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Abstract

This paper is devoted to investigating the local bifurcation of a chaotic jerk system. The local stability of equilibrium points
is analyzed, as well as the existence of transcritical bifurcation at the origin. For the proposed jerk system, the Hopf and Zero-
Hopf bifurcations are investigated at the origin. Moreover, a zero-Hopf equilibrium point at the origin is characterized for the
system. By using the averaging theory of first order, a limit cycle can be bifurcated from the zero-Hopf equilibrium located at the
origin. Liapunov quantities techniques are used to investigate the cyclicity of the system. It is shown that three limit cycles can
be bifurcated from the origin. Finally, both self-excited chaotic attractors and hidden chaotic attractors are studied for special
cases of the chaotic jerk systems using bifurcation diagrams, Lyapunov exponents, and cross-sections. All results reported in
this study have been obtained using Maple software.
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1. Introduction

Chaos theory is one of the most important branches of mathematics that studies the behavior of
dynamical systems, which are highly sensitive to initial conditions. The first chaotic system with a hidden
attractor was discovered in the Chua system [16, 18]. Hidden attractors have generated incredible interest
due to their significance in both theory and engineering [3]. Existing chaotic systems can be classified into
two types: hidden attractors and self-excited attractors. A chaotic system is considered to have hidden
attractors if its basin of attraction is not connected to the small neighborhoods of any equilibrium point
[18] . Conversely, if chaotic systems have a basin of attraction that is connected with one or more unstable
equilibrium points, they are referred to as self-excited attractors [15]. Generally, self-excited attractors can
be numerically identified from unstable equilibria. On the other hand, hidden attractors are challenging
to localize due to the fact that their basin of attraction is not associated with small neighborhoods of
any equilibrium points. Hidden attractors have been discovered in various types of nonlinear systems,
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including those with one or more stable equilibria [3, 20, 33, 37], systems with a line of equilibria [10],
systems with both stable and unstable equilibria [5] and systems with no equilibria [35].
In physics, a jerk differential equation can be represented as the third order dynamics

¥ = f(x,%, %), (1.1)

where x, %, %, and X represent the displacement, velocity, acceleration, and jerk, respectively. It is appro-
priate to express (1.1) in system notation by introducing two additional phase variables as

y=x and z=7y=xX.

Therefore, the status variables x,y, z provide a mechanical meaning of displacement, velocity and accel-
eration, respectively. Thus, the differential equation (1.1) can be transformed into

X =1y,
g:Z,
z=j(x,y,z).

Many chaotic jerk systems can be found with various forms of j(x,y, z), including absolute value func-
tions, trigonometric functions and power functions. For more details, refer to [29].

Bifurcation analysis is conducted for nonlinear dynamical systems to comprehend how alterations in
system parameters affect the qualitative behavior of the systems [4, 28, 32]. There are numerous analytical
and numerical methods that can be efficiently used to investigate local and global bifurcations, such as
center manifold reduction, normal forms, perturbation techniques, and projection methods [7, 19, 21].

Several jerk systems of this nature have already been considered in the literature and the outcomes
have revealed a range of rich and striking phenomena. These include Hopf bifurcation, coexisting bubbles
of bifurcation, coexistence of multiple attractors, coexistence of multiple bifurcation modes, symmetry-
breaking, period-doubling scenarios, and symmetric properties [12]. In reference [27], the authors inves-
tigated various types of bifurcations for the general quadratic jerk system, including saddle-node and
transcritical bifurcations. They have also proven that two limit cycles bifurcate from a zero-Hopf equilib-
rium point. Braun and Mereu [2] obtained a zero-Hopf bifurcation in a chaotic jerk system. Diab et al. [6]
investigated zero-Hopf bifurcations of the generalized Genesio differential equation. In their work, they
characterized the existence of a zero-Hopf equilibrium point and showed that at most 6 periodic solutions
bifurcate from the origin of the system.

Bifurcated periodic orbits from the center for the 3D jerk system were investigated in [24]. The inverse
Jacobi multiplier was utilized to find sufficient conditions for the existence of a center. To determine the
cyclicity of the system and the number of limit cycles that can bifurcate, the Liapunov quantities tech-
nique was employed. It was demonstrated that under two sets of conditions, three periodic solutions
can bifurcate from the origin, while under the other sets of conditions, four periodic solutions can bi-
furcate. The Hopf bifurcation of a 3D chaotic system was studied by the authors in [25]. The stability
of the equilibrium points was examined, and the occurrence of the Hopf bifurcation in the system was
investigated. Additionally, the center manifold and Liapunov quantities techniques were employed to an-
alyze the cyclicity of the system. It has been confirmed that at most two periodic solutions can bifurcate
from the origin. A study on the local stability and codim-1 bifurcations of an arbitrary one-parameter
jerk system was conducted by Luazureanu and Cho [17]. In their work, conditions for the appearance of
Hopf and fold bifurcations were constructed. A 3-D jerk system with three quadratic nonlinear terms was
presented by Bonny et al. [1], and the dynamical properties of the system were demonstrated by utilizing
phase portraits, bifurcation diagrams, Lyapunov exponents, multistability, and coexisting attractors.

