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Abstract

In this paper, the oscillation of the first-order nonlinear delay difference equation

∆y(l) + a(l)y(l+ 1) + b(l)f(y(ϑ(l))) = 0, l ∈N0,

is studied. Some explicit oscillation results of liminf and limsup are given. We obtain many new results using the comparison
between both first-order delay linear and nonlinear difference equations. We give an illustrative example to demonstrate the
strength and simplicity of our results.
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1. Introduction

Consider the first-order nonlinear difference equation

∆y(l) + a(l)y(l+ 1) + b(l)f(y(ϑ(l))) = 0, l ∈N0, (1.1)

where f ∈ C[R, R] such that

lim inf
y→0

f(y)

y
> δ > 0 and yf(y) > 0 for y 6= 0, (1.2)

and N0 is the set of all nonnegative integers, ∆y(l) = y(l + 1) − y(l), (a(l))l>0 is a sequence of real
numbers such that a(l) > −1, and (b(l))l>0 is a sequence of nonnegative real numbers and (ϑ(l))l>0 is a
sequence of integers such that lim

l→∞ ϑ(l) =∞ and

ϑ(l) 6 l− 1, l ∈N0.
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By a solution of Eq. (1.1) we mean a sequence of real numbers (y(l))l>−d, d = −min
l1>0

ϑ(l1) that satisfies

(1.1) for l > 0. For a given set of real numbers u−d,u−d+1, . . . ,u0, Eq. (1.1) has a unique solution
(y(l))l>−d that satisfies y(−d) = u−d,y(−d+ 1) = u−d+1, . . . ,y(0) = u0. As usual, any solution to Eq.
(1.1) that is neither eventually positive nor eventually negative is called oscillatory. Equation (1.1) is said to
be oscillatory if all its solutions are oscillatory; otherwise, it is called nonoscillatory. We use the following
notation:

ζ(l) = sup
06r6l

ϑ(r), lim inf
l→∞ a(l) > α,

γ = lim inf
l→∞

l−1∑
r=ζ(l)

b(r), D(η) =
1 − η−

√
1 − 2η− η2

2
, 0 6 η 6

1
e

,
(1.3)

and
s−1∑
r1=s

K(r1) = 0,
s−1∏
r1=s

K(r1) = 1.

When a(l) ≡ 0 and f(y) = y, Eq. (1.1) becomes the first-order linear delay difference equation

∆y(l) + b(l)y(ϑ(l)) = 0, l ∈N0,

that has received a great deal of attention from many researchers to study the oscillatory behavior of all
its solutions, see [2–4, 9–11, 13, 17]. The two well-known sufficient oscillation conditions

lim sup
l→∞

l∑
r=ζ(l)

b(r) > 1, (1.4)

and

lim inf
l→∞

l−1∑
r=ϑ(l)

b(r) >
1
e

and lim sup
l→∞

l−1∑
r=ϑ(l)

b(r) < +∞, (1.5)

are due to [10] and [11], respectively. Many efforts have been made to fill the gap between conditions (1.4)
and (1.5), see [2–6, 8–14, 17]. Very recently, Attia et al. [4] established the condition

lim sup
l→∞

P(l,m1) +

l∑
r1=ζ(l)

b(r1)W
−1
m2

(ζ(l), ϑ(r1))

 > 1,

where m1,m2 ∈N, and

W1(l,u) =
l−1∏
r1=u

(1 − κb(r1)) , Wm+1(l,u) =
l−1∏
r1=u

(
1 − b(r1)W

−1
m (r1, ϑ(r1))

)
,

κ =

{
1, q = 0,
λ(q), q > 0, q = lim inf

l→∞
l−1∑
r=ϑ(l)

b(r),

and λ(ξ) be the smaller real root of λ = eξλ, ξ > 0, and

h(l) = min{r1 ∈N0 : r1 > l, ϑ(r) > l− 1},

and

P(l,m1) =

∑h(l+1)−1
r1=l+1 b(r1)

∑l
r2=ζ(r1)

b(r2)W
−1
m1

(ν(l), ζ(r2))

1 −
∑h(l+1)−1
r1=l+1 b(r1)

.
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On the other hand, some authors try to extend the above results for covering more general difference
equations, see [1, 5–7, 14, 15, 18–21]. For instance, Yan and Qian [21] studied the oscillation of the first-
order difference equation with several delays

