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Abstract

In this study, we use qq- and qP-integrals to prove Hermite-Hadamard and Ostrowski type inequalities for strongly
convex functions. The relationship between the results and comparable results in the related literature is also discussed in this
study. Furthermore, this study also presents how the newly established inequalities can be utilized in special means, including
arithmetic mean and logarithmic ones.
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1. Introduction

Recently, many researchers have been actively involved with quantum calculus (q-calculus) with no
limits since it was introduced by Euler (1707-1783), who created Newton’s infinite series. In 1910, Jackson
[40, 41] extended the principle of Euler by providing the definition of the g-derivative and g-integral of a
continuous function on the interval (0, co0) mainly focusing on obtaining the g-analogues of mathematical
objects which was recaptured by taking q — 1. Recently, the g-calculus has had many applications in
various mathematical and physical landscapes, including theories of numbers, combinatorics, orthogonal
polynomials, fundamental hypergeometric functions, theories of quantum, etc. Many researchers have
paid more attention to consider it an in-corporative conjunction between mathematics and physics. For
ones who are interested in the new development of quantum calculus, please refer to [2, 3, 14, 17, 30, 34—
39, 48, 59, 67] and Kac and Cheung [43] for newly applications of the g-calculus and inequalities in the
g-calculus theories.

In 2013, Tariboon and Ntouyas [71, 72] proposed the g-calculus of a continuous function on finite
intervals and tested some of its qualifications, which are called qq-calculus. There are significant in-
tegral inequalities such as Hermite-Hadamard type inequalities, Simpson type inequalities, Ostrowski
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type inequalities, Fejér type inequalities, Newton type inequalities, Hanh integral inequalities, Hermite-
Hadamard-like inequalities, see [8, 15, 22, 24, 29, 33, 42, 44, 50, 61, 62, 73-76] for more details and refer-
ences therein.

In 2020, Bermudo et al. [19] newly presented the g-calculus of a continuous function on finite intervals
known as qP-calculus. Many integral inequalities have been investigated using quantum integrals of
functions of various types. For example, in [5, 6, 11, 12, 19, 20, 22, 42, 52, 63, 64, 66], the authors employed
quantum calculus to attest inequalities of Hermite-Hadamard type integral together with their left-right
estimates for convex and coordinated convex functions. In [51], Noor et al. proposed a generalized type of
inequalities of quantum Hermite-Hadamard integral. In the generalized quasi-convex functions, Nwaeze
et al. tested the definite parameterized inequalities of the quantum integral in [53]. Khan et al. tested
the inequalities of quantum Hermite-Hadamard integral by using the green function [1]. Asawasamrit
et al. [16] also tested the inequalities of Hermite-Hadamard and Ostrowski type for s-convex functions
in the second sense using g-calculus. Many researchers continuously developed quantum calculus, such
as inequalities of quantum Simpson’s and quantum Newton’s types for convex and coordinated convex
functions, as shown in [4, 7, 24, 28, 73].

Many mathematicians have paid great attention to many studies of various types of integral inequal-
ities focused on mathematics in terms of pure and applied ones. As the mathematical discoveries of
Ostrowski [54], it was developed based on the classic integral inequality as presented below.

Theorem 1.1 ([54]). Let f: I C R — R be the interval, be a differentiable mapping in 1° (the interior of the interval
1), where ' € Lle, Bl and «, B € Twith o < . If [f’| < w, then the following inequality holds:

(o —x)*+(B—¢)?)
2(f—«)

< [

B
(@) — — wamw (L1)

B-als

This inequality is generally recognized as the inequality of the Ostrowski. Some examples that can
be generalized, improved, and extended, the inequality of (1.1) are shown in [10, 55] and the references
therein.

The inequality of Ostrowski has generally been investigated in many mathematics fields, including
numerical analysis and probability. Numerous researchers paid more attention to the extensions and
generalizations of the inequality of Ostrowski for the bounded variation, convex, coordinated convex
functions, monotonic, Lipschitzian, etc. Moreover, the results related to the inequality of Ostrowski were
presented as in [9, 18, 23, 27, 31, 32, 45, 46, 56-58, 68].

For a convex function f on [, 3], inequality of the Hermite-Hadamard inequality. This inequality was
published by Hermite in 1883 and independently, by Hadamard in 1893, as presented below:

x+B 1 B flx) +f(B)
((550) < gt | rtonae < T (12

This inequality estimates the mean value of a convex function f, and it is important to note that it also
refines the Jensen inequality. The interested reader is referred to [25, 26, 65, 77, 78] and references therein
for more information and other extensions of Hermite-Hadamard inequality.

