖xf − xh‖BC{K+ rB}+L1{‖a2(t)‖E +L2‖xh(t)‖E}ω(ε)T.

Hence

‖xf(t) − xh(t)‖BC 6
δ+L1{‖a2(t)‖E +L2‖xh(t)‖E}ω(ε)T

1 −L1L2{K+ rB}
= ε.

This complete the prove of our investigation.

7. An example

In this section our aim is to illustrate the main result contained in Theorem 3.3. Let Q = {x ∈ E : ‖x‖E 6
1} and R+ = [0,∞). Consider the multi-valued function F : R+ ×Q→ Ω(E) defined by

F(t, y(t)) = (a1(t) +L1y(t))Q, t ∈ R+.

Then F is Lipschitz. In fact, for the norm in the Banach space we have

‖F(t, y(t))‖E = sup{‖f‖E : f ∈ F(t, y(t))}

= ‖(a1(t) +L1y(t))Q‖E = ‖a1(t) +L1y(t)‖E 6 ‖a1(t)‖E +L1‖y(t)‖E.

Now let f(t, y(t)) = a1(t) +L1y(t) ∈ F(t, y(t)). Hence, we can apply our results to the nonlinear quadratic
functional integral equation with distributed delay

x(t) = t +
t2

4
x(t)

∫ϕ(t)

0

s + 2π(t2 + 1)(x(s))
2π(t2 + 1)s(s + 1)

ds, t ∈ R+. (7.1)

Here g(t, x(t)) = t2

4 x(t) and u(t, s, x(s)) = s+2π(t2+1)(x(s))
2π(t2+1)s(s+1) ϕ(t) 6 t. Now

‖x(t)‖E = ‖t + t2

4
x(t)

∫ϕ(t)

0

s + 2π(t2 + 1)(x(s))
2π(t2 + 1)s(s + 1)

ds‖E

6 t +
t2

4
‖x(t)‖E

∫ϕ(t)

0
|
s+ 2π(t2 + 1)(x(s))
2π(t2 + 1)s(s+ 1)

|ds
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6 t +
t2

4
‖x(t)‖E

∫ϕ(t)

0

|s|+ 2π|t2 + 1|‖x(s)‖E
2π|t2 + 1||s||s+ 1|

ds

6 t +
t2

4
‖x(t)‖E

∫t
0

|s|+ 2π|t2 + 1|‖x(s)‖E
2π|t2 + 1||s||s+ 1|

ds

6 t +
t2

4
‖x(t)‖E{

∫ t

0

1
2π|t2 + 1||s + 1|

ds+

∫ t

0

1
|s||s + 1|

‖x(s)‖Eds}

6 t +
t2

8π|t2 + 1|
‖x‖BCln|t + 1|+

t2

4
(‖x‖BC)

2ln|
t

t + 1
|

6 1 +
1

16π
ln 2r +

1
4

ln
1
2

r2.

Then

‖x‖BC 6 1 +
1

16π
ln 2r +

1
4

ln
1
2

r2.

The assumptions (H1)-(H7) of Theorem 3.3 are satisfied with a1(t) = a2(t) = t,L1 = L2 = 0.1. Obviously,
the function g(t, x(t)) is continuous. Currently, for any x1, x2 ∈ E and t ∈ R+, we have

‖g(t, x1(t)) − g(t, x2(t))‖E = ‖ t2

4
x1(t) −

t2

4
x2(t)‖E 6 |

t2

4
| ‖x1(t) − x2(t)‖E 6 |

1
4
| ‖x1(t) − x2(t)‖E.

And
‖g(t, x(t))‖E 6 t + 0.1‖x(t)‖E.

Further, we also have u(t, s, x(s)) fulfills condition (H4) with

|u(t, s, x(s))| = |
s + 2π(t2 + 1)(x(s))
2π(t2 + 1)s(s + 1)

| 6
|s|+ 2π|t2 + 1||x(s)|
2π|t2 + 1||s||s + 1|

6
1

2π|t2 + 1||s + 1|
+

1
|s||s + 1|

|x(s)|.

