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Abstract

The purpose of this research is to develop a mathematical model to study the dynamics of human immunodeficiency virus
type-1 (HIV-1) infection with inflammatory cytokines. The model incorporates two modes of infection (viral and cellular), two
immune responses (antibody and cytotoxic T lymphocyte (CTL)) and two types of distributed-time delays. We demonstrate that
the model’s solutions are non-negative and eventually bounded, demonstrating the suggested model’s biological viability. We
find the equilibrium points of the model and get the sufficient conditions for their existence and stability. The Lyapunov approach
is utilized to investigate the global stability of the equilibria. We determine which parameters most affect the basic reproduction
number using sensitivity analysis. We reformulate our model by including the influence of three classes of antiretroviral drug
therapies. We determine a critical efficacy for each antiretroviral therapy, after which HIV-1 will be eradicated entirely if
treatment effectiveness surpasses this threshold. We also establish that the estimated treatment efficacy will be lower than what
is necessary to eliminate the virus entirely if the inflammatory cytokines and/or cellular infection are ignored. Moreover, we
show that time delay has an identical effect on virus elimination as antiretroviral therapy. It is also shown that, prolonging
time delays can successfully reduce the basic reproduction number and stop HIV-1 replication. According to our findings, time
delay, cellular infection, and inflammatory cytokines are crucial components of the HIV-1 model and should not be disregarded.
The study’s analytical and numerical findings advance our knowledge of HIV-1 dynamics and may help develop more effective
HIV-1 management plans.

Keywords: HIV-1, inflammatory cytokines, viral and cellular infections, immune response, time delay, global stability,
Lyapunov method.
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1. Introduction

Human immunodeficiency virus type-1 (HIV-1) infection is a fatal virus that raises the risk and sever-
ity of other infections and illnesses. The HIV-1 virus interacts with the immune system and primarily
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targets CD4™ T cells, often known as T cells, for infection [35]. As the condition worsens, the population
of CD4™" T cells in HIV-positive people gradually decreases. Generally speaking, the infection is said to
have progressed to the late stage, or acquired immune deficiency syndrome (AIDS), when the number
of CD4" cells/mm? falls below 200. It is challenging for the body to fight off infections and illnesses
when the immune system is compromised. The immune system consists of two main arms: antibody
immunity, which is composed of B cells that produce antibodies to neutralize HIV-1 particles; and cy-
totoxic T lymphocyte (CTL) immunity, which is primarily composed of CTLs specific to viral antigens
that kill infected cells. Antiretroviral medications have been used to treat HIV-1 patients for the past 20
years, and while there is currently no cure for AIDS, they have been proven to be effective in managing
the virus and restoring the body’s immune system [38]. HIV-1 may spread through three major channels.
First, there is sexual transmission; being sick is more likely when there are several partners or when there
is promiscuity. It will spread through intrauterine infection, delivery, nursing, and other methods after
mother-to-child transmission. The third kind of transmission involves sharing needles, sharing toiletries,
iatrogenic infections, and blood transfusions, among other methods [5].

Viral infection dynamics have been mathematically modeled, which has helped to clarify the intricate
relationship between immune response and viral infection. Mathematical models have been used to study
the dynamic characteristics of HIV-1 infection [40]. A fundamental model for HIV-1 dynamics inside the
host was developed by Nowak and Bangham [39], and it depicts the interactions between uninfected
CD4™T cells (T), infected cells (T*), and free HIV-1 particles (H). The model has now been expanded in
a number of ways, including the inclusion of the effects of the CTL response [6, 10, 39, 48, 56] and the
antibody response [11, 36, 45, 57, 58, 67]. Wodarz [59] studied a viral dynamics model that included both
CTL and antibody immunity as:

?TI = x—&rT—viTH, (1.1)
ddT: =v1TH — & T* —AT*K, (1.2)
% = BT* — EyH —PAH, (1.3)
%‘t( = oT*K — &K, (1.4)
%/: = pAH —EAA, (1.5)

where T = T(t), T* = T*(t), C = C(t), H = H(t), K = K(t), and A = A(t) are the concentrations of
uninfected CD4"T cells, infected CD4" T cells, free HIV-1 particles, CTLs, and antibodies at time t, re-
spectively. The production rate of uninfected CD4" T cells is denoted by «. The CD4"T cells infection rate
by free HIV-1 particles is indicated by y1 TH. This mode of infection is called virus-to-cell transmission (or
viral infection). The rate of free HIV-1 production from infected cells is represented by BT*. The prolifer-
ation rates of CTLs and antibodies are denoted, respectively, by cT*K and pAH. The term AT*K accounts
for the rate at which CTL immune cells kill the infected cells, while {AH represents the neutralization
rate of the HIV-1 particles due to the antibodies. All compartments have natural death rates that are,
respectively, &1T, E1-T%, EqH, ExK, and EAA.

The following significant characteristics can be taken into consideration while extending model (1.1)-
(1.5).

Time delay: There is an intracellular lag between the time a host cell becomes infected and the time that
HIV-1 particles are released. According to estimates, it takes around 0.9 days for HIV-1 to enter
a CD4" T cell and start generating new HIV-1 particles [42]. Model (1.1)-(1.5) was expanded by
Yan and Wang [62] by adding a discrete time delay for the generation of infected cells. In [51] and
[22], two kinds of distributed time delays were added, delay in generation of infected cells, and
maturation delay of new virions.
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Cellular infection (or cell-to-cell transmission): Numerous studies have demonstrated that HIV-1 may
spread directly through the development of virological synapses from an infected cell to an unin-
fected cell. (see, e.g., [25, 27, 44]). Cellular infection can reduce the time it takes for HIV-1 particles
to produce by 0.9 times and enhance HIV-1 fitness by 3.9 times [19]. In [15, 20, 23, 32, 66], model
(1.1)-(1.5) was developed by including the cellular infection.

Pyroptosis: It is extremely inflammatory kind of programmed cell death brought on by an abortive HIV-1
infection. It has been observed that, pyroptosis accounts for 95% of the death of CD4" T cells [12].
Inflammatory cytokines are released during pyroptosis and can lead to more cell death and attract
more CD4* T cells to be infected [12, 50]. Modeling the impact of pyroptosis on the HIV-1 dynamics
was studied in [49]. Then the model was extended by including reaction-diffusion [47, 52, 53, 55] and
age-structure [61]. Jiang and Zhang [24] examined how pyroptosis-released inflammatory cytokines
affected viral infection-related cell death. The model considered two kinds of discrete-time delays.
The model introduced in article [24] was expanded by including the influence of (i) CTL response
[65]; (ii) CTL response and reaction-diffusion [5]; (iii) both antibody and CTL responses [7, 9].

One of the most effective methods available to researchers for improving their comprehension of viral
dynamics and immune system regulation and elimination is global stability analysis of within-host virus
dynamics models. Research has been done on the global stability of HIV-1 infection models with inflam-
matory cytokines, and antibody and CTL responses in [7, 9]. The intracellular time delay was included
in the model that was introduced in [9], but the cellular infection mechanism was not. However, in [7],
the intracellular time delay was disregarded while the cellular infection process was incorporated. This
section examines a model of HIV-1 dynamics that incorporates distributed time delays. It’s important to
note that dispersed delays are more widely applicable than discrete delays. The assumption made in [65]
was that the duration between the virus’s entry into the cell and the generation of new immature virions
(v1) is constant for every cell. Further, the maturation time (vy) of every virus is constant. Furthermore,
the immune response delay (v3) for every CTL is constant. To avoid such (biologically impossible) as-
sumption, several HIV-1 infection models were built by considering the time delay as a random variable
extracted from a probability distribution function (see e.g., [8, 13, 37, 60]). Therefore, distributed delays
are more widely applicable than discrete delays.

Our aim in this work is to formulate and analyze an HIV-1 infection model that includes the impact
of (i) inflammatory cytokines; (ii) both antibody and CTL responses; (iii) two types of distributed-time
delays. Prior to finding all equilibria and discussing their existence and global stability, we first examine
the essential properties of the model. The global asymptotic stability of all equilibria is demonstrated
using the Lyapunov approach. To illustrate the theoretical results, numerical simulations are performed.
The collected results are finally addressed.

