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Abstract

This paper introduces new families of Fubini-Euler type and Apostol Fubini-Euler type polynomials, providing expressions,
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1. Introduction

The Fourier series of a function of period T can be written in its exponential form as (see, [11, p. 19,
Eq. (2.2)]):

f(t) =

∞∑
n=−∞ane

inwt,
(
w =

2π
T

)
,

where the coefficient an and its conjugate are computed as:

an =
1
T

∫ 2π
w

0
e−inwtf(t)dt and a−n =

1
T

∫ 2π
w

0
einwtf(t)dt.

The Fourier series of several families of polynomials have been introduced by various authors [4, 8, 9, 15,
16, 22], using the Lipschitz summation formula, another method used is Cauchy residue theorem. We
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begin by recalling here definitions as follows. The Fubini numbers wg(n) are defined using the following
generating function (see, [12, p. 11, Eq. (2.2)]):

1
2 − ez

=

∞∑
n=0

wg(n)
zn

n!
, |z| < ln 2,

with wg(0) = 1. Also, the Fubini-type numbers, can be obtained from the following generating function
(see [14, p. 1608, Eq. (13)]):

ez − 1
2 − ez

=

∞∑
n=0

wM(n)
zn

n!
, |z| < ln 2,

we see that wM(0) = 0. A new family of numbers an and polynomial a(α)n (x) was recently defined, which
are obtained by making some modifications to the numbers wg(n), where an is given by the following
generating function (see, [14, p. 1609, Eq. (14)]):

2
(2 − ez)2 =

∞∑
n=0

an
zn

n!
, |z| < ln 2.

The generalized Fubini type polynomials a(α)n (x) of order α are defined by means of the following gener-
ating function (see [14, p. 1611, Eq. (18)]):(

2
(2 − ez)2

)α
exz =

∞∑
n=0

a
(α)
n (x)

zn

n!
, |z| < ln 2,

where α ∈ N0. Observe that a(α)n (0) = a
(α)
n denotes the Fubini type numbers of order α. These types of

numbers are of great importance in various branches of mathematics, engineering, and physics.
In the present paper, we define new generating functions for two kinds of Fubini-Euler polynomials,

we derive their explicit expressions, recurrence relations, and some identities involving those polynomials.
We also show some applications that meet this family of Apostol Fubini-Euler type polynomials. On the
subject of the Apostol-type polynomials and their various extensions, a remarkably large number of
investigations have appeared in the literature, for example, see [1, 3, 5, 6, 10, 13, 17–21]. The paper is
organized as follows. In Section 2, we have some previous results, and important definitions, which are
used in this paper. In Section 3, we define the new families of Apostol-type Fubini-Euler polynomials and
their respective numbers. Finally, in Section 4, we introduce some applications of the Fourier series and
integral representation of these families of polynomials in addition to their formula in rational arguments.

2. Background and previous results

Throughout this paper, we use the following standard notions: N = {1, 2, . . .}, N0 = {0, 1, 2, . . .}, Z

denotes the set of integers, R denotes the set of real numbers, and C denotes the set of complex numbers,
for the complex logarithm, we consider the principal branch.

The Laplace transform of the function tn is given by (see, [15, p. 2198, Eq. (3.2)]):∫∞
0
tne−atdt =

n!
an+1 , n ∈N0, <(a) > 0. (2.1)

The Euler polynomials En(x) in variable x are defined by means of the generating function (see, [2, p.
804, Eq. (23.1.4)]): (

2
ez + 1

)
exz =

∞∑
n=0

En(x)
zn

n!
, |z| < π, (2.2)
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when x = 0, En denoted the so-called Euler numbers associated with the generating function.
The Fourier series of (2.2), which was obtained using the Lipschitz summation formula, is given by

(see [15, p. 2197, Eq. (2.12)]):

En(x) =
2

(πi)n+1n!
∑
k∈Z

e(2k−1)πikx

[(2k− 1)]n+1 .

The Apostol-Euler polynomials are defined by the following generating function (see [15, p. 2194, Eq.
(1.4)]): (

2
λez + 1

)
ezx =

∞∑
n=0

En(x; λ)
zn

n!
, (2.3)

with |z| < π, if λ = 1, |z| < | log(−λ)| if λ 6= 1, for the Apostol Euler numbers En(λ) we readily find from
(2.3) that En(x; 1) = En(x) and En(1) = En.

