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Abstract
In this paper, we prove some dynamic Opial type inequalities on time scales. The functions involved in these Opial type

inequalities are positive and monotone. In addition to these generalizations, some integral and discrete inequalities will be
obtained as special cases of our results.
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1. Introduction

In 1960, Opial [23] proved the following inequality:∫b
a

∣∣x(t)∣∣∣∣x ′(t)∣∣dt 6 b− a

4

∫b
a

∣∣x ′(t)∣∣2dt, (1.1)

where x is absolutely continuous on [a, b] and x(a) = x(b) = 0, and the constant b−a4 is the best possible.
Equality holds in (1.1) if and only if

x(t) = c(t− a) for a 6 x 6
b− a

2
,

and
x(t) = c(b− t) for

b− a

2
6 x 6 b,

where c is a constant. Opial’s inequality together with its numerous generalizations, extensions, dis-
cretizations and other types has been playing a fundamental role in the study of the existence and unique-
ness properties of solutions of initial and boundary value problems for differential equations as well as
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difference equations [1, 4, 6, 8, 12–14, 19]. In further simplifying the proof of Opial’s inequality, which
has already been simplified by Olech [22], Beescak [5], Levison [18], Mallows [20], and Pederson [24], it is
proved that if x is real absolutely continuous on (0, b) and with x(0) = 0, then∫b

0

∣∣x(t)∣∣∣∣x ′(t)∣∣dt 6 b

2

∫b
0

∣∣x ′(t)∣∣2dt. (1.2)

For a generalization of (1.1), Beesack [5] proved that if x is an absolutely continuous function on [a, τ]
with x(a) = 0, then ∫τ

a

∣∣x(t)∣∣∣∣x ′(t)∣∣dt 6 1
2

∫τ
a

1
r(t)

dt

∫τ
a

r(t)
∣∣x ′(t)∣∣2dt, (1.3)

where r(t) is a positive and continuous function with
∫τ
a
dt
r(t) 6∞, and if x(b) = 0, then∫b

τ

∣∣x(t)∣∣∣∣x ′(t)∣∣dt 6 1
2

∫b
τ

1
r(t)

dt

∫b
τ

r(t)
∣∣x ′(t)∣∣2dt.

Yang [25] simplified Beesack’s proof and extended inequality (1.3) and proved that: if x is an absolutely
continuous function on (a, b) with x(a) = 0, then∫b

a

q(t)
∣∣x(t)∣∣∣∣x ′(t)∣∣dt 6 1

2

∫b
a

1
r(t)

dt

∫b
a

r(t)q(t)
∣∣x ′(t)∣∣2dt,

where r(t) is a positive and continuous function with
∫τ
a
dt
r(t) 6 ∞, and q(t) is a positive bounded and

nonincreasing function on [a, b]. Hua [15] extended inequality (1.2) and proved that: if x is an absolutely
continuous function with x(a) = 0, then∫b

a

∣∣x(t)p∣∣∣∣x ′(t)∣∣dt 6 (b− a)p

p+ 1

∫b
a

∣∣x ′(t)∣∣p+1
dt,

where p is a positive integer. We mentioned here that the result in [15] failed to apply for general values
of p. Maroni [21] generalized (1.3) and proved that: if x is an absolutely continuous function on [a, b]
with x(a) = 0 = x(b), then

∫b
a

∣∣x(t)∣∣∣∣x ′(t)∣∣dt 6 1
2

(∫b
a

(
1
r(t)

)α−1

dt

) 2
α
(∫b
a

r(t)
∣∣x ′(t)∣∣νdt) 2

ν

,

where
∫b
a

(
1
r(t)

)α−1
6 ∞, α > 1, and 1

α + 1
ν = 1. In fact, the discrete analogy of (1.1), which has been

proved by Lasota [17], is given by

h−1∑
i=1

|xi∆xi| 6
1
2

[
h+ 1

2

]h−1∑
i=0

|∆xi|
2,

where [xi]06i6h is a sequence of real numbers with x0 = xh = 0. The discrete analogy of (1.2) is proved
in [3, Theorem 5.2.2] and given by

h−1∑
i=1

|xi∆xi| 6
h− 1

2

h−1∑
i=0

|∆xi|
2, (1.4)

where [xi]06i6h is a sequence of real numbers with x0 = 0.
In this paper, we are concerned with a certain class of Opial-type dynamic inequalities on time scales

and their extensions. If the time scale equals the real (or the integers), the results represent the classical
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results for differential (or difference) inequalities. The three most popular examples of calculus on time
scales are differential calculus, difference calculus, and quantum calculus (see Kac and Cheung [16]), that
is, when T = R, T = Z, and T = qZ = {qz : z ∈ Z} ∪ {0}, where q > 1. For more details on time scale
analysis, we refer the reader to the two books by Bohner and Peterson [9, 10] which summarize and
organize much of the time scale calculus. In [7], Bohner and Kaymakcalan introduced the dynamic Opial
inequality on time scales, which unifies the continuous version (1.2) and the discrete version (1.4), and
proved that if x : [0, b]T → R is delta differentiable with x(0) = 0, then∫h

0

∣∣x(t) + xσ(t)∣∣∣∣x∆(t)∣∣∆t 6 h ∫h
0

∣∣x∆(t)∣∣2∆t.
In the following, we recall some of the related results that have been established for differential inequalities
and dynamic inequalities on time scales that serve and motivate the contents of this paper.

Agarwal and Pang [3] proved the following inequality, which is generalization of Opial’s inequalities
and some extensions of Beesack’s. They proved that, if x1, x2 are absolutely continuous functions on [a,
τ] with x1(a) = x2(a) = 0, then∫τ

a

q(t)
[
|x1(t)x

′
2(t)|+ |x ′1(t)x2(t)|

]
dt 6

1
2

∫τ
a

1
p(t)

dt

∫τ
a

p(t)q(t)
[
|x ′1(t)|

2 + |x ′2(t)|
2]dt, (1.5)

where p is a positive and continuous function with
∫τ
a
dt
p(t) 6 ∞, and q is bounded, positive, and non-

increasing on [a, τ]. Also, Agarwal and Pang [3] proved that, if x(t) ∈ C(n−1)[0, a] and x(i)(0) = 0,
0 6 i 6 n− 1 (n > 1). Further, if x(n−1)(t) is absolutely continuous and

∫b
a |x

(n)(t)|2dt 6 ∞, then the
following inequality holds: ∫a

0

[
|x(t)x(n)(t)|

]
dt 6 cna

n

∫a
0

[
|x(n)(t)|2

]
dt, (1.6)

where

cn =
1

2n!

(
n

2n− 1

) 1
2

.