∆y(l) +

m∑
r1=1

qr1(l)y(l− τr1) = 0, l ∈N0, (1.6)

where qr1(l) is a sequence of nonnegative real numbers and τr1 , r1 = 1, 2, . . . ,m, are positive integers. The
authors [21] applied some of their results to the nonlinear difference equation

∆y(l) +

m∑
r1=1

qr1(l)f(y(l− τr1)) = 0, l ∈N0, (1.7)

where f ∈ C[R, R] such that yf(y) > 0, y 6= 0. It was shown in [21, Theorem 6] that the oscillation of Eq.
(1.6) leads also to the oscillation of Eq. (1.7) when lim inf

y→0

f(y)
y = 1. Tang and Yu [19] gave a counterexample

to show that the assumption lim inf
y→0

f(y)
y = 1 of the preceding result needs more adjustment.

On the other hand, Tang and Yu [19], and Jiang and Tang [16] studied the oscillation of a special case
of Eq. (1.1), i.e., the first-order nonlinear difference equation

∆y(l) + b(l)f(y(l− τ)) = 0, l ∈N0, (1.8)

where f ∈ C[R, R] such that yf(y) > 0, y 6= 0. For the nonlinear function f(y) in (1.8) the authors [16, 19]
assumed that there exists a nondecreasing continuous function that satisfies some additional assumptions.
Further, Jiang and Li [15] obtained many sufficient conditions for the oscillation of the first-order nonlinear
difference equation

∆y(l) +
kk

(k+ 1)k+1yn−τ +G(l,y(l− τ1), . . . ,y(l− τn)) = 0, l ∈N0,

where τ1, . . . , τn are positive integer numbers, the function G satisfies certain conditions.
In this article, we will try to extend the results in [5, 8, 12, 14, 17, 18, 20] to Eq. (1.1). We study

the oscillation of Eq. (1.1), taking into account that the oscillation of a first-order nonlinear difference
equation and the corresponding linear equation may be different even if the nonlinear function satisfies
lim inf
y→0

f(y)
y = 1. Finally, as we will show in Example 2.11, our results can be easily applied without the

need for any additional functions, as in [16, 19].

2. Main results

Consider the first-order difference inequality

∆y(l) + c(l)y(υ(l)) 6 0, l ∈N0, (2.1)

where (c(l))l>0 is a sequence of nonnegative real numbers and (υ(l))l>0 is a nondecreasing sequence of
integers such that υ(l) 6 l− 1, and lim

l→∞ υ(l) = ∞. Let (y(l)) be a positive solution of inequality (2.1),

then according to [13, Lemma 3], we have

lim inf
l→∞ y(l+ 1)

y(υ(l))
> D(q1) for q1 6

1
e

, (2.2)

where

q1 = lim inf
l→∞

l−1∑
r=υ(l)

c(r).
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Lemma 2.1. Let (y(l)) be a positive solution of Eq. (1.1). If, for some l1, l2 ∈N,

∞∑
r=l1

a(r) =∞ or
∞∑
r=l2

b(r) =∞, (2.3)

then y(l) tends to zero as t goes to∞.

Proof. Since (y(n)) is a positive solution of Eq. (1.1). It follows that (y(l)) is nonincreasing eventually for
all sufficiently large l. Therefore, y(l) is convergent to some d > 0, and hence, there exists a sufficiently
large l3 > li, i = 1, 2, such that d2 < y(l),y(l+ 1),y(ϑ(l)) < d

0.9 for all l > l3, so there exists y∗ ∈ [d2 , d0.9 ]
such that f(y(ϑ(l))) > f(y∗) for all l > l3. It follows from Eq. (1.1) that,

∆y(l) = −a(l)y(l+ 1) − b(l)f(y(ϑ(l))) 6 −a(l)
d

2
− b(l)f (y∗) .

In view of (2.3), there exist l∗, l∗∗ > l3, such that

l∗∗−1∑
r=l∗

a(r) >
2
d
y(l∗) or

l∗∗−1∑
r=l∗

b(r) >
1

f (y∗)
y(l∗). (2.4)

Taking the sum of Eq. (2.1) from l∗ to l∗∗ − 1, and then using (2.4) we obtain

y(l∗∗) = y(l∗) −

l1∗∗−1∑
r=l∗

a(r)y(r+ 1) −
l∗∗−1∑
r=l∗

b(r)f(y(ϑ(r)))

6 y(l∗) −
d

2

l∗∗−1∑
r=l∗

a(r) −

l∗∗−1∑
r=l∗

b(r)f(y(ϑ(r))) < 0,

or

y(l∗∗) = y(l∗) −

l1∗∗−1∑
r=l∗

a(r)y(r+ 1) −
l∗∗−1∑
r=l∗

b(r)f(y(ϑ(r)))

6 y(l∗) −
l1∗∗−1∑
r=l∗

a(r)y(r+ 1) − f (y∗)
l∗∗−1∑
r=l∗

b(r) < 0.

