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Abstract

Let € be a reflexive Banach space. In this paper, we are interested in the solvability of the nonlinear quadratic functional
integral inclusion with distributed delay

@ (t)
x(t) € ?(t,g(t,x(t))J u(t,s,x(s))ds), tel0,00),

0
on the real half-axis. Our thought is found within the space BC(R, £) of bounded continuous functions on the real half-axis
Ry and taking values in a reflexive Banach space € beneath the presumption that the multi-valued function J fulfill Lipschitz
condition in €. The main tool applied in this work is the procedure associated with measures of non-compactness in the space
BC(R4, E) by a given norm of continuity and using Darbo’s fixed point theorem. The asymptotic stability and the asymptotic
dependency of the solution will be studied. We additionally provide an example to demonstrate the effectiveness and value of
our results.
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1. Introduction

Let € be a reflexive Banach space with norm ||.||¢ and let R = [0, o0). Denote by BC(R., £) the Banach
space of all functions defined, continuous, and bounded on the real half-axis R, and taking values in a
given Banach space €. The norm of p € BC(R4, £) is defined by

lellze = sup [[p(t)]e-
teR,
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The theory of measures of non-compactness plays an important role in applications to the nonlinear
analysis and to the theories of differential and integral equations (see [2, 4, 7-10, 12, 13]). It also applies
to control theory and the operator theory (see [2, 9, 15]). Measures of non-compactness are frequently
employed in fixed point theory. It is worthwhile mentioning that Darbo’s fixed point theorem and the
measures of non-compactness create a powerful and convenient procedure that is very applicable in
establishing theorems of existence for various types of operator equations (functional integral, integral,
and differential). For solvability of bounded domain see [11, 29]. In [1, 6, 8, 20, 21, 30] the authors
investigation the integral equations on different spaces of functions on the real half-axis. Moreover, in
[19, 38] authors examine the solvability of non-linear 2D Volterra integral equations through Petryshyn
fixed point theorem in Banach space and two systems of nonlinear Volterra integral equation and Volterra
integro-differential equation through Banach’s contraction principle and considered some properties of
this solution. In [39] authors delve into a nonlinear integral equation (IEq) with multiple variable time
delays and a nonlinear integro-differential equation (IDEq) without delay by the fixed point method using
progressive contractions and some properties of solutions of that IEq with multiple variable time delays
and IDEq are investigated. A multi-valued functional equations and multi-valued differential equations
have been extensively investigated by some authors. There are many interesting results concerning the
existence and properties of these problems (see [18, 31-33, 35, 36]). Also, a functional integral inclusion
was studied by Dhage and O’Regan, they proved the existence of extremal solutions using Caratheodory’s
conditions on the multi-valued function (see [5, 16, 22, 25, 28, 34]) and in our article, we establish our
results using Lipschitz condition on the multi-valued function. The existence theorems for the inclusions
problems are generally obtained under the assumptions that the multi-valued function is either lower or
upper semi-continuous on the domain of its definitions (see [3, 17, 34]) and for the discontinuity of the
multi-valued function (see [26]). The Lipschitz selections of the multi-valued functions was investigated
by a number of authors (see [23, 37]).

Here, we will apply the theory of measure of non-compactness to study the solutions, the asymptotic
stability and the asymptotic dependency of the solution for the nonlinear quadratic functional integral
inclusion with distributed delay

@(t)

x(t) € F(t, g(t, x(t)) Jo u(t,s,x(s))ds), te R, (1.1)

in BC(R4, €) and using Darbo’s fixed point theorem, where F : R, x € — Q(€) is a nonlinear multi-
valued mapping and (&) denote the power set of nonempty subsets of the Banach space &, where the
function ¢(t) is the delay function which is continuous function and ¢(t) < t.

2. Preliminaries

Here, we display a few documentations and assistant comes about that will be required in this work.
First, we state the Darbo’s fixed point theorem.

Theorem 2.1 ([24]). Assume that A : Q — Q is continuous operator and Q is a nonempty closed bounded convex
subset of the space € with u(AX) < Ku(X) for any nonempty subset X of Q, where the constant X € [0,1). Then
A has a fixed point in the set Q.

Now, let € be a Banach space and let x: J — €.

Definition 2.2 ([27]). A multi-valued map F from J x € to the family of all nonempty closed subsets of £
is called Lipschitzian if there exists £ > 0 such that for all t;, t, € J and all xq,x; € €, we have

H(F(t1,x1), F(t2, x2)) < L{lty —tof + [[x1 —x2 e},
where H({,)) is the Hausdorff metric between the two subsets {,) € J x E.
Denote 85 = Lip(J, £) be the set of Lipschitz selections of J.
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3. Main result

In this area, we present our fundamental result by demonstrating the existence of solution x €
BC(R4, €) of the nonlinear quadratic functional integral inclusion with distributed delay (1.1).

Definition 3.1. By a solution x € BC(R,, £) of the nonlinear quadratic functional integral inclusion with
distributed delay (1.1) in the reflexive Banach space £, we mean a single-valued function, which fulfills
(1.1).

Consider now the following assumptions.
(H1) The set F(t,y) is compact and convex for all (t,y) € R4 x €.
(H2) The multi-valued map J is Lipschitzian with a Lipschitz constant £1 > 0 such that
H(F(t,y), Flt, 2)) < Lallts —tol + ly — 2| ¢)

for all t;,t, € Ry and y,z € &, where H({,)) is the Hausdorff metric between the two subsets
B,) € RJF x E.
(H3) The set of Lipschitz selections 85 of the multi-valued function J is nonempty.