And also in [3] the authors proved that for j = 1, 2, let xj(t) ∈ C(n−1)[0, a], such that x(i)j (0) = 0,

0 6 i 6 n− 1 (n > 1), further, x(n−1)
j (t) be absolutely continuous, and

∫b
a |x

(n)
j (t)|2dt 6 ∞, then the

following inequality holds:∫a
0

[
|x1(t)x

(n)
2 (t)|+ |x

(n)
1 (t)x2(t)|

]
dt 6 cna

n

∫a
0

[
|x

(n)
1 (t)|2 + |x

(n)
2 (t)|2

]
dt,

where cn defined by (1.6). Further, equality holds if and only if n = 1 and x(n)1 (t) = x
(n)
2 (t) = c. Zhao

and An [26] generalized (1.1) and proved that: if F ∈ C1([a, b], R), F(a) = F(b) = 0, and λ1, λ2 > 1, then

∫b
a

∣∣(F(t))λ1(F ′(t))λ2
∣∣dt 6 λ

λ2
λ1+λ2
2 (b− a)λ1

(λ1 + λ2)2λ1

∫b
a

∣∣F ′(t)∣∣λ1+λ2 dt.

Also in the same paper, the authors generalized (1.5) and proved that if F, G : [a, b] → R are real-valued
absolutely continuous functions on [a, b], λ1, λ2 > 1,

(1) if F(a) = G(a) = 0, then we have∫b
a

(∣∣(F(t))λ1(G ′(t))λ2
∣∣+ ∣∣(G(t))λ1(F ′(t))λ2

∣∣)dt
6

(b− a)λ1

4

∫b
a

(
|F ′(t)|2λ1 + |F ′(t)|2λ2 + |G ′(t)|2λ1 + |G ′(t)|2λ2

)
dt;
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(2) if F(a) = F(b) = G(a) = G(b) = 0, then we have∫b
a

(∣∣(F(t))λ1(G ′(t))λ2
∣∣+ ∣∣(G(t))λ1(F ′(t))λ2

∣∣)dt
6

(b− a)λ1

2λ1+2

∫b
a

(
|F ′(t)|2λ1 + |F ′(t)|2λ2 + |G ′(t)|2λ1 + |G ′(t)|2λ2

)
dt.

In this article, we will state and prove some dynamic Opial type inequalities on time scales. Our
results generalize some results of [3, 26] to time scales. After each result, we will study as special cases
when T = R, T = Z, and T = qZ to obtain some continuous and discrete results. This paper is organized
as follows. In Section 2, we briefly present the basic definitions and concepts related to the calculus on
time scales. In Section 3, we present some new dynamic Opial type inequalities via time scales integrals
concerning first order derivatives. In Section 4, we present some new dynamic Opial type inequalities
via time scales integrals concerning higher order derivatives. Finally, in the concluding Section 5, we
summaries our results.

2. Preliminaries and lemmas

In this section, we recall the following concepts related to the notion of time scales. A time scale T

is an arbitrary nonempty closed subset of R. We suppose throughout the article that T has the topology
that it inherits from the standard topology on R. In [11], Bohner and Peterson defined the forward jump
operator σ and the graininess function µ by σ(x) := inf{t ∈ T : t > x} and µ(x) := σ(x)−x > 0, respectively.

In the following, we use the notations fσ(x) = f(σ(x)), for any function f : T → R and [a, b]T := [a,
b]∩T for any interval on T.

Definition 2.1 ([11]). f : T→ R is rd-continuous if it is continuous at right-dense points in T and its left-
sided limits exist (finite) at left-dense points in T, the collection of rd-continuous functions is symbolized
as Crd(T, R).

Definition 2.2 ([11]). Assuming f : T → R and x ∈ T, we define the delta derivative f∆(x) to be the
number if it exists, as follows: for any ε > 0 there is a neighborhood U = (x− t, x+ t)∩T for some t > 0
of x, such that

|f(σ(x)) − f(t) − f∆(x)(σ(x) − t)| 6 ε|σ(x) − t|, ∀t ∈ U, t 6= σ(x).

Theorem 2.3 ([11]). Let f, g : T→ R be differentiable at x ∈ T. Then

1. fg : T→ R is differentiable at x and the “product rule”holds as

(fg)∆(x) = f∆(x)g(x) + f(σ(x))g∆(x) = f(x)g∆(x) + f∆(x)g(σ(x));

2. if g(x)g(σ(x)) 6= 0, then f/g : T→ R is differentiable at x and the “quotient rule”holds as(
f

g

)∆
(x) =

f∆(x)g(x) − f(x)g∆(x)

g(x)g(σ(x))
.

Definition 2.4 ([11]). f : T→ R is an antiderivative of g : T→ R if

f∆(x) = g(x) holds ∀x ∈ Tk,

in this case, the delta integral of g is∫b
a

g(x)∆x = f(b) − f(a), ∀a,b ∈ T.
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Theorem 2.5 ([11]). If a, b, c ∈ T, α, β ∈ R and f, g ∈ Crd([a, b]T, R), then

1.
∫b
a [αf(t) +βg(t)]∆t = α

∫b
a f(t)∆t+β

∫b
a g(t)∆t;

2.
∫b
a f(t)∆t =

∫c
a f(t)∆t+

∫b
c f(t)∆t;

3.
∣∣∣∫ba f(t)∆t∣∣∣ 6 ∫ba |f(t)|∆t;

4. If f(t) > 0, ∀t ∈ [a, b]T, then
∫b
a f(t)∆t > 0.

Theorem 2.6 ([11]). Every rd-continuous function g : T→ R has an anti-derivative and if x0 ∈ T, then(∫x
x0

g(t)∆t

)∆
= g(x), ∀x ∈ T.

The following key relations between T = R, T = Z, and T = qZ are used as special cases of our
results.

1. If T = R, then σ(t) = t, f∆(t) = f ′(t),
∫b
a f(t)∆t =

∫b
a f(t)dt.

2. If T = Z, then σ(t) = t+ 1, f∆(t) = f(t+ 1) − f(t),
∫b
a f(t)∆t =

∑b−1
t=a f(t).

3. If T = qZ, then σ(t) = qt, f∆(t) = f(qt)−f(t)
(q−1)t ,

∫b
a f(t)∆t = (q− 1)

∑logq b−1
t=logq a

qtf(qt).

Lemma 2.7 (Chain Rule, [11, Theorem 1.90]). Assume g : R → R is continuous, g : T → R is delta
differentiable on T, and f : R→ R is continuously differentiable, then

(f ◦ g)∆ (x) = f
′
(g(c))g∆(x), c ∈ [x,σ(x)].

Lemma 2.8 ([2, Integration by parts]). If a, b ∈ T and u, v ∈ Crd([a, b]T, R), then∫b
a

u(t)v∆(t)∆t = [u(t)v(t)]ba −

∫b
a

u∆(t)vσ(t)∆t.

Lemma 2.9 ([2, Hölder’s inequality]). If a, b ∈ T and f, g ∈ Crd([a, b]T, R), then

∫b
a

|f(t)g(t)|∆t 6

[∫b
a

|f(t)|p∆t

] 1
p
[∫b
a

|g(t)|q∆t

] 1
q

, (2.1)

where p > 1 and 1/p+ 1/q = 1. (2.1) is reversed if 0 < p < 1 or p < 0.

The special case p = q = 2 yields the Cauchy-Schwarz inequality.

Lemma 2.10 ([2, Cauchy-Schwarz inequality]). If a, b ∈ T and f, g ∈ Crd([a, b]T, R), then

∫b
a

|f(t)g(t)|∆t 6

[∫b
a

|f(t)|2∆t

] 1
2
[∫b
a

|g(t)|2∆t

] 1
2

. (2.2)

3. Opial type inequalities concerning first order derivatives

In what follows, all considered parameters λ1, λ2 will mean positive integer and a, b, a+b2 ∈ T.