2. Model formulation

We formulate an HIV-1 dynamics model with inflammatory cytokines, cellular infection, and distri-
buted-time delays as:

ar

i = ETT = TiH+y2C+v3T7), (2.1)
ar* (%
T J Bi(v)e 1Ty, (yiHy +v2Cy +v3Ty5) dv — (g + &1:) TF = AT'K, (2.2)
0
dC
— =mT"—&cC, 2.3
i &c (2.3)
dH 82
Fri B J Ba(v)e "2’ Tidv — EyH —PAH, (2.4)
0
K
CL S ExK, (2.5)

dt
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dA
Tp = PAH—EaA. (2.6)
Here, we denote T, = T(t—v), T; = T*(t —v), C, = C(t—v), and H, = H(t —v). The term y,TC repre-
sents the cytokine-enhanced viral infection rate, while y3TT* is the infection rate due to cellular infection.
The proptosis-induced death rate of infected cells is pu; T*. The term T*u, denotes the proliferation rate
of inflammatory cytokines from infected cells. There are two distributed-time delays that explain the
interval between the moment the viral particle first interacts with CD4* T and when the newly generated
virions mature. A probability distribution function Bi(v), i = 1,2 across the interval [0, 8] is used to ran-
domly select the delay parameter v, where §; is the limit superior of the delay duration. When uninfected
CD4"T cells come into contact with virus particles at time t — v, the likelihood that they will survive for
v time units and get the infection at time t is represented by the factor Bi(v)e™*1V. Factor By(v)e™ 2V
shows the likelihood of newly formed immature virions at time t —v losing v time units and maturing at
time t. Here «y, i = 1,2 are positive constants. Functions B;(v) > 0,1 =1, 2, satisfy
5¢ 5;
J Bi(v)Jdu =1 and J Bi(v)e "Ydv < oo, u>0.
0 0

We denote

This gives 0 < B; < 1. The initial conditions are

T(x) = @1(3), T(3d) =m2(s), Clo) =@3(5), Hls) =d4(5),

2.7

K(s) = @s5(22), Alx) =w@6(x), @j() =0, » e [-6%,0,j=1,2,...,6, @7)

where 6* = max {8, 02}, @;(») € C([-8%,0],R>0), j =1,2,...,6 and C is the Banach space of continuous

functions mapping the interval [-8*,0] into R>o with norm ||®@;|| = sup |®@;(¢)|for @; € €. Therefore,
- *\5\

based on the fundamental theory of functional differential equations, we can say that system (2.1)-(2.6)
with initial conditions (2.7) has a unique solution [29].

3. Non-negativity and boundedness of solutions

We shall demonstrate in this section that, assuming the initial conditions (2.7), any solution to the
model (2.1)-(2.6) is non-negative and ultimately bounded.

Lemma 3.1. All solutions of the model (2.1)-(2.6) associated with initial conditions (2.7) are non-negative and
ultimately bounded.

Proof. Clearly, “11—1 lT—0= « > 0 and hence, T (t) > 0 for any t > 0. Moreover, we have

T*(t) = @, (0)e~ Jo(miTEr)+AK(O)]dL

t ¢ 1 5
+L e Ihllurrer AR (Olac JO B, () T(n — v) (Y1 HM = v) +¥2CM —v) + 73T (0 —v))dvdn > 0,
t

Ct) = @3(0)e5c + uzj e £ T*(n)dn > 0,
0

t 52
H(t) = a>4(0)e—f5“H+¢““)“+BJ e_f‘z(a”ww)dzj By (0)T*(n —v)dvdn >0,
0 0

0,

K(t) = @5(0)e Jolex—0T (0)dt >
14t >0

A(t) = @6(O)e_f(§(€A—PH(€) de

4
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for any t € [0,6%]. Thus, (T(t), T*(t), C(t), H(t), K(t),A(t)) € IR;O for any t > 0 is obtained using a
recursive argument.

Next, we demonstrate the ultimate boundedness of the solutions to the model. Eq. (2.1) gives
tli_)rr;o sup T(t) < &% Further, we let

o1 B A
0, = J By(v)Tydo + T+ 2K
0

Then, we get

B1(v) (—Ty (E1 +v1Hy +v2Co +v3T)) dv

d0, Jf’l
dt

0

+J Ba(0)To (yiHy +72C0 +3T3) dv— (1 + &) T = AT°K 4 (0T*K — £K)
0

01 B )\E,
206315TJ Bl(U)TvdU*(M1+5T*)T**TKK< o —p1Q)y,
0

where p; = min{éy, w1 + &1+, &x}. Thus, tlirn sup Qq(t) < L;, where L; = p%, and consequently
— 00
tlgr.}o sup T*(t) < L; and tli_)rr;o supK(t) < §L; = Lo. Eq. (2.3) implies that
dcC
Frie T —EcC < wly —&cC,

which confirms that 11m sup C(t) < L3, where L3 = ”gél. Further, we assume that Q; = H + %A. Then,
from Egs. (2.4) and (2 6) we have

I
a2 BJ C By (0)Thdv— EqH— WAH — % (pAH — £A)
t 0 p
5
- BJ C By )T dv—aHH—@K BL1 — 0202,
0

where p, = min{éy, &, }. Hence, tlim sup Oy (t) < Ly, where Ly = %. Therefore, we can obtain that
—00
. . P .
th_}]f]go sup H(t) < Ly, and th—>r2<> supA(t) < 11)1_3 = Ls. O
Lemma 3.1 allows one to determine the compact set
=={(T, T CHKA) € % |[T| <Ly, [T < Ly, K[| < Ly, [H]| < Ly, ICl| < L, [|A]| < Ls},

which can be easily proved that it is positively invariant with respect to system (2.1)-(2.6).

4. Existence of equilibrium points

In this section, we calculate the potential equilibrium points of system (2.1)-(2.6) and identify the
prerequisites for their existence. Any equilibrium point (T, T*,C, H, K, A) is recognized in the following
system of algebraic equations:

0=o—ETT—viTH —vy,TC —y3TTF, (4.1)
0=B1T (yiH+v2C+v3T") — (1 + &) T" = AT7K, (4.2)
0=wT"—&cC, (4.3)
0= BBoT* — £4yH — hAH, (4.4)
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0=0T"K—E&K, (4.5)

0= pAH — EAA. (4.6)
Eq. (4.6) admits two solutions A = 0 and H = %‘. First, we consider the case A = 0, then from Egs.
(4.1)-(4.5), we get three equilibria for system (2.1)-(2.6) as follows.

(I) Infection-free equilibrium point, EPy = (Tp,0,0,0,0,0), where Ty = E% This instance illustrates a
healthy state in which there is no infection.

(IT) Chronic infection equilibrium point with inactive immune responses, EP; = (Ty, T}, C1, Hy, 0,0), where

T, = Enée (w +&r) _To
B1(BEcBoy1 + Enmaya +Ecénys)  Ro’
« ETECEN
Ty = Mo —1),
U YIBECB2 + v2Enta +VaEcEn Mo —1)
C— ETEHM2 (B0 —1)
L YIBECBy V2l + V3ECEN ’
B
ETECBB2 (R 1),

t Y1BECB2 +v2&nma +v3Ecén

where the parameter R stands for the basic reproduction number and is defined as the number of newly
infected CD4* T cells that can develop from a single infected CD4* T cell in the beginning of the infection.
It is stated as follows:

N ToB1 (viBECB2 + Vo€ +v3EcEn)
O p—
EcEm (1 + &7+)
_ _Tov1BB1B; Toy2p2By . ToysB1
En (i +&m)  E&c(m+&m)  w+&r
It is notable that the equilibrium E7P; exists when 2y > 1, which in turn determines whether or not

a chronic infection can be established. In fact, Ro1, Rop, and Rz refer to the role of viral infection,
inflammatory cytokines, and cellular infection, respectively.

= Rp1 + Ro2 + Ros.

(ITT) Chronic infection equilibrium point with only CTL response, £P, = (T, TS, C2, Hp, Kp, 0), where

T, = xEHECO
ETEnEco+V1BECEKB + VobnEx i + Va3EnEcEx”
«_ &k o mék _ P&kB2 _ A& (R o\ it & -
T, = o C2_GEC' Hy = £ Ky = ?\ T 1 = (R —1),

where
R, — TR x0B1 (YiBECB2 + va&npa +v3EnEC) _
To (1 + &7+) (ETERECO +V1BECEKB2 + Vo2& Ex 2 +V3EHECEK)
Here, R; is the CTL response activation number. Obviously, £P; exists if 5i; > 1. Depending on the value
of the parameter 9i;, the CTL response is either activated or not.
Now, we consider the case when H = %A. Then from Egs. (4.1)-(4.5), we derive two equilibrium points

as follows.