This contradiction completes the proof.

Let the sequence (Ψk(l))k>1 be defined by

Ψ1(l) =
1 + a(l)

1 − δb(l)
,

and

Ψk(l) =
1 + a(l)

1 − δb(l)
∏l−1
r1=ϑ(l)

Ψk−1(r1)
, k = 2, 3, . . . .

Lemma 2.2. Assume that k ∈N and (2.3) is satisfied, and (y(l)) is a positive solution of Eq. (1.1). Then

y(l)

y(l+ 1)
> Ψk(l) for all sufficiently large l. (2.5)
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Proof. Dividing Eq. (1.1) by y(l), we get

(1 + a(l))
y(l+ 1)
y(l)

− 1 + b(l)
f(y(ϑ(l)))

y(l)
= 0. (2.6)

In view of Lemma 2.1, we obtain

lim
l→∞ f(y(ϑ(l)))

y(ϑ(l))
= lim
y→0+

f(y)

y
> δ.

Then
f(y(ϑ(l))) > δy(ϑ(l)) for all sufficiently large l. (2.7)

Substituting into (2.6), we have

(1 + a(l))
y(l+ 1)
y(l)

− 1 + δb(l)
y(ϑ(l))

y(l)
6 0. (2.8)

Therefore,
y(l)

y(l+ 1)
>

1 + a(l)

1 − δb(l)
∏l−1
r1=ϑ(l)

y(r1)
y(r1+1)

. (2.9)

Using the fact that y(r1)
y(r1+1) > 1, we have

y(l)

y(l+ 1)
>

1 + a(l)

1 − δb(l)
= Ψ1(l).

Substituting into (2.9), we obtain

y(l)

y(l+ 1)
>

1 + a(l)(
1 − b(l)δ

∏l−1
r1=ϑ(l)

Ψ1(r1)
) = Ψ2(l).

Continuing in this fashion, one can obtain (2.5).

We aim to extend the iterative criteria for first-order linear difference equations with several delay ar-
guments, proposed by Braverman et al. in [8], to the first-order nonlinear difference equation (1.1). A use-
ful technique for generating oscillation conditions is the following result, which gives an estimate of the
quantity y(u)

y(v) , v > u, where (y(l)) is a positive solution of Eq. (1.1). Let the sequence {Wk1,k2(u, v)}k1,k2>1,
v > u, be defined by

W1,k2(u, v) =
v−1∏
r=u

1 + a(r)

1 − δb(r)
∏r−1
r1=ϑ(r)

Ψk2(r1)
, k2 = 1, 2, . . .

and

Wk1,k2(u, v) =
v−1∏
r=u

1 + a(r)

1 − δb(r)Wk1−1,k2(ϑ(v), v)
, k1 = 1, 2, . . . .

Lemma 2.3. Assume that k1,k2 ∈N and (2.3) is satisfied, and (y(l)) is a positive solution of Eq. (1.1). Then

y(u)

y(v)
>Wk1,k2(u, v) for v > u. (2.10)
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Proof. Dividing (1.1) by y(l) and taking the product from u to v− 1, we get

v−1∏
r=u

(
y(r+ 1)
y(r)

(1 + a(r))

)
=

v−1∏
r=u

(
1 − b(r)

f(y(ϑ(r)))

y(r)

)
.

Consequently,

y(u)

y(v)
=

v−1∏
r=u

1 + a(r)

1 − b(r)
f(y(ϑ(r)))
y(r)

.

Using (2.7), we have

y(u)

y(v)
>
v−1∏
r=u

1 + a(r)

1 − δb(r)
y(ϑ(r))
y(r)

. (2.11)

That is,
y(u)

y(v)
>
v−1∏
r=u

1 + a(r)

1 − δb(r)
∏r−1
r1=ϑ(r)

y(r1)
y(r1+1)

.

In view of (2.5), it follows that

y(u)

y(v)
>
v−1∏
r=u

1 + a(r)

1 − δb(r)
∏r−1
r1=ϑ(r)

Ψk2(r1)
=W1,k2(u, v).