The Fourier series of (2.3), which was obtained using the Lipschitz summation formula, is given by
(see, [15, p. 2196, Theorem 2.2]):

En(x; λ) =
2n!
λx

∑
k∈Z

e(2k−1)πikx

[(2k− 1)πi− log(λ)]n+1 .

The Hurwitz-Lerch zeta function Φ(z, s,a) is defined by (see [16, p. 8 Eq (4.1)]):

Φ(z, s,a) =
∞∑
n=0

zn

(n+ a)s
, (2.4)

a ∈ C�Z−
0 , s ∈ C, when |z |< 1;<(s) > 1 when |z |= 1. For z = 1 in (2.4) we have Hurwitz zeta functions

ζ(s,a) = Φ(1, s,a) =
∞∑
n=0

1
(n+ a)s

, <(s) > 1;a 6∈ Z−
0 .

Recently several authors have continued working with different families of polynomials and introducing
their representation in Fourier series. In [22], they presented the Fourier series of generalized Apostol
Frobenius-Euler type polynomials, using Cauchy’s residue theorem. In [8] they presented the Fourier
series for the higher-order Apostol-Genocchi, Apostol-Bernoulli, and Apostol-Euler polynomials using
Laurent series and residue. In [9] they introduced the Fourier series expansion of Apostol-type Frobenius-
Euler of complex parameters and order α using Cauchy’s residue theorem.

3. New families of Fubini-Euler type polynomials and Apostol Fubini-Euler type polynomials

Definition 3.1. The new family of Fubini-Euler type polynomials Fn(x) in variable x is defined by the
generating function (

1 − 2ez

ez + 1

)
exz =

∞∑
n=0

Fn(x)
zn

n!
, |z| < π. (3.1)

The first Fubini-Euler type polynomials Fn(x) are

F0(x) = −
1
2

, F1(x) = −
x

2
−

3
4

, F2(x) = −
1
2
x2 −

3
2
x,

F3(x) = −
1
2
x3 −

9
4
x2 +

3
8

, F4(x) = −
1
2
x4 − 3x3 +

3
2
x, F5(x) = −

1
2
x5 −

15
4
x4 +

15
4
x2 −

3
4

.



A. Urieles, et al., J. Math. Computer Sci., 35 (2024), 457–470 460

For x = 0 in (3.1) is also obtained, the Fubini-Euler type numbers are defined by the generating function

1 − 2ez

ez + 1
=

∞∑
n=0

Fnz
n

n!
, |z| < π. (3.2)

Some of these numbers are

F0 = −
1
2

, F1 = −
3
4

, F2 = 0, F3 =
3
8

, F4 = 0, F5 = −
3
4

.

A consequence of (3.1) and (3.2) is the following proposition.

Proposition 3.2. Let {Fn(x)}n>0 be the sequences of Fubini-Euler type polynomials in the variable x. Then the
following statements hold.

a) Summation formula: for every n > 0,

Fn(x) =

n∑
k=0

(
n

k

)
Fkx

n−k, Fn(x+ 1) =
n∑
k=0

(
n

k

)
Fk(x).

b) Differential relations (Appell polynomial sequences):

∂kFn(x)

∂xk
=

n!
(n− k)!

Fn−k(x).

c) Integral formulas: ∫x+1

x

Fn−1(t)dt =
xn − 2(x+ 1)n − 2Fn(x)

n
, n ∈N.

d) Formulas for connections:

Fn(x) =
En(x) − 2En(x+ 1)

2
,

Fn(x+ 1) = xn − 2(x+ 1)n − Fn(x),

Fn+1(x) = xFn(x) −
1
2

n∑
k=0

(
n

k

)
En−kFk(x+ 1) − En(x+ 1).

Theorem 3.3. The Fubini-Euler type numbers satisfy the following recurrence relationship:

n∑
k=0

(
n

k

)
Fk = −(2 + Fn) , n > 1, and F0 = −

1
2

.

Proof. From (3.2), we have

1 − 2ez =

( ∞∑
n=0

zn

n!
+ 1

) ∞∑
n=0

Fn
zn

n!
.

Then,

1 − 2
∞∑
n=0

zn

n!
=

∞∑
n=0

zn

n!

∞∑
n=0

Fn
zn

n!
+

∞∑
n=0

Fn
zn

n!
.
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Similarly

1 −

∞∑
n=0

zn

n!
=

∞∑
n=0

zn

n!