(H4) u: Ry xRy x &€ — Ry is continuous function and there exist continuous functions k(t,s) : R, x
Ry — Ry and b(s) : Ry — R4 such that

lu(t, s, x(s))| < [k(t,s)|+[b(s)]|[x(s)||e, Vts€ Ry,

where . .
sup J k(t,s)|ds = X, lim J [k(t,s)|ds =0
teRr, JO t—=o0 Jo
and
t t
sup J b(s)|ds = B, lim J [b(s)|ds = 0.
tE:R+ 0 t—o0 0

(H5) g: Ry x &€ — & satisfies Lipschitz condition and there exists a function ay(t) and a constant £, > 0
such that
gt x(t))lle < llaz(t)]le +Laf[x(t)]|e-
(H6) The function ¢ : I — J is continuous function and ¢(t) < t.
(H7) There exists a positive real number r of the algebraic equation

L1Lobr?B + (L1LoK + L1l|az|lseB — D)t + [[a1 || e + £1]|az]|5eX = 0.
Now, let X € BC(R4, €) and Q = {x : x € X}. Define the following norm of continuity:

w?(

x, &) = sup{|[x(t) = x(T)|]|[e : t,TET, [t—T1] <€}, w7 (X, ) = sup{wj(x,s), x € X},

and

wg (X) = lim w’l(X,e), wo(X) = Jim wy (X).

In addition for t € R,
diamX(t) = sup{||x(t) —y(t)[|e : X,y € X},

and
C(X) = tlim sup diamX(t).
—00

Finally, the measure of non-compactness on BC(R4, €) is given by

w(X) = wo(X) + C(X) = wo(X) + tlggo sup diamX(t).
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Remark 3.2. From assumptions (H1)-(H3), there exists a Lipschiz selection f € 85; f: Ry x &€ = € such
that

[f(t, y(t) e < llar(t)]le + Lally(t)]le,
this selection satisfies
@(t)
x(t) = f(t,g(t,x(t))J u(t,s,x(s))ds), teR,. (3.1)
0

Then the solution of the nonlinear quadratic functional integral equation with distributed delay (3.1), if it
exists, is a solution of the nonlinear quadratic functional integral inclusion with distributed delay (1.1).

Now, we seek about the existence of solution of the nonlinear quadratic functional integral equation
with distributed delay (3.1).

Theorem 3.3. Let the assumptions (H1)-(H7) be satisfied. Then the nonlinear quadratic functional integral equa-
tion with distributed delay (3.1) has at least one solution x € BC(R, &).

Proof. Define the operator A by

Ax(t) = f(t,g(t,x(t))J u(t,s,x(s))ds), teR,.

Let the set O, defined by

Q, = {XZ X € fBG(iR...,S), ”XHBC(RJr,E) <r},
r=|lai||lpe + L1llaz||peX + L1L21K + L1 || az||perB + £1L2B.

Then, it is clear that it is nonempty, closed, bounded, and convex subset of the space €. Let x € Q, be
arbitrary, then

@(t)
|Ax(t)||e = [If(t, g(t, x(t)) L u(t,s, x(s))ds)||e
@(t)

< Jlar(Dlle + £1llg(t x(1)) JO ult, s, x(s))ds| e

@(t)
< Jlar(Olle + L1llgltx(0)e L ju(t,s, x(s))lds

t
< Jlar()lle +£1Hg(t><(t))||eL [u(t, s, x(s))lds
< Jlar (O]l + £alllas(B)]]e + £alx(t) \E}J{|kts)|+|b JIIx(s)] ¢ )ds
< Jlar(t)]le + Lrlllaa()]le + Lalx(1) |s}J K(t,)lds + £1{az(t) e + Lallx(t |s}J S)lIx(s)]eds

t
< lail|lse + Lilllazllze + L2|x||e} sup J lk(t,s)|ds
teR, JO

t
+ Lrllallme + Lallx]lselx] e SupJ Ib(s)lds
teR, JO
lai||se + Li{llaz]|se + La|[x]|se}X + Li{l|laz||se + Lo2||X||se}||x]|BeB

< |
< aillse + £L1llaz]|seX + L1Lo|x||seX + L1]az]|selx[|seB + L1L2([x]|5e)*B
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Therefore
[AX||se < [[a1]|Be + £1llaz]|lseX + £1£21K + L1|az || erB + £1L,r°B =T,

where r = ||a1||se + £1]jaz]|seX + £1L2rK + L1]|az||serB + £1L,1r?B. Then ||Ax|se < r. Hence, Ax € Q,,
which proves that AQ, C Q; and A : Q; — Q,. Now, we will show that A is continuous on the ball Q,. Let
{xn} be a sequence in Q, that converges to x, Vt € Ry in Q,, i.e., X, = X, Vt € Ry. Now

@(t) @(t)
[1£(t, gt xa(t)) L u(t,s, xn(s))ds)|le < [lar(t)|le + L1]|g(t, xa(t)) Jo u(t,s, xn(s))ds|le
and x, — X, then f(t, g(t, xn(t) fo u(t, s, xn(s))ds) — f(t, g(t, x(t) fo u(t,s, x(s))ds). Since
¢ (t)

Axn(t) = f(t, g(t, xn(t)) L u(t,s,xa(s))ds), te R,

then

[ Axn (t) — Ax(t)]|e
@(t)

