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Abstract

The main aim of this work is to introduce the k-Humbert confluent hypergeometric functions @1 y, @ i, @3 x and developed
some formulae by using the idea of k-calculus. k-Humbert confluent hypergeometric functions are an extension of the classical
confluent hypergeometric functions, incorporating an additional parameter, k, which enriches their analytical properties and
applicability in diverse mathematical contexts. We introduce new results by applying q-derivative operator on k-Humbert
confluent hypergeometric functions @1y, ®,x, and ®3x. Contiguous function relations of various types, (q, k)-recurrence
relations, and g-derivatives formulae are constructed.

Keywords: Humbert confluent hypergeometric functions, q-derivative, (q, k)-recurrence relations and contiguous function.

2020 MSC: 33C15, 33C20.
©2024 All rights reserved.

1. Introduction

The Humbert series [10] introduced by Pierre Humbert in the 1920s was a set of seven hypergeometric
series of two variables that generalize Kummer’s confluent hypergeometric series of one variable and the
confluent hypergeometric limit function of one variable. They are regarded as the confluent hypergeo-
metric differential equation’s solutions

h(y)”+<a_b

Cc

)h(y)/ch(y)zo,

where a, b, and c are constants and h (y) is a function of y. The solutions to this equation are given by the
Humbert confluent hypergeometric functions, which are denoted by U (a, b.c;y) and V (a, b.c.y) is one
of the most important functions in the theory of special functions since in terms of the shifting factorials
(rising factorial), all hypergeometric series are defined. The Humbert confluent hypergeometric functions
can be continued for the whole complex plane excluding non-positive integers. The Humbert confluent
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hypergeometric functions are of great importance in pure and applied mathematics, for example, number
theory, mathematical analysis, probability theory, mathematical statistics, and physics [6]. Numerous
authors have examined the Humbert function [4, 5, 15, 17] and shown that it is possible to convert a
Humbert confluent hypergeometric series with two bases into an expression with just one base further
provided the new expansion formula for Humbert hypergeometric functions. Recently Shehata et al. [16]
introduced the q-Humbert confluent hypergeometric functions
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Furthermore, it offers a variety of characteristics including new g-contiguous function relations and g-
recursion formulae [1] for the g-Humbert confluent hypergeometric functions.

2. Preliminaries

In this section, we briefly review some basic definitions. The k-analog of gamma, beta and hyper-
geometric functions was first introduced in [7, 8, 18] by Daiz and also demonstrated several of these
characteristics. Numerous researchers investigated a variety of findings on these functions [2, 11-14].

Now, we discussed the new extension of Pochhammer (q, k)-shifted symbol. Letv > 0and 0 < |q| < 1,
q € C, then Pochhammer (q, k)-shifted symbol is defined as
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We will use the relations
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and

1 [vq (14+m) qk

1
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Suppose h is a function that is defined on a subset of the real or complex plane. The g-derivative operator
[9] is defined as
h(y) —h(qy)
Dghly) = —/——7—.
=T gy

For k > 0 and s > 0, we have the relation ([3])

ZZV(k,s) :ZZV(k,s—k)

s=0k=0 s=0k=0

3. (q,k)-contiguous function relations and (g, k)-recursion formulas for K-Humbert confluent hyper-
geometric functions @i

Let
u W airmr(w gl
l,m,k - . 7
(V, q)l+m,k
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If we multiplying or dividing by q* one of the K-Humbert confluent hypergeometric series parameters,
the resultant function is said contiguous to ®;x. For (q,k)-contiguous functions, there are following
relationships:
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Now we consider the operators 0,,q = r =1Dy g and 05 4 = = sDs,q in (3.1), we get
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From (3.4) and (3.5) we get the g-derivatives of ®; x with respect to r and s,
D™ Dy = (t}q)n,k (U}q)n,k Dy [(tan k) (uan k) (ank k) Lq,T S]
’ (v; q)n,k (1 _ q)n 7 7 7 7 7 7 7 77 7
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,q 1,k (_\); q)n,k (1 _ q)n 1k 7 7 7 7 77 .
From (3.2) and (3.4) we get the relations
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1—t 1—t
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From (3.6) and (3.7) we obtain
0r,q@1x +05,q@1x (1q) = 05,q Pk +0r,qP1x (5q) .