Polyak introduced the strongly convex functions in [60], which is important in theories of mathemat-
ical programming and application of mathematical models since their qualifications and utilizations can
be seen in many studies as in [13, 47, 49, 69].

Definition 1.2 ([60]). Let f: I C R — R be called strongly convex function with modulus v > 0, if
f(te + (1 —t)w) < tf@) + (1 —t)f(w) — vt(1 —t) (@ — w)?

forall o, welandte[0,1].
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The following is the structure of this paper. A brief overview of the concepts of g-calculus, as well
as some related works, is given in Section 2. In Section 3, we show the relationship between the results
presented here and comparable results in the literature by proving the inequalities of quantum Hermite-
Hadamard for strongly convex functions. The inequalities of quantum Ostrowski type for strongly convex
functions are presented in Section 4. Some applications to special means are given in Section 5. Section 6
concludes with some recommendations for future studies.

2. Preliminaries

This section presents the employed basic concepts of the g-calculus. Let 0 < q < 1 be a constant
thoroughly. Set the notation:

1—q¢
1—q

—1

(g = =1+q+q*+---+q°1, CeN,

which means the g-number of ¢, see [43] for more details.

Definition 2.1. If f : [a,b] — R is a continuous function. The q4-derivative of f at ¢ € [a,b] is, conse-
quently, defined by the following expression

fl@) —f(qe+(1—q)a)
(1—q)(¢—a)

Dafle) = , e#a (2.1)
If ¢ = a, we define
aDqgf(a) = lim Dqf(e),

p—a

whether it exists and is finite, see [43, 71] for more details. If we take a = 0 in (2.1), then we have
0D4f(@) = Dqf(@), which can be decreased to

flo) —f(qo)

Pafl®) =14

, @ #0,

which means the g-Jackson derivative, see [40, 41] for more details.
Example 2.2. Define function f : [a,b] — R by f(t) = 5t2 + k, where §, k are the constants and t € [a, b].
Using Definition 2.1, then we obtain
2
(812 4 k) — (6(qt+ (1—q)a) + K) _ §(t2 — a?) +8q(t —a)?
(1—qg)(t—a) (t—a)

aDq(8t2 +k) = =5(t+a)+dq(t—a).

Definition 2.3. If f : [a, b] — R is a continuous function, then, the q®-derivative of f at @ € [a, b] is defined
by
_ flqe+(1—q)b) —f(e)

b
Dafl0) =~y @ 22)

If @ = b, we define

b . b
Dyf(b) = lim °Dgyf(e),
q (b) (pl—>b q (@)

whether it exists and is finite, see [19] for more details.

Example 2.4. Define function f : [a,b] — R by f(t) = 5t2 + k, where 8, k are the constants and t € [a, b].
Using Definition 2.3, then we obtain

(é(qt—l—(l—q)b)z—I—K)—(5t2+|<) §5(b2 —12) — 5q(b — )2
"Dy (8t + k) = At o) = =1 =5(b+1t)—5q(b—t).
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Definition 2.5. If f : [a,b] — R is a continuous function, then, the qq-integral on ¢ € [a, b] is defined by

| faaqt = 1= a0 —a) X aiamo+1-qMa). 23)

a n=0

Note that, if a = 0, then (2.3) reduces to

® @ 0
| f(t)odqtzjo f(dgt=(1—qlp 3 q"H(q"e),
n=0

0

which means the qq-integral, see [43, 71] for more details.

Example 2.6. Define function f : [a,b] — R by f(t) = £t2, where £ is a constant and \ € [a, b]. Using
Definition 2.5, then we obtain

o0

P Vv
| fadat = | ettaqt = - @) —a )3 a1l

(1|)—a)2 2a(p—a)
E(lpa)<1+q+q2+ 1+q +a)
(W—a?  2a(p—a) +a2>.

:EN’_“)< B, T [,

Definition 2.7. If f : [a,b] — R is a continuous function, the qb—integral on ¢ € [a,b] is, consequently,
defined by

b [
| v =a-qio—0) 3 a"f(ae+ (1-q"b). 2.4)

® n=0

Note that, if @ =0, then (2.4) reduces to
b o0
L F(H)dgt = (1—q)b > q"f((1—q™)b),
n=0

which means the qb-integral, see [19] for more details.