Lemma 3.1. Let T be a time scale, F ∈ Crd([a, b]T, R) with F(a) = 0, and λ1, λ2 > 1. Then

∫b
a

∣∣∣(F(t))λ1
(
F∆(t)

)λ2
∣∣∣∆t 6 λ

λ2
λ1+λ2
2 (b− a)λ1

λ1 + λ2

∫b
a

|F∆(t)|λ1+λ2∆t. (3.1)
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Proof. By hypothesis, we have

|F(t)| 6
∫t
a

|F∆(s)|∆s, t ∈ [a,b]T.

Thanks to Hölder’s inequality (2.1), it follows that∫t
a

|F∆(s)|∆s 6

(∫t
a

∆s

)λ1+λ2−1
λ1+λ2

(∫t
a

|F∆(s)|λ1+λ2∆s

) 1
λ1+λ2

.

Let G(t) =
∫t
a |F

∆(s)|λ1+λ2∆s. Then G∆(t) = |F∆(t)|λ1+λ2 . Consequently, applying Hölder’s inequality
again with indices p = λ1+λ2

λ1
, q = λ1+λ2

λ2
, we have∫b

a

∣∣(F(t))λ1(F∆(t))λ2
∣∣∆t = ∫b

a

|F(t)|λ1
∣∣F∆(t)∣∣λ2

∆t

6
∫b
a

{∫t
a

∣∣F∆(s)∣∣∆s}λ1 (
G∆(t)

) λ2
λ1+λ2 ∆t

6
∫b
a

{∫t
a

∆s

}λ1(λ1+λ2−1)
λ1+λ2

{∫t
a

|F∆(s)|λ1+λ2∆s

} λ1
λ1+λ2 (

G∆(t)
) λ2
λ1+λ2 ∆t

6
∫b
a


{∫t
a

∆s

}λ1(λ1+λ2−1)
λ1+λ2

{G(t)}
λ1

λ1+λ2
(
G∆(t)

) λ2
λ1+λ2

∆t
6

(∫b
a

(∫t
a

∆s

)λ1+λ2−1

∆t

) λ1
λ1+λ2

(∫b
a

G
λ1
λ2 (t)G∆(t)∆t

) λ2
λ1+λ2

6

(∫b
a

(t− a)λ1+λ2−1∆t

) λ1
λ1+λ2

(
λ2

λ1 + λ2

) λ2
λ1+λ2

G(b)

6

(
(b− a)λ1+λ2

λ1 + λ2

) λ1
λ1+λ2

(
λ2

λ1 + λ2

) λ2
λ1+λ2

G(b)

6
(λ2)

λ2
λ1+λ2 (b− a)λ1

λ1 + λ2
G(b) =

(λ2)
λ2

λ1+λ2 (b− a)λ1

λ1 + λ2

∫b
a

∣∣F∆(t)∣∣λ1+λ2
∆t.

The proof is complete.

Corollary 3.2. If T = R in Lemma 3.1, we have

∫b
a

∣∣∣(F(t))λ1
(
F ′(t)

)λ2
∣∣∣dt 6 λ

λ2
λ1+λ2
2 (b− a)λ1

λ1 + λ2

∫b
a

|F ′(t)|λ1+λ2dt,

which is inequality (3.1) in [26].

Corollary 3.3. If T = Z in Lemma 3.1, we get

b−1∑
t=a

∣∣∣(F(t))λ1 (∆F(t))λ2
∣∣∣ 6 λ

λ2
λ1+λ2
2 (b− a)λ1

λ1 + λ2

b−1∑
t=a

|∆F(t)|λ1+λ2 .

Corollary 3.4. If T = qZ in Lemma 3.1, then

logq b−1∑
t=(logq a)

qt
∣∣∣(F(qt))λ1

(
F∆(qt)

)λ2
∣∣∣ 6 λ

λ2
λ1+λ2
2 (b− a)λ1

λ1 + λ2

logq b−1∑
t=(logq a)

qt|F∆(qt)|λ1+λ2 .
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Theorem 3.5. Let T be a time scale, F ∈ Crd([a, b]T, R), F(a) = F(b) = 0, and λ1, λ2 > 1. Then∫b
a

∣∣(F(t))λ1(F∆(t))λ2
∣∣∆t 6 (λ2)

λ2
λ1+λ2 (b− a)λ1

(λ1 + λ2)2λ1

∫b
a

∣∣F∆(t)∣∣λ1+λ2
∆t. (3.2)

Proof. By hypothesis, we employ inequality (3.1) on the interval [a, a+b2 ], then

∫ a+b
2

a

∣∣∣(F(t))λ1
(
F∆(t)

)λ2
∆t
∣∣∣ 6 (λ2)

λ2
λ1+λ2 (b− a)λ1

(λ1 + λ2)2λ1

∫ a+b
2

a

∣∣F∆(t)∣∣λ1+λ2
∆t.

Let s = t+
b− a

2
. Then

∫b
a+b

2

∣∣∣(F(t))λ1
(
F∆(t)

)λ2
∆t
∣∣∣ 6 (λ2)

λ2
λ1+λ2 (b− a)λ1

(λ1 + λ2)2λ1

∫b
a+b

2

∣∣F∆(t)∣∣λ1+λ2
∆t,

and the result (3.2) follows.

Corollary 3.6. If T = R in Theorem 3.5, then

∫b
a

∣∣∣(F(t))λ1
(
F ′(t)

)λ2
∣∣∣dt 6 λ

λ2
λ1+λ2
2 (b− a)λ1

(λ1 + λ2)2λ1

∫b
a

|F ′(t)|λ1+λ2dt,

which is inequality (3.2) in Theorem 3.3 of [26].

Corollary 3.7. If T = Z in Theorem 3.5, then

b−1∑
t=a

∣∣∣(F(t))λ1 (∆F(t))λ2
∣∣∣ 6 λ

λ2
λ1+λ2
2 (b− a)λ1

(λ1 + λ2)2λ1

b−1∑
t=a

|∆F(t)|λ1+λ2 .

Corollary 3.8. If T = qZ in Theorem 3.5, then

logq b−1∑
t=(logq a)

qt
∣∣∣(F(qt))λ1

(
F∆(qt)

)λ2
∣∣∣ 6 λ

λ2
λ1+λ2
2 (b− a)λ1

(λ1 + λ2)2λ1

logq b−1∑
t=(logq a)

qt|F∆(qt)|λ1+λ2 .

Theorem 3.9. Let T be a time scale with τ ∈ T, p(t) be positive and rd-continuous on [a, τ]T with
∫τ
a
∆t
p(t) 6∞,

r(t) be positive, bounded and non-increasing on [a, τ]T. Farther, F1, F2 ∈ Crd([a, τ]T, R), and F1(a) = F2(a) = 0.
Then the following inequality holds:∫τ

a

r(t)
[
|F1(t)F

∆
2 (t)|+ |F∆1 (t)F2(t)|

]
∆t 6

1
2

[∫τ
a

1
p(t)

∆t

] [∫τ
a

p(t)r(t)[|F∆1 (t)|2 + |F∆2 (t)|2]∆t

]
. (3.3)

Proof. For i = 1, 2, let

Gi(t) =

∫t
a

√
r(s)|F∆i (s)|∆s, t ∈ [a, τ]T.