Using (3.3), (3.4), and (3.5) for @1y, we obtain
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From (3.7) and (3.8) we have the relation
(t —Vq_k) q)l,k = (1 —Vq_k) thl,k (Vq_k) — (1 — t) Vq_k(DLk (tqk) .
Theorem 3.1. The following q-recursion formulae of @1y with numerator parameter t exists for v #1and n € N:
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(3.9)

(3.10)
tr(l—u) — .
+ TS g (1K), (ug® k), (va¥ k) s q,7, qs],

1
q)l,k (tqink) — (Dl,k [(t/ k) (LL, k) ’ (V, k) ; q/ T, S]

- tril__vu) hil g " u [ (ta! K (g k) L (va< k) a8
- 1t_sv i q "0k [(tq(fh“)krk) ,(vg*, k) ;q,qr, s} )

h=1



M. Arshad, M. Usman, M. Z. Igbal, A. Ali, J. Math. Computer Sci., 35 (2024), 348-361 353

D1k (tq ™) = D1k [(t, k), (w k), (v, k); q,1,58]

“h (—h+1)k k1) .
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1 v h:1 Lk 7 7 7 7 4 Ve VA4 7
Proof. From (3.2) and (2.2) we get the contiguous relation
W oy |, t=a%)  ta(1—qmF) s
(Dl,k(tq )_1,mZ—O 14 1t + 1—1 ulrmk( e, q)m
tr(l—u) (3.12)
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t
+ %@m [(tq*, k), (va*, %) ;q,qr,5].

Iterating in this computation @ for n-times, we get the recursion formula of (3.9) with parameter tq™*
From (2.2) and (3.1) we get the g-contiguous relation

o 00 t (1 . qu) tqu (1 o qlk) rlkgmk
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= D11, (1K), (014,75 4 7 O [ (kg k), (v k) s rs] O
tr(l—u)
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Iterating the computation on @1y for n-times, we get the recursion formula of (3.10) with the parametor
tq™k. Performing the replacement t — tq(~1¥ in the contiguous relation (3.12), we have

tr(l—u)
q(l1—v)
ts

k .
_ mq)l,k [(t,%), (va*,%);q,qr,s].

Using the function @1, for n iterations while using the parameter tq~
replacement t — tq(~1¥ in the contiguous relation (3.13), we have
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Using the function @1y for n iterations while using the parameter tq— ™%, we get (3.11). O

Theorem 3.2. The following q-recursion formulae of ®1 y with numerator parameter w exists for v # 1 and n € N:
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Proof. From (3.1) and (2.1) we get the g-contiguous relation

(Dl,k (qu) = q)l,k [(t/ k) 7 (qu/ k) ’ (V, k) ;q, 7, S]

> u(l1—q') Flkgmk
= 1+ —— | U
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Iterating the computation on @4y for n-times, we get the recursion formula of (3.15) with the parameter

uqmk. Performing the replacement u — uk(=D¥* in the contiguous relation (3.17), we have

ur(1—1t)
q(l1—v)

Using the function @1 for n iterations while using the parameter uq—"*, we get (3.16). O
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Theorem 3.3. The g-recursion formulae for ®1 ) with the lower or denominator parameter v are as follows:
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D1y [(tqk,k) ,(w, k), (vq(h“)k,k) ;q,T, qS} v q K UMk ke N