Example 2.8. Set a function f : [a,b] = R by f(t) = £t2, where & is a constant and 1\ € [a, b]. Using
Definition 2.7, then we obtain

b b
b — 2b _ b n 1_ b
Lf(t) dqt L) 2 Pdgt = V) Zq Y+ (1—q™)b)
oy (B0 2b(b—%)
&b 11’)<1+q+c|2 1+4 +b)

_1h)2 _
a(bw)((b w)©, 2b(b ‘“+b2).

Blq 2]q
In 2020, Bermudo et al. [19] developed the quantum Hermite-Hadamard type inequality as follows.
Theorem 2.9. If f: [a,b] — R is the convex function, where ¢ € [a, b], then the following inequality holds:

a+b 1 1
<
f( 2 >\2(b—a)

2

b b
j f(cp)adqwj f(@)°dqe| < = (f(a) + f(b). 2.5)

a a
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In 2021, Budak et al. [21] studied the Ostrowski type inequalities by using the concepts of q-calculus
as follows.

Theorem 2.10. Let a function f : [a,b] C R — R, such as quf and oD 4f be two continuous and integrable
functions on [a, b]. If IqufI, laDgfl < w, where @, € [a,b], then the following inequality holds:

qu <(<P—a)2+(b—<p)2>
b—a) P '

(2.6)

b
f«pm—1<J@fhmadqw—+J ﬂdﬁbdq¢>

b—all, ©

ST

3. The Hermite-Hadamard type inequalities

In this section, we employed the concepts of g-calculus to prove the Hermite-Hadamard type inequal-
ities for strongly convex functions.

Theorem 3.1. Let f : [a,b] C RT — R be strongly convex function on [a, b] with respect to v > 0, then the
following inequality holds:

a+b 1 b b b vib—a)? (q®—2g*>+2q—1
< a - 1
() < s (L foladgo+ [ 1o ) [ (Rt gy
2(h _ q)2
< fla)+f(b)  vg*(b—a) . (32)
2 21434

Proof. Since f is strongly convex function on R™ for all ¢, w € R",v > 0and t € [0, 1], then we obtain

flte + (1—tw) < tfe) + (1—t)f(w) — vt(1—t) (¢ — w)?, (3.3)
and
)2

2f<‘pJ2rw> <f((p)+f(w)—w. (3.4)

By putting ¢ =tb+ (1 —t)aand w =ta+ (1 —1t)b in (3.4), we get

v (4t? —4t+1) (b—a)?
5 .

2f<“’;‘”) < f(tb+ (1—t)a) + f(ta+ (1—t)b) — (3.5)

From Definitions 2.5 and 2.7, we get

+b 1 b b b—a)? (q®—2q*°+2q—1
f<“ )s;ﬂb (j f(oladqo + | ﬂ@)%m@>——”(4‘” (q q+29 >, (3.6)

2 - (1) a a [z]q [3]q

and the inequality of (3.1) holds. For the inequality of (3.2), we employed the strongly convexity and we
obtain

f(tb 4 (1 —t)a) < tf(b) + (1 —t)f(a) — vt(1 —t)(b—a)?, (3.7)
and

f(ta+ (1 —1t)b) < tf(a) + (1 —t)f(b) — vt(1 —t)(b—a)?. (3.8)
To add (3.7) and (3.8), from Definitions 2.5 and 2.7, then we have

b b s )
! (J f((p)adq(P‘f'J () bdqq))_v(b a) <q 2q°+2q 1)

2(b* Cl) a a 4 [z]qB]q
. fla) +f(b) vq?(b — a)?
h 2 2148l

This completes the proof. O
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Remark 3.2. If we take the limit as ¢ — 1~ in Theorem 3.1, then we obtain

a+b < 1

fl——) < b—a)

(3.9)

b _q)2 —q)2
J’ f((p)d(p+v(b12a) <f(a)—;—f(b)_\/(b6 a) ‘

Remark 3.3. In Remark 3.2, if we take v — 0T, then the inequality (3.9) becomes the inequality (1.2).

4. The Ostrowski’s type inequalities

In this section, we investigate Ostrowski’s type inequalities for strongly convex functions by using the
concepts of g-calculus. We employ the following lemma to investigate the new results.

Lemma 4.1 ([21]). Let f : R — R be function. If Iquﬂ and | D 4 f| are two continuous and integrable functions
on [a, b, then, for all @ € [a,b], the following inequality holds:

1
b—a

o2l
_ q((g_;‘)L taDgf(te + (1 —t)a)dqt

[} b
(o) — J f(t)adqt—{—J f(t)dqt

a @

q(b—¢)? !
T L t°Dyf(te + (1—t)b)dqt.