@ (t)
= ||f(t,g(t,xn(t))J0 u(t, s, xn(s))ds) — f(t, g(t, x(t)) L u(t, s, x(s))ds)||e

©(t) ©(t)
< Lng(t’Xn(t))L u(’c,s,xn(s))ds—g(t,x(’c))JO u(t, s, x(s))ds||e

¢ (t)

¢ (t)
<L1Hg(t,xn(t))j0 u(t,s,xn(s))ols—g(t,x(t))j0 ult,s, xa(s))ds| &

@(t)

@(t)
+ L1]g(t, x(t)) Jo u(t, s, xn(s))ds — g(t, x(t)) Jo u(t, s, x(s))ds|e

@(t)

@(t)
<Llug(t,xn(t))—g(t,x(t))ugj |u(t,s,xn(s))|ds+Llug(t,x(t))usL u(t, s, xa(s)) — ult, s, x(s))lds

0
t

t
< Lqlglt xa(t)) —glt, x(1) ] sJ lu(t, s, xn(s))lds + L1||g(t, x(t)) || eL lu(t, s, xn(s)) —uf(t,s,x(s))lds

0

<lezuxn(t)—x(t)ue£ [t %n())lds + L1l (t) ¢ + Lax(t ug}J u(t,5,%a(5)) — ult, 5, x(5))lds (3.2)
< L1Lallxa(t) —X(t)||e£ ult5,x(5))lds + 22 {l]aa (8)]¢ + Lalx(t ||8}J u(t 5, x(s))lds
<5152H><n(t)—x(t)||ej{k(’fS)|—|—|b Jlx(s)lle)ds

224 {[laa(t)] + Lalix(t ||s}j{|kts)+|b Jx(s)|e)ds

t t
< L1Lo|[xn — X|| BeSuprex, J k(t,s)|ds + £1Lz[|xn — X|| Bel|X]|Besupiexr., L Ib(s)|ds
0
t

t
+2(L1[laz ]l e +51£2HXHBG}L Ik(t,5)/ds + 20C1 sl +51L2HX!BG}HXH3€L b(s)|ds

t t
< L1826 + £1L26xB + 281 |l e +L1£zr}J K(t,)/ds + 2(L1[[as | e +L152T}TJ Ib(s)/ds,
0 0

select T > 0 such that the following inequality holds for t > 7,

£

t
20 fallme + £ Larl| kit s)ds < 3
0

t
and 2{Ll||az||3e+nlzzr}rj Ib(s)lds <
0

I\)\m

Discuss the following two ideas.
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(1) If t > T, we obtain
||.AXn(t) Hg L1LoeK 4+ L1 LoerB + ¢ = ¢.

(2) If t < T, let us take a function w = w(e) given by
(l)(S) = Supﬂu(trszxn(s)) _u(t/ S/X(S)” . tls S j/ X, Xn € [_rrr]/ Hxn(s) _X(S)HE < E}'

Then from the uniform continuity of the function u(t, s, x(s)) on the set J x J x[—r,1], we deduce that
w(e) — 0as ¢ — 0. Thus, from (3.2),

[ Axn (t) — Ax(t)|le < L1L2eK + L1LoerB + L1{||az][se + Lar}Tw(e).
Hence
|AXn — AX||pe < L1L2eK + L1LoerB + L1{||az]|se + Lar}Tw(e).

Consequently, from the two ideas (1) and (2) and the above established facts, we can deduce that Ax, —
Ax, Vxn — X, and the operator A is continuous on Q.. Now, take a nonempty set X C Q.. Then for any
X1,Xp € X and fixed t > 0, we obtain

[[Axq (1) — Ax2(t)| e
@(t)

@(t)
= ||f(t, g(t, x1(t)) Jo u(t, s, x;(s))ds) — f(t, g(t, xa(t)) L u(t, s, xa(s))ds)||e

@(t)

@(t)
<ngtmunL u@&XdﬂHs—ytw&nL ult, s, xa(s))ds] e

@(t)

@(t)
<ngnm&nL uw&XMﬂMs—gtm&DL ult, s, x(s))ds| e

@(t)

@(t)
+Lngnmunj uw&XMﬂms—ytm&DL ult, s, xa(s))ds e

! ¢ (t) @ (t)
< Lalglt, xq (1) — gt x2(t)] e L lu(t, s, x1(s))lds + L1]|g(t, x2(t))[|e JO lu(t, s, x1(s)) —u(t, s, xz(s))lds

<ﬁﬂgtm&ﬂ—thﬁmkﬁM@&MEM®+LNathMkrmﬁ&m@D—U&&m@mﬁ
<LMNMU%«AWREM&&M&W®+ZMHth+ﬁﬂﬁ Haj (t,5,%(5))lds
<a¢ﬂmm—mmmjmuﬂwm )l (s)eds