So that
G∆i (t) =

√
r(t)|F∆i (t)| > 0,

and

|Fi(t)| = |Fi(t) − Fi(a)| =

∣∣∣∣∫t
a

F∆i (s)∆s

∣∣∣∣ 6 ∫t
a

|F∆i (s)|∆s 6
∫t
a

√
r(s)√
r(t)

|F∆i (s)|∆s 6
Gi(t)√
r(t)

.
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Thus, we have ∫τ
a

r(t)
[
|F1(t)F

∆
2 (t))|+ |F∆1 (t)F2(t)|

]
∆t 6

∫τ
a

[
G1(t)G

∆
2 (t) +G∆1 (t)G2(t)

]
∆t

6
∫τ
a

[
G1(t)G

∆
2 (t) +G∆1 (t)Gσ2 (t)

]
∆t

6 G1(τ)G2(τ) 6
1
2
[
G2

1(τ) +G
2
2(τ)

]
,

(3.4)

from the definition of Gi(t) and the Cauchy-Schwarz inequality (2.2) involving time scale, we have

G2
i(τ) =

[∫τ
a

1√
p(t)

√
p(t)r(t)|F∆i (t)|∆t

]2

6
∫τ
a

1
p(t)

∆t

∫τ
a

p(t)r(t)|F∆i (t)|
2∆t. (3.5)

The inequality (3.3) now follows immediately from (3.4) and the inequalities analogous to (3.5) for G2
i(τ),

i = 1, 2.

Remark 3.10. Taking p(t) = r(t) = 1 in Theorem 3.9, we get∫τ
a

[
|F1(t)F

∆
2 (t)|+ |F∆1 (t)F2(t)|

]
∆t 6

1
2
(τ− a)

[∫τ
a

[|F∆1 (t)|2 + |F∆2 (t)|2]∆t

]
.

Corollary 3.11. When T = R in Theorem 3.9, then the inequality (3.3) reduces to the following inequality∫τ
a

r(t)
[
|F1(t)F

′
2(t)|+ |F ′1(t)F2(t)|

]
dt 6

1
2

[∫τ
a

1
p(t)

dt

] [∫τ
a

p(t)r(t)[|F ′1(t)|
2 + |F ′2(t)|

2]dt

]
,

which is inequality in Theorem 2.14.1 of [3].

Corollary 3.12. If T = Z in Theorem 3.9, then

τ−1∑
t=a

r(t) [|F1(t)∆F2(t)|+ | (∆F1(t)) F2(t)|] 6
1
2

[
τ−1∑
t=a

1
p(t)

][
τ−1∑
t=a

p(t)r(t)[|∆F1(t)|
2 + |∆F2(t)|

2]

]
.

Corollary 3.13. If T = qZ in Theorem 3.9, then

logq τ−1∑
t=logq a

qtr(qt)
[
|F1(q

t)F∆2 (qt)|+ |
(
F∆1 (qt)

)
F2(q

t)|
]

6
1
2

(q− 1)
logq τ−1∑
t=logq a

qt
1

p(qt)

logq τ−1∑
t=logq a

qtp(qt)r(qt)[|F∆1 (qt)|2 + |F∆2 (qt)|2]

 .

Theorem 3.14. Let T be a time scale. For delta differentiable F, G : [a, b]T → R, and F, G ∈ Crd, λ1, λ2 > 1,

(1) if F(a) = G(a) = 0, then we have∫b
a

(∣∣(F(t))λ1(G∆(t))λ2
∣∣+ ∣∣(G(t))λ1(F∆(t))λ2

∣∣)∆t
6

(b− a)λ1

(2p)
1
p

∫b
a

(
|F∆(t)|pλ1

p
+

|F∆(t)|qλ2

q
+

|G∆(t)|pλ1

p
+

|G∆(t)|qλ2

q

)
∆t;

(3.6)
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(2) if F(a) = F(b) = G(a) = G(b) = 0, then we have∫b
a

(∣∣(F(t))λ1(G∆(t))λ2
∣∣+ ∣∣(G(t))λ1(F∆(t))λ2

∣∣)∆t
6

(b− a)λ1

2λ1(2p)
1
p

∫b
a

(
|F∆(t)|pλ1

p
+

|F∆(t)|qλ2

q
+

|G∆(t)|pλ1

p
+

|G∆(t)|qλ2

q

)
∆t.

(3.7)

Proof.

(1) If λ1 = λ2 = 1, from Remark 3.10, we have∫b
a

(
|F(t)G∆(t)|+ |G(t)F∆(t)|

)
∆t 6

b− a

2

∫b
a

(
|F∆(t)|2 + |G∆(t)|2

)
∆t.

If λ1 > 2, λ2 > 2, F(a) = G(a) = 0, then we have

|F(t)| 6
∫t
a

|F∆(x)|∆x 6
∫t
a

(∆x)
pλ1−1
pλ1

(∫t
a

|F∆(x)|pλ1∆x

) 1
pλ1

.

It follows that∫b
a

|F(t)|pλ1∆t 6
∫b
a

|F(t)|pλ1∆t 6
∫b
a

(t− a)pλ−1
∫t
a

|F∆(x)|pλ1∆x

6
(b− a)pλ1

pλ1

∫b
a

|F∆(x)|pλ1∆x 6
(b− a)pλ1

2p

∫b
a

|F∆(t)|pλ1∆t.

Thanks to Hölder’s inequality and the elementary inequalities α, β > 0, α
1
pβ

1
q 6 α

p + β
q , we have

∫b
a

|(F(t))λ1(G∆(t))λ2 |∆t 6

{∫b
a

∣∣F(t)pλ1∆t
∣∣} 1

p
{∫b
a

∣∣G∆(t)qλ2∆t
∣∣} 1

q

6
(b− a)λ1

(2p)
1
p

(∫b
a

|F∆(t)|pλ1∆t

) 1
p
(∫b
a

∣∣G∆(t)qλ2∆t
∣∣) 1

q

6
(b− a)λ1

(2p)
1
p

∫b
a

[
|F∆(t)|pλ1

p
+

|G∆(t)|qλ2

q

]
∆t.

Similarly, we have ∫b
a

|(G(t))λ1(F∆(t))λ2 |∆t 6
(b− a)λ1

(2p)
1
p

∫b
a

[
|G∆(t)|pλ1

p
+

|F∆(t)|qλ2

q

]
∆t.

Then the result (3.6) follows.

(2) If F(a) = F(b) = G(a) = G(b) = 0, we employ inequality (3.6) on the interval [a, a+b2 ], then

∫ a+b
2

a

[
|(F(t))λ1(G∆(t))λ2 |+ |(G(t))λ1(F∆(t))λ2 |

]
∆t

6
(b−a2 )λ1

(2p)
1
p

∫ a+b
2

a

(
|F∆(t)|pλ1

p
+

|F∆(t)|qλ2

q
+

|G∆(t)|pλ1

p
+

|G∆(t)|qλ2

q

)
∆t.
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Let s = t+
b− a

2
. Then

∫b
a+b

2

[
|(F(t))λ1(G∆(t))λ2 |+ |(G(t))λ1(F∆(t))λ2 |

]
∆t

6
(b−a2 )λ1

(2p)
1
p

∫b
a+b

2

(
|F∆(t)|pλ1

p
+

|F∆(t)|qλ2

q
+

|G∆(t)|pλ1

p
+

|G∆(t)|qλ2

q

)
∆t,

and the result (3.7) follows.