Form this and (2.11), we have

y(u)

y(v)
>
v−1∏
r=u

1 + a(r)

1 − δb(r)W1,k2(ϑ(r), r)
=W2,k2(u, v).

In the same way, continuing the process k1 times, we obtain

y(u)

y(v)
>
v−1∏
r=u

1 + a(r)

1 − δb(r)Wk1−1,k2(ϑ(r), r)
=Wk1,k2(u, v).

The proof is complete.

The following result is an extension of [8, Theorem 3.3] to Eq. (1.1) when l− ϑ(l) <∞.

Theorem 2.4. If N1 6 l− ϑ(l) 6 N for all sufficiently large l, and

lim inf
l→∞

l−1∑
r=ϑ(l)

b(r) >
1
δ

(
1

1 +α

)N1
(

N

N+ 1

)N+1

, (2.12)

then, every solution of Eq. (1.1) is oscillatory.

Proof. Let the sequence (h1(l)) be defined by

h1(l) =
(l− ϑ(l))l−ϑ(l)+1

(1 + l− ϑ(l))l−ϑ(l)+1 .

Then
1
4
6 h1(l) 6

(
N

N+ 1

)N+1

.
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In view of (2.12), it follows for sufficiently small ε > 0 that

l−1∑
r=ϑ(l)

b(r) >
1
δ

(
1

1 +α

)N1
((

N

N+ 1

)N+1

+ ε

)
> 0 for all sufficiently large l. (2.13)

Let

u =

(
N

N+ 1

)−N−1
((

N

N+ 1

)N+1

+ ε

)
> 1.

Then

l−1∑
r=ϑ(l)

δ (1 +α)l−ϑ(l) b(r)

h1(l)
> δ (1 +α)N1

(
N

N+ 1

)−N−1 l−1∑
r=ϑ(l)

b(r)

>

(
N

N+ 1

)−N−1
((

N

N+ 1

)N+1

+ ε

)
= u > 1.

Assume the contrary, i.e., let (y(l)) be a positive solution of Eq. (1.1). Dividing Eq. (1.1) by y(l) and
taking the sum from ϑ(l) to l− 1, we have

l−1∑
r=ϑ(l)

(
y(r+ 1)
y(r)

(1 + a(r)) − 1
)

= −

l−1∑
r=ϑ(l)

b(r)
f(y(ϑ(r)))

y(r)
. (2.14)

Using (2.13), so condition (2.3) is satisfied. From (1.3), (2.7), and (2.14), we have

l−1∑
r=ϑ(l)

(
y(r+ 1)
y(r)

(1 +α) − 1
)

6 −δ

l−1∑
r=ϑ(l)

b(r)
y(ϑ(r))

y(r)

for all sufficiently large l. Using the relation between the arithmetic and the geometric means, we get

(l− ϑ(l))


 l−1∏
r=ϑ(l)

y(r+ 1)
y(r)

(1 +α)

 1
l−ϑ(l)

− 1

 6 −δ

l−1∑
r=ϑ(l)

b(r)
y(ϑ(r))

y(r)
.

Therefore,
l−1∏
r=ϑ(l)

(
y(r+ 1)
y(r)

(1 +α)

)
6

1 −
δ

l− ϑ(l)

l−1∑
r=ϑ(l)

b(r)
y(ϑ(r))

y(r)

l−ϑ(l) .

Then

y(l)

y(ϑ(l))
6

(
1

1 +α

)l−ϑ(l)1 −
δ

l− ϑ(l)

l−1∑
r=ϑ(l)

b(r)
y(ϑ(r))

y(r)

l−ϑ(l) . (2.15)

Using the fact that y(ϑ(r))y(r) > 1, we have

y(l)

y(ϑ(l))
6

(
1

1 +α

)l−ϑ(l)1 −
δ

l− ϑ(l)

l−1∑
r=ϑ(l)

b(r)

l−ϑ(l) . (2.16)
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Let g : (0, 1)→ R, g(s) = s (1 − s)β, β ∈N. It is easy to see that g(s) takes it’s max at s = 1
1+β , and hence

g(s) 6
ββ

(1 +β)1+β .

If we assume that β = l− ϑ(l), s = w
β , and w = δ

∑l−1
r=ϑ(l) b(r), then (2.16) leads to

y(l)

y(ϑ(l))
6

(
1

1 +α

)β
(1 − s)β =

(
1

1 +α

)β
β

δ
∑l−1
r=ϑ(l) b(r)

s (1 − s)β .