+2£{llaa(B)]e + Lalixalt mgﬁmtw+m lxa(s)]le)ds

< L1L2[xa () —Xz(t)lleﬁ |k(t, s)lds + £1La||x1(t) —x2(t) e J; b(s)l[|x1(s) | eds

2z (B¢ + Laxalt ue}j (t,5)lds + 28 {fJaz(8) ¢ + L2 xa(t ue}j S)l[xa(s) e ds

t t
< L1LodiamX(t)K + L1 LodiamX(t)rB + 2L+{||az||se + Lzr}J Ik(t,s)|ds + 2L1{||az|| e + Lzr}rJ [b(s)|ds
0 0

t t
< (L1L2K + L1LorB)diamX(t) + 2L4{||az||se + Lzr}J k(t,s)lds 4+ 2£L4{||az||Be + Lzr}rj [b(s)|ds.
0 0
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Hence, we obtain

t

diam (AX)(t) < (£1L2K + L1 LorB)diamX(t) + 2L+{||az||se + Lzr}J [k(t,s)|ds
0

t
+2L4{||az||Be + Lor)r Jo [b(s)|ds

and

lim sup diam(AX)(t) < (£1£,K + Llﬁer)tli)m sup diamX(t).

t—o0

Then

lim sup diam(AX)(t) < € lim sup diamX(t), (3.3)
t—oo t—o0

where we take € as € = £1L,K + L1 LorB. Let T > 0 and € > 0 be given. Let x € X C Q; and t, T € J such
that t <tand |t — 1] < ¢, then

|AX(t) — Ax(T) e

@(t)

@ (t)
= ||f(’c,g(t,x(t))J0 u(t,s,x(s))ds) — f(t, g(T,x(7)) J;) u(T,s,x(s))ds)||e

@(T)

@(t)
<Ll{|t—T|+|g(t,x(t))L u(t,s,x(s))ds—g(r,xm)L ult,s,x(s))ds]l¢]

@(t) @(t)
<Ll|t—w|+cl||g(t,x(t))L U(t,s,X(S))ds—g(T,X(T))L ult, s, x(s))ds|e

@(T)

@(t)
+ Lq|g(T, x(T)) L u(t, S,X(S))dS—g(T,X(T))JO u(T,s,x(s))ds||e

@(t)
< Lilt— 1+ Lallglt x() — gl x()e L [u(t,s, x(s))lds

¢ (T)

¢ (t)
—i—Lng(T,x(’t))HgHL u(’c,s,x(s))ds—J0 u(t,s,x(s))ds||e

(t)
< Laft— 1+ La[g(t, (1)) — g7, x(7)[|e J: lu(t,s, x(s))lds

@ (1) o(t)
+L1Hg(m(r))HeHL u(t,s,x(s))ds+J ( )u(t,s,x(s))ds—L u(t,s,x(s))ds||e
QT

@(t)
< Lalt— )+ L1 llgt, x(8) — gt x(1))]e JO ult, s, x(s))ds

@ ()

@(t)
+ L1llg(T, x(T)) e L

lu(t, s, x(s)) —u(t,s,x(s))lds + L1]|g(T, x(T))|le J . [u(t,s,x(s))|ds
e(T

t
< Lalt— )+ £1lgt, x(1) — g(T,x(T))ngL [u(t,s, x(s))lds

@(t)

+ L1lg(T, x(T))|le L lu(t, s, x(s)) —u(T, s,X(S))IderLlIg(T,X(T))IleJ ( )Iu(t,s,X(S))\ds
(T
t

< Lalt—l+ L1 lgt, x(1) — g(t,X(T))H&JO u(t s, x(s))lds + £1[1g(t, x(1)) — g(T,X(T))H&JO u(t,s, x(s))lds

T @(t)
+ Lallglr x(0)le JO u(t, s, x(s)) —u(T,s,x(smds+Llug(m(w))ueJ a5 x(s)jds
e(T
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gLlu_ﬂmlzzux(t)_xmngJﬂk(t )|+ b(s) [x(s)|¢ Jds
+Ll\|g(t/><(t))—g(TIX(T))IleJ{lk(tS)|+Ib (sl e)ds
+alllaa(0) e+ Lalx(e)le) | futt s x(5) - ues x(s) s
T Lo{flan() e + Lalx(x HS}J (Ik(t,5)] + Ib(s)l[Ix(s)]| e)ds
< Lt — 1l + L1Lo||x(t) — IIe{J Ik(t, s)lds+Jt [b(s)l[|x(s)[|eds}
+ L1t x(T)) - He{j kit s)|ds+f b(s)llIx(s)]|eds)

+£‘1{”aZ(T)HE +’C2Hx HE}J |u t S, X ( ))_u(T/S/X(S)”dS

@(t) (t)

+ La{llaz(T)[[e + Laflx(T HS}{J )I (tstHJ“’( )lb(S)lHX(S)Hsds}
(T QT

< Lie+ L1Low” (x, e {K + B} + Lle(g, e{K +rB}

@(t) @(t)
+ Li{llaz]|se + Lar}w” (w, €)T + Li{[laz|| e +52r}J - k(t, s)lds + £1{]|az||Be +£2r}rJ - Ib(s)|ds,
QT @(T
where
w”(u,e) = supflu(t,s,x(s)) —u(t,s,x(s)): t,t€d, t—1<e, ||X|pe <1}
and

w7’ (g, €) = sup{|g(t,x(1) —glT,x(T))|le : t,T€T, t—1 <e, [X]|ne <1}
are norm of continuity of the functions u and g on the interval J. Hence
w7 (Ax €) < L1e+L1Law” (x, e{K + 1B+ L1w7 (g, e {K + 1B} + L1{[|az]| me

@(t)

)
+ Lor}Tw™ (u, €) + L1{[|az]|me +Lzr}J Ik(t, s)|ds + £1{]|az]|Be +Lzr}TJ | [b(s)lds,