Corollary 3.15. When T = R in Theorem 3.14, we get

(1) if F(a) = G(a) = 0, then we have∫b
a

(∣∣(F(t))λ1(G ′(t))λ2
∣∣+ ∣∣(G(t))λ1(F ′(t))λ2

∣∣)dt
6

(b− a)λ1

(2p)
1
p

∫b
a

(
|F ′(t)|pλ1

p
+

|F ′(t)|qλ2

q
+

|G ′(t)|pλ1

p
+

|G ′(t)|qλ2

q

)
dt,

(3.8)

when p = q = 2 in (3.8), we obtain∫b
a

[
|(F(t))λ1(G ′(t))λ2 |+ |(G(t))λ1(F ′(t))λ2 |

]
dt

6
(b− a)λ1

4

[∫b
a

(
|F ′(t)|2λ1 + |F ′(t)|2λ2 + |G ′(t)|2λ1 + |G ′(t)|2λ2

)
dt

]
,

which is inequality (3.8) in [26];

(2) if F(a) = F(b) = G(a) = G(b) = 0, then we have∫b
a

(∣∣(F(t))λ1(G ′(t))λ2
∣∣+ ∣∣(G(t))λ1(F ′(t))λ2

∣∣)dt
6

(b− a)λ1

2λ1(2p)
1
p

∫b
a

(
|F ′(t)|pλ1

p
+

|F ′(t)|qλ2

q
+

|G ′(t)|pλ1

p
+

|G ′(t)|qλ2

q

)
dt,

(3.9)

when p = q = 2 in (3.9), we obtain∫b
a

[
|(F(t))λ1(G ′(t))λ2 |+ |(G(t))λ1(F ′(t))λ2 |

]
dt

6
(b− a)λ1

2λ1+2

[∫b
a

(
|F ′(t)|2λ1 + |F ′(t)|2λ2 + |G ′(t)|2λ1 + |G ′(t)|2λ2

)
dt

]
,

which is inequality (3.9) in [26].

Corollary 3.16. When T = Z in Theorem 3.14, then

(1) if F(a) = G(a) = 0, then we have

b−1∑
t=a

(∣∣(F(t))λ1(∆G(t))λ2
∣∣+ ∣∣(G(t))λ1(∆F(t))λ2

∣∣)
6

(b− a)λ1

(2p)
1
p

b−1∑
t=a

(
|∆F(t)|pλ1

p
+

|∆F(t)|qλ2

q
+

|∆G(t)|pλ1

p
+

|∆G(t)|qλ2

q

)
;
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(2) if F(a) = F(b) = G(a) = G(b) = 0, then we have

b−1∑
t=a

(∣∣(F(t))λ1(∆G(t))λ2
∣∣+ ∣∣(G(t))λ1(∆F(t))λ2

∣∣)
6

(b− a)λ1

2λ1(2p)
1
p

b−1∑
t=a

(
|∆F(t)|pλ1

p
+

|∆F(t)|qλ2

q
+

|∆G(t)|pλ1

p
+

|∆G(t)|qλ2

q

)
.

Corollary 3.17. When T = qZ in Theorem 3.14, then

(1) if F(a) = G(a) = 0, then we have

logq b−1∑
t=logq a

qt
(∣∣(F(qt))λ1(G∆(qt))λ2

∣∣+ ∣∣(G(qt))λ1(F∆(qt))λ2
∣∣)

6
(b− a)λ1

(2p)
1
p

logq b−1∑
t=logq a

qt
(
|F∆(qt)|pλ1

p
+

|F∆(qt)|qλ2

q
+

|G∆(qt)|pλ1

p
+

|G∆(qt)|qλ2

q

)
;

(2) if F(a) = F(b) = G(a) = G(b) = 0, then we have

logq b−1∑
t=logq a

qt
(∣∣(F(qt))λ1(G∆(qt))λ2

∣∣+ ∣∣(G(qt))λ1(F∆(qt))λ2
∣∣)

6
(b− a)λ1

2λ1(2p)
1
p

logq b−1∑
t=logq a

qt
(
|F∆(qt)|pλ1

p
+

|F∆(qt)|qλ2

q
+

|G∆(qt)|pλ1

p
+

|G∆(qt)|qλ2

q

)
.

4. Opial type inequalities concerning higher order derivatives

Lemma 4.1. Let T be a time scale with a, b ∈ T, F ∈ Ckrd([a, b]T, R), F∆
i
(a) = 0, i ∈ [0, k− 1] and λ1, λ2 > 0.

Then ∫b
a

∣∣∣(F(t))λ1(F∆
k

(t))λ2

∣∣∣∆t 6 H (c0λ2)
coλ2

{∫b
a

|F∆
k

(t)|λ1+λ2∆t

}
, (4.1)

where

H =

∫b
a

{∫t
a

|hk−1(t, s)|
1

1−co ∆s

} (1−co)
co

∆t

coλ1

, co =
1

λ1 + λ2
.

Proof. By hypothesis, we have

F(t) =

∫t
a

hk−1(t, s)F∆
k

(s)∆s, t ∈ [a,b]T.

Letting co = 1
λ1+λ2

, and using Hölder’s inequality with indices p = 1
1−co

, q = 1
co

, we obtain

|F(t)| 6

{∫t
a

|hk−1(t, s)|
1

1−co ∆s

}1−co {∫t
a

|F∆
k

(s)|λ1+λ2∆s

}co
.
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Then, we get∫b
a

∣∣∣(F(t))λ1(F∆
k

(t))λ2

∣∣∣∆t
6
∫b
a

[{∫t
a

|hk−1(t, s)|
1

1−co ∆s

}λ1(1−co) ∣∣∣F∆k(t)∣∣∣λ2
{∫t
a

∣∣∣F∆k(s)∣∣∣λ1+λ2
∆s

}coλ1
]
∆t.

Consequently, applying Hölder’s inequality again with indices p = 1
λ1co

,q = 1
λ2co

, we have∫b
a

∣∣∣(F(t))λ1(F∆
k

(t))λ2

∣∣∣∆t
6

∫b
a

{∫t
a

|hk−1(t, s)|
1

1−co ∆s

} (1−co)
co

∆t

coλ1
∫b
a

∣∣∣F∆k(t)∣∣∣λ1+λ1
{∫t
a

∣∣∣F∆k(s)∣∣∣λ1+λ1
∆s

}λ1
λ2
∆t

coλ2

6 H

( λ2

λ1 + λ2

){∫b
a

|F∆
k

(t)|λ1+λ2∆t

}λ1+λ2
λ2


coλ2

6 H

(
λ2

λ1 + λ2

)coλ2
{∫b
a

|F∆
k

(t)|λ1+λ2∆t

}
6 H (coλ2)

coλ2

{∫b
a

|F∆
k

(t)|λ1+λ2∆t

}
.