(IV) Chronic infection equilibrium point with only antibody response, £P; = (T3, T3, C3, H3,0, A3), where

B
T, = XpH , T*—ECC3, H3:E»7A, A _£H<ﬁﬁcp 2C3—1),
Erpuz +v1&amz +v2pu2C3 +v3pEcCs EHEA L

3= 3=
H2 P Y
where compartment Cs satisfies the following quadratic equation:

0,C3 +0,C3+ 69 =0, (4.7)
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and

02 = pé&c (1 + &7+) (v3&c +v212),
01 = —12 (Y22 +v3&c) Brop — (w1 + &7+) (Erp +v1EA) EC),
0p = —y1003EA By

Because, 0, > 0 and 0y < 0, then 9% — 4000, > 0 and there are two distinct real roots of Eq. (4.7). The

positive root is
—01 + /62 — 4606,
Cs = .

20,

Thus, if % > 1, then T3 > 0, T > 0, and A3 > 0. The antibody response activation number is now
defined as follows:
_ BécpBa c

Ry, —
2T tHEAL

Thus, Az = %* (M2 —1). Depending on the value Ry, the antibody response is either initiated or not.
Therefore, the existence of the equilibrium E€P;3 is ensured by the condition fR; is greater than 1.

(V) Chronic infection equilibrium point with both CTL and antibody responses, EP4 = (T4, T, Cy4, Hy, Ky,
Ay4), where

T, = apéco
E1&cop+Y1&cEao+ voplka +v3pEcik’
. & & g + &7+ &
T =%, C= K2 o, =22 ) =B 1), A= M (95-1),
o &co P A P

where R3 and Ry represent the antibody and CTL immunity competitive reproductive numbers, respec-
tively, and they are given as

_ &xpBRB2 - x0B1 (Y1EcEAT + P2k 2 + PY3ECEK)

Ry = , = .
3T Ehéao Ex (114 &1) (ETECPO 4+ Y1ECEAT +V2pEKH2 +V3PECEK)

4=

The effectiveness of the CTL and antibody immunological responses is determined by parameters i3 and
NRy. Therefore, the existence of the equilibrium €7, is ensured by the condition 933 and 24 are greater
than 1.

After putting the talks above into summary, we get at the following lemma.
Lemma 4.1. There exist five threshold parameters Ro, R1, Ra, R3, and Ry such that

(i) If Ro < 1, then model (2.1)-(2.6) always has one infection-free equilibrium point, EPy = (T, 0,0,0,0,0).

(ii) If Mo > 1, then model (2.1)-(2.6) has a chronic infection equilibrium point with inactive immune responses,
EP1 = (T, T, C1, Hy, 0,0).

(iif) If |y > 1, then model (2.1)-(2.6) has a chronic infection equilibrium point with only CTL response, EP, =
(T2, T3, Co, Hp, Ky, 0).

(iv) If By > 1, then model (2.1)-(2.6) has a chronic infection equilibrium point with only antibody response,
EP3 = (T3, T3, C3,Hs3,0,Az).

(V) If Rz > 1 and Ry > 1, then model (2.1)-(2.6) has a chronic infection equilibrium point with both CTL and
antibody responses, EPy = (Ty, T}, C4, Hy, Ky, Ay).
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5. Global stability

In this part, the global asymptotic stability properties of all equilibrium points will be investigated.
For this purpose, we define x(») = » —1 —1In(s), X(5) > 0 for all »« > 0 and (1) = 0. In addition, we
define a Lyapunov function candidate ®@;(T, T*, C,H, K, A). Define

dd;
dt

Fi:{(T,T*,C,H,K,A): :0}, 1=0,1,...,4,

and [7 is the largest invariant subset of I;. Following the investigations in [28, 37, 61], we formulate

Lyapunov functions in the ensuing theorems.
Theorem 5.1. If Ry < 1, then Py (T,0,0,0,0,0) is globally asymptotically stable (G.A.S).
Proof. Let ®o(T, T*,C, H,K, A) be given as:

T 1, v2To. vilo A Y1 ToW
Do=Tox (= |+ T+ 22C+—H+ ——K+ A
0= X <T0> B &c EH 0B4 p&H
1% t yiToB %2 4 t
+ — J B1(v) J T(u) (yiH() +v2C(u) +vy3T"(u)) dudv + J By (v) J T*(u)dudv.
Bl 0 t—v EH 0 t—v

Clearly, @o(T, T*,C,H,K,A) > 0 for any T,T*,C,H,K,A > 0 and @y = 0 at EPy. Calculating % along
the solutions of model (2.1)-(2.6) we get

d®y <1 _ To> dl  1.dT"  v2TodC  viTodH A dK N yiTop dA

dt T)dt By dt @ &c dt | &y dt | 0By dt | p&y dt
1 (% .
+ B, JO Br(v) [T (yiH+v2C 4+ v3T*) = Ty (viHy +v2Cy +v3T5)] dv
ToB 2 -
G OBJ By(v) (T —T2) dv.
&n Jo
Using model (2.1)-(2.6) we get
do T, .
= = (1—1?> (0 —&ErT =1 TH—v2TC —y3TT")
1 o1 _
+ B, Jo B1(0)Ty (viHy +v2Cy +v3T5) dv — (g + &1+) TF = AT*K
T T b A
TR ELN S S WAL BJ By (0)T2dw — ExH —PAH | + 2 (6T°K — £xK)
&c EH 0 0B
T 1 (% .
Yl (pAH—aAAHJ B1(0)T (y1H +v2C +yaT*) dv
PEH B1 Jo
1 o H * T %2 0 * *
-5 j Bl(vm(mHﬁncvngv)dvﬂlljﬁJ By(v) (T — T2) dv.
0 0

Collecting terms we obtain

ddy To) <Y1T0 BBy  v2Tom2 g + &7 ) « ANk, viTobéa
40 _ (120} (w—&rT) + + FyaTo— PLEET ) e ASKe A. (51
dt < T ( 0 EH &c ysho Bq 0B PEH G1)

Substituting the value & = &1Tp in Eq. (5.1), we obtain

A

d®y —E, (T—To)? Lt (T031 (ViB&CB2 + vo&npa +v3EcEn) 1) T _ Mk viTobéa
dt T B, Ecér (1 + &7v) 0By PEH
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(T—To) | wuter o e Ak viTobéa

— A.
T B1 0B PEH

=—&7

If Ry < 1, then dq)o <O0forany T,T*, C,H,K, A > 0. Moreover, % =0when T=Ty, T*=0,K=0, and

A = 0. System’s solutions approach to I}, which has elements with T (t) = T, and T* (t) = K (t) =
0 ([21]). From Eq. (2.1), we have

dT
0= a =o—&rTo—viToH—v2ToC, for any t.

Using To = £, we get
0=v1H+v2C = H(t) = C(t) =0 for any t.

Hence Iy = {€Py} and LaSalle’s invariance principle (L.I.P.) shows that £P is G.A.S ([26]).

The following equalities will be used for the following theorems:

ToHy\ T Ty Hy T T*H;
ln<TH>_ln<T*T~H- +1In T +In TH )’

Y\ T
n(5) = () +m (751,
TFT.
1“(2?):1“({*{) <>+1n< >
ToT5\ T; TTTS
ln(TT*)_ln<T) <T*TT* i=1,2,3,4.

In addition

. . 5l . R . 52 " *
viliHs J Bi(v)In <TUHU> dv + yilifi J Bor(v) In I_‘;) dv
0

By Jo (
T*H;
+1n < TH >) dv

CyiTiHg (O 4 TETuHy T;
=g L B1(v) <ln ( T H, +1In T
yiTiHi [* 4 ToH: TiH
+ B, Jo Bo(v) <ln < TH +1In TH,
~ viTiHs [ 4 T T Hy T y1TiHi FZ , ToH;
=5 L Bi(v) (ln < TTH, +1In = v+ B o Ba(v)In TH dv.
A.S.