¢ (T)
and
W (AX, &) < L1e + L1Lrw7 (X, e {K + 1B} + L1w7 (g, e){K + 1B}

+ L{|laz]|Be + Lor)Tw? (u, €) + L1{]|az||se + LorHesup{k(t,s)|: s €I }}
+ L1{||az||Be + LorHre sup{lb(s)|: s €T }}

According to the uniform continuity of the function u(t,s, x(s)) on the set J x J x [—r,r] and the function
g(t,x(t)) on J x [—r, 1] we deduce that w’(u,e) =0, wT(g, ¢) = 0 as ¢ — 0. Consequently, we obtain

wy (AX) < L1Lowd (XK + 1B} < {L£1L,K + L£1LorBlw] (X).
As T — oo, we have
wo(AX) < Cwp(X). (3.4)

Now, from the estimations (3.3) and (3.4) and the definition of the measure of noncompactness p on X,
we obtain

r(AX) < Cp(X).
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Since all conditions of Darbo’s fixed point Theorem are satisfied, then the operator A has at least one
fixed point x € Q,, then there exists at least one solution x € BC(R,,E) of the nonlinear quadratic
functional integral equation with distributed delay (3.1). Consequently, there exists at least one solution
x € BC(R4, €) of the nonlinear quadratic functional integral inclusion with distributed delay (1.1). O

4. Asymptotic stability

Definition 4.1. The solution x € BC(R,, ) of the nonlinear quadratic functional integral inclusion with
distributed delay (1.1) is asymptotically stable, that is, Ye > 0, 37(¢) > 0 and r > 0 such that if any
two solutions to the nonlinear quadratic functional integral inclusion with distributed delay (1.1) are
X, X1 € BC(R4, &), then ||x(t) —x1(t)||e < € for t > T(e).

Theorem 4.2. Consider the assumptions (H1)-(H7) hold, then the solution x € BC(R, &) of (1.1) is asymptoti-
cally stable.

Proof. Let ¢ > 0 be given, take x,x; € BC(R4, €) be any two solutions of the inclusion (1.1), then
[x(t) =x1(t)]|e

@(t) @(t)
= ||f(t, g(t,x(t)) . u(t/S/X(S))dS)_f(t/g(tle(t))L u(t, s, xq(s))ds)| e
@(t)

@(t)
<Ll||g(t,x(t))J0 u(t,s,x(s))ds—g(t,xl(t))L ult, s, xa(s))ds| e

@(t)

@(t)
<L1||g(t,x(t))J0 u(t,s,x(s))ds—g(t,xl(tnL ult s, x(s))ds| ¢
@(t) @(t)
+Ll||g(t,x1(t))j0 ult,s, x(s))ds — g(t,x1 (t)) L ult, s, xa (s))ds]le
@ (t)
< L1llgbx(t) — gt xa(B)] e JO ult, s, x(s))lds

@(t)
+ L1]|g(t,x1 (1) ]|e L lu(t,s,x(s)) —u(t,s,x;(s))ds

t

t
< Lqlglt, x(t) — gt xq (1) sJ lu(t, s, x(s))lds + L1 ]|g(t, x1 ()] sL lu(t,s,x(s)) —ul(t,s,xq1(s))lds

0
< L1l = xa (0  fult s x(5)ds

T Lafllaa(®) + Lol t He}J [t s, x(5)) — u(t, s, % (5)lds (@.1)
< L1 (1) —X1(t)||e£ ult, s, x(s))lds + 281 {Jaz(8) ¢ + Lalx1 (8)]¢} JO u(t,s,x(s))lds
< L1Lax(1) — xa (B¢ J {Ik(t, )|+ b(s)][x(s) | }ds

1281 {[[a2(V)[e + Lalixalt Hs}J{lk’fS)lJrlb i (sl Jds

t t
< L1L7]x —x1||Be supJ Ik(t,s)|ds + L£1Lz||x — x1||selx]|Be supJ Ib(s)|ds
teR, JO teR, JO
t

t
+ 2081 [lazll e + £1.Lallxallme) L k(b 5)Ids + 2(£1[Jaz | e + 5152”X1”Be}\\X\BGJO Ib(s)lds
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t

L L1LpeK + L1 LoerB + 2{ﬁl‘|32“38 + Ller}J

t
k(1 s)ids + 2121 azlme + Llﬁzr}rL b(s)/ds,

select 7 > 0 such that the following inequality holds for t > 7,
t

and  2(Cy[az]lme +L1£zr}rj Ib(s)lds <
0

t
2061 [laz ]l e +51£ZT}J k(t,s)lds <
0

N[ ™

I3
2
Now we have two situations.

(i) If t > T, we obtain
Ix(t) =x1(t)[|e < L1LoeX+LiLoerB+e, t > T(e).

Hence
X =x1||lse < L1L2eK + L1LoerB + € =¢.
(i) If t < T, let us take a function w = w(e) given by
w(e) =sup{lu(t,s,x(s)) —ult,s,xi(s))l: t,s €I, x,x1 € [-1,1], ||x(s) —x1(s)||e < e}

Then from the uniform continuity of the function u(t,s,x(s)) on the set J x J x [—r,1], we deduce that
w(e) — 0as ¢ — 0. Thus, from (4.1),

Ix(t) = x1(t)[|[e < L1L2eK+ L1L2erB + Le{||az||se + Lortw(e)T, t = T(e).
Hence

Ix =x1]|le < L1L2eLy 4+ L1LoerB + La{||laz||ze + Lortw(e)T = .