∞∑
n=0

Fn
zn

n!
+

∞∑
n=0

Fn
zn

n!
+

∞∑
n=0

zn

n!
,

−

∞∑
n=1

zn

n!
=

∞∑
n=0

zn

n!

∞∑
n=0

Fn
zn

n!
+

∞∑
n=0

Fn
zn

n!
+

∞∑
n=0

zn

n!
,

−

∞∑
n=1

zn

n!
=

∞∑
n=0

n∑
k=0

(
n

k

)
Fk
zn

n!
+

∞∑
n=0

Fn
zn

n!
+

∞∑
n=0

zn

n!
.

By matching coefficients z
n

n! , we complete the proof.

Definition 3.4. The new family of Apostol Fubini-Euler type polynomials Fn(x; λ) in variable x is defined
by the generating function (

1 − 2ez

λez + 1

)
exz =

∞∑
n=0

Fn(x; λ)
zn

n!
, |z| < | log(−λ)|. (3.3)

The Apostol Fubini-Euler type polynomials Fn(x; λ) are

F0(x; λ) = −
1

λ+ 1
,

F1(x; λ) = −
(1 + λ)x+ (2 + λ)

(λ+ 1)2 ,

F2(x; λ) = −

[(
λ2 + 2λ+ 1

)
x2 +

(
2λ2 + 6λ+ 4

)
x+

(
−λ2 − λ+ 2

)]
(λ+ 1)3 .

For x = 0 in (3.3), the Apostol Fubini-Euler type numbers are defined by the generating function

1 − 2ez

λez + 1
=

∞∑
n=0

Fn(λ)z
n

n!
, |z| < | log(−λ)|. (3.4)

Some of these numbers are

F0(λ) = −
1

λ+ 1
, F1(λ) = −

2 + λ

(λ+ 1)2 , F2(λ) =

(
λ2 + λ− 2

)
(λ+ 1)3 ,

F3(λ) = −

(
λ3 − 2λ2 − 7λ+ 2

)
(λ+ 1)4 , F4(λ) = −

(
−λ4 + 9λ3 + 11λ2 − 21λ+ 2

)
(λ+ 1)5 .

Theorem 3.5. The Apostol Fubini-Euler type numbers satisfy the following recurrence relationship:

λ

n∑
k=0

(
n

k

)
Fk(λ) + Fn(λ) + 2 = 0; n > 1, with F0(λ) = −

1
λ+ 1

.

A consequence of (3.3) and (3.4) is the following proposition.

Proposition 3.6. Let {Fn(x; λ)}n>0 be the sequences of Apostol Fubini-Euler type polynomials in the variable x.
Then the following statements hold.

a) Summation formula: for every n > 0,

Fn(x; λ) =
n∑
k=0

(
n

k

)
Fk(λ)x

n−k, Fn(x+ 1; λ) =
n∑
k=0

(
n

k

)
Fk(x; λ).
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b) Differential relations (Appell polynomial sequences):

∂kFn(x; λ)
∂xk

=
n!

(n− k)!
Fn−k(x; λ).

c) Integral formulas: ∫x+1

x

Fn−1(t, λ)dt =
xn − 2(x+ 1)n − 2Fn(x; λ)

n
, n ∈N.

d) Formulas for connections:

Fn(x; λ) =
En(x; λ) − 2En(x+ 1; λ)

2
,

Fn+1(x; λ) = xFn(x; λ) −
λ

2

n∑
k=0

(
n

k

)
En−k(λ)Fk(x+ 1; λ) − En(x+ 1; λ),

λFn(x+ 1; λ) + Fn(x; λ) = xn − 2(x+ 1)n.

Proof. The proof of Proposition 3.6 is proved by using (3.3).