Theorem 5.2. If Ryp > 1, R3 < 1, and Ry < 1, then EPy is G.
Proof. Define @1(T,T*,C,H,K, A) as

T T Y211 Cq ( C ) y1TiHy ( H ) A Y1T111)
=T ~T; + =)+ )+ Lk
X (T > B4 X (T{“) &c X C1 EH X Hip 0B 5Hp

t—v Bl t—v Tl Cl

* 01 t * * 02 t *
i Y31 Ty J gl(v)J X <T(u)T(u)> dudv + WJ @Z(U)J X (T (u)) dudv.
0 0

aH t—v Tf<
d®,
dt

4o, T 1 T;
=(1—-= - —v1{TH — — N — (1L
e < T) (=& T —=y1TH—=vy2TC —y3TT*) + B, ( T*)

We calculate as:

t 5 t
MTiH, L B0 | X(T(u)H(u)) o+ 210 [y X(T(u)C(uJ) d

A(t) =

(5.2)

(5.3)
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51 .
X (J Bi(0)Ty (YviHy +v2Co +v3T5) dv— (g + &7+) TF —AT*K)
0

Y2 C1 . yili (0 Hi
2 (1- @) e (1)

+L(GT*K k) Y A A) (5.4)
0B, Enp

yiTiHy H TuHy
1 d

TR <T1H1 T1H1 ot n( TH v
L Y2hG Y2T1C1 ”51

Bq T1 Cl T1 Cl
4 ’Y3T1T1 TT* . TUT* UT*

B Jo T T T

BYlTlTl*J ~ <T* T ( *))
+—| BW)|(=—=+In(=]]dv.
tn Jo 20| 1= Ty T

Summing terms of Eq. (5.4), we derive

T o1 T:T,H 1 TT,C
ﬁ”=@—1>m—&ﬂ+mnﬁ—wj By (v) 12 w—YWN%W)HZ”w

&2
BJ TBZ(D)TSdU —&nH —1])AH>
0

dt T B1 Jo T* B
S TET,T 1 T 1 T C
Y3 v 1 ¢ Y2 11 1 *
_B3 dv—— (1—-L DT 4+ —ATP K+ 21 (122 ) T
B, Jo 1(v)-L T dv B ( T*> (m1 +&7+) +B1 1 K+ Ec < C ) o
T . TH T H
+y2T1C1—mBJ By(v)-2 1dv+le1H1+MA
& H EH
?\E,K yihéaw y1TiHy Jél = (TDHU>
A+ Bi(v)In dv
B, Enp B, Jo O T
'Y2T1C1 b Tva Y3T1T1>'< Jél & TUT{)k
B 1
+ B L Bl(v)ln< TC dv + B, 1(v)In T dv
* T T* 5 T*
532Y1T1T BYl 1 J B,(0)In <U> o,
EH &n Jo T

Using the following conditions for equilibrium E%;:

a=&rTi+viTiHi +v2TiCr +vsTi T7,
e G B Hy

(1 + &) T
————— =y hHi + v 1 Ci + v Ty, —=—, — = .
31 Yihihty =vy2hhib1r +v3l1 g Ec Tl* i BZTl*

Then, we obtain

dd T Ty T
—1_ <1 — 1) (ErTh —&rT)+viThiHy <1 — T) +v2TiCy <1 - T1>

dt
1T1H1 = TITH, y2T1Cy rl - TGy
By — B
Jo )T T*ThiH, v B o w7 TG v

1

y3T1T & T*T T T*Cy
T{H T T —v,TiC T,C
Jo 1(v T*T T* Zdv+vyiTiH +v2TiCi+ v Ty —v2 Th 1T*C +v211CG
Y1T1H1 Jéz ( 1. 7\EK> <11W1T1H1 Y1T15A¢>
dv+ TiHr+ [ ATy — 29K ) gy - A
0 Balv it Bl 0By EH EHP
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51 51
+ Y1l J Byi(v)In <T”HU> dv + v2hG J B1(v)In <T¥EU> dv
0

By TH B Jo
YsTi T} rl - T T viTiHy FZ - T*
A1 B(v)n Bo(v)In | =2 .

+ B, 1(v) TT dv + 3, . >(V)In T dv

Using the equalities represented in Egs. (5.2) and (5.3) in case of i =1, we get

)
ao; _ <1_T1> (E1T; — aTT)—YlTlH1 Ll@l(u) (TTl—l—l <T1)> dv

dt B T
Y1;11H1 ;6] B.(v) (TrTrlﬂl 1 (TTlTTﬁ)) v
8 P (1o )75 (1 ()
_ nglcl ;sl (T1 Tlgl m (?%&)) do (5.5)
_ Y2£11C1 :61 < <1_'F}Ccl>> do — Y3;11T1* Lﬁl By (v) <? —1—In (?)) dv
Y3;11T1 <:_1 -';1'}'—: —1—-In (E%;ﬁ)) dv
N <7\;3 2;]?) K <1|W1T1H1 w;f;@) A
In fact, we have
L TR T Wy el el

Therefore, Eq. (5.5) becomes
4o, (T-T)* viTiHy J T T T H,
et S B =
TR B, Jo W xT) T\ e ) )
v1TiH; rz " T H, V2T Cy Jf’l - Ty T T Cy T*Cy
- - 2L d
B, |, P2l TrH dv=g =), B\ 7 ) x\ Fae ) X Tc))

T (2 4 T T, A 1T
SO ) (x () +x (5 ))d v 0 =T A ) A
0
<

B, T T T; H

If M3 < 1, then P4 does not exist because Ay = (5)%3 —1) < 0. This ensures that

dA
C:ﬁ:p(H?)AgO:dt:p(HH4)A<0f0ranyH,A>0.

Further, if R4 < 1, then £P4 does not exist because K4 = ““LET* (R4 —1) < 0. This ensures that

K
(31]t< <T* £K>K<o:>itZG(T*—TI)K<0foranyT*fK>0f

which implies that H; < Hy, and T < T;. So dﬁl =0
when T =T;, and K = A = 0. The solutions of system (2.1)-(2.6) approach to F’ , Wthh contams elements
with T (t) =T, K(t) = A (t) =0, and x = 0 such that
T ToHy _ TiH; _ T T,Cy _ TCq _ T
T*TiH;q T'H T*T1Cq 7C ThLTY

=1, foralmost v e [0,5%]. (5.6)
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Because T (t) = Ty, then from Eq. (5.6) we get T* (t) = T;", H (t) = Hy, and C (t) = C; for any t. Therefore,
Il ={€P1} and L.LP shows that £P; is G.A.S. O

Theorem 5.3. If R; > 1 and Rz < 1, then EP, is G.A.S.
Proof. Construct a function ®,(T, T*,C, H, K, A) as:

T 1 T Y2T2Co C YszHz H AK> K Yszll’
O, =T —T — — - < —
27 <T> By 2X <T2*>+ X<C ) Ho Jr031X Ka e E,HP

Y1T2H2J - r (T ) Y2T2C2J ~ Jt (T(U)C(u)>
+ — Bq(v du Bqi(v ————— | dudv
B Jo 1{v) tva Tsz 1v) t—vX TG
V3T Jf’l - Jt <T ) rsvszTz J - Jt (T*(u))
+ Bq(v Bo(v dudv.
B1 Jo 1{v) t—vX Ty 0 2(v) t—vX Ty

We calculate d(D2 as:

d®, T o, 1 U
72 H—v,TC —v3TT
Tt (1 T> (x—&rT—v1TH - Y3TT") + B ( T

0

51
X (J B1(0)Ty (yiHy +v2Cy +v3Ty) dv — (ug + &) T* —AT*K)
52
L1k ( —CZ) (1T* —£cC) 4 112 (1— ';2) (fsj @2(v)Tsdv_aHH—¢AH>

&c C & ‘
+G;< —KKZ> (0T*K—&xK) + Yém’( AH—EAA) (5.7)
+Y11Tg21H2 jl By (v) <Tzﬁz T2H2 < TH ))
"5
Yz;i@uol@l(v) (T:gz T2C2 ( T ))
L oo e (i)
Bl e (e () o

Collecting terms of Eq. (5.7), we get

o T3TuH, o BTGy
J B1(v)2 dv—yzj By (v) 22" dv

dd, T,
—(1-2 T,T*— YL
Tat <1 T> (o= &rT) +y3To " — T By T+
81 * *
vs (s T 1 T; 1 Ysz T
_B g dv—— (1—=2 . CATIK 4 1222
2| B - (122 ) G+ ) T AT
T T*Hy T, A A
fyaT,Cy— Y12 ZBJ By (1) 22 du +y1T2H2+Y—1 szAHz——T*Kz——E,KK
£ H B, 0B,
A 1T v1T2Ha Jf’l - TvHv Y2ToCa J . T,Co
2Ky — A B (v)1 dv B, (v)In d
+ GBlaK 2 ) EAA+ B ), 1(v)In ™ + = B o 1(v) TC v
Y3 I J‘Sl - <Tva§> BBry1 2T Pyi Ty rz ~ <Tf§>
+ ——= B v 11’1 dl)+ + ‘B v ln —_— dl)
B, 1(v) TT £ g s 2(v) T

Using the following conditions for equilibrium EP;:

oa=ErTr +v1ToHo +v2T2Co +v3 To T3,
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+ &) Ty AT,SK C H
(1 ng) Z 4 %12 =v1LHy +v2 T Co 4+ v3 T Ty, B2 _ 22 P _ T

_2 b TR 5K
& 7 En Boly 2 o

Then, we obtain

a0, (. T T, T,
Tl <1 T> (&1, —&rT) +v1ToH, <1 T> +v2T2Co (1 T>

_ Y3;21T2* le B1(v) 11-.2*-]1-. I: dv +v1ToHy +v2T2Co +v3 T Ty —v2 T G _I-r}% +v212C2
_ Y1;22H2 sz B, (v) TI-* dv +vy1To2Ha + (YlELI)HZ - w?:)pa}\) A
s (3o P o () o

+ Y3;21T2* J:l Bi(v)In (?E) dv + YI;ZZHZ sz Bo(v)In (E) dv.
Using the equalities given by Egs. (5.2) and (5.3) in case of i = 2, we get
% - (T —TTZ)Z B Y1;21H2 le B, () <Trz 1-In <TTZ>> dv
1 () s (1 ()
e (9w -

B, B1(v) (T*TzCz dv—1—1In TG, dv

ToH -
Y12z R
B1 JO
vi1TaHo

TS (TikTvT$>> Y1iTohéa <pEKI332 >
—1—In dv + —1)A.
5 T T EHP O&EHEA

Eq. (5.8) can be rewritten as

% =—&r T _TTZ)Z - Yl;in J? B1(v) (X <?> +X (?j;;ﬁ:)) dv
e () v () () o ()
- Y3;21T2* le B (v) <X (TTz> +X (E;Zg)) - W (R —1) A.