Wannaboon et al. [34] have presented a jerk system of the following form

X =y,
Y=z
z=—«alx+y+z— (tanh(ax +b) +c)].
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This system examines chaotic dynamics in terms of a bifurcation diagram, Lyapunov exponents, chaotic
attractor, the waveform in the time domain, equilibrium points and the Jacobian matrix. Hu et al. [9]
identified mechanisms that lead to the emergence of chaotic attractors in four jerk systems. Furthermore,
the discussion also encompasses the associated multistability concerns. Detailed investigations were con-
ducted on two distinct mechanisms, each characterized by unique bifurcation processes, across the four
systems. Joshi and Ranjan [11] proposed the following jerk equation with sine hyperbolic nonlinearity:

X'+ Bx+ (¢ +1)Bx £+ afysinh(x) = 0.

The existence of a hidden attractor in the presented system was investigated through numerical simula-
tion, along with the exploration of several basic properties of the system. Rajagopal et al. [22] presented
the following jerk oscillator with a cosine hyperbolic

X — ax + bx + X + cosh(x) = 0.

This system exhibits a variety of dynamical behaviors by manipulating its two parameters, including one-
scroll chaotic attractor, periodic attractor, and coexistence between chaotic and periodic attractors. Kengne
et al. [13], considered the following simple 3D autonomous jerk system with a cubic nonlinearity

X =y,
Uy =az,
t=x—vyy—z—x5,

where a and v > 0 are tunable parameters. Through bifurcation analysis, it was determined that the
system exhibits classical period-doubling leading to chaos, symmetry-restoring crisis scenarios and the
presence of multiple coexisting attractors. In 2018, Jacques Kengne et al. [14] presented novel chaotic jerk
system, which can be rewritten as

X1 = X2,
Xp = axs,
X3 = yx2 — ux3 +x1 — x1[x1],

where a,v, and p > 0 are control parameters. They observed various dynamic behaviors, including pe-
riod doubling sequences leading to chaos, symmetry-recovering crises, periodic windows, and coexisting
bifurcations. The stability of equilibria and Hopf bifurcation were analyzed using Lyapunov exponents,
time series, Poincar’e section plots and bifurcation diagrams. Vaidyanathan et al. [30] considered the
following chaotic jerk equation with two cubic nonlinearities

- dt

&*x dzx iy dx
ac - Yae

2
> —x3 —bx + csin(x)

where a,b, and c are positive parameters. The chaotic features of the system were thoroughly examined
by analyzing the eigenvalue structure, Lyapunov exponents and Kaplan-Yorke dimension. Extensive
bifurcation analysis revealed new characteristics, such as point reflection symmetry and bistability of
chaos. Additionally, an adaptive backstepping controller was proposed to achieve chaos synchronization
for the chaotic jerk equation.

In this paper, we consider the following chaotic Jerk system

X =y,
Y=z (1.2)
Z=—a;x — ay — a3z + azxy + asx> + a6y2 + ayzerf(z),

where ai; 1 = 1,2,...,7 are real parameters and erf(z — jz —t?4t. The motivation behind this

research paper is to investigate the local bifurcation phenomena exhibited by the proposed system. Bifur-
cations play a crucial role in understanding the qualitative behavior and stability of dynamical systems.
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By studying the local stability of equilibrium points and examining the existence of various bifurcations,
our aim is to gain insights into the intricate dynamics of the jerk system and uncover any hidden at-
tractors it may possess. The main contribution of this paper lies in the comprehensive analysis of the
local bifurcation behavior of the chaotic jerk system. Specifically, our research focuses on local stability
analysis, investigation of transcritical, Hopf and Zero-Hopf bifurcations, cyclicity analysis, and studying
the chaotic attractors.

This paper is organized as follows. Section 2 analyzes the stability of the equilibrium points. In
Section 3, the transcritical bifurcation, Hopf bifurcation, and zero Hopf bifurcation are investigated. The
final section focuses on the investigation of chaotic attractors in the system, utilizing bifurcation diagrams,
phase portraits, two-sided Poincaré sections, and Lyapunov exponents.

2. The equilibrium points with their stability

Consider the following chaotic jerk system:

X =y,
Y=z (2.1)
= —aix — ay — a3z + azxy + asx? + agy? + ayzerf(z),

where ai; 1=1,2,...,7 are real parameters, and erf(z) —t*4t. To find all the equilibrium points

2
= Joe
of system (2.1), we set %, and z to zero, resulting in x = 0 or %, y =0, and z = 0. Therefore, the jerk

5
system (2.1) has two equilibrium points: Py = (0,0,0) and P; = (2—;,0, O).

Now, the stability of equilibrium points of the proposed jerk system is analyzed. The Jacobian matrix
of the proposed jerk systems at (x*;0;0) is

2a5x* —a; agx*—ay —as
which has characteristic equation
@A) = A3+ azA? — (agx* — ap) A —2asx* + a; = 0. (2.2)
When x* = 0, the characteristic equation (2.2) becomes
A+ as\ + aA +ap = 0.

According to the Routh-Hurwitz criterion, the origin of the systems is asymptotically stable if a;, a>, az >
0 and a; < azaz. Otherwise, the equilibrium point is unstable. When x* = 2—;, the characteristic equation
(2.2) is

(ajaq —azas) A

A+ azA? — . —a; =0. (2.3)

From (2.3), the determinant of the Jacobian matrix is a;. If a; > 0, then at least one of the eigenval-
ues is positive, this implies that the equilibrium point P; is unstable. However, by the Routh-Hurwitz
stability criterion, the equilibrium point P; is asymptotically stable if and only if a; < 0, az > 0, and

as
— (aja4 — azas5) < aj.
as

3. Local bifurcation analysis

In this section, the focus will be on the examination of various local bifurcations, including the trans-
critical, Hopf, and zero Hopf bifurcations.
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3.1. Transcritical bifurcation

Consider the following differential equation in R™:
X = f(xl H)/ (31)

where p € R is a parameter and f is differentiable. Then, the system (3.1) exhibits a transcritical bi-
furcation if it satisfies Sotomayor’s theorem [7, 21]. This theorem provides sufficient conditions for the
existence of a transcritical bifurcation in a dynamical system.