Definition 3.7. For a real or complex parameter α and λ, the generalized Fubini-Euler type and general-
ized Apostol Fubini-Euler type polynomials F(α)n (x) and F(α)n (x; λ) of degree n in variable x are defined
by means of the following generating functions:(

1 − 2ez

ez + 1

)α
exz =

∞∑
n=0

F
(α)
n (x)

zn

n!
, |z| < π, 1α := 1, (3.5)

(
1 − 2ez

λez + 1

)α
exz =

∞∑
n=0

F
(α)
n (x; λ)

zn

n!
, |z| < | log(−λ)|, 1α := 1. (3.6)

From (3.5) and (3.6), it is fairly straightforward to deduce the addition formulas:

F
(α+β)
n (x+ y) =

n∑
k=0

(
n

k

)
F
(α)
k (x)F

(β)
n−k(y), (3.7)

F
(α+β)
n (x+ y; λ) =

n∑
k=0

(
n

k

)
F
(α)
k (x; λ)F(β)n−k(y; λ). (3.8)

Making an adequate substitution in (3.7) and (3.8), we get

F
(α)
n (x+ y) =

n∑
k=0

(
n

k

)
F
(α)
k (y)xn−k, F

(α)
n (x+ y; λ) =

n∑
k=0

(
n

k

)
F
(α)
k (y; λ)xn−k.

4. Fourier expansions of the Apostol Fubini-Euler type and Fubini-Euler type polynomials

This section introduces the Fourier series and representation integral of the Apostol Fubini-Euler type
and Fubini-Euler type polynomials. In addition, we obtain the formula in rational arguments for these
two families.

Lemma 4.1. Let CN be the circle centered at the origin, with radius (2N+ 1 + ε)π, N ∈ Z+ and ε being a fixed
real, such that (επi± log(λ) 6= 0(modπi)), then for N→∞, n > 1, and 0 6 x 6 1 we have∫

CN

1
zn+1

1 − 2ez

λez + 1
exzdz = 0.
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Proof. ∣∣∣∣∫
CN

1
zn+1

1 − 2ez

λez + 1
exzdz

∣∣∣∣ 6 ∫
CN

1
|zn+1|

|1 − 2ez|
|λez + 1|

|exz| |dz| .

For, 0 6 x 6 1, |λez + 1| > |λez|, let z = x+ iy. Then

|1 − 2ez|
|λez + 1|

|exz| 6
|1 − 2ez|
|λ| |ez|

|exz| 6

(
|1|+ |2ez|
|λ| |ez|

)
|exz| 6

(
1 + 2ex

|λ| e<(z)

)
ex<(z) 6

1 + 2e
|λ|

.

So that ∣∣∣∣∫
CN

1
zn+1

1 − 2ez

λez + 1
exzdz

∣∣∣∣ 6 1 + 2e
|λ|

∫
CN

|dz|

|zn+1|
=

2 + 4e
|λ| ((2N+ 1 + ε)π)n

.

As the value of N→∞, the previous expression tends to 0. Therefore, when N→∞, n > 1, the integral
of the Lemma tends to 0, this completes the proof.

Theorem 4.2. Let λ ∈ C\ {0; 1;−2} ,n > 1, 0 6 x 6 1, we have

Fn(x, λ) = n!
(

1
λ

)x [
λ+ 2
λ

]∑
k∈Z

e(2k−1)πix

[(2k− 1)πi− log(λ)]n+1 . (4.1)

Proof. First we consider the function fn(z) = 1
zn+1

1−2ez
λez+1e

xz and the integral of Lemma 4.1:∫
CN

fn(z)dz.

The poles of the function fn(z) are given by

zk = 2πki− πi− log(λ), k ∈ Z.

With z = 0 we have a pole of order n+ 1. From the Cauchy Residue theorem we have (see, [7, p. 112,
Theorem 2.2]): ∫

CN

fn(z)dz = 2πi

{
Res(fn(z), z = 0) +

∑
k∈Z

Res(fn(z), z = zk)

}
. (4.2)

We calculate Res(fn(z), z = 0) and Res(fn(z), z = zk) as follows (see, [7, p. 113, Proposition 2.4])

Res(fn(z), z = 0) = lim
z−→0

1
n!
dn

dzn

(z− 0)n+1 1
zn+1

∞∑
j=0

Fj(x, λ)
zj

j!


= lim
z−→0

1
n!

∞∑
j=n

Fj(x; λ)
zj−n

(j−n)!
=
Fn(x; λ)
n!

,

and

Res(fn(z), z = zk) = lim
z−→zk

(z− zk)(z)
−(n+1) 1 − 2ez

λez + 1
exz

=
1

zn+1
k

exzk
[

lim
z−→zk

z− zk
λez + 1

− lim
z−→zk

2ez(z− zk)
λez + 1

]
=

1
zn+1
k

exzk
[

1
λezk

−
2
λ

]
=

e2πkxi−πxi−x log(λ)

[2πki− πi− log(λ)]n+1

[
1

λe2πki−π−log(λ) −
2
λ

]
.
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So, in (4.2), we have∫
CN

fn(z)dz = 2πi

{
Fn(x; λ)
n!