If M1 > 1 and Rz < 1, then ddqiz < Oforany T,T% C,H,K,A > 0. Moreover, q)z =0when T =T, and

= 0. System’s solutions (2.1)-(2.6) approach to I'; which has elements with T( ) =T, and x = 0, such
that

TH, TiToHy T°Co BTG TTLT:
- - - — —1, for almost 0,5%]. 5.9
TH - Tt TC TG ThLT or almost v € [0, 87} (59)
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Because of T (t) = T, then from Eq. (5.9) we obtain H (t) = Hy, T* (t) = T, and C (t) = C; for any t. In
addition, from Eq. (2.2), we obtain
daT*
dt
This guarantees that K (t) = K for any t. Thus, I, = {€P,} and consequently from L.LP we can say that
&Py is G.AS. O

0= = B1Ta (YiH2 +v2Co +v3Ty) — (w1 + &) T3 — AT, K, for any t.

Theorem 5.4. If Ry > 1 and Ry < 1, then EP3 is G.A.S.
Proof. We define a functional @3(T, T*,C, H,K, A) as:

T 1 * T* ’)/2T3C3 C ’}/1T3H3 H A
Oy=Tox|— | +=—Tix| = )T raax g ) K
; 3X<T3>+Bl 3X<T§>+ &c X<C3>+EH+¢A3X Hs +031

N UL Asx <A> n Y1T3H3 J By (v )Jt “ <T(U)H(u)> dudo
0

p (En +PA3) A3z t—v TzH3
v2T3C3 r] - r ( )
+ = Bq(v du
B Jo 1{v) t—v T3C3
A Z1ELE rl - r < u)> BYl PriTeTy Jéz - Jt <T*(u)>
4+ — Bqi(v Br (v dudv.
B o 1{v) t—v TsT3 5H +VPA3 2(v) t—vX T3

We obtain d£3 as
1

d(D?) I3 T—vT TC —~vATT l;

0

81 B
X (J B1(v)Ty (yiHy +v2Cy +v3Ty) dv — (wg + &1+) TF —AT*K)
)
L (1 - C3> (T —£cC) 4 — V1B (1 - 'ﬁ) (BJ Z@Z(U)Tsdv—aHH—prH>
0

&c C En + A3
A Y1T30 < As)
+—(oT"K—éxK)+ ————— [ 1— — AH—EAA
o, | ) IR\ A AT EAR)
Y1T3H3 TuHy
1 d
TR <T3H3 T3H3 Lt “( TH v
Y2T3C3 LGy
+1 d
TR By <T3C3 T3C3 n< TC )) :
V3 TsT Pf’l % T T, T T, T
— +1 L d
B o <3T* LT “(w)) ’
s a7 ()
+ — B — ——+In dv. 5.10
Gt vAs ), 2O T; 1)) (5:10)
Collecting terms of Eq. (5.10), yields
dd; T . T Jf’l - TTuHy
B _ (123 H ST P
T < T) (= &rT) +v1TsH +v3T5T B, 1(v) T dv
%L TGy - TGS 1 T3
Y2 Y3 3
— g dv— 2| B Y du 1—- -2
), B0 BJ e (1)
1 T Ty T*Cs
X (1 + &) T* 4+ ATy K 4 Y2282 Y2510 +7v213C3
By &c & C
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T %2 TiH T T
Y1ls f5J GO LA N ¢ L P TR ¢ LR N

- v
EH+HWA3 o H &+ VA3 &+ VA3
Y113 A Y1130 v1T3U
b B pAHy - g K- Y A Y1BY oA
En ot vAs VA T o B A T D oAy A
y1Tay y1T3H3 rl - (TUHU)
—— & AA3+ Bi(v) In dv
0 (Er + DAz A B1 Jo 1(v) TH
Y2T3Cs [*1 4 TuCy ELELEY rl ~ LTS
B 1 B 1
+ B, L 1(v) n( TC dv + B, 1(v)In T dv
BBoyiT3T*  PByilTs rz < <TS>
+ Bo(v)In (| = | dv.
Ent0As T EntoAs )y 2V
Using the following conditions for equilibrium E%Ps:
x =&rT34+v1T3Hs +v2T3C3 + v3T3T3,
4+ &) T C B, T¥
it ) Ty =v1T3H3 +v2T3C3 +v3T3T3, *f = ﬁ, H3 = EA, EH +VPA3 = M
By T3 &c P Hs

Then, we obtain

do T T3 T
= (1 - 3) (E1T3 — &rT) +v1T3H3 (1 - T) +v,T3C3 (1 T3>

dt
o (-3 1 s P
B Y2;31C3 J'jl B, (v 11—?*—%23 do — Y3;31T3 JO @1(1))—;31?1: do
+v1TsHsz +v2T3C5 +v3T3T5 —v213C3 TF**C +7v213C3
— Y1;32H3 ::2 Ba(v )TT*]:l dv +v1TsHs + 1;31]—[3 El B1(v)In (Tl_)rﬁv) dv
+ Y2;31C3 hjl B1(v) In <T1_I)_Ev> dv + Yi;:?-; El Bi(v)In <T;_’_E> dv
n Y1;32H3 u"jz By(v) In <¥:) dv + (3}1 ATS — 2;?) K.

Using the equalities given by Egs. (5.2) and (5.3) in case of i = 3, we get

o 2 5]
A )

dt T B
y1TsHs | T¢ Ty Hy i Ty Hy
—1 a
B <T*T3H3 "\ T aHs ) ) Y
y1T3Hs [ T3H3 T5H3 v213C3 rl ~ T3 T3
_ —1-In dv— Y2BY g 2 1-m(2))a
By ), TiH TiH YT, 10 (= T

T*T3C3 T*T3C3
T

T*Cs NERELY rl - T3 T
223 B = —-1-In(=
(T;C))d 5 ) T T )@
3*

T*TT* T, T A Ex
21—k
w) e (67)

10 ~ <
"5 «
_ Y2T3C3 3 <T * 1 <T3 T“C")) av (5.11)
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Eq. (5.11) can be rewritten as
do; (T—Ts)? Y1T3H3J . T3 T3 TuHy Y1T3H3 T5Hs3
TR B, ) WX\ T T*T3Hs 0 "t T )
’}/2T3C3J T3T C T*C3 dv
B 0 T*T3C3 T3C
B v3T3T5 J ~ T3 3T TS A N
B B1(v) { x T +X TT,T; dv + — B, (Ty =T, K

Hence, if R4 < 1, then P4 does not exist since Ky = m (R4 —1) < 0. This ensures that

K K
it (T* EK>K<o:>it:G(T*—T4*)'<<0fofa“y TK>0,

which implies that T < T;. We have % 0 for any T,T*,C,H,K,A > 0. Moreover, % = 0, when

T =Tz, and K = 0. System’s solutions approach to I';, where T (t) = T3 and x = 0, such that

_ LHs S - ~1, foralmostv € [0,5"]. 5.12
T*TH,  TfH TG, T;C 1Ty or almost v & (0,87 612

Because of T (t) = T, then from Eq. (5.12) we get T* (t) = T3, C(t) = C3, and H (t) = Hj3, for any t. In
addition, Eq. (2.4) gives

dH
0= e BBTy —&EnHz —pA () H
This yields A (t) = A3, for any t. Hence, Fé ={€P3} and from L.I.P we show that £P; is G.A.S. O

Theorem 5.5. If R3 > 1 and Ry > 1, then EP, is G.A.S.
Proof. Define @4(T,T*,C,H,K,A) as