Therefore,

y(l)

y(ϑ(l))
6

(
1

1 +α

)β ββ+1

(1+β)1+β

δ
∑l−1
r=ϑ(l) b(r)

=

(
1

1 +α

)l−ϑ(l) (l−ϑ(l))l−ϑ(l)+1

(1+l−ϑ(l))l−ϑ(l)+1

δ
∑l−1
r=ϑ(l) b(r)

.

Then
y(ϑ(l))

y(l)
>

l−1∑
r=ϑ(l)

δ (1 +α)l−ϑ(l) b(r)

(l−ϑ(l))l−ϑ(l)+1

(1+l−ϑ(l))l−ϑ(l)+1

=

l−1∑
r=ϑ(l)

δ (1 +α)l−ϑ(l) b(r)

h1(l)
> u.

Substituting into (2.15), we get

y(l)

y(ϑ(l))
6

(
1

1 +α

)l−ϑ(l)1 − u
δ

l− ϑ(l)

l−1∑
r=ϑ(l)

b(r)

l−ϑ(l) .

By using a similar argument, we obtain

y(ϑ(l))

y(l)
> u

l−1∑
r=ϑ(l)

δ (1 +α)l−ϑ(l) b(r)

h1(l)
> u2.

Therefore,
y(ϑ(l))

y(l)
> uk, k ∈N.

By (2.12), we get

lim sup
l→∞ b(l) > d =

1
N

1
δ

(
1

1 +α

)N1
(

N

N+ 1

)N+1

> 0.

Then there exists a sequence (li) and a sufficiently small ε1, 0 < ε1 < d such that

b(li) > d1 = d− ε1 > 0 for all i ∈N0.

In view of (2.8), it follows that

δb(li)
y(ϑ(li))

y(li)
< 1 for all i ∈N0.

One can choose k ∈N such that uk > 1
δd1

. Then

uk <
y(ϑ(li))

y(li)
<

1
δb(li)

<
1
δd1

< uk.

This contradiction completes the proof.
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Theorem 2.5. If l− ϑ(l) > N1 for all sufficiently large l, and

lim inf
l→∞

l−1∑
r=ϑ(l)

b(r) >
1
δ

(
1

1 +α

)N1 1
e

, (2.17)

then, every solution of Eq. (1.1) is oscillatory.

Proof. As in the proof of Theorem 2.4, let the sequence (h1(l)) be defined by

h1(l) =
(l− ϑ(l))l−ϑ(l)+1

(1 + l− ϑ(l))l−ϑ(l)+1 .

Therefore,
1
4
6 h1(l) 6

1
e

.

Using (2.17), then for sufficiently small ε > 0, we obtain

l−1∑
r=ϑ(l)

b(r) >
1
δ

(
1

1 +α

)N1
(

1
e
+ ε

)
> 0 for all sufficiently large l.

Let

u = e
(

1
e
+ ε

)
> 1.

Then

l−1∑
r=ϑ(l)

δ (1 +α)l−ϑ(l) b(r)

h1(l)
> δ (1 +α)N1 e

l−1∑
r=ϑ(l)

b(r) > e
(

1
e
+ ε

)
= u > 1.

The rest of the proof is similar to the proof of Theorem 2.4. The proof is complete.

Theorem 2.6. Assume that k1,k2,k3 ∈N and (2.3) is satisfied. If

lim sup
l→∞

l∑
r=ζ(l)

b(r)Wk1,k2(ϑ(r), ζ(l)) >
1
δ
−
D(γ)

δ

1 +α+ lim inf
l→∞

l−1∑
r=ζ(l)

a(r)

l∏
r1=r+1

Ψk3(r1)

 , (2.18)

then, every solution of Eq. (1.1) is oscillatory.

Proof. Let (y(l)) be a positive solution of Eq. (1.1). Then

∆y(l) + a(l)y(l+ 1) + b(l)δy(ϑ(l)) 6 0. (2.19)

Summing Eq. (1.1) from ζ(l) to l, it follows that

y(l+ 1) − y(ζ(l)) +
l∑

r=ζ(l)

a(r)y(r+ 1) +
l∑

r=ζ(l)

b(r)δy(ϑ(r)) 6 0.

Since ζ(l) > ϑ(r) for ζ(l) 6 r 6 l, it follows from (2.10) that

y(l+ 1) − y(ζ(l)) +
l∑

r=ζ(l)

a(r)y(r+ 1) + y(ζ(l))
l∑

r=ζ(l)

b(r)δWk1,k2(ϑ(r), ζ(l)) 6 0.