Proof. From (3.2) and (2.2) we get the contiguous relation

B 0 1— qlk) Vqlk (1 - qu) lksmk
® k) = 14 v + u
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vr(l—t)(1—u " " K (3.22)
(@ ) (1) D1 [(tq", %), (uq k), (va*, k) ;q,7,s]
vs(1—t
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Iterating in this computation @y for n-times, we get the recursion formula of (3.18) with parameter
vq~ ™k, From (3.2) and (2.2) we get the contiguous relation

e (9) v(l—qu) quk (1_q1k) T‘lksmk
D1 (v )_Lmzo R v | ) (d
= q)l,k [(t/ k) ’ (LL, k) ’ (V/ k) ; qr T, S]
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Iterating in this computation @ for n-times, we get the recursion formula of (3.19) with parameter
vq~ k. Performing the replacement v — vq* in the contiguous relation (3.22), we have

q)l,k (qu) - q)l,k [(t/ k) ’ (u/ k) s (vl k) ;4,7 S]
1-t)(1—
e 0 (14", (e ), 667 0) 47,3
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~ o) (g Ok [t k) (wk), (va®,%);q,qr,s] .

Using the function @1y for n iterations while using the parameter vq™*, we get (3.20). Performing the
replacement v — vq* in the contiguous relation (3.23), we have

D1k (va*¥) = O [(t,K), (W k), (v, k) ; q,T, 58]

1—t
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Using the function @1y for n iterations while using the parameter vq™*, we get (3.21). O

4. (q,k)-contiguous function relations and (g, k)-recursion formulas for K-Humbert confluent hyper-
geometric functions @,y

Let

Vi g = (t ) k(W q)mx
o V; PDemr
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T
Do = Do [(t, k), (W, k), (v, k); q,7,5] Z vlmk (@ (4.1)

If we multiplying or dividing by q* one of the K-Humbert confluent hypergeometric series parameters,
the resultant function is said contiguous to ®,x. For (q,k)-contiguous functions, there are following
relationships:
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4G Ak(d, q)m,

Vimx (

—

I
M \lil\/lg\
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1

00 _ ~mk mk _ ~lk lk .mk
=Z1+v(1q ) vam(1—q') r
,m=0

qk_v qk,_v V]"m/k'( .

Now we consider the operators 0,,q = r% =1Dy g and 05 4 = sa% = sDs,q in (4.1), we get

0 (1 _ qlk) lksmk (1 _ t) K K
0, Doy = —Vim, =r Dy (tq™,u,v 4.4
AT 1,mZ_o (=) ™ (G e P A (- gy o2kt wva?) @)
and
00 (1 o qu) lesmk (1 _ u) " K
05 Doy = ————Vim =3 )] ug®,v . 4.5
A% 2 g e g i ST g o (e 49

From (4.4) and (4.5) we get the gq-derivatives of @,y with respect to r and s:

(t;q)nk k k
I)An (D = ! (D t n /k Vi n Ik / 7l 7
(W q)p i k k
l).rL (D - - (D n /k 7 " 1k 9T, .
s,q 2,k (\)} q)n,k (1 _ q)n 2,k [(uq ) (Vq ) q T S}

From (4.2) and (4.4) we get the relations

1-—t 1-—t
t0 | Dy = —— Dy (tg*
[ T,q+1_q] 2,k g 2,k(q)

and
1—u 1—u
[uer,q + 1—C|:| DOy = 7q(D2k (uqk) .

Using (4.3), (4.4), and (4.5) for @5y, we obtain

[tq_ker,q + 1quqk] Do (tg™ ) = (1 quqk) Oy,

[uq_ker,q + 1;1_quk:| Dok (ug ™ ) = (1;1_quk> Oy,
[vqker,q + 1;\)_qq_k} Do +vq ¥05,qDok (Tq) = (1 quq_k> Dok (v ),
[ques,q + 1?)_qqk] Dok +vq F0r,qDox (sq) = <1Tj_qqk> Do (v F) .