+
∑
k∈Z

e2πkxi−πxi−x log(λ)

[2πki− πi− log(λ)]n+1

[
1

λe2πki−πi−log(λ) −
2
λ

]}
.

Taking N→∞ in Lemma 4.1, it becomes
∫
CN
fn(z)dz = 0. So we have

Fn(x; λ) =
[
λ+ 2
λ

]
n!
(λ)x

∑
k∈Z

e(2k−1)πix

[(2k− 1)πi− log(λ)]n+1 ,

this completes the proof.

Corollary 4.3. Letting λ = 1,n > 1, 0 6 x 6 1, we have

Fn(x) = Fn(x; 1) =
3

(2πi)n+1n!
∑
k∈Z

e(2k−1)πix[
(k− 1

2)
]n+1 .

Next, the integral representation of Apostol Fubini-Euler type polynomials and Fubini-Euler type
polynomials are presented.

Theorem 4.4. For n ∈N and 0 < x 6 1, |ξ| < 1
2 , ξ ∈ R, we have

Fn(x; e2πiξ) =
Θe−2ξπix

2

[∫∞
0

D(n; x, v)(e2π(v−ix)e2ξπv + e−2ξπv)

cosh 2πv− cos 2πx
vndv

]
+
Θe−2ξπix

2

[∫∞
0

iB(n; x, v)(e2π(v−ix)e2ξπv − e−2ξπv)

cosh 2πv− cos 2πx
vndv

]
,

where

D(n; x, v) = [eπv cos(πx−
(n+ 1)π

2
) − e−πv cos(πx+

(n+ 1)π
2

)],

B(n; x, v) = [eπv sin(πx−
(n+ 1)π

2
) − e−πv sin(πx+

(n+ 1)π
2

)].

Proof. As previously demonstrated, the Fourier series of the Apostol Fubini-Euler type polynomials is
given by:

Fn(x; λ) = n!
1

(λ)x

(
λ+ 2
λ

)∑
k∈Z

e(2k−1)πix

[(2k− 1)πi− log(λ)]n+1 ,

if λ = e2πiξ and k 7→ −k, we have

Fn(x; e2πiξ) = n!
(
2e−2πiξ + 1

)∑
k∈Z

e−2πixξe(−2k−1)πix

[−2kπi− πi− 2πiξ]n+1

= n!
(
2e−2πiξ + 1

)∑
k∈Z

e−2πixξe−(2k+1)πix

[−(2k+ 1)πi− 2πiξ]n+1

= n!
(
2e−2πiξ + 1

)∑
k∈Z

e−(2ξ+2k+1)πix

[−πi(2k+ 1 + 2ξ)]n+1

=
n!

(−πi)n+1

(
2e−2πiξ + 1

)∑
k∈Z

e−(2ξ+2k+1)πix

[2k+ 2ξ+ 1]n+1 .
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Here Θ =
(
2e−2πiξ + 1