Theorem 4.2. Let  : [a,b] C RT — R be a differentiable function. If |qD qf| and |°D qf| are strongly convex
functions on [a, b] with respect to v > 0, then, for all ¢ € [a,b], the following inequality holds:

[} b
N (T |
a [

_dle—a) <|aqu(<p)| ¢?laDqf(a)| _v(cp—a)2> 1)
(b - (1) [3] q [2] q [3] q [3} q [4] q
n q(b—¢)? <|quf(<P)| q*I°Dgf(b)l  v(b— (p)z>
(b—a) Blq 214B3l4 Blq[4l4

Proof. According to Lemma 4.1 and the property of modulus, then we obtain

[0} b 2l
o) — (J f(tadqt+ | f(t)bdqt> < 0= [ pyritg + (1 - Vadyt
b—all. © b—a Jg
)4 4.2)
b—
+MJ tI°Dgf(te + (1—1t)b)|dqt.
b—a 0
Since |oD4f| and Iqufl are strongly convex functions on [a, b], consequently
1 1
|| tlaDaflto + (1 - ta)ldgt < | (FlaDafle)l+ {1~ tlaDqf(@) ~¥(* = €)(p — @) dgt
0 0 5 ) (4.3)
_ 1aDqf(@)l | q%laDqfla)l  v(@—a)
Blq 2]4[3]4 (3q(4lq
and
1 1
J £[PDgflte + (1—1)b)| dgt gJ (2P D¢ ()] + t(1 — )P D f(b)| — V(2 — )(b — )?) dgt
0 0
(4.4)

_ *Daf(e)l | @*[°Dqf(b)l _ v(b—o)?

Blq 21434 [Blq4lq
Substituting (4.3) and (4.4) in (4.2), then we obtain the inequality (4.1) as required. O]
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Remark 4.3. If we take v — 07 in Theorem 4.2, then we obtain the following inequality:

® b
f((p)—bia (J f(t)adqt—i-J f(t)bdqt>‘
a )

q 5 5
< o am. ), (0~ 9 (alaDaf(@) + laDyf(a)

+((b—a)? (21I°Dgf(@)+ a*[°Dgf(b)])),

which is proposed by Budak et al. in [21].

Corollary 4.4. If we suppose |oD qf| and |°D f| < p in Theorem 4.2, then we have following inequality:

[} b
f((p)—bia (J f(t)adqt+J f(t)bdqt>
a @

. q(@—a)2< i V(w—a)2>+q(b—@)2< i V(b—@)2>.

(b—a) \[2q [Blqldlq (b—a) \12Iq [Blqllq

(4.5)

Remark 4.5. If we take v — 07 in Corollary 4.4, then we have the inequality (2.6).
Remark 4.6. If we take the limit as g — 1 in Corollary 4.4, it is reduced to [70, Theorem 2.2].

Theorem 4.7. Let f : [a,b] C RT — R be a differentiable function. If |D4f|" and |quf|T,r > 0 are strongly
convex functions on [a, b] with respect to v > 0, then, for all ¢ € [a,b], the following inequality holds:

o)~ — (J@f(t) dgt Jb f(t)’d t>

- a +

A —— T e q
@ (AN 2<MD¢mmf &MDﬁumﬁ_w@_ay>1

<b—a<[2]q> ((@ @ Bla | 2Bl 3144l (4.6)

)

Proof. By Lemma 4.1, [(D4f|" and Iquf I”,r > 0 are strongly convex functions on [a, b] and using proper-
ties of the modulus and power mean inequality, then we have

® b
f((p)—bia (J f(t)adqt—i-J f(t)bdqt>‘
a @
1 o 2
(J tlaDgf(te + (1 —t)a )|dqt> +q(57(p) (J tI°Dgf(te + (1 —t)b)ldq )
0 —a
1 T
(Jt ) (J uaqu(w(l_t)a)rdqg
0
1 1
(J tdq ) (J t|quf(tcp+(1—t)b)|qut>
0 0
1 -1
(L tdq ) (J (tZIaqu(cp)IT+(t—tz)laqu(a)lr—V(tz—t3)(<p—a)2)dqt>