5. Dependency on ¢(t)

Definition 5.1. The solution x € BC(R4, ) of (3.1) depends asymptotically on the function ¢, if Ve >
0, 35 > 0, and T(e) > 0 such that [p(t) — @*(t)] < §, t > T(e) implies ||[x —x*||ge < €, where x,x* are the
two solutions of (3.1) and

x*(t) = f(t, g(t, x*(t))J u(t,s,x*(s))ds), te R,

respectively.

Theorem 5.2. Assume that the assumptions (H1)-(H7) hold, then the asymptotic dependency of the solution x €
BC(R4, €) of (3.1) on @(t) yields.

Proof. Let @, @™ be continuous functions such that

[p(t) — @™ (1) < 8.

Then

[x(t) —x*(t)]|e
@(t)

= |If(t, g(t,x(t)) L u(t, s, x(s))ds) — f(t, g(t,x"(t)) J u(t, s, x*(s))ds)||e

0
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@*(t)

@(t)
< Lallg(t x(1)) L ult, s, x(s))ds — gt x* (1)) JO ult,s,x*(s))ds]le

@(t)

@(t)
< LD1||g(t,x(t))J0 u(t,s,x(s))ds—g(t,x"‘(t))J0 u(t, s, x(s))ds||e

@ (t)

@(t)
+ L1]|g(t, x*(t)) Jo u(t, s, x(s))ds —g(t,x*(t)) L u(t,s,x*(s))ds||e

@ (t)
< LIt x(8) — gt x*(1)|e JO ju(t,s, x(s))lds

@ (t)

*(t)
+ gl X (9) e J Tt s x(5)) — ult, s, X (5))1ds + L lg(t, x*(0) | ¢ J ult, s, x(s))|ds
0 @*(t)
t
< Lullglt x(0) — gt X*(’f))HeL lult, s, x(s))lds

@(t)

t
+L1Hg(t,x”‘(t))||eJ0 lu(t, s, x(s)) —u(t,s,x*(s))lds+L1||g(t,x*(t))\|eJ ( )Iu(t,s,x(s))\ds
e*(t

t
< L1Lo|x(t) —X*(’C)ISJO [u(t, s, x(s))lds + L1{l|az (t) ¢ + La[x*(t)[|e}

@(t)

t
X L lu(t, s, x(s)) —u(t,s,x*(s))Ids + L1{[|az (t)[| ¢ + LzHX*(tHS}J " lu(t, s, x(s))|ds

t
< L1Lo[x(t) _X*(t)"C’L u(t s, x(s))lds + 2L1{[Jaz (t) || + La[[x"(t \e}J lu(t, s, x"(s))Ids

@(t)

+ La{llaz(t)]|e + LzHX*(t)Hs}J " [u(t,s, x(s))lds
@

<51£2||X(t)—X*(’f)!£J{|k(tS)+|b Jlx(s)lle)ds

22 {llaa (®)]e + Lol (¢ ||s}j{|kts>|+|b Jx*(s)le)ds
+{||azm|s+az||x*<t)||s}j (:) (IK(t,5)|+ b(S)][x(5) ¢ }ds

< L1Lallx(t) =X 0| Il s)ids + £18ax(0) — X (0 jo bis)Ix(s)]leds

+2Lq{[Jaz(t)[[e + Laf[x*(t ||8}J Ik(t, s)lds + 2L {[|az (t) ]| 4+ Laf[x"(t IIS}J s)l[[x"(s)[leds

©(t) @(t)
+ La{llaz (t)|e +LZHX*(t)H8}J " k(t,s)lds + L1{]|az(t)] e +Lz||X*(t)H£}J Y Ib(s)l||x(s)||eds
@ e

< L1L;||x —x*||eX + L1La||x — x| ge[x||BeB
t

t
+2Lq{[laz[se + Lz\X*HBe}J k(t, s)lds 4+ 2£4{[|az[|Be + LZHX*H‘BC}HX*HBGL Ib(s)lds
0

@(t) @(t)

k(t, s)lds + La{[laz[se + L2f[X" || BeHX]|Be J [b(s)lds

+ Lofllasllze +Lzux*HBe}J
@*(t)

©*(t)

t
< L1£2||x — X*HBC’K + Llﬁzz”X — X*HBGI"B + ZLl{Hazng + Lzr}JO |k(t, S)|dS

t
281 {az]lme + Lzr}rj Ib(s)lds + £a{l|al|me + L2161 + L1{[laz ]l me + Larlrss,
0

(5.1)
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select T > 0 such that the two relations hold for t > 7,

t

and  2£:{]laglze +L2r}rj b(s)lds <
0

t
261 {azllse + LZT}J k(ts)lds <
0

N[ ™
N[ o™

Now we have two situations.

(i) If t > T, we obtain

Ix(t) —x* (V)¢ < L1La|Ix —X* || BeK + L1L2]x —x* || zerB
+ e+ ﬁl{Hazng + ﬁzr}51 + Ll{HazHBe + £2r}r62.