Theorem 3.1 (Sotomayor’s theorem ). Consider system (3.1) and let there is a point pg € R™ such that f(po, u) =
0 for all w, i.e., po is an equilibrium point of system. Moreover, if W = g assume the following condition satisfies:

1) the Jacobian matrix | = Df(po, n0) has a zero eigenvalue with an eigenvector v and J' has an eigenvector w
corresponding to zero eigenvalue;

2) | has k eigenvalues with negative real parts and it has n —1 — k eigenvalues with positive real parts, where
0<k<n—1,

3) w!fu(po,0) =0;

4) wt [Df,. (po, 0)v] # 0;

5) wT[Df(po,0)(v,v)] # 0.

Then system (3.1) exhibits a transcritical bifurcation at the equilibrium pg as p passes through yu = 0.

Theorem 3.2. Consider the jerk system (2.1) with as # 0. A transcritical bifurcation occurs at the origin as ay
passes through zero, provided that az # 0.

Proof. The analysis of the transcritical bifurcation occurring in the proposed jerk system (2.1) will be
carried out with respect to the parameter a;. Thus, we will utilize the notation from Theorem 3.1, set
= aj and x = (x,y,z) € R>. The jerk system has two equilibrium points: xo = (0,0,0) and x; = (%, 0, 0).
These equilibrium points collide at the origin when a; = 0. In addition, when a; = 0, the Jacobian matrix
at the origin is

o 1 0

J=Df(0,0)=( 0 0 1
0 —ay —as

It has simple eigenvalue A = 0. Indeed, the characteristic polynomial of ] is given by

@A) = A + azA? + apA. (3.2)

/aZ—da,
®(A) = 0 has simple eigenvalue A = 0 with non-zero real part eigenvalues Ay3 = — 3 & a%zmz. Note
that the vectors v = (1,0,0)T and w = (ap, a3, 1) are eigenvectors of the matrix ] and JT corresponding
to A = 0, respectively. Following Theorem 3.1, we have

W'fq,(0,0) =0, w'[Dfg(0,00v] = —1#0, w'[D?(0,0)(v,v)] =2a5 # 0.

Thus, all the hypotheses of Theorem 3.1 are satisfied. Therefore, the system displays a transcritical bifur-
cation at the origin at the bifurcation value a; = 0. O

3.2. Zero-Hopf Bifurcation

In this subsection, the zero-Hopf bifurcation for the proposed jerk system is investigated. The possi-
bility of a limit cycle is obtained using the averaging theory of the first order. Consequently, an isolated
equilibrium point in the three-dimensional differential system, known as a zero-Hopf equilibrium point,
is characterized by one zero eigenvalue and two purely imaginary eigenvalues. Firstly, the zero-Hopf
equilibrium point of the system located at the origin is characterized.
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Proposition 3.3. The Jerk system (2.1) exhibits a zero-Hopf equilibrium if and only if the conditions a; = a3 =0
and ap > 0 are satisfied. In this case, the zero-Hopf equilibrium represents the only equilibrium point of the system,
localized at the origin.

Proof. The Jerk system (2.1) possesses an equilibrium point at (x*,0,0), where x* = 0 or x = 2—; ;as # 0.
The characteristic equation of the Jacobian matrix at (x*,0,0) of the system is given by:

A 4+ asA? — (aax® — ap) A —2asx* 4+ a; = 0.

To have a zero-Hopf equilibrium, it is required to have one zero eigenvalue and two purely imaginary
eigenvalues. By imposing the condition
AAZ+ w?) =0,

where w > 0, it is found that a; = a3 = 0 and a; = w?. Therefore, the only zero-Hopf equilibrium point
is given by (0,0,0). O

The next theorem is one of our main results in this subsection.

Theorem 3.4. Assume that (a1, az,a3) = (ex, e + w? ey) with € as a sufficiently small parameter. If
4.2 2
(wiy? — o)
as (2 ymwtay + mw2ae + mas)
rium point located at the origin of coordinates. Additionally, a limit cycle appears at the origin when ¢ = 0.

< 0, then the jerk system (2.1) exhibits a zero-Hopf bifurcation at the equilib-

Proof. If (a1, a2, a3) = (ea, € + w?, ey) with ¢ < 1, then the jerk system (2.1) can be expressed in the
following form:

X =1y,
Y=z (3.3)
Z=—E0x — (8(5 + wz) Yy — vz + agyx + asx? + agy? + ayzerf(z).

Re-scaling the variables (x,y,z) = (eX, €Y, eZ), the system mentioned above can be transformed into the
following form:

X=Y,
Y =2, (3.4)
Z=—caX— (Be+w?)Y—eyZ+easXY +easX?+ eagY? + ayZerf(eZ).