-

PDgf(@)l" | q*[°Dqf(b)" V(b—@)2>
_ o[ Pa q B
e q”( By | DaBlq  Blgd,

[y
-

1
=

Sl
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o2/ -1 /4
+7q(b ®) (J tdqt) (L(tZIaqu(cp)ITHttz)laqu(b)Irv(t2t3)(b@)Z)dqt>

b—a 0

_qle—ap <[1 >11 <|aqu(<p)|f+q2|aqu(a)|f_v(cp—a)2>1
q

b—a 2] [3]q [Z}q[a]q [3]q[4]q
+q(b—<p)2<1 11<|quf(<p)|r qZ|quf(b)|*_v(b—w)1
b—a [2]q [3]q [z]q [3]q [3]q [4]q

b—a

2]4

Blq 2]4[3]4 [Blq14]4

2
+® ‘p)< 3, 2,08, Blad,

*Dyf(@) a2 Dyf(o) v(bch)l) |

This completes the proof.

q ( 1 >1‘1 (((pa)z<cmqf(cr))r+qzabqf(awv(<pa)2>1

Remark 4.8. If we take v — 07 in Theorem 4.7, then the following inequality holds:

b

@
f((p)—bia (J f(t)adqt+J f(t)bdqt>
a @

q o [2Jq|aqu(<p)|r+q2aqu(aw‘f
S o—a) @ “)( 21481,

. [2Jq|quf(<p)|f+qZ|b1:Jqf(b)|f>1
T(b—a) < 240l ’

which is proposed by Budak et al. in [21].

Corollary 4.9. If |4 Dofl, "D fl < p in Theorem 4.7, then the following inequality holds:

b

(o) — bia (F) f(t)adqt—i-J f(t)bdqt>‘
a P

EPEY AT a0 _v(b—<p)2>1
ool <[3Jq+[2]q[3]q Bladl, ) |

Remark 4.10. If we take the limit as ¢ — 1~ in Corollary 4.9, then we obtain

((p—a)2< r_v((p—a)z)r+(b—(p)2

<
2(b—a)

b
o) — biaJ f(t)dt

which appeared in [70, Theorem 2.8].

Remark 4.11. If we take v — 07 in inequality (4.7), then we obtain inequality (1.1).

a)2>1

a (AN 2<LLr ’u vie—
gb—a([21q> ((“’ VN\@, T @Le, B,

1

T
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Theorem 4.12. Let f : [a,b] C RT — R be a differentiable function. If |qD qf|" and [PDf|", v > 0 are strongly
convex functions on [a, b] with respect to v > 0, then the following inequality holds

1 @ b
flo) — — L f(t)adqt—kJ'(p f(t)°dqt
1y aDqf(0) | dlaDgf(@)l” Ve —a)?\"
g : 2 (laDaf(@)l" | dlaDqgfla)l” gq7v(e —a)™\"
< — + -
b—a ([S—I—l]q) (((p “ < 2l 2l4 2140314 > (4.8)
b T b T 2 _ 2 1
. (b_@)2(| Dyf(@) | aPDyf(b)l _ gv(b—¢) )
2]q 2]4 2]4[3]q

forall @ € [a,b],s, 1> Oand%—k% =1.

Proof. From Lemma 4.1, using properties of the modulus, Holder’s inequality, and the fact that [(Df|"
and [°D4f|" are strongly convex functions, then we obtain

b
flo) — bia (J@ f(t)adqt—FJ f(t)bdqt>‘

®
1 2 /1
(J t1aDqf(te + (1 - t)a)ld t) “(E‘p) (J thqu(t(p—i—(l—t)b)dqt)
0 —a 0
) 1
(J td ) (J laDflte + (1—1) qu)
0
1 - ¥
([ vase) ([ woatto - tmrag)
0 0
) L !
(Jot dqt> (L (t|aqu((P)|T+(lt)|aqu(a)|TV(ttz)((Pa)z)dqt)
1 S/
L ab—ef (J tqut> (J (t|aqu(cp)|r+(1—t)aqu(b)r—v(t—t2)(b—<p)2)dqt>
b—a 0 0

alo—a2 [ 1 \* [laDqf(@)" o laDgf(@l" V(g —a)? c(@_a)2>1
cale=c <[s+1]q>< 12 Dy - _

q(b—@)?
+ b—a

< q(e —a)?

b—a

==

G 2, Bl

q(b—cp)2< 1 >1<|quf(<p)|f b . PDfb)" v(b—@)? c(b_(p)2>1
"o Bt 2, T Pafol = 2, | Bl

q 1\ [ 5 (laDgf(@)" o||aqu(a)|f_qzv(<p—a)2>1
<b—a<[s+1]q> ((@ a)< 2y | 2, 214314

PDf(@)  qlPDf(b)" cﬁv(b—w)1

2 q q _

(b “”( 2, 12 214 08l, '

Therefore, the proof is completed.