Then

* ¢+ Li{llaz]|se + Lor}dr + L{||laz]|ze + Lorlrds
[x=x"|lBe < e
1—L1L2K—51L2r3
(ii) If t < T, let us take a function w = w(e) given by
w(e) = sup{lu(t,s,x(s)) —ult,s,x*(s)): t,s €I, x,x* € [-r,1], ||x(s) —x*(s)||e < €}

Then from the uniform continuity of the function u(t,s,x(s)) on the set J x J x [—r,1], we deduce that
w(e) — 0as ¢ — 0. Thus, from (5.1),

[Ix(t) = x*(t)||e < L1La|lx —X"[|[BeX + L1La|x —X*||BerB + L1{|laz||se + Lartw(e)T
+ Li{llaz|| e + Lor}01 + L1{||az||Be + Laor}rd,.

Hence
X —x*[|pe < Lilllaz]ze + Lotw(e)T + Lrfl|az]se + Lar}ds + Lafljaz] pe + Lotlrdy _
B~ 1—L1L1ﬂ<—51£2r3 ’
That completes the proof. O

Corollary 5.3. For every f € 85 the solution of the equation (3.1) depends asymptotically on the function @(t).

6. Dependency on 85

Definition 6.1. The solution x € BC(R, €) of the inclusion (1.1) depends asymptotically on the set 8y, if
for every € > 0, T(e) > 0, and any two functions f, h € 85, there exists d > 0 such that ||[f —h|¢ <9, t >
T(e) implies || xf —Xn||Be < €.

Theorem 6.2. Let the assumptions (H1)-(H7) be fulfilled, then the solution x € BC(R4., &) of the inclusion (1.1)
depends asymptotically on 8.

Proof. Let f,h € 85 such that

@ () (1)
||f(t,g(t,xf(t))L u(t,s,xf(s)ds))—h(t,g(t,xf(t))L ults,x¢(s)ds)) e <5, 550, teR,.

Then
lIx¢(t) —xn(t) [le

@) @(t)
— |If(6 gt x¢ (1)) L ult,s,x¢(s))ds) — h(t, g(t, xn (1) L u((t),,xn(s))ds) &
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@ (t) @(t)
< It gt x¢ (1) L ult,s, x¢(s))ds) —h(t,g(t,xf(t))JO ult, s, x¢(s))ds) e
(1) @(t)
+ it gt x¢ (1) JO ult,s, xe(s))ds) — h(t, glt, xp (1)) JO ult,s, xn(s))ds)le

(1) (1)
< IIf(t gt xe(t ))J ult s, x¢(s))ds) —h(t,g(t,xf(t))jo ults,x¢(s))ds) ¢
@ (t)
+ L1]|g(t, x¢(t) u(t, s, x¢(s))ds — g(t, xn(t)) Jo u(t, s, xn(s))ds|e

ot (1)
<Hf(t,g(t,xf())J ult,s, x(s ))ds)—h(t,g(t,xf(t))jo ults, x¢(s))ds)|

@ (t)
+ Lalg(t, x¢(t) J u(t, s, x¢(s ds—g(t,xh(t))JO u(t, s, x¢(s))ds||e
@ (t)
+ L1]/g(t, xn (t) J u(t, s, x¢(s ds—g(t,xh(t))JO u(t, s, xn(s))ds||e
o(t (1)
< [IF(t gl xi t ))L ult s, x¢(s ))ds)—h(t,g(t,xf(tnjo ults, x¢(s))ds)|
(1)
1 £allgt x(8) — gt xn ()]l L [ult, s, x¢(s))lds
(1)
1 Lallglt xn ()] L (s, x¢(5)) — ut, s, xn (s))Ids
t
<54 Lallglt xe () — gt xn ()] JO [ult, s, x¢(s))lds
t
+51Hg(t,xh(t))||ej0 Jult, s, x¢(s)) — ult, s, xn(s))lds
t

<54 L1Lallxe(8) — xn()]le L ult, s, x5 (s))lds

1 Lalflaa(®)le + Lallxn(t ||8}J [ult, s, x¢(s)) — ult, s, x (5))lds 6.1)

t

<&+ L1Lo|[xe(t) —xn(t)]|e L lu(t, s, x¢(s))lds +2L1{]|az (t)]| e + Lo xn (t ||£}J lu(t, s, xn(s))|ds
< 54 L1l (8) — xn (8 HeJ{Ik(t )1+ b(s)lIxe(s)]| e Jds

+2L4{|laz(t)||e + La||xn(t He}J {Ik(t,s)| + [b(s)l[|xn(s)| e }ds

t
<54 L18a][x(8) — xn(t ||e{j K(t, s)|ds+J Ib(s)ll[x¢ (8)]|ds}
t
2L {Jaa(t)|e + Lallxn (¢ ug}{J K(t, s)|ds+J ()l xn (D)]]eds)
t t

<0+ L1Ls||xf — xn||Be{K + rB}+ 2L+{||az|| B¢ +Lzr}{L |k(t,s)|ds+rJ0 Ib(s)|ds}

t t
<54 L1Lallxe — xnllpelX + 1B} + 2L {asllse +132r}L k(b s)lds +2£1{[}az | e +L2r}rjo Ib(s)/ds,
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select T > 0 such that the two relations hold for t > 7,

t

201 azllse + Lzr}L k(ts)lds <

t

N ™

0

Now we have two situations.
(1) If t > T, we obtain

1% (t) = xn (t)]|e <8+ L1Lallxs — X | BelX +1B} +e.