The linear part of the system (3.4) will be changed to its real Jordan normal form when ¢ = 0, resulting in
the following form:

0 —w 0
w 0 0],
0 0 O
where w? = a,. For doing that, we use the following linear change
XY, )" =P(U,v,w)", (35)
where
1 0 1
P = 0 —-—w 0
—w?> 0 0

In the new variables (U, V, W), system (3.4) can be written as



T. I. Rasul, R. H. Salih, J. Math. Computer Sci., 35 (2024), 319-335

325
U = —eagV? — ayUerf(e w?U) —yel + UV + VW — £5U2 — %UW
BV ov—hwr g acu 4 &sw,
V= wl, (3.6)

W = sggs\/z ;L ayolcleerf(e w?U) +yel — 24UV — £4VW 4 S512  ZSyw + Bey
+ AW = Z5U— =5

Now, system (3.6) is transformed into cylindrical coordinates (r,0, W) by introducing a change of variables

U =rcos(0) and V = rsin(0), resulting in the following expression:

1

: 2
P = —W[(rz (—w?ag + as) cos(8)* +2r (_wa4 s;n (6)r + Y;U + asW — Z) cos(0)

— wr (aW — B) sin(0) + agw?r2 + W (asW — «))v/7t + 2ayw*r? cos(0)%] cos(0) ¢ + O(e%)

0=w+ \/ﬁlw%[((r2 (—w2a6 + a5) cos(0)? + 2r <_wa4 512n (6)r + y;vz + asW — g) cos(0)
— wr (@ W — B) sin(0) + agw?r? + W (asW — &) )/t + 2aywr? cos(0)?) sin(0)]e (3.7)
+0(&%)
W= ;[(rz (—w2a6 + a5) cos(0)? + 2r <_wa4 sin (6)r + yo? + asW — (x) cos(0)
JTw? 2 2 2

— wr (agW — B) sin(8) + agw?r? + W (asW — &) )/t + 2ayw*r? cos(G)Z]s + 0(53) .

We choose 0 as the new independent variable, then system (3.7) can be written as
dr 1

ar 2( 2 2 _ waysin (0)r v w? o
0 Jmwl [((r ( w a6+a5) cos(0) +2r< > + > + asW > cos(0)

— wr (asW — B) sin(0) + agw?r2 + W (asW — «))v/7T + 2ay w2 cos(0)?) cos(0)] e +0(e?), (38
aw 1 20 2 2 _ waysin (6) 7 Y w? o« '
0 = Jrwd [(+* (—w?ae + as) cos(0) +2r( 5 + > +asW > cos(0)

— wr (asW — B) sin(0) + agriw? + W (asW — &) /7t + 2a7w*r? cos(0)*e + O(?).
The system mentioned above can be expressed in the following form:
x = eF(t,x) 4+ e2H(t, x, €),

Where t= e’X = (T,W)T and F(elr/W) - <£1Eg’:’w§> ’
209, 1,

Fi1(0,7,W) = _713[(2a7w4r2 cos(0)? — /7 cos(0)? w?agr® —sin(0) /7t cos(0) wayr?
Vrw
+ v/ cos(0) w3t — sin(0) v wasWr + /7 cos(0)? 12as + agw?/7ir? + 24/ cos(0) asWr
+sin(0) V7T wr + /T asW? — /7t cos(0) ar — VT Wa) cos(0)],

F2(0, 7, W) = !

= Trwd 2w*as;r? cos(0)? — cos(0)? v/t w2agr? — cos(0) /7 sin(0) wayr?

+c0s(0) /Ty w?r — /7 sin(0) wasWr + cos(0)? /7t ast? + agw?y/7r? + 2 cos(0) v/ asWr
+ VT Bwsin(0) T+ v/ asW? — /o cos(8) T — /7t aW].

By applying the averaging theorem of the first order in the interval [0,27], the following results are
obtained:

1 27T 2 2 W_
gl(r,w>=—J F1(0, 1, W)do — (YW 2asW = a)

27 Jo 2w3 ’
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ga(r, W) = 1 rﬂ F2(0,7,W)do = 2y/mwiarr? + aew?nr? + 2‘;57TW2 + asmr? — 20mW
27 Jo 27T W

Therefore, the system g;(r, W) = g2(r, W) = 0, have four solutions, one of them satisfies r > 0, namely

. 7 (why? — o?) . Y w? — o
T = — ’ W - — .
2a5 (2 /w*ay + mw2ae + mas) 2as

Computing the Jacobian determinant of gi, g, at this point, we obtain

204 2
det <6(91, g2)

YW —
=—1= = 4y,
(r,W)_(r*,W*)> 206

under our assumption, it is nonzero. For ¢ sufficiently small, according to first order averaging theory
[31], system (3.8) has a limit cycle (v(6,¢), W(0, ¢)) satistfying (r(0,¢), W(0,¢)) — (v*(0,¢), W*(6, ¢)) if
¢ = 0. Therefore, the following equation

o(r, W)

(U(B,e) =1(0,¢)cos(0),V(0,e) =1(0,¢)sin(0), W(B,¢)),

provides the limit cycle system (3.6). By reverting back to the system (3.4), we can also find the limit cycle
(X(0),Y(0),Z(0)) through the change of variables (3.5). Since (x(0),y(0),z(0)) = (X(e0),Y(e0), Z(e0)),
system (3.3) possesses a limit cycle that approaches the origin as ¢ approaches zero. Consequently, this
represents a limit cycle originating from the zero-Hopf equilibrium point located at the origin of coordi-
nates when ¢ tends to zero. 0

3.3. Multiple Hopf bifurcation

The Hopf bifurcation is a common phenomenon associated with the appearance or disappearance of
a limit cycle near an equilibrium point. It can be investigated using various techniques, such as bifur-
cation formulas [8], Lyapunov quantities [23], and focus quantities [26]. In this subsection, we examine
the cyclicity of the system (2.1) by employing Lyapunov quantities techniques to determine the number
of limit cycles that can bifurcate from the Hopf points. Due to the computational load for computing
Liapunove quantities, only the first three Lyapunove quantities were found.