T 1 % T>k Y2T4C4 C Y1T4H4 H 7\ K
Oy =Tux (=) +=Tix [ — =~ )+ Skx
! 4X<T4>+31 4X<TI> X<C4>+5H+1PA4X<H4>+031 X <K4>

Yila) Aux <A> n Y1T4H4 J ! By (v )Jt . <T(u)H(u)> dudo
0 v

P (En +1PAy) Ay By t— TaHy
v2T4Cy r’l . r (T(u)cm)) Y3 Ty rl . ¢ T(W)T* (w)
+ =1 Bi(v) ———— Jdudv+ ——=| By(v) ———— | dudv
B Jo ")\ TG By Jo ") UTTTm
By1TaTy rz - r (T*(u)>
+ — Bo (v dudv.
EH+ VAL Jo 2(v) thX T
Calculating =5 dq)‘* as:
ddy Ty sy, L I
T <1 T) (0 —&7T—v1TH—vy2TC —y3TT*) + B < T+

51
X J Bi(v)Ty (YiHy +v2Cy +v3T)) dv — (g + &7+) T —AT*K)
Y2 Ty Cs . Y114 ( H4> J % «
1——= T —&cC _— (11— = B T dv — &yqH —VAH
+ ( )(uz &c )+£H+1I)A4 | [30 2(V) T dv — EqH — Y

C
A Ky \ vilay A4
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Y1T4H4 o1 = TH TvHv TvHv
B — ]
T 1v) <T4H4 o, T )@
V2TsCy [ 4 TC TuCy Ty Co
B —— 1 d
=g ), B <T4C4 T.c, MU Te v
yaTuT; (* 4 T T T,T;
REL Lo _ ] d
e ) P ) @
L PR TR ) — 2 n (=2 ) ) do,
Bt A )y 2V T T ) )
and collecting terms of Eq. (5.13), we get
dd, T vi J - TiToH, va J . TT,GC,
(1)) (w—&qT TH4vsLT — 2L | B 23
m (1 T)(CX ErT) +v1iTaH +v3Ty B 1(v)-2 T dv B, 1(v) T dv
1 *
vs (M. T 1/ T A vaTa .
_Bl g dv — — T+ DTk 2T
2| B - (1= 3 ) G ) T TR 22
YaTap T*Cy Y1 Ta Jéz = TSHy
— FyoTyCy— — 1 By (v dv
Ec  C T VA, 2(v) =
Y1Ta Y1 Ta Y1Ta A,
M e Hy 1 e T AH, — S THK
auwm4“ En b wA, T g A, VAT T T
Y1 T4 Y1 T4
——— EAA

- K+ Ky — —————
(EK E En+0A T p(EH + DAY
“T‘”" ViTHa [ TuHy V2TaCy J i TuCo
maAA4+ B4 Jo Bilv)In TH dv + B, ), Bi(v)In TC dv

Y3T4T*J (T T*) BBoryiTuT*  Byi1TaTy rz 5 (Tv>
B1(v)In dv + + Br(v)In| = | dv.
B, ), SRR VI TER v M N

Using the following conditions for equilibrium E%Py:

o0 =E7 Ty +v1TaHy + v2TaCy +v3 T4 Ty,

+

+ &) TF  ATFK
i + &) T4 TRAL L =v1TaHy +v2TaCy + v3Tu Ty,

B, B,
o Gy EA BB, « &k
= = T H - T Ev + A - 7 T - T
BT 1= H+ VA T 4 o
then, we obtain
ddy T, T, T,
Tl <1 > (E1Ts—&E7T) +v1TaHy (1 T) +v2T4Cy <1 T)
T4 Y1T4H4 J' ~ T*T H
T (1—=|— B d
Tyl ( T> B Jo (v )T*T4H4 v
voT4Ca fl - TGy VaTaT; J - TTT
— B dv — B Y dv
B )y DT, s, ), BT, T;
T*Cy4 TyHy (22 - T*H
+Y1TaHy +v2TaCy +v3Ta Ty —v2TuCa—pr +v2TuCy — i 4J Bo(v) = 2 dv +v1T4Hy
T C By 0 T4 H

o o T,C
+V1T4H4J B1(v)In <T”HU> dv+”T4C4J fBl(v)ln< ‘%C”> dv
0 0

Bl TH B]
Y3TaTy rl . TS Y1TaHy rz . L
——= | B \ d B In( =2 ) dv.
+ B, 1(v)In TTx v+ By o 2(v) In T | v
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Using the equalities given by Egs. (5.2) and (5.3) in case of i = 4, we get

)> 1T4H4
dv

T*H4 (T*H4)> v2T4Cy rl . <T4 <T4>>
—1—In( =2 dvv——-"==| Biv)[=—-1—-In{=))dv
; B Jo " T T

pELFIN J o T T4
B g B1(v) T 1—1In T dv

TiHy
B L=
[} o ()

ddy (T—T)®  yiTaHs (% 4 Ty Ty
- &t T B, Jo B1(v) T 1—In T dv
y1TaHy [ 4 Ty ToHy T ToHy
3, ), B (T*T4H4 B G AT N
~valaHy [
Br Jo T/H
V2T4Cy [ T*T Cy T, TuCy
— d
B Jo < TT,Cs  T\T G )%
Y2T4Cy [ T*Cy
B o < <T;c dv
By <T*T4T* I\ Ty ))&
Eq. (5.14) can be rewritten as
ddy (T—T4) v1T4Hy ~ T4 Ty TuHy
—— =& B 1(v) *
dt T B 0 T T*T4Hy
 ¥2TuCy Jf’l T T TuCo T*Cy
B 0 T T*T4Cy T;C
Y3T4T*J' Ty T, LTS
— dv
B Jo T TT,T;

If "5 > 1 and R4 > 1, then d®4

when T =T, T* =T}, C = C4, and H = Hy.

T*(t) =T}, C (t) = Cy, and H (1)
ar*
0= el BTy (YiHs +v2Cs +v3Ty) —

This yields that K (t) =
([21]).

K4 and A (t)

(M +&E1-) Ty

< Oforany T,T%,C,H,K,A > 0. Similarly, one can show that
System'’s solutions approach to I;, where T (t ) =Ty,
= Hy ([21]). From Egs. (2.2) and (2.3), we have

—AT/K,

dd)4 _0

dH
0=""=pBT; —

o EnHsa—pA () H

= Ay, for any t. Hence, I; = {€P,} and L.LP shows that £P4 is G.A.S

O

Table 1 provides an overview of the five equilibrium points” global stability criteria and existence.

Table 1: Sufficient conditions of existence and global stability of equilibria.

Equilibrium point

Existence conditions

Global stability conditions

EPy = (Ty,0,0,0,0,0)

&Py = (Ty, T, Cq, Hy, 0,0)
EPy = (Tp, T5, Cy, Hp, K, 0)
EP; = (T3,T§k, Cs,H3,0,A3)
EPy = (Ty, Ty, Cy, Hy, Ky, Ay)

None
Ry >1
R >1
9%2>1
MRz >1and Ry > 1

Ro <1
Ro>1, Ry <1,and Ry <1
Ri1>1land K3 <1

MRy >1and Ry <1

Ry >1and Ry > 1
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6. Effect of cellular infection and inflammatory cytokines on the dynamics of HIV-1

This section examines the impact of cellular infection and inflammatory cytokines on the dynamic
characteristics of HIV-1. We examine the application of three different forms of medication therapy for:
(i) preventing infection through a viral infection pathway [40]; (ii) preventing pyroptotic cell death [43, 52];
and (iii) preventing infection through a cellular infection pathway [54]. Let w; € [0,1], 1 = 1,2,3 be the
efficacies of the above drug therapies, respectively. Model (2.1)-(2.6) under the effect of these treatments
becomes:

dT

Pk ErT—(1—wi)yiTH—= (1 —w2)y2TC — (1 — w3)ysTTF, (6.1)
are ™ _

at J Bi(v)e P Ty ((1 — w1)yiHy + (1 — w2)y2Co + (1 — w3)y3T) dv — (g + &7+) T" = ATK, (6.2)

0

dc .