Theorem 4.1. The following q-recursion formulae of ©,y with numerator parameter t exist for v #1and n € N:

CDz,k (tan) - q)Z,k [(t/ k) 7 (U., k) ’ (\), k) ; CIIT, S]

o h—1 hk kK L.
+1_thlq Dy [(tg"™ %), (w, k), (va*, k) ;q,7,s],

q)Z,k (tq_nk) = q)z,k [(t/ k) s (U., k) ’ (\)/ k) 9,7, S]

n

— 1t_rv Z q "0y [(tq(*hﬂ)k,k) ,(u, k), (vqk,k) ;q,T, s} :

h=1




M. Arshad, M. Usman, M. Z. Igbal, A. Ali, J. Math. Computer Sci., 35 (2024), 348-361 358

Theorem 4.2. The following q-recursion formulae of ©, y with numerator parameter w exist for v# 1 and n € N:

Dy (uq™®) = Do [(t, k), (1, k), (v, k) ; q,7, 8] + - quh Yo, [(4,%), (g™, k), (vg*5, k) ;q,1,5],
=1

Dok (ug ™ ) = Dy [(t, k),(u k), (v,k);q,7,s]

(Dzk[tk) ( q —h+1k ),(vqk,k);q,r,s}.

Theorem 4.3. The q-recursion formulas for ®©,y with the lower or denominator parameter v are as follows:

n (h—1)k
Do (vg™ ™) =0 (1, k), (1w, k), (v, k)5 q, 7 sl +vr (1—1) ) g _vq) =
h=1
n (h—1)k
K -k ). _ q
Dy k [(tq k), (w, k), (vq ,k) ,q,r,s] +vs(1—u) }; ("% —v) (q(h1Dk —v)

Dy [(t, k), (ug®, k), (vq(z’h”‘, k) ;q,qr, S} v# g, gk ke,
L n MUSSIE
Qo (v~ ™) =0o [(t, k), (w, k), (v, k) ; q, 7, 8] +vs (1 —u) hZ_l (g™ —v) (1K —v)

k (2—h)k = q(hfl)k

Dy [(t, k), (ug* ), (vq ,k> ;q,T, s] Fvr(1—1) }; Py A=
(O Y [(tqk,k) ,(w, k), <vq(2*h]k,k> ;q,r,qs} LV E qkh,q(hfl)k,k eN,

K n MUSSOE

Qo (V@™ ) =0 [(t, k), (W k), (v, k) ;q, 1, 8] —vr (1—1t) (1 —u) }; (a0 (1~ vgh)
OPEN [(tqk,k) , (ug®, %), ( vq(+Dk >;q,r, s]
n (h—1)k
_ _ q
vs (1 t)hZ_l (1—vq(1K) (T —vqkh)

Dy [(tqk,k),(u,k) (vq(h“) ) q,qr s} v#q M q keN

D [(ta%,%), (w k), (va ™% k) sq,m s] v £ g 7F g0 e N,

5. (q,k)-contiguous function relations and (g, k)-recursion formulas for K-Humbert confluent hyper-
geometric functions @3

Let
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lk.mk

T
Q3 = D [(t, k), (u, k); q, 7, 8] Z Wlmk q (5.1)

s
= ; )k (a, q)m,

If we multiply or divide by q* one of the K-Humbert confluent hypergeometric series parameters, the
resultant function is said contiguous to @3 k. For (q, k)-contiguous functions, there are following relation-
ships:

D3 (tq") = D3y [(tq*, k), (w, k); q, 78]

I

N

=~
—~

AMERANE

s
(4 9k (9, @) mx (5.2)

—

=
W
~
—~
—+
0
~
~—
I
—
by
~
—~
—+
0
=
?T'
~—
:
Ko
&
=
L

|
iMe FMe s

s
(9 9k (9, @) mx (5.3)

—

S
W
=~
—
c
0
~—
Il
—
S
=~
o
Ko
'—‘/\\
<
0
s
(T
SN—"
:Q
=
L,

—

AMERINER

—

D31 (Vq_k) =

S
W
~
o
=
—
c
e
L
x
SN—
2
5
L

—
o

rlkgmk (5.4)

—

Il
M S S

o

Now we consider the operators 0, 4 = T% =1D; qand 05 4 = s% = sDg,q in (6.1), we get

= (1—q') flkgmk 1-1) .
er 0} = -—W m, =T 0) tq <, u 55
o 1,mZo (T—aq) "™ (4 a)ik(d, q)m, 1-v)(1—q) 5 (tq",uq®) (5.5)
and
2 (1—qmk) Jlkgmk . )
s,q Y3k Z (1—q) L ’k(q;q (4 Qm, 1-w(1—q) 3,k( q ) (5.6)

1, m=0
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From (5.5) and (5.6) we get the gq-derivatives of @3y with respect to r and s:

(td)nx k k
IDn (D — . (D t n /k 7 " /k ;49,7 7
1
5qP3x = =03 [(t, k), (uq™ %) ;q,1,5].