)
, now applying the well-known formula (2.1) we have

Fn(x; e2πiξ) =
1

(−πi)n+1Θ
∑
k∈Z

n!e−(2ξ+2k+1)πix

[2k+ 2ξ+ 1]n+1

=
1

(−πi)n+1Θ

{ ∞∑
k=0

n!e−(2ξ+2k+1)πix

[2k+ 2ξ+ 1]n+1 +

k=0∑
−∞

n!e−(2ξ+2k+1)πix

[2k+ 2ξ+ 1]n+1

}

=
1

(−πi)n+1Θ

{ ∞∑
k=0

n!e−(2ξ+2k+1)πix

[2k+ 2ξ+ 1]n+1 +

∞∑
k=0

n!e−(2ξ−2k+1)πix

[−2k+ 2ξ+ 1]n+1

}

=
1

(−πi)n+1Θ

{ ∞∑
k=0

n!e−(2ξ+2k+1)πix

[2k+ 2ξ+ 1]n+1 + (−1)n+1
∞∑
k=0

n!e(2k−2ξ−1)πix

[2k− 2ξ− 1]n+1

}
,

Fn(x; e2πiξ) =
1

(−πi)n+1Θ

{ ∞∑
k=0

e−(2ξ+2k+1)πix
∫∞

0
tne−(2k+2ξ+1)tdt

+ (−1)n+1
∞∑
k=0

e(2k−2ξ−1)πix
∫∞

0
tne−(2k−2ξ−1)tdt

}

=
1

(−πi)n+1Θ

{ ∞∑
k=0

∫∞
0
e−(2k+2ξ+1)πixe−(2k+2ξ+1)ttndt

+ (−1)n+1
∞∑
k=0

∫∞
0
e(2k−2ξ−1)πixe−(2k−2ξ−1)ttndt

}

=
1

(−πi)n+1Θ

{ ∞∑
k=0

∫∞
0
e−(2ξ+1)πixe−(2ξ+1)te−2(πix+t)ktndt

+ (−1)n+1
∞∑
k=0

∫∞
0
e−(2ξ+1)πixe(2ξ+1)te2(πix−t)ktndt

}

=
1

(−πi)n+1Θ

{
e−(2ξ+1)πix

∫∞
0
e−(2ξ+1)ttn

∞∑
k=0

e−2(πix+t)kdt

+ (−1)n+1e−(2ξ+1)πix
∫∞

0
e(2ξ+1)ttn

∞∑
k=0

e2(πix−t)kdt

}

=
1

(−πi)n+1Θ

{
e−(2ξ+1)πix

∫∞
0
e−(2ξ+1)ttn

e2t

e2t − e−2πixdt

+ (−1)n+1e−(2ξ+1)πix
∫∞

0
e(2ξ+1)ttn

e2t

e2t − e2πixdt

}
=

1
(−πi)n+1Θ

{∫∞
0

e−(2ξ+1)πix

e2t − e−2πix e
2te−(2ξ+1)ttndt+ (−1)n+1

∫∞
0

e−(2ξ+1)πix

e2t − e2πix e
2te(2ξ+1)ttndt

}
=

1
(−πi)n+1Θ

{∫∞
0

e−(2ξ+1)πix

e2t − e−2πix e
(2t−2ξt−t)tndt+ (−1)n+1

∫∞
0

e−(2ξ+1)πix

e2t − e2πix e
(2t+2ξt+t)tndt

}
=

1
(−πi)n+1Θ

{∫∞
0

e−2ξπixe−πix

e2t − e−2πix e
(1−2ξ)ttndt+ (−1)n+1

∫∞
0

e−2ξπixe−πix

e2t − e2πix e(3+2ξ)ttndt

}
=
Θe−2ξπix

(−πi)n+1

{∫∞
0

e−πix

e2t − e−2πix e
−(2ξ−1)ttndt+ (−1)n+1

∫∞
0

e−πix

e2t − e2πix e
(2ξ+3)ttndt

}
,
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on the other hand,

e−πix

e2t − e−2πix =
e−πix − e−2teπix

e2t + e−2t − e−2πix − e2πix ,

in effect, multiplying crosswise gives

e−πixe2t + e−πixe−2t − e−3πix − eπix = e−πixe2t − eπix − e−3πix + e−2te−πix.

Analogously

e−πix

e2t − e2πix =
e−πix − e−2te−3πix

e2t + e−2t − e2πix − e−2πix ,

replacing in the last integral expression and taking into account that (− 1
i )
n+1 = e

(n+1)πi
2 and (−1)n+1 =

e−(n+1)πi,

Fn(x; e2πiξ) =
Θe−2ξπix

(−πi)n+1

{∫∞
0

e−πix − e−2teπix

e2t + e−2t − e−2πix − e2πix e
−(2ξ−1)ttndt

+ (−1)n+1
∫∞

0

e−πix − e−2te−3πix

e2t + e−2t − e−2πix − e2πix e
(2ξ+3)ttndt

}
=
Θe−2ξπix

(−πi)n+1

{∫∞
0

(e−2πix − e−2t)eπix

[2 cosh 2t− 2 cos 2π]
e−(2ξ−1)ttndt

+ (−1)n+1
∫∞

0

(e2πix − e−2t)e−3πix

[2 cosh 2t− 2 cos 2πx]
e(2ξ+3)ttndt

}
=
Θe−2ξπix

2πn+1

{∫∞
0

e
(n+1)πi

2 (e−2πix − e−2t)eπix

[cosh 2t− cos 2πx]
e−(2ξ−1)ttndt

+

∫∞
0

e−(n+1)πie
(n+1)πi

2 (e2πix − e−2t)e−3πix

[cosh 2t− cos 2πx]
e(2ξ+3)ttndt

}

=
Θe−2ξπix

2πn+1

{∫∞
0

e
(n+1)πi

2 (e−2πix − e−2t)eπix

[cosh 2t− cos 2πx]
e−(2ξ−1)ttndt

+

∫∞
0

e−
(n+1)πi

2 (e2πix − e−2t)e−3πix

[cosh 2t− cos 2πx]
e(2ξ+3)ttndt

}
.