In general, we can not analysis cyclicity for the three dimensional jerk system (2.1). Therefore, in the
next theorem, we try to take a special case.

Theorem 3.5. Three limit cycles can bifurcate from the equilibrium point at the origin when the parameters in
system (2.1) satisfy the conditions az = 2—;, ap > 0,a; # 0 with

i. Q # 0, which is defined in equation (3.13);
ii. Ml s # 0.

Proof. The jacobian matrix of the jerk system (2.1) at the origin is given by

The characteristic equation at the origin is given by
e\, az) =N+ azA? + apA + a3 = 0. (3.9)

ai 2 .y . .
o2’ ay = w, a1 # 0, where w > 0, the characteristic equation (3.9) has a pair of purely
imaginary eigenvalues +iw with nonzero eigenvalue —%. To verify the transversality condition, we can

— ¥ —=
When a3 = aj =
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use the implicit function theorem to obtain the derivative of the complex eigenvalue A(az) with respect to
as:
A —5e %

= a5 — ) 3.10
dCl3 of 37\2 + 27\(_13 + ap ( )

[«

Substituting a3 = a3, ax = w? and A = iw into (3.10), we compute

dRe()) _ w® 0
Tday Neereetaeie) =g gy 7O

which implies that the transversality condition is satisfied. Therefore, Hopf bifurcation takes place at
a3 = a} provided that ap = w?, a; # 0. By applying the transformation

X N
y = 0 —Ww _wfz v s
z —w? 0 1(11 w

after some calculations, the following system is obtained:

du
T —wv + bpu? + byuv + bauw + bgv? + bsvw + bgw? + byu* 4+ bgudw + bou?nw?

+bou w3 4+ byyw,

dv
— =wu+ %(bluz + byuv + bauw + byv? + bsvw + bew? + byu* + bgudw + bou’n?

at oo (311)
+bguw —|—b11w ),
dw
at :—ﬂw——(blu + byuv + bzuw 4 byv? + bsvw + bgw? + byut 4 bgudw + bou?w?
+biguw? + byywt)
. w4(2w4a7+ﬁa5) _ wlay . wﬁ(Zﬁwza5fﬁa1a4f4a%a7) _ wlajag .
where by = == mramray P2 T weap B2 T a7/ w+ad) S
way b :_w4(ﬁwsa5 fw (11(14+2(1‘11a7) by — 2w2a, be — — 8w0q, bo — 4wday
aflwt ]’ 70 Vrai(whal] 77 avR(wtrad) 8T T (wta) T Vi (whead)’
_ 8w’ay _ 2wiay . . . ..
b = 37 (whrad)’ and by = 37 ()’ Now, due to the computational load involved in obtaining

Liapunov quantities, we are unable to obtain them. More powerful computing devices are required for
this task. Therefore, we simplify the calculation by fixing and eliminating the parameters as. As a result,
the value of by also disappears. In order to investigate the number of limit cycles bifurcating from the
equilibrium point, we define the Lyapunov function as follows:

n k j
F(u,v,w):u2+v2+ZZZCk 5j— 11u it

k=3j=0 i=0
which satisfies the following equation
X(F) =mu? +v?) +m(u +v)2 4, (3.12)

where x is the vector field of the system (3.11). By using the computer algebra package MAPLE and
solving equation (3.12), we obtain the following linearly independent terms of Liapunov quantities:

1.1 =0;
filay, by, w)
47 (4wt + a?)’

2.mp =
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B fa(ay, by, w) .

© 96wld (4w6 + a%) (36w18 +49w2a? + 14wbaf + a?) ’

4. 4 = f3lay, by, w)/(9216 (9w!? + 10woa? + af) (2304w3® + 13072w a3 + 17336w*af + 8041w !Bab +
1606w'2a8 + 137wfal0 + 4a12) (406 + a?)” qyw®),

3. M3

where fi(ay,bi, w),f2(ay,bi, w), and f3(ay, by, w) are polynomials in aj, b, w, 1 =1,2,3,5,...,11. Due
to their extensive size, we do not provide the complete form of these polynomials here. They have
respective degrees of 14, 42, and 83. To establish the occurrence of three limit cycle bifurcations, it suffices
to confirm the existence of a point in the parameter space where f; is equal to fp, f3 is not equal to zero
and the Jacobian determinant of f1, and f, at that point is non-zero. The origin is a weak focus of order
three for system (3.11) if and only if the following conditions are satisfied:

1. bs =bs = wza%(mwébﬁ;w%lbﬁa%bl) [4w'?b1by — 8w a;bibs —8w?a;b? +2wda?babs —3wlaibiby —
5w5a?b1b3 — 2w3a§’b% — wZa‘szbg — affblbz];
ol
2. by=bs =——,
7 1(}2
where