Corollary 4.2. When T = R in Lemma 4.1, hk−1(t, s) =
(t−s)k−1

(k−1)! , so that

H =

∫b
a

{∫t
a

|hk−1(t, s)|
1

1−co ds

} (1−co)
co

dt

coλ1

=

∫b
a


∫t
a

∣∣∣∣(t− s)k−1

(k− 1)!

∣∣∣∣
1

1−co

ds


(1−co)
co

dt


coλ1

=

(
1

(k− 1)!

(
1 − co
k− co

)1−co
)λ1 (co

k

)coλ1
(b− a)kλ1 ,

then the inequality (4.1) reduces to the following inequality∫b
a

∣∣∣(F(t))λ1(F(k)(t))λ2

∣∣∣dt 6 C(b− a)λ1k

∫b
a

|F(k)(t)|λ1+λ2dt, (4.2)

where

C = coλ
λ2co
2 (k!)−λ1

(
k(1 − co)

k− co

)λ1(1−co)

,

which is inequality (4.1) in [26].

Corollary 4.3. If T = Z in Lemma 4.1, hk−1(t, s) =
(
t− s
k− 1

)
, then

b−1∑
t=a

∣∣(F(t))λ1(∆kF(t))λ2
∣∣ 6 Q (coλ2)

coλ2

{
b−1∑
t=a

|∆kF(t)|λ1+λ2

}
,



Y. A. A. Elsaid, A. A. S. Zaghrout, A. A. El-Deeb, J. Math. Computer Sci., 36 (2025), 17–34 29

where

Q =

b−1∑
t=a

{
t−1∑
s=a

∣∣∣∣(t− sk− 1

)∣∣∣∣ 1
1−co
} (1−co)

co


coλ1

,

and co is defined by (4.1).

Corollary 4.4. If T = qZ in Lemma 4.1, hk−1(t, s) =
∏k−2
v=0

t−qvs∑v
µ=0 q

µ , then

logq b−1∑
t=logq a

qt
∣∣∣(F(qt))λ1(F∆

k

(qt))λ2

∣∣∣
6

(q− 1)
logq b−1∑
t=logq a

qtY
(1−co)
co (qt)

coλ1

(c0λ2)
coλ2


logq b−1∑
t=logq a

qt|F∆
k

(qt)|λ1+λ2

 ,

(4.3)

where

Y(t) =

(q− 1)
logq t−1∑
s=logq a

qs

∣∣∣∣∣
k−2∏
v=0

t− qvqs∑v
µ=0 q

µ

∣∣∣∣∣
1

1−co
 ,

and co is defined by (4.1).

Lemma 4.5. Let T be a time scale with a, b ∈ T, F ∈ Ckrd([a, b]T, R), F(i)(a) = F(i)(b) = 0, i ∈ [0, k− 1],

let K =

[∫ a+b
2
a

{∫t
a |hk−1(t, s)|

1
1−co ∆s

} (1−co)
co

∆t

]coλ1

=

[∫b
a+b

2

{∫t
a |hk−1(t, s)|

1
1−co ∆s

} (1−co)
co

∆t

]coλ1

and λ1,

λ2 > 1. Then ∫b
a

|(F(t))λ1(F∆
k

(t))λ2 |∆t 6 K

(
λ2

λ1 + λ2

)coλ2
{∫b
a

|F∆
k

(t)|λ1+λ2∆t

}
, (4.4)

where co is defined by (4.1).

Proof. By hypothesis, we employ inequality (4.1) on interval [a, a+b2 ]. Then∫ a+b
2

a

|(F(t))λ1(F∆
k

(t))λ2 |∆t

6

∫ a+b2

a

{∫t
a

|hk−1(t, s)|
1

1−co ∆s

} (1−co)
co

∆t

coλ1 (
λ2

λ1 + λ2

)coλ2
{∫ a+b

2

a

|F∆
k

(t)|λ1+λ2∆t

}
.

Let s = t+ b−a
2 . Then∫b

a+b
2

|(F(t))λ1(F∆
k

(t))λ2 |∆t

6

∫b
a+b

2

{∫t
a

|hk−1(t, s)|
1

1−co ∆s

} (1−co)
co

∆t

coλ1 (
λ2

λ1 + λ2

)coλ2
{∫b

a+b
2

|F∆
k

(t)|λ1+λ2∆t

}
,

and the result follows by∫ a+b
2

a

|(F(t))λ1(F∆
k

(t))λ2 |∆t+

∫b
a+b

2

|(F(t))λ1(F∆
k

(t))λ2 |∆t
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6

∫ a+b2

a

{∫t
a

|hk−1(t, s)|
1

1−co ∆s

} (1−co)
co

∆t

coλ1 (
λ2

λ1 + λ2

)coλ2
{∫ a+b

2

a

|F∆
k

(t)|λ1+λ2∆t

}

+

∫b
a+b

2

{∫t
a

|hk−1(t, s)|
1

1−co ∆s

} (1−co)
co

∆t

coλ1 (
λ2

λ1 + λ2

)coλ2
{∫b

a+b
2

|F∆
k

(t)|λ1+λ2∆t

}

6 K

(
λ2

λ1 + λ2

)coλ2
{∫b
a

|F∆
k

(t)|λ1+λ2∆t

}
.

Corollary 4.6. When T = R in Lemma 4.5, hk−1(t, s) =
(t−s)k−1

(k−1)! , so that

K =

∫ a+b2

a

{∫t
a

|hk−1(t, s)|
1

1−co ds

} (1−co)
co

dt

coλ1

=

∫ a+b2

a


∫t
a

(
(t− s)k−1

(k− 1)!

) 1
1−co

ds


(1−co)
co

dt


coλ1

=
1

(k− 1)!

(
1 − co
k− co

)1−co (co
k

)coλ1
(
b− a

2

)kλ1

,

then inequality (4.4) becomes∫b
a

∣∣∣(F(t))λ1(F(k)(t))λ2

∣∣∣dt 6 C(b− a
2

)λ1k ∫b
a

|F(k)(t)|λ1+λ2dt,

where C is defined in (4.2), which is inequality (4.2) in [26].

Corollary 4.7. If T = Z in Lemma 4.5, hk−1(t, s) =
(
t− s
k− 1

)
, then

b−1∑
t=a

∣∣(F(t))λ1(∆kF(t))λ2
∣∣ 6 A (c0λ2)

coλ2

{
b−1∑
t=a

|∆kF(t)|λ1+λ2

}
,

where

A =

b−a
2 −1∑
t=a

{
t−1∑
s=a

∣∣∣∣(t− sk− 1

)∣∣∣∣ 1
1−co
} (1−co)

co


coλ1

,

and co is defined by (4.1).