Now by making t = πv,

Fn(x; e2πiξ) =
Θe−2ξπix

2πn+1

{∫∞
0

e
(n+1)πi

2 (e−2πix − e−2πv)eπix

[cosh 2πv− cos 2πx]
e−(2ξ−1)πv(πv)nπdv

+

∫∞
0

e−
(n+1)πi

2 (e2πix − e−2πv)e−3πix

[cosh 2πv− cos 2πx]
e(2ξ+3)πv(πv)nπdv

}

=
Θe−2ξπix

2

{∫∞
0

e
(n+1)πi

2 (e−2πix − e−2πv)eπix

[cosh 2πv− cos 2πx]
e−(2ξ−1)πvvndu

+

∫∞
0

e−
(n+1)πi

2 (e2πix − e−2πv)e−3πix

[cosh 2πv− cos 2πx]
e(2ξ+3)πvvndv

}

=
Θe−2ξπix

2

{∫∞
0

e
(n+1)πi

2 (e−2πix − e−2πv)eπix

[cosh 2πv− cos 2πx]
e−2ξπveπvvndv
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+

∫∞
0

e−
(n+1)πi

2 (e2πix − e−2πv)e−3πix

[cosh 2πv− cos 2πx]
e2ξπve3πvvndv

}

=
Θe−2ξπix

2

{∫∞
0

e
(n+1)πi

2 (eπve−2πix − e−πv)eπix

[cosh 2πv− cos 2πx]
e−2ξπvvndv

+

∫∞
0

e−
(n+1)πi

2 (e3πve2πix − eπu)e−3πix

[cosh 2πv− cos 2πx]
e2ξπvvndv

}

=
Θe−2ξπix

2

{∫∞
0

e
(n+1)πi

2 (eπve−πix − e−πveπix)

[cosh 2πv− cos 2πx]
e−2ξπvvndv

+

∫∞
0

e−
(n+1)πi

2 (e3πve−πix − eπve−3πix)

[cosh 2πv− cos 2πx]
e2ξπvvndv

}

=
Θe−2ξπix

2

{∫∞
0

e−2ξπv(eπve−πixe
(n+1)πi

2 − e−πveπixe
(n+1)πi

2 )

[cosh 2πv− cos 2πx]
vndv

+

∫∞
0

e2ξπv(e3πve−πixe−
(n+1)πi

2 − eπve−3πixe−
(n+1)πi

2 )

[cosh 2πv− cos 2πx]
vndv

}

=
Θe−2ξπix

2

{∫∞
0

e−2ξπv(eπve−(πx−
(n+1)π

2 )i − e−πve(πx+
(n+1)π

2 ))i

[cosh 2πv− cos 2πx]
vndv

+

∫∞
0

e2ξπv(e3πve−2πixe(πx−
(n+1)π

2 )i − eπve−2πixe−(πx+
(n+1)π

2 )i)

[cosh 2πv− cos 2πx]
vndv

}
.

Rearranging the integrals we have

Fn(x; e2πiξ) =
Θe−2ξπix

2

[∫∞
0

D(n; x, v)(e2π(v−ix)e2ξπv + e−2ξπv)

cosh 2πv− cos 2πx
vndv

]
+
Θe−2ξπix

2

[∫∞
0

iB(n; x, v)(e2π(v−ix)e2ξπv − e−2ξπv)

cosh 2πv− cos 2πx
vndv

]
,

where

D(n; x, v) = [eπv cos(πx−
(n+ 1)π

2
) − e−πv cos(πx+

(n+ 1)π
2

)],

B(n; x, v) = [eπv sin(πx−
(n+ 1)π

2
) − e−πv sin(πx+

(n+ 1)π
2

)].

This completes the proof.