(W) (1—q)
From (5.2) and (5.5) we get the relation

1—t 1-—t
|:terq+1q:| (D3k—ﬁ(D3k(tq )

Using (5.3), (5.4), and (5.5) for @3y, we obtain

1—tq* 1—tqk
o 2 o= (155,

1
_ 1—uq™* _ 1—uq
[uq 0,4 + T—a _qq ] D3k +uq 0, q Q3 (Tq) = (1 _qq > D3k,
T 1—uq* e 1-uq*
uq “0s,q+ T1—q Q3 +uq “6rqPsk (sq) = e Q3 x.

Theorem 5.1. The following q-recursion formulae of @3y with numerator parameter t exists for v #1and n € N:

t mn
D3 (tq™) = O35 [(t, k), (w, k)5 q, 7, 8] + ﬁ Z q 1 os [(tq™, k), (uq®, k) ;q,7, 8],

(D3,k (tqink) = (D3,k [(t/ k) /( ) q, 7, S 711 Z qihq)?)k [( —h+1Dk k> ’ (uqk’ k) ;9,7 S]
h=

— i qth>3,k [(tq(thJk,k) ) (uqk’k) .4, qr, s} '
h=

Theorem 5.2. The q-recursion formulas for ®©3 ) with the lower or denominator parameter w are as follows:

n (h—1)k
D3 (ug ™) =031 [(t, k), (1, k) ;q, 7, s] +ur(1—1) > (q"* _j) (q( 1k
h=1

)

h Dk

O3 [(1a5 1), (wg® KK g, o] +usZ Py
D3 [(t, k), (uq (2=h)k ,k) ;q,qT, s} S qkh, gk ke,

(D3,k (uqfnk) :(D?),k [(t/ k') s (ul k) ’ q/rl S] —+us Z (qhk _qu) (q(hfl)k —u)
h=1

(h—1)k

(h—1)k

O3 {(t, X), (uq@*h)k,k> ;q,T, s] +vr(1—t) hZ_l (qr _L?) (q(n1k — )

O3 [(tqk’k) ) (uq(th)k, k) Sq,, qs} w# gkt gk e N,

q
1 _uq(h+1Jk) (1 _uqkh)

MUSSIE
D3 [(tqk,k),(uq(h“)k,k);qms} uSZ (1- uqh DK) (1 —uqkh)

@3 {(t, k), (uq(hﬂ)k, k) ;q,qT, s} £ q*kh, q=k keN,

(h—1)k

D3 (uq™ ) =03 [(t, k), (0, k) ; g, 7, 8] —ur (1—1) Z
=1
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(h—l)k

—uq! h Dk) (1—ugkh)

(h+Dk 1) . - — 3 4
D3 [(t,k),<uq + ,k),q,r,s] vr (1 t)};(l

D3y (uq™) =05 [(t, k), (u,k); q,7,5] —us Z

h—1)k

—uq( 1K) (1 —ugkh)

D3 1 {(tqk, k), < vq(h+Dk k) ;q,r,qs} Ju#q M, gk ke N,

6. Conclusions

Studying K-Humbert confluent hypergeometric functions offers insights into complex mathematical
phenomena, enabling advancements in various scientific fields likes theoretical physics, engineering, and
statistics, facilitating the solution of intricate problems. In future research we will be employed further
to introduce the k-Humbert confluent hypergeometric functions V1 y, Y2k, =1, and Z; with the help
of Pochhammer (q, k)-shifted symbol. And also derive the (q, k)-contiguous function relations, (q, k)-
recurrence relations, q-derivatives formulas, and use of g-derivative operator on these bibasic k-Humbert
confluent hypergeometric functions ¥ i, Y2k, =1k, and =, x on one independent bases q.
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