Then
d+¢

T L LK +rBl
(2) If t < T, let us take a function w = w(e) given by

[xf —Xn||Be < 1

(,U(S) = Sup{|u(t/ SIXf(S)) 7u(t/ S,Xh(S))‘ ‘tse J/ Xf, Xn € [7r/ﬂl ||Xf‘(S), Xh(S)HS < 8}'

and 2L4{||laz]|Be +£zr}rJ Ib(s)lds <

N o™

Then from the uniform continuity of the function u(t,s,x(s)) on the set J x J x [—r,1], we deduce that

w(e) — 0as ¢ — 0. Thus, from (6.1),

[Ix£(t) =xn(t)]|e < 0+ L1La||xs —xn||BelXK + 1B} + Li{[|az(t)| e + Lo||xn(t)||ew(e)T.

Hence

6+ Lafllaz(t)]le + Lollxn(t)|le}w(e)T
[x¢(t) =xn(t)[Be < 1= £, 020K 1 1B

This complete the prove of our investigation.

7. An example

In this section our aim is to illustrate the main result contained in Theorem 3.3. Let Q = {x € € : ||x||¢ <

1} and R4 = [0, 00). Consider the multi-valued function ¥ : R xQ — Q(&) defined by
Ftyt) = (a1(t) + L1y(1)Q, te Ry,
Then J is Lipschitz. In fact, for the norm in the Banach space we have

[F(t y(t)lle = sup{[[flle : e F(tylt))

= l(a1(t) + L1y (£)Qlle = [la1(t) + L1y(t)||le < [lar(t)]le + Lally(D)][e.

Now let f(t, y(t)) = ai(t) + L1y(t) € F(t,y(t)). Hence, we can apply our results to the nonlinear quadratic

functional integral equation with distributed delay

()
tzx(t)r) Ys+2m(t? +1)(x(s))

x(t) =t+ o 2n(+1)s(s+1)

dS, te R+.

s+27(24+1) (x(s))

Here g(t,x(t)) = %x(t) and u(t,s,x(s)) = P Ds(s 1)

@(t) < t. Now

2 @) g4 27(t2 +1)(x(s))
4’“”[ 2@+ sls +1) e
2 @) s 4 2m(t? + 1) (x(s))
< t+4HX(t)H8L | 2n(t2 +1)s(s + 1)

Ix(t)lle = llt+

|ds

(7.1)
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2 @) |s| 4+ 271 t2 + 1]||x(s) ||
<t —Ix(t
+4HMHRL) 272 + 1[s]ls + 1
12 Yls| -+ 2mt2 4 1||x(s)] e
<t+ —[x(t d
< +MM”kL 2+ 1lsls +1

ds

t? t 1 to1
<t —||x(t ——d — d
g IxOel| s+ | o leds)
t? t? I
x[|selnt+ 11+ —([x][ze) Inl—|

<t+ o—5——
+8mﬂ+u‘ 4 t+1

1 1. 1,
<1+ -— “In=1%.
1+16n1n2r+41n2r

Then
1

<1
Ixlse <1+ 7

1,1,
In2r+ Zlnir .
The assumptions (H1)-(H7) of Theorem 3.3 are satisfied with a;(t) = ax(t) =t, L1 = £, = 0.1. Obviously,
the function g(t, x(t)) is continuous. Currently, for any x;,x; € € and t € R, we have
t2 t2 t2 1
llg(t,xq(t)) — gt x2(t))]|e = ”ZXl(t) - sz(t)He < |Z| [[x1(t) —x2(t)][e < |Z| [Ix1(t) —x2(t)]| .

And
gt x(t)]le < t+0.1]x(t)] e

Further, we also have u(t, s, x(s)) fulfills condition (H4) with

s+2n(t2+1)(x(s))‘ o |s| + 27tt? + 1]jx(s)| < 1 n 1
2n(2+1)s(s+1) ' = 2m2+1lslls+1| ~ 22 +1ls+1  Islls +1]

Ix(s)I.

lu(t,s, x(s)) = |

This indicates that we can insert k(t,s) = m and b(s) = s(slTl) To verify the assumption (H4),
notice that
t t 1 In(t+1)
li k t, ds = li =i —— =0
Pl JO (t,s)ds Pl JO 2n(t2 +1)(s+1)ds Pl 2t(t2 + 1)

and

lim J b(s)ds = lim J ————ds = limIn—— =0.
t—o0 Jg t—o0 Jq S(S+ 1) t—oo t4
Moreover, we have

X = sup
teR,

k(t,s)ds = sup -—5— = —

Jt In(t+1) 1
0 teR, 2n(t2+1) 2@

and

¢ t 1

B = sup J b(s)ds = sup In— = -.

te R+ 0 te :R+ t + ]. 2
Finally, let us pay attention to the fact that the inequality of Theorem 3.3 has the form C = £1£,X +
L£1L,Br < 1. Consequently, all the requirements of Theorem 3.3 have been met. As a result the nonlinear

quadratic functional integral equation (7.1) has at least one asymptotically stable solution in the space
BC(R4, €).
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8. Conclusions

In this paper we use a Lipschitz selection for a multi-valued function in the reflexive Banach space &
to establish the solvability of the quadratic functional integral inclusion with distributed delay (1.1). Our
investigation is lying in the space of all functions defined, continuous, and bounded on the real half-axis
R, and taking values in a given reflexive Banach space €.

In the main result we introduced sufficient conditions and studied the existence of solutions x €
BC(R4, €) of the quadratic functional integral inclusion with distributed delay (1.1) using the theory of
measure of non-compactness and Darbo’s fixed point theorem, the asymptotic stability and the asymptotic
dependency of the solution were studied. Finally, a numerical example is illustrated.
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