91 = 8640w*b3b3 — 34560 *? a; bbybs + 34560w*! aFbTb3 + 324000w*! aZbibg — 10560w* a1 bSb,
— 42240 a1 bTb3 + 1411200 a3bSbs + 233184 a3bTb3bs — 30240038 a3 bTbabg — 276576 w* adbib, b3
+ 3888001 afbIbzbg + 78336w7 afbib + 183600w* adbbybg — 13440 adb] + 311688w7 a?b3b3
—26376w% a3b3b5 — 898768w* aIb3bybs + 153696wC a3 bib3bs + 1036800w > afblby
+561224w%° ab3b3 — 159840w%° a7b{b3bs — 214008w™° aTb3bZb3 + 298080w>*abibybsbe
+ 825603 afb3b,yb3 + 322200w afbibg — 9720w afb?b3bg — 662432 a$bSb, + 259528w a3bib3
— 2880w a3b?b3 + 1221920w* afbsbs — 678808 w* abibIbs + 18912w3 afbibibs
+994200w2 aTb3bybg + 3122722 a3 bibyb3 + 9144w3? abIb3bg — 310082 a3 bib3b3
+198360w°! ab3bsbg + 78528w31 albib3 + 54072 a§bIb3bsbg + 19584w3! aSbIb3b3 4 243420w%abibybyg
—20412w*2 ajb; b3bg + 368032w3t atb] — 627700w ab3b3 + 64738w3t atbTbs + 270w afby bS
+832480w>° ab3bybs — 120500’ ab3b3bs — 2160w’ aby b3bs + 610960’ aSbSbs + 436212w? afb3b3
+519148w% afbib3bg + 22898w?? aSbTbab3 + 7884w’ a§bbibs + 6126w afb bjb3 + 19548w? afbibsbsbg
+76608walb3byb3 + 110522 afbb3bsbg — 4032w afbyb3b3 + 98220w? a$bibg
+ 63558 afb3bZbs — 2916w aSb3bg + 197464 a3 bSby — 2150908 abib3 + 1392w ajbib3
+729448w% a®bSbs + 254772 a§bibibs + 147500 a§b2bsbs — 270w a$bSbs 4 467464w°albIby by
+294330w% a7 bibybs + 204970w?° a]b3b3bs — 8350w a]b2b3b3 — 2754w afby b3bg + 1530w afb3b3
+112008w? afb3bs b — 804w afbb3 — 66678 adb3b3bsbs + 16200w> afbTb3b3
+8478w? adb; b3bsbg — 1812w? a8b3b3 4 66576w* a7 bIbybg + 7209w afby b3 bg + 224224 a$b]
— 4140207 afb3b3 — 26874 a§bTbi — 936w afb1bS + 635712 a]bTbabs + 92538w? a]b3b3bs
+4638w* a]byb3bs + 151888w> afbsbe + 1144423 a§b3b3 + 142876 w2 a8 b b3be + 61136 adbTb3b3
+ 53793 afb3b3bs + 594w afbb3b3 — 729 abSbs + 45864w* afbTbybsbe — 8016w*?abIbyb3
—18387w?afb3b3bsbg — 2424w??ab1b3b3 4 1539w??ab3bsbg + 13374w?> afbibg + 16173w* a§bZb3bg
+405w? a8bjbg + 240360w?2afbSby — 37476w* a7 bib3 + 786w>2a’bb3 + 140912w?!
a8bSbs + 212695w?! afbibdbs + 33089w?! afbibsbs + 72w afbSbs + 8834212%abIbybg + 60370w?’albibyb3
+ 2556402 afb3b3bs + 953w a]bTb3b3 + 8154w a]by b3bg + 207w ab3b3 + 24606 ai’bIbs b
— 1773w al%1b3 — 3744w al%bTb2bsbe — 5238w al’b?b2b3 — 54w ai’b  bibsby
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— 549w al%b3b3 + 7047w ab3bybg + 1782w afby b3 bg + 43032w!% adb] + 92849w % a§b3 b3
— 2005w a¥b3b3 + 360w afb;b§ + 1070168 a]bTbabs + 34985w !B a]bIb3bs + 5751w Ba]b  b3bs
+18996w'7 a]%b8bg + 1255w a}%b7b3 + 12309 aj%b b3 be + 5928w alb3b3b3 + 3753w a}bb3be
— 819w al%b; b3b3 + 594w al%bSbg 4 10089w®ailbbrbsbs — 4398w allbIb,b3 — 3843w allb3b3bs by
— 1170w a1 b3b3 + 162w allb3bsbs + 855w albibg + 1242w al’b3b3bg + 81w al%b3bg
+ 44530 a]bsb, + 16324w'°albib3 + 1944w afb3b3 + 10466w 0 al%bbs +22727w P al%bibIb,
+2895wal%b3b5bs + 360w > al®bSbs + 8004w *allbIbyby 4 1523w allbibybd — 2118w ailbIb3bs
— 1593w *allb?b3b2 + 486w allb b3bs — 72w allb3b3 + 2160w al?b3bsbg + 516w 2 al?bib3
+ 378w ai?bIb3bsbe — 1800w al?b?b3b3 — 810w al?b bibsbe — 36w al?bib3 + 294w*allbib, by
+81lw'al'b;b3bg + 3400w al%b] + 1399103 a]%b3b3 + 1717w '3 a]’b3b3 + 288w iy b$
+5755w2allbbybs — 551w allbibibs + 180w 2allb b3bs + 1168wt al?blby + 744w at?bIb3
+ 202w al?bb3bs — 2224wt al?b3b3b3 — 729w al?b2b3be — 516w al?bybib3 + 27w al?bSbs
+ 630w 0a}?bbabsbg + 252w al®b3byb3 — 333w!1%albTb3bsbe — 180w !%al®b b3b3 — 81w'%ai®b3bsby
+ 21w af?bibg 4+ 27w al?b3bdbg 4 3016w 0 allbSby + 772w b3 + 22200} b3b3
+ 304w’ al?b8bs — 309w’ al?bibdbs — 733w’ al?b?bibs + 18w’ al?bSbs + 322w al3bibsbe + 432w al3biby b3
—344w8alPbb3be — 6130 a®bIb3b3 — 54wBal®b b3bs — 45wBaiPb3b3 + 66w al*bIbsbe
— 3w’ a{*b1b3 + 1207 a]*b3b3bsbs + 54w’ aj*bIb3b3 — 54w’ al*bib3bsbg
— 3w’ a}*b3b3 + 3wdal®bibabg + 1127 al?b] + 511w’ al?bib3 — 249w” a}?b3b3 + 18w’ al?by bs
+270wbal®bibabs — 573w ai®bib3bs — 69wl al®b b3bs + 28w’ al*blbs — 17w al*bib3 — 11w’ al*bibibs
+ 110w’ al*b3b3b3 — 45w° ai*bib3be — 45w° al*bb3b3 + 9w*al’bibrbsbs — 6w*ai®bibyb3
—9w*a’bib3bsbs + 6w?ai®byb3b3 + 102w a}?bsb, — 138w ai®bib3 — 24w*ai’b?b; — 10w3al*bib,
+ 7903 al*bib3bs — 73w al*bibibs + 4w?atdbibobs — 11w?al®bibybZ — 8w?al®bibibs + 11w?al®bib3b3
+23wal*b3b? — 31wal*bibs — 5a}°bbybs + 5a1°b3b3bs,
2