T =Ml —&cC, (63)
dH 52

=5 f Ba(v)e S Tidv — £1H — AH, 6.4)

0
dK .
dA

We calculate the basic reproduction number for model (6.1)-(6.6) as:

(1—=w1)ToviBB1B2 (1 —w2)Toy2m2B1 = (1 —w3)ToysBy

Ro =

En (M1 + &7+) &c (M +&1+) wy+ &E7s
Let us assume that w = w; = wy = w3, then Ry becomes
Toy1BB1B2 Tov2r2B4 TovsB4 ]
R =(1—w = (1— w)NRo.
0 =1 ) En (i +&m) &l +&r) w+&rm ( o

The drug efficacy w that makes 93§” < 1 and stabilizes system (6.1)-(6.6) around £Py is calculated as:

1
1> w > Ogitical = Max {O, 1-— } . (6.7)
Ro

Let us first disregard the cellular infection in model (6.1)-(6.6), then we get

dT
i o0 —&rT— (1= w)y1TH— (1 — w)y,TC, (6.8)
ars >

praie L Bi(v)e T, ((1 — w)y1Hy + (1 — w)y2Cy) dv — (g + &1+) TF —ATK, (6.9)
dc .

dH 52

G =B Balvle T - - vAR, (611)

0

i—f =oT"K— &K, (6.12)
dA

G = PAH—EAA. (6.13)

The basic reproduction number of model (6.8)-(6.13) is calculated as:

Toy1BB1B2 Toy2m2B4q
Enlm+&r+)  &c(m+ &)

= (1 — w)HRo.
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The drug efficacy w that makes Sf{(‘)*’ < 1 and stabilizes system (6.8)-(6.13) around £7P is determined as:

1
1> w > dgitical = Max {O, 1—— } . (6.14)
0

Evidently, Ry < 9o, therefore an HIV-1 model that downplays the significance of cellular infection will

underestimate its basic reproduction number. We obtain that M¢ritical < @critical Y comparing (6.7) and

(6.14). Consequently, using medications with an efficacy of w such that Wyitical < W < Dcritical €NSUTES

i?{(‘]" < 1 and the global stability of Py of system (6.8)-(6.13). On the other hand this makes Ry’ > 1

and then £Pj of system (6.1)-(6.6) will be unstable. Because of this, the basic reproduction number §%8)

determines a treatment quantity that is less than what is required to completely eliminate the virus.
Secondly, if we neglect the inflammatory cytokines, then model (6.1)-(6.6) becomes:

aT
T ox—ErT—(1—w)y1TH— (1 — w)ysTTH, (6.15)
ar (%

A JO Bi(v)e MVTy ((1— w)yiHy + (1 — w)ysT:) dv — E1.T* — AT*K, (6.16)
dH 52

pra B J Ba(v)e "?PTSdv — EqH —PpAH, (6.17)

0

dK

T = 0T K= &K, (6.18)
dA

G = PAH—EAA. (6.19)

The basic reproduction number for model (6.15)-(6.19) is given by:

T; BB ToysB -
ov1BB1Bs | TovsBy — (11— w) R,
EHET &+

R = (1 w)

Similar to the above discussion, we find that the basic reproduction number 9_%5" determines a treatment
quantity that is less than what is required to completely eliminate the virus. Therefore, compared to the
models given in [9, 22, 51], our suggested model is more pertinent in explaining the dynamics of HIV-1.

7. Numerical simulations

In this section, we use a particular version of the probability distribution to do some numerical simu-
lations for the model (2.1)-(2.6). Let v; € [0, 6i], 1 = 1,2 be constants and consider

By(v) = o(v—v1),

where @(.) is the Dirac delta function. In addition, we let §; tends to co to obtain the following properties:

J Bi(v)dv =1, Bi:J @e(L—vi) e *Pdo=e" "V, i=1,2.
0 0

Then, model (2.1)-(2.6) becomes:
dar

priakaae ErT—viTH—v2TC —y3TTY, (7.1)
dT* —K * * *

T 1 (v Ty, Ho, +v2To, Co, +v3To, T, ) — (1 4 &7+) T —AT'K, (7.2)
dcC

—_— = HZT* — E,C C, (73)

dt



A. A. Raezah, et al., J]. Math. Computer Sci., 35 (2024), 52-81 72

H

%:Beszvasz_aHH_lpAH, (7.4)
dK

— =o0I"K—&K 7.

dt o (EK 7 ( 5)
dA

— =pAH—-EAA 7.

where U,,, = U (t—vy), for U € {T,T*,C, H}, i = 1,2. The threshold parameters for this model become as
below:

Toe ™1™ (y1BEce " +yabuittz +VabcEn)

Mo = Ec&m (n1 +&7+) ’
R, — axoe” M1V (y1BEce V2 + v + v3&né&c)

(1 4+ &7+) (ETEnECT+V1BECEKE™ V2 + & &k o +V3EHEcEK)’
Ry — BEcpe *22Cs

EHEA L

EkpPe 202
N = EHEAD
R, = ocoe 11 (y1EcEa o+ py2&k iz + pY3Ecék)

Ex (1 +&E7+) (ETEcpo +V1EcEA T+ vapEk iz +V3pEcék)

We fix the values of some parameters (see Table 2) and vary the others, then solving the system of delay
differential equations system (DDEs) (7.1)-(7.6) numerically to get the results in the next subsections. The
dde23 solver in MATLAB is used to solve the system of DDEs.

Table 2: Model parameters.

Parameter Value Source Parameter Value Source Parameter Value Source

« 10 [30, 38, 41] ) 0.001  [65] n 0.8 1]
&t 0.01 [3, 34] &c 0.1 [65] &k 0.32 [65]
" 0.1 [65] B 5  [16, 18] EA 0.1 [1]
£ 0.75 [65] En 0.3 [64] K1 0.2 [17]
K2 0.1 [18] W2 0.1 [9]

7.1. Analyzing the sensitivity of Ro

Identifying the crucial parameters influencing infection mitigation is a foundational task achieved
through sensitivity analysis. Particularly, forward sensitivity analysis plays a vital role in disease model-
ing, providing valuable insights into the factors shaping disease dynamics. A key strategy in curtailing
HIV-1 infection is reducing the basic reproduction number PRy below unity. Therefore, it is essential to
investigate the relationship between the model parameters and the basic reproduction number.

In this section, we employ the local sensitivity analysis method to delineate the sensitivity of %y to the
associated parameters in the proposed model (7.1)-(7.6). This analytical technique has gained considerable
attention from researchers for its relevance in understanding disease infection [33].
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In our examination, we present the normalized forward sensitivity index (A¢) concerning Ry, a crucial
virological measure. This sensitivity index gauges the influence of a parameter € on Ry and is expressed
as follows:

€ 69{0
Using relation (7.7) to all parameters of 2Ry, we get:
Yi&ce 223

Aa=1 As;==1, Ay, =Ag=—Ag, = ,

* & i P ;H Y1iB&ce V2 +yo&nr + V3EcEn
Ny, =Ny = —Nge = — Yomnts ’

Ylgice K22 +yr & +Y3EcEn (7.8)

Ay, = LIS Ay = Ao, = —Kiv1, Ay, = ——1

VO yiBEce V2 4y E iy +y3EcEn v Lo w &t
Mgy = _WTF,T*’ Ay = Av, = —Ko0oAy,, Ax=Ayp =Ag = Ag, = Ap = Ag, =0.

As shown by the equations (7.8), the parameters, «,y1,V2,v3, H2, and 3, exhibit a positive influence on the
basic reproduction number $Ry. This suggests that changes in these variables cause commensurate adjust-
ments in Ry, either fostering its increase or decrease. Conversely, the parameters &7, k1, V1, w1, &1+, Ec, K2,
v, and &y exert a negative influence on Ry, suggesting that a rise in their values causes Ry to fall. The
parameters A\, 0, &k, p, and £ do not affect the value of fRy. It is noteworthy that, time delay and Ry
have an inverse association, meaning that while time delay grows, 23y usually lowers, indicating a lower
probability of infection. It should be noted that the value of Ry is heavily influenced by the time delay.
Extended periods of time are linked to lower %Ry values and a decrease in the production of both ma-
ture viruses and infected cells. Understanding this relationship is crucial for devising effective treatment
strategies. These findings provide valuable guidance for understanding the factors that drive a decreased
risk of disease during HIV-1 infection and for formulating effective strategies to control the disease within
the host.

In order to offer a numerical simulation, we assign the value v; = 1,v; = 2,y = 0.0001, vy, = 0.001,
and y3 = 0.001. Figure 1 shows the sensitivity indices for the different model parameters graphi-
cally. Moreover, a summary is presented in Table 3. It is evident that a 10% increase or decrease in
the values of «,v1,v2,v3 12, and  results in a corresponding 10%,4.056%, 2.976%,2.976%,2.976 and
4.056% and 4.056% increase or decrease in Ry, respectively. In contrast, a 10% increase in the values of
&1, K1,V1, 11, &1+, Ec, K2, V2, and &y leads to a reduction in YRy by 10%, 2%, 2%,1.18%, 8.82%,2.97%, 0.81%,
and 0.81%, respectively.

Table 3: Indexes of sensitivity for Ry.