Remark 4.13. If we take v — 0" in inequality (4.8), then the following inequality holds:

b
flo)—+ i - (J@ f(t)adqt—f—J f(t)bdqt>

(0]
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» =

q 1 N[, 5 (laDgf(e)" +qlaDgf(a)"\ "
gb_a<[s+uq> (“" ‘”( 2, )
(b o) <|quf(<p)|f+q|quf(b)f)* /

2lq

which is proposed by Budak et al. in [21].

Corollary 4.14. If we set |¢Dqfl,[°Dqf| < win Theorem 4.12, then the following inequality holds:

0] b
f((p)—bia (J f(t)adqt+J f(t)bdqt>| (4.9)

a @

q 1N o|2v(<p—a)2>1 - 2<T qzv(b_(p)z>1
gb—a<[s+ﬂq> {(“’ a) <“+ 2,8, ) T\, '

Remark 4.15. If we take v — 0" in Corollary 4.14, then the following inequality holds:

b
flo)—¢ i . (J(p f(t)adqt+J f(t)bdqt>

[0)

qu 1 : 2 2
<o (o) (w—arro—op),

which is proposed by Budak et al. in [21].

Theorem 4.16. Let f : [a,b] C R* — R be a differentiable function. If | D f|" and Iquflr, r > 0 are strongly
convex functions on [a, b] with respect to v > 0, then, for all ¢ € [a, b], the following inequality holds:

b
o) — bia <J(p f(t)adqt—i—J f(t)bdqt>

(0]

<q(<p—a)2< % )1‘*<q3|aqu(x)|f+(q2+q5)|aqu(a)|T (q3+q7)v(<p—a)2>1
21403,

b—a ql3 (31444 (21431444 [3]4[4]4[5]4
n q(@ —a)? < 1 )1_1 (Iaqu(m)lr n ¢*laDgf(a)" q‘*V(qJ—at)z)1 (4.10)
b—a [3]q [4}q [3]q[4]q [4]q[5]q
L alb—e) ( q° >111" (q3|quf(<p)|f L @+ @°)Def(b) (c|3+q7)v(b<p)2>1
b—a \[2l4[3l4 31444 21431444 31441454
L alb—e)? ( 1 )1_1 (Iquf(@)T L @IPDaf(d)"  g'v(b— <p)2>1
b—a \[34 [4]4 (31444 [4]4(5]4

Proof. By Lemma 4.1, using properties of the modulus and power mean inequality and the fact that
laDgfl" and Iquf |” are strongly convex functions, then we obtain

@) b
0 ([ vaats [ vraq)

0]

2 1 b—¢)? !
< q((ps) (L tlaDgf(te + (1—t)a)|dqt> + q(b:) (L t°Dyf(te + (1—t)b)|dqt>

1 1_% 1 o
S q(:__aa)z (J t(l—t)dqt> (J t(l—t)|aqu(t(p+(1—t)a)|rdqt)

0
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_q)2 rl 17% 1
+q($_§) (uotqut) (L tZIQqu(er(lt)a)qut)
ab—e)? (' e . i
+? t(1—1t)dqt J t(1—1)[°Dgf(te + (1 —t)b)["dqt
a Jo 0

1—1
E— 2 "1 T l
+q(b‘9)< tqut> (J t2|quf(t(p+(1—t)a)|qut>
0

1

T

T

?

b—a Jo
qle —a)® < q’ >1_1 <q3laqu(<P)|r n (4 +q°)laDqf(a)l" n ((J(?”r0|7)\/(<0—C1)2>l
b—a \[2]4Blq 314144 2]4[3]q4]q (31q[4]4[5]q
+«@—w2<1>1lcﬁmﬂmr+¢mmmmr_&w@—wﬁi
b—a [3]q [4:]q [3]q[4=]q [‘Hq[S]q
n q(b—¢)? < q’ )1_1 <q3lquf(<P)r n (4* +9°)[°*Dgf(b)[" (G|3+0{7)V(b—<9)2>1
b—a \[24q00 B4, 2143144l 3144145
L alb—e) ( 1 )1_1 (Iquf(@)l* L @IPDaf(b)" q4V(b—<p)2)T'
b—a [3]q [4]q [3]q[4]q [4]q[5}q
This completes the proof. O