9 = wla (36w12 +13wba? + a;*) (10w6b1 F3w3ayby + a%bl) (98w'%b; by — 6w’a; by b + 164w’ a;b?

+ 15w’ a1b3 + 51w a?bybs + 68w adby by + 12w adby by +20waib? +9wadbs —3aibybs).

Since the Jacobian determinant of the functions 1y,n3 with respect to bs, by at bs = bz and b; = b7 is
given by

on2 92
dbs 0by| _
an§ an7 =Q 7é O/
db; Jby
where
2
aj

Q= 98w % by — 6w’ a;bybs + 164w’ a;b? + 15w’ a;b? + 51wa?b,b
960 (s + 7)o D102 T O aibis N R E)

+ 68w4a%b1b2 + 12w3a§b1b3 + ZOwai’b% + 9wa‘i’b% — 3a§‘b2b3],

and ny,, .. is non zero, then by suitable perturbation of the coefficients of Liapunov quantities, three limit
577
cycles can be bifurcated from the origin of system (2.1) in the neighborhood of the equilibrium point. [

4. Route to self-excited and hidden chaotic attractors

In order to understand the chaotic mechanisms of the system through theoretical analysis and numer-
ical simulations, we consider the special case of the Jerk system (2.1) by fixing some of the parameters
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and adding the parameter u. The studied system in this section will be represented by the following
equations:

x=vy, Y=z 2z=pn—ax—155y—1.13z+xy—0.33x>—25zerf(z). 4.1)

When the system parameters are varied, the system generates different periodic and chaotic attractors.
Let Iy = [1.5,2.3], I = [1.5,1.7515], and I3 = [1.7515,2.6]. We have chosen the parameter a; as the only
bifurcation parameter with variable x(t). In fact, the following results can be obtained by changing the
parameter a; with the initial condition (x(0),y(0),z(0)) = (—1,—0.5,—0.5).

4.1. Self-excited chaotic attractor when p = 0.22 and a; € 1.
Consider the system (4.1) with p = 0.22 and suppose that a; is the parameter varying within the

range of I;. The system has two unstable equilibrium points at x = —5:%3“ + 7%32*726 andy =z =0.
The system generates a self-excited chaotic attractor with the point attractor for a; = 1.60 and a; = 2 as
shown in Fig. 1. To illustrate the folding and stretching structure of the attractor, cross-sections (two-side
Poincaré sections) are displayed in Fig. 2.

The Lyapunov exponents of the attractor were calculated utilizing the Wolf’s algorithm as described in
[36], using the ode45 solver in MATLAB with a time-step of 0.05 for a total simulation duration of 30000
units. The attractor has Lyapunov exponents when a; = 1.60 as L; = 0.0821, L, = 0, and L3 = —1.2005 and
the Kaplan-Yorke dimension is Dxy = 2+ L|1EL3 lLZ = 2.0684. In addition, the largest Lyapunov exponent
(MLE) is positive, indicating that the system is chaos. The sum of all Lyapunov exponents is negative,
implying that the system is dissipative.

The bifurcation diagram depicting local extrema of x(t) and the Lyapunov exponent versus the pa-
rameter a; is plotted in Fig. 3 (a) and (b), respectively. From Fig. 3 (a), it can be observed that the system
exhibits two chaotic regions: one for 1.5 < a; < 1.71 and another for 1.72 < a; < 2.3. The first region
follows a period-halving route to exit chaos, showing several periodic windows, while the second region
undergoes period doubling, resulting in oscillations with higher periods and exits with inverse period
doubling accompanied by periodic windows. Fig. 3 (b) shows the corresponding Lyapunov exponents
with respect to the parameter aj.