Corollary 4.8. If T = qZ in Lemma 4.5, hk−1(t, s) =
∏k−2
v=0

t−qvs∑v
µ=0 q

µ , then

logq b−1∑
t=logq a

qt
∣∣∣(F(qt))λ1(F∆

k

(qt))λ2

∣∣∣
6

(q− 1)
logq

b−a
2 −1∑

t=logq a

qtY
(1−co)
co (qt)


coλ1

(c0λ2)
coλ2


logq b−1∑
t=logq a

qt|F∆
k

(qt)|λ1+λ2

 ,

where Y(t) is defined by (4.3) and co is defined by (4.1).
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Theorem 4.9. Let T be a time scale with a, b ∈ T, F ∈ Cn−1
rd ([a,b]T, R) be such that F∆

i
(a) = 0, 0 6 i 6 n− 1

(n > 1). Further, F∆
n−1 ∈ Crd and

∫b
a |F

∆n(t)|q∆t <∞. Then the following inequality holds

∫b
a

|F(t)F∆
n

(t)|∆t 6 An

(
1
2

) 1
q

[∫b
a

|F∆
n

(t)|q∆t

] 2
q

, (4.5)

where

An =

[∫b
a

(∫t
a

|hn−1(t, s)|
p∆s

)
∆t

] 1
p

.

Proof. In view of the assumptions on F(t), for any t ∈ [a, b]T, we have

F(t) =

∫t
a

hn−1(t, s)F∆
n

(s)∆s. (4.6)

Multiplying (4.6) by F∆
n
(t) and using Hölder’s inequality with indices p, q we obtain

|F(t)F∆
n

(t)|∆t 6 |F∆
n

(t)|

(∫t
a

|hn−1(t, s)|
p∆s

) 1
p
(∫t
a

|F∆
n

(s)|q∆s

) 1
q

. (4.7)

Thus, integrating (4.7) from a to b and applying Hölder’s inequality to the right side again, we obtain

∫b
a

|F(t)F∆
n

(t)|∆t 6

[∫b
a

(∫t
a

|hn−1(t, s)|
p∆s

)
∆t

] 1
p
[∫b
a

|F∆
n

(t)|q
(∫t
a

|F∆
n

(s)|q∆s

)
∆t

] 1
q

6

[∫b
a

(∫t
a

|hn−1(t, s)|
p∆s

)
∆t

] 1
p

∫b
a

1
2

[(∫t
a

|F∆
n

(s)|q∆s

)2
]∆
∆t

 1
q

6

[∫b
a

(∫t
a

|hn−1(t, s)|
p∆s

)
∆t

] 1
p (1

2

) 1
q

[∫b
a

|F∆
n

(t)|q∆t

] 2
q

.

Corollary 4.10. When T = R in Theorem 4.9, hn−1(t, s) =
(t−s)n−1

(n−1)! , so that

An =

(∫b
a

{∫t
a

|hn−1(t, s)|
p ds

}
dt

) 1
p

=

(∫b
a

{∫t
a

(
(t− s)n−1

(n− 1)!

)p
ds

}
dt

) 1
p

=
1

(n− 1)!

(∫b
a

[
(t− a)(n−1)p+1

(n− 1)p+ 1

]
dt

) 1
p

=
1

(n− 1)!

(
(b− a)(n−1)+ 2

p

([(n− 1)p+ 1][(n− 1)p+ 2])
1
p

)
,

then the inequality (4.5) becomes

∫b
a

|F(t)F(n)(t)|dt 6
1

(n− 1)!

(
(b− a)(n−1)+ 2

p

([(n− 1)p+ 1][(n− 1)p+ 2])
1
p

)(
1
2

) 1
q

[∫b
a

|F(n)(t)|qdt

] 2
q

. (4.8)
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Corollary 4.11. When p = q = 2, a = 0 in (4.8), we get∫b
0

∣∣∣F(t)F(n)(t)∣∣∣dt 6 bn

2n!

(
n

2n− 1

) 1
2
[∫b

0
|F(n)(t)|2dt

]
,

which is the inequality in Theorem 3.3.1 of [3].

Corollary 4.12. When T = Z in Theorem 4.9, hn−1(t, s) =
(
t− s
n− 1

)
, then

b−1∑
t=a

|F(t)∆nF(t)| 6

[
b−1∑
t=a

(
t−1∑
s=a

∣∣∣∣( t− sn− 1

)∣∣∣∣p
)] 1

p (
1
2

) 1
q

[
b−1∑
t=a

|∆nF(t)|q

] 2
q

.

Corollary 4.13. When T = qZ in Theorem 4.9, hn−1(t, s) =
∏n−2
v=0

t−qvs∑v
µ=0 q

µ , then

logq b−1∑
t=logq a

qt|F(qt)F∆
n

(qt)|

6 (q− 1)
2
q−1

(q− 1)
logq b−1∑
t=logq a

qtBn(q
t)


1
p (

1
2

) 1
q

logq b−1∑
t=logq a

qt|F∆
n

(qt)|q


2
q

,

(4.9)

where

Bn(t) =

(q− 1)
logq t−1∑
s=logq a

qs

∣∣∣∣∣
n−2∏
v=0

t− qvqs∑v
µ=0 q

µ

∣∣∣∣∣
p
 .

Theorem 4.14. Let T be a time scale with a, b ∈ T, for j = 1, 2, Fj(t) ∈ Cn−1
rd ([a,b]T, R), such that F∆

i

j (a) = 0,

0 6 i 6 n− 1 (n > 1). Further, let F∆
n−1

j (t) be rd-continuous, and
∫b
a |F

∆n

j (t)|q∆t 6 ∞. Then the following
inequality holds:∫b

a

[
|F1(t)F

∆n

2 (t)|+ |F∆
n

1 (t)F2(t)|
]
∆t 6

2
q−1
q An

q

∫b
a

[
|F∆

n

1 (t)|q + |F∆
n

2 (t)|q
]
∆t, (4.10)

where An is defined by (4.5).

Proof. Following the proof of Theorem 4.9 it is straight forward to obtain

∫b
a

|F1(t)F
∆n

2 (t)|∆t 6 An

[∫b
a

|F∆
n

2 (t)|q
(∫t
a

|F∆
n

1 (s)|q∆s

)
∆t

] 1
q

,

and ∫b
a

|F∆
n

1 (t)F2(t)|∆t 6 An

[∫b
a

|F∆
n

1 (t)|q
(∫t
a

|F∆
n

2 (s)|q∆s

)
∆t

] 1
q

.

Thus in view of the elementary inequalities α
1
pβ

1
q 6 α

p + β
q , α, β > 0, 0 6 1

p 6 1, α
1
q +β

1
q 6 2

q−1
q (α+β)

1
q ,

we have∫b
a

[
|F1(t)F

∆n

2 (t)|+ |F∆
n

1 (t)F2(t)|
]
∆t
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6 An

[∫b
a

|F∆
n

2 (t)|q
(∫t
a

|F∆
n

1 (s)|q∆s

)
∆t

] 1
q

+

[∫b
a

|F∆
n

1 (t)|q
(∫t
a

|F∆
n

2 (s)|q∆s

)
∆t

] 1
q


6 2

q−1
q An

[[∫b
a

|F∆
n

2 (t)|q
(∫t
a

|F∆
n

1 (s)|q∆s

)
∆t

]
+

[∫b
a

|F∆
n

1 (t)|q
(∫t
a

|F∆
n

2 (s)|q∆s

)
∆t

]] 1
q

6 2
q−1
q An

[[∫b
a

|F∆
n

2 (t)|q
(∫t
a

|F∆
n

1 (s)|q∆s

)
∆t

]
+

[∫b
a

|F∆
n

1 (t)|q

(∫σ(t)
a

|F∆
n

2 (s)|q∆s

)
∆t

]] 1
q

6 2
q−1
q An

[∫b
a

[(∫t
a

|F∆
n

1 (s)|q∆s

)(∫t
a

|F∆
n

2 (s)|q∆s

)]∆
∆t

] 1
q

6 2
q−1
q An

[(∫b
a

|F∆
n

1 (t)|q∆t

)(∫b
a

|F∆
n

2 (t)|q∆t

)] 1
q

6
2
q−1
q An

q

∫b
a

[
|F∆

n

1 (t)|q + |F∆
n

2 (t)|q
]
∆t.