Parameter Sensitivity index Parameter Sensitivity index

x 1 ) —0.118
& -1 & —0.882
Y1 0.406 85) 0.297

Y2 0.297 &c —0.297
V3 0.297 B 0.406

K1 —0.2 Ko —0.081
V1 —0.2 EH —0.406

V2 —0.081
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Sensitivity indices

Parameters

Figure 1: Forward sensitivity analysis for Ry.

7.2. Stability of the equilibria
We set the delay parameters to v; = 1 and v, = 2 in this subsection. We use numerical simulation

to show our results on global stability from Theorems 5.1 through 5.5. To achieve this, we demonstrate
that only one of the system’s five equilibria will be reached by the system’s solution initiating from any
feasible state (any stage of infection). As a result, we select three distinct starting conditions:

L1: (T(s), T*(2), C(2),H(s),K(2),A(s)) = (500,10,12,25,400,4);

L2: (T(5), T*(5¢), C(), H(x¢), K(5¢), A(5)) = (300, 8,9, 15,300, 3);

L.3: (T(32), T*(22), C(5¢), H(5¢), K(5¢), A(5¢)) = (100, 5, 3,5,100, 1), > € [-2,0].

Choosing values for v1, v2, v3, 0, and p under the previously mentioned initials yields the following
situations.

Situation 1 (Stability of £Py): y; = 0.00001, y2 = 0.0001, y3 = 0.0001, o0 = 0.001, and p = 0.001. These
values give Ry = 0.32 < 1 with the fact that EPy = (1000,0,0,0,0,0) is G.A.S as shown in Figure 2. The
study’s findings in Theorem 5.1 are consistent with the numerical results displayed in Figure 2. This
suggests that HIV-1 particles will eventually be eliminated.

Situation 2 (Stability of £P;): y; = 0.0001, vy, = 0.001, y3 = 0.001, o = 0.001, and p = 0.00001. These
choice give 5y = 3.24 > 1, %Rz = 0.44 < 1, and Ry = 0.03 < 1. Further, they ensure the existence of the
equilibrium point EP; = (308.57, 6.66, 6.66,90.88,0,0). Figure 3 illustrates the global stability of £P; which
was proved in Theorem 5.2. This situation indicates that the infection will become endemic, however, the
immune cells are not stimulated to destroy infected cells and viruses.

Situation 3 (Stability of £P,): y; = 0.0001, y, = 0.001, y3 = 0.001, o = 0.057, and p = 0.0002. This gives
M1 =1.12 > 1 and R3 = 0.15 < 1. Then, the equilibrium point £P, = (346.16,5.61,5.61,76.61,103.54,0) is
G.A.S. Figure 4 shows that the solutions of model (7.1)-(7.6) with the different initials 1.1-1.3 lead to the
equilibrium £P,. This finding aligns with Theorem 5.3’s conclusions, which indicates that the infection
will become endemic in the availability of CTL immunity, however, the antibodies are not stimulated to
destroy viruses.

Situation 4 (Stability of £P3): v = 0.0001, y2 = 0.001, y3 = 0.001, 0 = 0.001, and p = 0.01. Then we get
Ry = 6.89 > 1 and Ry = 0.03 < 1. Therefore, the equilibrium point EP3 = (472.58,5.08,5.08, 10,0,2.22) is
G.A.S (see Figure 5). Figure 5 illustrates how the concentrations of all compartments gradually converge
to €P3 with time, beginning from any initial. This finding aligns with Theorem 5.4’s conclusions, which
indicates that the infection will become endemic in the availability of antibody immunity, however, the
CTLs are not stimulated to destroy infected cells.

Situation 5 (Stability of £P4): y; = 0.0013, yo = 0.002, y3 = 0.002, 0 = 0.057, and p = 0.013. This gives
A3 =9.96 > 1 and Ry = 1.31 > 1. Then, the equilibrium point EP4 = (235.54,5.61,5.61,7.69,264.87,3.36) is
G.A.S (see Figure 6). Figure 6 illustrates how, over time, the concentrations of all compartments eventually
trend to £P4 from any initial values. Consequently, we sum up a consistency between this observation and
the outcomes of Theorem 5.5, which indicates that the infection will become endemic in the availability
of both CTL and antibody immunities.
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7.3. Impact of time delays on HIV-1 dynamics

This section demonstrates the impact of time delays on the system’s solutions. We fix the values
v1 = 0.0013, v, = 0.002, y3 = 0.002, 0 = 0.057, and p = 0.013. Let us take v = v; = vy, as a result Ry

becomes
Ry — Toe ™ 1V (yiB&ce "*° +va&nia +v3&cén)
Ecén (m + &7+) '
It is observed that PRy decreases as v increases. As a result, the system’s equilibrium points” stability will
be changed as the delay parameter v is changed. The stability of the uninfected equilibrium point €Py is

of importance to us, thus, we calculate the critical value of the delay parameter vitid! o that

_ szcritical

. Ty e kv (Ylﬁ‘ice + Vo2& +Y35C5H> ) .
0= Ecén (M + &1+) o 79)

By solving Eq. (7.9) numerically we get vriti¢al = 12.445. Then we have if v > 12.445, then R < 1 and €%y
is G.A.S, resulting the eradication of the virus. We now demonstrate how the delay parameter v affects
the system’s solutions. We consider the initial condition:

L4: (T(s), T*(2c), C(2),H(5),K(sc), A(3)) = (700,15,4,20,500,3), where » € [—v,0].

The impact of v on the system’s solutions is seen in Figure 7. We find that when v is raised, the proportion
of uninfected CD4" T cells rises and the proportion of other compartments falls.

Time delays are beneficial to the HIV-1 infection process from a biological perspective, helping to
eradicate the virus. In summary, long enough lags cause HIV-1 to evolve more slowly, stabilize, and
maybe even stop altogether. This might indicate that new HIV-1 medications will be developed based on
the delay time extension.
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Figure 2: The equilibrium point £Py = (1000, 0,0,0,0,0) is G.A.S whenever %Ry < 1 (Situation 1).
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(308.57,6.66,6.66,90.88,0,0) is G.A.S whenever Ry > 1, Rz < 1,

Figure 4: The equilibrium point £P, = (346.16,5.61,5.61,76.61,103.54,0) is G.A.S whenever R; > 1 and

M3 < 1 (Situation 3) .
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Figure 7: Impact of the delay parameter v on the model’s solutions.

8. Conclusion

In this study, we proposed a novel mathematical model to explain the roles of inflammatory cytokines
and adaptive immunity (antibody and CTL) in HIV-1 infection. The model has taken into account both
viral and cellular infection modes. In addition, the model included two kinds of distributed-time delays
during infection processes and viral production. First, we demonstrated nonnegativity and bounded-
ness, which are the key characteristics of the solutions. Next, we proved that the model admits five
equilibria, denoted as €P;, for i = 0,1,...,4. Five threshold parameters, 3, i = 0,1,...,4, have been
determined. These threshold parameters decide whether the model’s equilibria exist and are globally
stable. We demonstrated the global asymptotic stability for every equilibrium point using the Lyapunov
approach. We used a numerical method to solve the model, and then we displayed the findings graphi-
cally. We found a correlation between the theoretical and numerical results. To determine how the basic
reproduction number Ry is impacted by the model’s parameter values, sensitivity analysis was carried
out. The impact of inflammatory cytokines, time delays, and cellular infection on the dynamics of HIV-1
were deliberated. Cellular infection and inflammatory cytokines both contribute to the number Ry; there-
fore, if any of them are neglected, 2Ry will be underestimated. We revised our model to incorporate the
impact of three categories of antiretroviral medication treatments. Each antiretroviral medication has a
crucial efficacy that we have identified; if treatment effectiveness exceeds this threshold, HIV-1 will be
completely eliminated. Additionally, we showed that if cellular infection and/or inflammatory cytokines
are disregarded, the projected treatment effectiveness would be less than what is required to completely
eradicate the virus. Furthermore, we demonstrated that the elimination of viruses is impacted by the
length of the time delay in the same way as antiretroviral treatment. Additionally, it has been demon-
strated that extending time delays can effectively lower %Ry and halt HIV-1 replication. This might mean
that novel therapies are being developed, which would cause the delay to increase. Our results indicate
that inflammatory cytokines, time delay, and cellular infection are essential elements of the HIV-1 model
that cannot be ignored.

Our study’s main flaw is that, we were unable to use actual data to determine the values of the model’s
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parameters. This is because real-world data on HIV-1 infection are still few. Our model can be extended
by including (i) viral mutations [2]; (ii) mobility of cells and viruses [14]; (iii) immunologic memory by
formulation the model by fractional differential equations [4]; (iv) age-structured [31]; and (v) stochastic
interactions [46, 63] .
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