E. R. Attia, J. Math. Computer Sci., 35 (2024), 241–255 250

Then

y(l+ 1) (1 + a(l)) − y(ζ(l)) +

l−1∑
r=ζ(l)

a(r)y(r+ 1) + y(ζ(l))
l∑

r=ζ(l)

b(r)δWk1,k2(ϑ(r), ζ(l)) 6 0.

Therefore,
l∑

r=ζ(l)

b(r)δWk1,k2(ϑ(r), ζ(l)) 6 1 −
y(l+ 1)
y(ζ(l))

(1 + a(l)) −

l−1∑
r=ζ(l)

a(l)
y(r+ 1)
y(ζ(l))

.

Consequently,

l∑
r=ζ(l)

b(r)δWk1,k2(ϑ(r), ζ(l)) 6 1 −
y(l+ 1)
y(ζ(l))

(1 + a(l)) −

l−1∑
r=ζ(l)

a(r)
y(l+ 1)
y(ζ(l))

l∏
r1=r+1

y(r1)

y(r1 + 1)
. (2.20)

Then

δ lim sup
l→∞

l∑
r=ζ(l)

b(r)Wk1,k2(ϑ(r), ζ(l)) 6 1 − lim inf
l→∞

(
y(l+ 1)
y(ζ(l))

)
lim inf
l→∞ (1 + a(l))

− lim inf
l→∞

(
y(l+ 1)
y(ζ(l))

)
lim inf
l→∞

l−1∑
r=ζ(l)

a(r)

l∏
r1=r+1

y(r1)

y(r1 + 1)
.

(2.21)

In view of (2.19), it follows that
∆y(l) + δb(l)y(ζ(l)) 6 0.

By (2.2), we obtain

lim inf
l→∞ y(l+ 1)

y(ζ(l))
> D(γ). (2.22)

This together with (1.3), (2.5), and (2.21) leads to

lim sup
l→∞

l∑
r=ζ(l)

b(r)Wk1,k2(ϑ(r), ζ(l)) 6
1
δ
−
D(γ)

δ

1 +α+ lim inf
l→∞

l−1∑
r=ζ(l)

a(r)

l∏
r1=r+1

Ψk3(r1)

 .

This contradicts (2.18). The proof is complete.

Theorem 2.7. Assume that k1,k2,k3 ∈N and (2.3) is satisfied. If

lim sup
l→∞

 l∑
r=ζ(l)

b(r)δWk1,k2(ϑ(r), ζ(l)) + (D(γ) − ε)

1 + a(l) +

l−1∑
r=ζ(l)

a(r)

l∏
r1=r+1

Ψk3(r1)

 > 1,

where ε > 0, then every solution of Eq. (1.1) is oscillatory.

Proof. Let (y(l)) be a positive solution of Eq. (1.1). In view of (2.20) form the proof of Theorem 2.6, we
have

l∑
r=ζ(l)

b(r)δWk1,k2(ϑ(r), ζ(l)) +
y(l+ 1)
y(ζ(l))

(1 + a(l)) +

l−1∑
r=ζ(l)

a(r)
y(l+ 1)
y(ζ(l))

l∏
r1=r+1

y(r1)

y(r1 + 1)
6 1.
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Using (2.5) and (2.22), then for sufficiently small ε > 0, we have

l∑
r=ζ(l)

b(r)δWk1,k2(ϑ(r), ζ(l)) + (D(γ) − ε)

1 + a(l) +

l−1∑
r=ζ(l)

a(r)

l∏
r1=r+1

Ψk3(r1)

 6 1.

Therefore,

lim sup
l→∞

 l∑
r=ζ(l)

b(r)δWk1,k2(ϑ(r), ζ(l)) + (D(γ) − ε)

1 + a(l) +

l−1∑
r=ζ(l)

a(r)

l∏
r1=r+1

Ψk3(r1)

 6 1.

This contradiction completes the proof.

Theorem 2.8. Assume that k1,k2,k3 ∈N and (2.3) is satisfied. If

lim sup
l→∞

δb(l+ 1)Wk1,k2(ζ(l+ 1), l) (1 + a(l)) + δb(l)

l−1∏
r1=ζ(l)

Ψk3(r1)

 > 1, (2.23)

then every solution of Eq. (1.1) is oscillatory.