(a) a; = 1.60 (b) a; = 2

Figure 1: 3D self-excited chaotic attractor of system (4.1) with p = 0.22. Initial condition: x(0) = —1,y(0) =
—0.5,z(0) = —0.5. Red point: unstable equilibrium.

4.2. Hidden chaotic attractor when w=0and a; € I

Let’s consider system (4.1) with i = 0 and a; € I,. In the region I, the origin is always asymptotically
stable. The bifurcation diagram depicting local extrema of x(t) and the Lyapunov exponent versus pa-
rameter a; are presented in Fig. 4 (a) and (b), respectively. As can be seen from the bifurcation diagram
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Figure 2: Cross-sections of the chaotic attractor of system (4.1) with p = 0.22 and a; = 1.60. Initial
condition: x(0) = —1,y(0) = —0.5,z(0) = —0.5.
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Figure 3: (a) Bifurcation diagram; and (b) Lyapunov exponents spectrum versus a; of system (4.1) with
initial condition: (—1,—0.5, —0.5).

(see Fig. 4 (a)), at the beginning, the system has a point attractor followed by period-1-oscillations. Then
it has grown into period-doubling to chaos interspersed with periodic windows. By further increasing
the parameter a;, the component x(t) undergoes a hidden chaotic attractor with higher period. Behind
the bifurcation diagrams, the corresponding Lyapunov exponents a; versus is plotted in Fig. 4 (b).

A hidden chaotic attractor of system (4.1) for a; = 1.69 is shown in Fig. 5. The cross-sections of the
basin of attraction of the attractors are displayed in Fig. 6.

The Lyapunov exponents of the jerk system (4.1) are found for a; = 1.69 as [; =0.0729, [, =0, L3 =
—1.2274. Hence, the maximal Lyapunov exponent (MLE) of the jerk system is positive, implying that
the system is chaotic. The sum of these Lyapunov exponents is negative, indicating that the system is
dissipative. When the signs of the Lyapunov exponents are (+,0, —), a strange attractor for the dissipative
jerk system is considered. The Kaplan-Yorke dimension of the jerk system is calculated as

L+

= 2.0594.
| L3 |

Dy =2+

4.3. Self-excited chaotic attractor when u = 0and a; € I3

Consider the system (4.1) with p = 0 and a; € I3. It exhibits two unstable equilibrium points at
(0,0,0) and (—3.030303030a3,0,0). A self-excited chaotic attractor of the system can be observed when
a; = 1.93, as depicted in Fig. 7. In the proposed system, a cross-section of the basins of attraction of the
two attractors in the y — z plane is illustrated in Fig. 8 at x = 0. The Lyapunov exponents for the proposed
system were computed using the Wolf algorithm, with a total simulation duration of 40000 units and a
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Figure 4: (a)Bifurcation diagram; and (b) Lyapunov exponents spectrum versus a; of system (4.1) with
i = 0. Initial condition: (—1,—0.5,—0.5).
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Figure 6: Cross-sections of the chaotic attractor of system (4.1) with © =0 and a; = 1.69.

time-step of 0.5. The computed values are as L1 = 0.0486, L, = 0, and L3 = —1.1388. The Kaplan-Yorke
dimension is found to be 2.0427. The existence of a positive maximum Lyapunov exponent indicates the
chaotic nature of the system. Furthermore, the negative sum of all Lyapunov exponents suggests the
dissipative nature of the system.

As we all know, bifurcation diagrams and Lyapunov exponent are helpful tools for analyzing the dy-
namical behaviors of a chaotic system. The bifurcation diagram is shown in Fig. 9 (a) for the system
(4.1) with p = 0, which depicts the local maxima of x(t) versus the parameter a; with initial condition
(—1,—0.5,—0.5). It can be seen various dynamic properties, including chaos, period-doubling bifurcation
routes, period-3 window and other periodic windows. Additionally, as the parameter a; increases gradu-
ally, the system displays several periodic windows. The chaotic behaviour is confirmed by the Lyapunov
exponent displayed in Fig. 9 (b).
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Initial condition: (-1, -0.5, -0.5).

Figure 8: Cross section in the y — z plane (at x = 0) of the chaotic attractor of system (4.1) with p =0 and

a; = 1.93. Initial condition: (-1, -0.5, -0.5).

0.2

Ll s W YT RS
AL e n. SR

f [ B WY el
I 1

-0.2 .‘

-04

L max

-06

Lyapunov

-08

’ i 1.8 1.9 2 21 22 23 24 25 26

2

(b)

Figure 9: (a) Bifurcation diagram; and (b) Lyapunov exponents spectrum versus a; of system (4.1) with

i = 0. Initial condition: (-1, -0.5, -0.5)

5. Conclusion

In this paper, the local bifurcation of the equilibrium point at the origin of the chaotic jerk system (2.1)
has been investigated. The stability of equilibria and the occurrence of the transcritical bifurcation are
studied. Additionally, zero-Hopf and Hopf bifurcations are analyzed. By utilizing the first-order average
theory, it has been determined that a single periodic solution emerges from the zero-Hopf equilibrium
at the origin. Furthermore, under specific parameter conditions, it has also been verified that three limit
cycles can be bifurcated from the origin of the system using Liapunov quantities techniques. In the last
section, two types of chaotic attractors are thoroughly examined for a specific case of the chaotic jerk
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system by applying phase portraits, bifurcation diagrams, cross-sections, and Lyapunov exponents.
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