Corollary 4.15. If T = R in Theorem 4.14, hn−1(t, s) =
(t−s)n−1

(n−1)! as Corollary 4.10, then the inequality (4.10)
becomes ∫b

a

[
|F1(t)F

(n)
2 (t)|+ |F

(n)
1 (t)F2(t)|

]
dt

6
2
q−1
q

q(n− 1)!

(
(b− a)(n−1)+ 2

p

([(n− 1)p+ 1][(n− 1)p+ 2])
1
p

) ∫b
a

[
|F
(n)
1 (t)|q + |F

(n)
2 (t)|q

]
dt.

(4.11)

Corollary 4.16. When p = q = 2 in (4.11), we get∫b
a

[∣∣∣F1(t)F
(n)
2 (t)

∣∣∣+ ∣∣∣F(n)1 (t)F2(t)
∣∣∣]dt 6 (b− a)n

2n!

(
n

2n− 1

) 1
2
∫b
a

(
|F
(n)
1 (t)|2 + |F

(n)
2 (t)|2

)
dt,

which is the inequality in Lemma 4.9 of [26].

Corollary 4.17. When p = q = 2, a = 0 in (4.11), we get∫b
0

[∣∣∣F1(t)F
(n)
2 (t)

∣∣∣+ ∣∣∣F(n)1 (t)F2(t)
∣∣∣]dt 6 bn

2n!

(
n

2n− 1

) 1
2
∫b

0

(
|F
(n)
1 (t)|2 + |F

(n)
2 (t)|2

)
dt,

which is the inequality in Theorem 3.8.1 of [3].

Corollary 4.18. If T = Z in Theorem 4.14, hn−1(t, s) =
(
t− s
n− 1

)
, then

b−1∑
t=a

|F1(t)∆
nF2(t)|+ |(∆nF1(t))F2(t)| 6

2
q−1
q

q

[
b−1∑
t=a

(
t−1∑
s=a

∣∣∣∣( t− sn− 1

)∣∣∣∣p
)] 1

p b−1∑
t=a

[|∆nF1(t)|
q + |∆nF2(t)|

q] .

Corollary 4.19. If T = qZ in Theorem 4.14, hn−1(t, s) =
∏n−2
v=0

t−qvs∑v
µ=0 q

µ , then

logq b−1∑
t=logq a

qt
(
|F1(q

t)F∆
n

2 (qt)|+ |(F∆
n

1 (qt))F2(q
t)|
)
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6
2
q−1
q

q

(q− 1)
logq b−1∑
t=logq a

qtBn(q
t)


1
p logqb−1∑
t=logqa

qt
(
|F∆

n

1 (qt)|q + |F∆
n

2 (qt)|q
)

,

where Bn(t) is defined by (4.9).

5. Conclusion

In this paper we have proved some new generalizations of dynamic Opial type inequalities on time
scales. These inequalities have certain conditions that have not been studied before. Besides that, in
order to obtain some new inequalities as special cases, we also extended our inequalities to discrete and
continuous calculus.
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[23] Z. Opial, Sur une inégalité, Ann. Polon. Math., 8 (1960), 29–32. 1
[24] R. N. Pederson, On an inequality of Opial, Beesack and Levinson, Proc. Amer. Math. Soc., 16 (1965), 174. 1
[25] G.-S. Yang, On a certain result of Z. Opial, Proc. Japan Acad., 42 (1966), 78–83. 1
[26] D. Zhao, T. An, G. Ye, W. Liu, Some generalizations of Opial type inequalities for interval-valued functions, Fuzzy Sets

and Systems, 436 (2022), 128–151. 1, 1, 3.2, 3.6, 3.15, 3.15, 4.2, 4.6, 4.16

https://doi.org/10.1142/1988
https://doi.org/10.1142/1988
https://doi.org/10.1007/978-3-319-11002-8
https://doi.org/10.1007/978-94-015-8426-5
https://doi.org/10.1007/978-94-015-8426-5
https://doi.org/10.1007/s11082-023-04962-y
https://doi.org/10.1007/s11082-023-04962-y
https://doi.org/10.2307/1993793
https://doi.org/10.1016/j.indag.2017.10.006
https://doi.org/10.1016/j.indag.2017.10.006
https://doi.org/10.4064/ap77-1-2
https://doi.org/10.1007/s11425-015-4974-8
https://doi.org/10.1007/978-0-8176-8230-9
https://books.google.com/books?hl=en&lr=&id=MA-Ec-N46NgC&oi=fnd&pg=PR5&dq=Dynamic+equations+on+time+scales:+An+introduction+with+applications&ots=9T3anam-Un&sig=eT4VRzVnT1UV0Fo8vnertnxkmYQ
https://books.google.com/books?hl=en&lr=&id=MA-Ec-N46NgC&oi=fnd&pg=PR5&dq=Dynamic+equations+on+time+scales:+An+introduction+with+applications&ots=9T3anam-Un&sig=eT4VRzVnT1UV0Fo8vnertnxkmYQ
https://doi.org/10.1007/978-1-4612-0201-1
https://doi.org/10.1186/s13662-020-02883-8
https://doi.org/10.1186/s13662-020-02883-8
https://doi.org/10.1186/s13662-019-2193-2
https://doi.org/10.1186/s13662-019-2193-2
https://doi.org/10.1186/s13662-020-02857-w
https://doi.org/10.1186/s13662-020-02857-w
https://scholar.google.com/scholar?q=On+an+inequality+of+%7BO%7Dpial+Hua&hl=en&as_sdt=0%2C5&as_ylo=1965&as_yhi=1965
https://doi.org/10.1007/978-1-4613-0071-7
https://doi.org/10.4064/ap-20-2-183-190
https://doi.org/10.2307/2034748
https://doi.org/10.1016/0022-247X(92)90238-9
https://doi.org/10.1016/0022-247X(92)90238-9
https://doi.org/10.2307/2034023
https://scholar.google.com/scholar_lookup?&title=Sur%20l%E2%80%99%20inegalite%20d%E2%80%99Opial%E2%80%93Beesack&journal=C.%20R.%20Acad.%20Sci.&volume=264&pages=A62-A64&publication_year=1967&author=Maroni%2CP.
https://doi.org/10.4064/ap-8-1-61-63
https://doi.org/10.4064/ap-8-1-29-32
https://doi.org/10.2307/2034024
http://projecteuclid.org/euclid.pja/1195522120
https://doi.org/10.1016/j.fss.2021.03.017
https://doi.org/10.1016/j.fss.2021.03.017

	Introduction
	Preliminaries and lemmas
	Opial type inequalities concerning first order derivatives
	Opial type inequalities concerning higher order derivatives
	Conclusion