Proof. As before, assume that (y(l)) is a positive solution of Eq. (1.1). Therefore,

y(l+ 1) − y(l) + a(l)y(l+ 1) + b(l)δy(ζ(l)) 6 0. (2.24)

In view of ζ(l) 6 l− 1, it follows from (2.10) that

y(l+ 1) − y(l) + a(l)y(l+ 1) + δb(l)Wk1,k2(ζ(l), l− 1)y(l− 1) 6 0.

Consequently,

y(l)

y(l− 1)
> (1 + a(l))

y(l+ 1)
y(l− 1)

+ δb(l)Wk1,k2(ζ(l), l− 1) > δb(l)Wk1,k2(ζ(l), l− 1).

Thus
y(l)

y(l− 1)
> δb(l)Wk1,k2(ζ(l), l− 1).

That is,
y(l+ 1)
y(l)

> δb(l+ 1)Wk1,k2(ζ(l+ 1), l). (2.25)

Using (2.24), we obtain

y(l+ 1) − y(l) + a(l)y(l+ 1) + δb(l)y(l)
l−1∏

r1=ζ(l)

y(r1)

y(r1 + 1)
6 0.

From this and (2.5) and (2.25), we have

δb(l+ 1)Wk1,k2(ζ(l+ 1), l) (1 + a(l))y(l) + δb(l)y(l)

l−1∏
r1=ζ(l)

Ψk3(r1) 6 y(l).

Therefore,

lim sup
l→∞

δb(l+ 1)Wk1,k2(ζ(l+ 1), l) (1 + a(l)) + δb(l)

l−1∏
r1=ζ(l)

Ψk3(r1)

 6 1.

Contradicting with (2.23). The proof is complete.
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Theorem 2.9. Assume that k1,k2,k3 ∈N and (2.3) is satisfied. If

lim sup
l→∞

(
δb(l+ 1)Wk1,k2(ζ(l+ 1), l)

[
1 + a(l) + δb(l) (1 + a(l))

]
+ δb(l)

l−1∑
r=ζ(l)

a(r)

l−1∏
r1=r+1

Ψk3(r1) +

δ2b(l)

l∑
r=ζ(l)

b(r)Wk1,k2(ϑ(r), ζ(l))

 l−1∏
r1=ζ(l)

Ψk3(r1)

)
> 1.

then, every solution of Eq. (1.1) is oscillatory.

Proof. Let (y(l)) be a positive solution of Eq. (1.1). Then

∆y(l) + a(l)y(l+ 1) + b(l)δy(ϑ(l)) 6 0.

Summing from ζ(l) to l, it follows that

y(l+ 1) − y(ζ(l)) +
l∑

r=ζ(l)

a(r)y(r+ 1) +
l∑

r=ζ(l)

b(r)δy(ϑ(r)) 6 0.

Since ζ(l) > ϑ(r), it follows from (2.10) that

y(l+ 1) − y(ζ(l)) +
l∑

r=ζ(l)

a(r)y(r+ 1) + y(ζ(l))
l∑

r=ζ(l)

b(r)δWk1,k2(ϑ(r), ζ(l)) 6 0.

Multiplying both sides by b(l),

b(l) (1 + a(l))y(l+ 1) − b(l)y(ζ(l)) + b(l)
l−1∑
r=ζ(l)

a(r)y(r+ 1)

+ y(ζ(l))b(l)

l∑
r=ζ(l)

b(r)δWk1,k2(ϑ(r), ζ(l)) 6 0.

By (1.1), we get

∆y(l) + (a(l) + δb(l) (1 + a(l)))y(l+ 1) + δb(l)
l−1∑
r=ζ(l)

a(r)y(r+ 1)

+

δ2b(l)

l∑
r=ζ(l)

b(r)Wk1,k2(ϑ(r), ζ(l))

y(ζ(l)) 6 0.

Therefore,

y(l+ 1) − y(l) +
[
a(l) + δb(l) (1 + a(l))

]
y(l+ 1) + y(l)δb(l)

l−1∑
r=ζ(l)

a(r)

l−1∏
r1=r+1

y(r1)

y(r1 + 1)

+ y(l)

δ2b(l)

l∑
r=ζ(l)

b(r)Wk1,k2(ϑ(r), ζ(l))

 l−1∏
r1=ζ(l)

y(r1)

y(r1 + 1)
6 0.