Corollary 4.17. If we suppose |¢ D ofl, |PDqf| < p in Theorem 4.16, then the following inequality holds:

==

2Bl Blgdlqblg
3

qw—@ﬁ('1>11<u ch—wﬁ>1
T\l Bly @Bl )

( ¢ (&+qﬁﬂb—@v>1

Remark 4.18. If we take v — 0" in Corollary 4.17, then the following inequality holds:

© b 2 Y
(@) — bia (J f(t)adqt+J f(t)bdqt> qu (((P a)”+(b—¢) >, 4.11)
a @

<
(b - Cl) [2] q
which appeared in inequality (2.6).
Remark 4.19. If we take q — 1~ in inequality (4.11), then we obtain the inequality (1.1).

Theorem 4.20. Let f : [a,b] C RT — R be a differentiable function. If |qD of|" and [PD4f|", v > 0 are strongly
convex functions on [a, b] with respect to v > 0, then the following inequality holds:

b
o) — L <J(pf(t)adqt—|—J f(t)bdqt>

a @
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<q(<p—a)2< 11 )1(qzlaqu(<p)|f+(q+c|3)|aqu(a)|f+(q2+q3)v(<p—a)2>1
STb-a \s+lg Is+2q 21400 214004 214314 Ml

+q(<p—a)2< 1 )1<|aqu(<p)|f+q2|aqu(a)|f_ ¢*vie - ))1
b—a [S+2]q [3](2] [Z]q[:ﬂq [3]q[ ]

+q(b—<p)2< 1 )1<q2|quf(<p)|f+(q+q3)|bD o f(0)f +(qz+q3)v(b—<p)2>1
b—a [S+1] [S‘i‘z] [z]qB]q ]q[ ] [Z]q[3}q[4]q

+q(b—<p)2< 1 )i(|quf(<p)|f+ququ(b)F_qBv(b—cp)Z)f
b—a [5 + z]q [3]q [z]q [3]q [B}q [4]q

forall € [a,bland 1 +1 =1

Proof. By Lemma 4.1, using properties of the modulus, Holder’s inequality, and the fact that [ D 4f|" and
IqufIT are strongly convex functions, then we obtain

b
(o) — - i - <J(p f(t)adqt—l—J f(t)bdqt>
a 0]

_ )2 1 PRY) 1
S q(f_s) <J tlaDgf(te +(1—t)a)id t) q(:_(‘f) <L t|quf(t<p+(1—t)b)|dqt>

1

—q)2 1 % 1 1
S q(;,p_f) (Jo(lt)tsd t) (J t(1—t)loD f(t<p+(1t)a)|*dqt>
r1 ts+1dq ) ( t|aD f t(p—|— 1—t) )|rdqt>

+w< (1— ttsdq> < 1—t|bD f(te + (1—1t)b )|qut>

1
=

1=

_ o) G
L ab—o) tS“d t) ( tIPDgf(te + (1 —t)a)l*dq )
b—a J
_ q(cp—a)2< 1 ) ( ¢?laDgf(o))" +(q+q3)|aqu(a)|f+(q2+q3)v(cp—a)2>*
S b-a [s +1]q [S+2] (2]4[3]4 2]4[3]4 (2]4[3]4[4]q
+c|(<pa)2< 1 )1<|aqu(<p)|f+q2|aqu(a)|  qPvie-— ))1
b—a [S+2]q [3]q [2]q[3Jq [3]q[]
+q(b—<p)2< 11 )1 <q2|quf(<o)lr+(q+q3)lbD qf(d)I" +(q2+q3)\/(b—<p)2>1
b—a [s+1lq [s+2lq 2]4[3]4 (2]4[3]4 (2]4[3]4[4] 4
+q(b—<p)2< 1 >1 <|quf(<p)|f+q2quf(b)| ¢*v(b— o) >1
b—a [S+2]q [3]q [Z]q[3]q [3}q[] .
This completes the proof. O

Corollary 4.21. If we assume |¢D of|, "D qf| < p in Theorem 4.20, then the following inequality holds:

b
() — bia (J(p f(t)adqt+J f(t)bdqt>
a )
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q 1_1%qur(qq)( a)2>1_2_2
<b—a<[s+11q [s+2]q> <[21q+ 21404 4, (lp—a)*+(b—0))

q 1 s HT_qBV((p—(lV)l e .
+b—a([8+2]q> <[2]q 314 4] ((p—a)* +(b—9)).