Corollary 4.5. For n ∈N and 0 < x 6 1, we have

Fn(x) =
3
2

∫∞
0

D(n; x, v)(e2π(v−ix) + 1) + iB(n; x, v)(e2π(v−ix) − 1)
cosh 2πv− cos 2πx

vndv.

Proof. If in the Theorem 4.5 we let ξ = 0, the result is obtained.

In this part, we prove the explicit formulas for the Apostol Fubini-Euler type polynomials and Fubini-
Euler type polynomials at rational arguments.
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Theorem 4.6. For n,q ∈N, p, ξ ∈ Z, |ξ| < 1, the following expression of Apostol Fubini-Euler type polynomials
at rational arguments is obtained:

Fn

(
p

q
; e2πiξ

)
=

n!
(2qπ)n+1


q∑
j=1

ζ(n+ 1,
2j+ 2ξ+ 1

2q
)e

(
(n+1)

2 −
(2j+2ξ+1)p

q

)
πi

+

q∑
j=1

ζ(n+ 1,
2j− 2ξ− 3

2q
)e(

−(n+1)
2 +

(2j−2ξ−3)p
q )πi


+

2n!
(2qπ)n+1


q∑
j=1

ζ(n+ 1,
2j+ 2ξ+ 1

2q
)e

(
(n+1)

2 −2ξ− (2j+2ξ+1)p
q

)
πi

+

q∑
j=1

ζ(n+ 1,
2j− 2ξ− 3

2q
)e(

(n+1)
2 −2ξ+ (2j−2ξ−3)p

q )πi

 .

Proof. Making some modifications to the series obtained in (4.1) and knowing in+1 = e
(n+1)πi

2 , we get that

Fn (x; λ) = n!
(
λ+ 2
λ

)[
in+1

λx

] [ ∞∑
k=0

e(−(n+1
2 )π+(2k−1)πx)i

[(2k− 1)πi− log(λ)]n+1

]
(4.3)

+n!
(
λ+ 2
λ

)[
in+1

λx

] [ ∞∑
k=1

e((
n+1

2 )π−(2k+1)πx)i

[(2k+ 1)πi+ log(λ)]n+1

]
.

The result shown below is equivalent to (4.3):

Fn(x; λ) = n!
(
λ+ 2
λ

)[
in+1

λx

] [ ∞∑
k=1

e(−(n+1
2 )π+(2k−3)πx)i

[(2k− 3)πi− log(λ)]n+1

]

+n!
(
λ+ 2
λ

)[
in+1

λx

] [ ∞∑
k=1

e((
n+1

2 )π−(2k+1)πx)i

[(2k+ 1)πi+ log(λ)]n+1

]
.

So that, in view of (2.4) and the elementary series identity (see, [15, p. 2202, eq 4.12])

∞∑
k=1

f(k) =

l∑
j=1

∞∑
k=0

f(lk+ j), l ∈N,

we find the formula:

Fn(x; λ) =
[
λ+ 2
λ

]
n!

(2πl)n+1


l∑
j=1

Φ(e2lπxi,n+ 1,
(2j− 3)πi− log(λ)

2πil
)e(−

(n+1)π
2 −3πx+2jπx)i

+

l∑
j=1

Φ(e−2lπxi,n+ 1,
(2j+ 1)πi+ log(λ)

2πil
)e(

(n+1)π
2 −πx−2jπx)i

 .

(4.4)

Setting λ = e2πiξ, x =
p

q
, l = q in (4.4), the result of Theorem 4.6 is obtainded and this completes the

proof.
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5. Conclusion

This study unveils groundbreaking families of Fubini-Euler type polynomials and Apostol Fubini-
Euler type polynomials, elucidating explicit expressions, recurrence relations, and intricate identities.
The meticulously derived Fourier series and integral representations deepen the comprehension of these
polynomial families. The succinct rational argument representation contributes to a refined mathematical
framework.

For future exploration, potential research directions may delve into the diverse applications of these
polynomials across mathematical domains, amplifying their versatility and significance. The distinctive
advantage of this study lies in its substantial contribution to the evolving realm of special polynomials,
offering a valuable resource for mathematicians and researchers.

Summarily, the pivotal arguments and findings underscore the profound intricacies of these polyno-
mial families and their far-reaching implications. This research not only enriches our understanding but
also catalyzes advancing mathematical discourse, unveiling novel prospects for exploration and applica-
tion.
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The authors thank to Universidad del Atlántico (Colombia), Universidad de la Costa CUC (Colombia),
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