Using (2.25), we get

δb(l+ 1)Wk1,k2(ζ(l+ 1), l)
[
1 + a(l) + δb(l) (1 + a(l))

]
y(l) − y(l)
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+ y(l)δb(l)

l−1∑
r=ζ(l)

a(r)

l−1∏
r1=r+1

Ψk3(r1) + y(l)

δ2b(l)

l∑
r=ζ(l)

b(r)Wk1,k2(ϑ(r), ζ(l))

 l−1∏
r1=ζ(l)

Ψk3(r1) 6 0.

Then

lim sup
l→∞

(
δb(l+ 1)Wk1,k2(ζ(l+ 1), r)

[
1 + a(l) + δb(l) (1 + a(l))

]
+ δb(l)

l−1∑
r=ζ(l)

a(r)

l−1∏
r1=r+1

Ψk3(r1) +

δ2b(l)

l∑
r=ζ(l)

b(r)Wk1,k2(ϑ(r), ζ(l))

 l−1∏
r1=ζ(l)

Ψk3(r1)

)
6 1.

This contradiction completes the proof.

Remark 2.10. It should be noted that Lemma 2.3 can provide a new estimation of a positive solution rate
of decay for a differential equation with several retarded arguments, which improves the estimation of [8,
Lemma 2.1]. Therefore, all the iterative oscillation results in [8] can be improved.

Example 2.11. Consider the first-order nonlinear difference equation

∆y(l) + a(l)y(l+ 1) + b(l)f(y(ϑ(l))) = 0, (2.26)

where a(l) > α1 > 0, and

ϑ(l) =

{
l− 1, if l = 2k,
l− 3, if l = 2k+ 1, k ∈N0,

and

b(l) =

{
µ, if l ∈ {2ki − 2, 2ki − 1, 2ki, 2ki + 1, 2ki + 2},
0, otherwise, i ∈N0,

where (ki)i>0 is a sequence of positive integers such that ki+1 > ki +
3
2 , for all i ∈ N0 and lim

i→∞ ki = ∞,

and

f(y) =



0, if y 6 −2ε1,

−
(δ1 ε1−ε1

2)
ε1

(y+ ε1) − δ1 ε1 + ε1
2, if y ∈ [−2ε1, −ε1],

y2 + δ1y, if y ∈ [−ε1, ε1],
(−δ1 ε1−ε1

2)
ε1

(y− ε1) + δ1 ε1 + ε1
2, if y ∈ [ε1, 2ε1],

0, if y > 2ε1,

where ε1, δ1 > 0. Clearly,

lim inf
y→0

f(y)

y
= δ1,

and

ζ(l) =

{
l− 1, if l = 2k,
l− 2, if l = 2k+ 1, k ∈N0.

Then one can choose δ = δ1 −
1

10000 and α = α1 −
1

10000 (that are defined as in (1.2) and (1.3), respectively).
Let

I1(l) = δb(l+ 1)Wk1,k2(ζ(l+ 1), r) (1 + a(l)) + δb(l)

l−1∏
r1=ζ(l)

Ψ1(r1).

Therefore,

I1(l) > δb(l+ 1) (1 + a(l)) + δb(l)

l−1∏
r1=ζ(l)

Ψ1(r1).
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Since
Ψ1(l) >

1 +α

1 − µδ
for l ∈ {2ki − 2, 2ki − 1, 2ki, 2ki + 1, 2ki + 2}, i ∈N0,

then

I1(2ki + 1) > δµ

(
(1 +α) +

(1 +α)2

(1 − µδ)2

)
, i ∈N0.

Then

lim sup
l→∞ I1(l) > lim sup

i→∞ I1(2ki + 1) > δµ

(
(1 +α) +

(1 +α)2

(1 − µδ)2

)
.

Consequently, condition (2.23) with k3 = 1 is satisfied and so every solution of Eq. (2.26) is oscillatory,
provided that

(1 +α) +
(1 +α)2

(1 − µδ)2 >
1
δµ

.

For example, if δ1 = 1
2 +

1
10000 and α1 = 1

2 +
1

10000 , then Eq. (2.26) is oscillatory for all µ > 4
10 .

3. Conclusion

We study the oscillation of a first-order nonlinear difference equation with retarded arguments. We
have generalized, extended, and improved some methods used to study the oscillation of first-order linear
difference equations with single and several delays to study the oscillation of first-order nonlinear delay
difference equations. Many of the methods used in this work can be used to improve many oscillation
results for the corresponding linear equations. In Example 2.11, we have demonstrated the simplicity of
applying some of our results.
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