Corollary 4.22. If we take v — 0" in Corollary 4.21, then the following inequality holds:

) b
f(cp)—biag f(t)adqt+J f(t)bdqt>|
a ®
<9 ( L1 >1<qw>l((@_a)2+(b_@2)
Tb—al\[s+1q [s+2q4 24
q 1 : u' ; 2 2
vt (o) (&) (e—aro-ep)

_qu((<p—<1)2+(b—cp)z)<1>1 ( 11 )1+( 1 )1
N (b—a) 24 [s+1q [s+2]q [s+2]q '

5. Applications to special means

In this section, we present the applications of special means to illustrate the results in Theorems 4.2,
4.7, and 4.12, and Corollaries 4.4 and 4.14. To set the arbitrary positive numbers 9, 92(9; # d2), we
consider the means as follows:

1. The arithmetic mean: A = A(81,9;) = w.
8P+1_3}>+1

2. The logarithmic mean: L5 = LE(91,9,) = m.

Proposition 5.1. For 0 < a < band 0 < q < 1, the following inequality holds:

1 sl qb—a)( 1 s, a+b a+b
S—F— | =z | Lsla——+{1—-q)q,

e e ) — Aol < T (130% R+ (- g1 2 0)

2
2(~S s )2
a+b—|—(1—q)b,a;—b)) g (a®*+b%) (b—a) )/

G.1)
+13(q

214[3lq 2(3]q4lq

where

o . b . s+1 00 N n(l+b N s+1
91=(1-q)) ¢ ( "2 (1-gq )a) and D2 =(1-q) ) q (q 5 t—g )b> :
n=0 n=0

Proof. Substituting ¢ = %b for f(¢@) = Sg—“, where ¢ > 0and s € (0,1) in the inequality (4.1) of Theorem
4.2, we obtain inequality (5.1) as required. O

Proposition 5.2. For 0 < a < band 0 < q < 1, the following inequality holds:

1
s+1

TN q(b—a)<u_V(b—a)2)
4511, b) - 4l0y 8] < 92 i) 52)

Proof. The inequality (4.5) in Corollary 4.4 with ¢ = %b for f(@) = f'gﬁ, where @ > 0 and s € (0,1)
reduces to the inequality (5.2) as required. O
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Proposition 5.3. For 0 < a < band 0 < q < 1, the following inequality holds:

1

AT b - .A(sl,ﬁz)]‘

_qlb—a) <1>1—1 L3(a%5° + (1 —q)a, 43°) | %o’ v(b—a)?)’

Sa [ 3l RqBlq 40314l (53)

P T 4Bl 4Bl4E,

1
+<|LS( QoD 1 (1—q)b, S2)"  qbs|" v(ba)2>*}

Proof. By substituting ¢ = %b for f(@) = ¢ +1 , Where ¢ >0 and s € (0,1) in inequality (4.6) of Theorem
4.7, we obtain the inequality (5.3) as required. O

Proposition 5.4. For 0 < a < band 0 < q < 1, the following inequality holds:

1
s+1[

A5 (a,b) A(al,sz)]‘

1

<q(b—a)< 1 >1 5(9%5° +(1-q)a, 45°)" | qla’"  g*v(b—a)?*)’

(a5 + (- q)b, S0 gl gPv(b—a)?) |
2], 2], 412141314

Proof. By substituting ¢ = %b for f(@) = ;LH, where ¢ > 0 and s € (0,1) in the inequality (4.8) of
Theorem 4.12, we obtain the inequality (5.4) as required. O

Proposition 5.5. For 0 < a < band 0 < q < 1, the following inequality holds:

1 1
1 q(b—a) ( 1 >S < q>v(b—a)*\"

AsTHa,b) —AD1,9)]| < R 5.5

Proof. By substituting ¢ = %b for f(g) = {’ﬁ, where ¢ > 0 and s € (0,1) in the inequality (4.9) of

Corollary 4.14, we obtain the inequality (5.5) as required. O

6. Conclusions

In this paper, we applied the concepts of the newly defined oDg,® D q-derivatives and qq, q°-integrals
to investigate some new quantum Hermite-Hadamard and Ostrowski type inequalities for strongly con-
vex functions. It was found that the obtained results have the potential for generalizing the existing
comparable results in the literature. This paper is expected to stimulate researchers in the field of coordi-
nated strongly convex functions for further study.
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