This indicates that we can insert k(t, s) = 1
2π(t2+1)(s+1) and b(s) = 1

s(s+1) . To verify the assumption (H4),
notice that

lim
t→∞

∫ t

0
k(t, s)ds = lim

t→∞
∫ t

0

1
2π(t2 + 1)(s + 1)ds

= lim
t→∞ ln(t + 1)

2π(t2 + 1)
= 0

and

lim
t→∞

∫ t

0
b(s)ds = lim

t→∞
∫ t

0

1
s(s + 1)

ds = lim
t→∞ ln

t
t + 1

= 0.

Moreover, we have

K = sup
t∈R+

∫ t

0
k(t, s)ds = sup

t∈R+

ln(t + 1)
2π(t2 + 1)

=
1

2π

and

B = sup
t∈R+

∫ t

0
b(s)ds = sup

t∈R+

ln
t

t + 1
=

1
2

.

Finally, let us pay attention to the fact that the inequality of Theorem 3.3 has the form C = L1L2K +
L1L2Br < 1. Consequently, all the requirements of Theorem 3.3 have been met. As a result the nonlinear
quadratic functional integral equation (7.1) has at least one asymptotically stable solution in the space
BC(R+,E).
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8. Conclusions

In this paper we use a Lipschitz selection for a multi-valued function in the reflexive Banach space E

to establish the solvability of the quadratic functional integral inclusion with distributed delay (1.1). Our
investigation is lying in the space of all functions defined, continuous, and bounded on the real half-axis
R+ and taking values in a given reflexive Banach space E.

In the main result we introduced sufficient conditions and studied the existence of solutions x ∈
BC(R+,E) of the quadratic functional integral inclusion with distributed delay (1.1) using the theory of
measure of non-compactness and Darbo’s fixed point theorem, the asymptotic stability and the asymptotic
dependency of the solution were studied. Finally, a numerical example is illustrated.
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[9] J. Banaś, K. Goebel, Measures of noncompactness in Banach spaces, Marcel Dekker, New York, (1980). 1
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[39] O. Tunç, C. Tunç, J.-C. Yao, Global existence and uniqueness of solutions of integral equations with multiple variable delays

and integro-differential equations: progressive contractions, Mathematics, 12 (2024), 16 pages. 1

https://cir.nii.ac.jp/crid/1571698600089724416
https://doi.org/10.1016/0096-3003(94)00080-N
https://doi.org/10.1016/S0096-3003(99)00087-9
https://doi.org/10.1016/S0096-3003(99)00087-9
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Investigations+of+some+properties+of+bounded+linear+operators+with+their+q-norms&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Investigations+of+some+properties+of+bounded+linear+operators+with+their+q-norms&btnG=
https://doi.org/10.2298/FIL1907181H
https://doi.org/10.2298/FIL1907181H
https://doi.org/10.5486/pmd.1983.30.3-4.11
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=On+jensen%27s+functional+equation+for+set-valued+functions&btnG=
http://www.math.kobe-u.ac.jp/~fe/xml/mr0961750.xml
https://community.ams.org/journals/proc/1996-124-08/S0002-9939-96-03456-9/S0002-9939-96-03456-9.pdf
https://community.ams.org/journals/proc/1996-124-08/S0002-9939-96-03456-9/S0002-9939-96-03456-9.pdf
https://files.ele-math.com/abstracts/mia-07-42-abs.pdf
https://files.ele-math.com/abstracts/mia-07-42-abs.pdf
https://www.researchgate.net/profile/Dorian-Popa/publication/242574309_A_Property_of_a_Functional_Inclusion_Connected_with_Hyers-Ulam_Stability/links/00463537c18e78c8c6000000/A-Property-of-a-Functional-Inclusion-Connected-with-Hyers-Ulam-Stability.pdf
https://doi.org/10.1007/BF02922044
https://doi.org/10.1002/mma.9800
https://doi.org/10.1002/mma.9800
https://doi.org/10.3390/math12020171
https://doi.org/10.3390/math12020171

	Introduction
	Preliminaries
	Main result
	Asymptotic stability
	Dependency on (t)
	Dependency on SF
	An example
	Conclusions

