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Abstract
In this article, the mathematical model of steady state problems based on horizontal radial flow in homogenous confined

aquifers has been presented. Then we design efficient neural network (ANN) to solve the equation in polar coordinates. A
reliable unconstrained optimization method has been used as training algorithm to get high accuracy results. The results
illustrated by contour maps. The new effective Levenberg-Marquardt method (NLM) has been implemented to solve the problem.
A comparison between the training, testing and validation results has been presented. The weight of the ANN will be chosen
such that satisfied local minimizer. Furthermore, the quadratic convergence of NLM has been proved. The results reveal that the
suggested design is effective, time saver, and applicable for solving steady state problems.
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1. Introduction

Differential equations are essential to many fields of science and engineering. Differential equations
are incredibly useful tools for comprehending and resolving challenging issues, from simulating the
development of diseases to forecasting the behavior of electrical circuits. Population dynamics: modeling
population dynamics is one of the most well-known uses of differential equations [3, 14, 16, 26, 29, 32,
46, 48]. In economics, differential equations are also utilized to model a variety of economic events.
For instance, a system of differential equations called the supply and demand equations can be used to
simulate the behavior of a market. In biology, differential equations are also frequently employed to model
a variety of biological phenomena. For instance, the logistic equation system of differential equations can
be used to simulate population expansion. For more information in physics, engineering, optimization,
epidemiology see [17, 21–23, 28, 47], and ecology see [2, 9, 27, 33, 45].
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Partial differential equation-based mathematical models can be used to describe a wide variety of
physical issues. The partial differential equations (PDEs) govern a wide field of physical, chemical, and
biological events. A mathematical model is a condensed, mathematically stated depiction of physical real-
ity [31]. Nonlinear PDEs are also crucial for study in a wide field of domains, including hydrodynamics,
engineering, quantum field theory, optics, plasma physics, etc. [38]. Non-linear steady state problems
SSPs have an important role in representing different applied science such physical or chemical phenom-
ena arising in engineering [42, 49]. Therefore, researchers focus their attention on capturing the behaviors
of these problems. Since having an exact solution for such problems is not easy, researchers have tried
to developing analytic and numerical methods [4, 30, 43] to investigate the behaviors of these problems.
Herein, artificial neural networks techniques have been proposed for the following problem. During the
last several decades, there has been a lot of interest research of various machine intelligence approaches,
particularly artificial neural networks (ANNs) is used to solve differential equations [13, 42, 50]. Because
ANNs are known to have universal approximation capabilities [19], parallel processing technique, when
compared to other traditional numerical approaches. So, many authors used ANN for solving ODEs,
PDEs, integral equations and integro equations [35]. The authors proposed various design of ANNs de-
pending on architectural of network: number of layers, number of nodes in each layers, partial or fully
connected between layers and/or between nodes in layers, way of feeding the data forward or backward,
or depending on training supervise or unsupervised learning [11]. Lee and kang [15] proposed Hopfield
neural network for solving differential equations that is unsupervised learning. Lagaris et al. [24] sug-
gested type of neural networks a multi-layer perceptron and used optimization approach to solve each
of ODEs and PDEs. Also they solved some types of PDEs specially two and three dimensional space
with uneven boundaries using multilayer architecture of ANN [25]. Aarts and Van der veer proposed
evolutionary ANN for solving IVP; for more details see [40, 44]. Shirvany et al. in [34] suggested a mul-
tilayer perceptron as type of ANN. Depending on the nature of the problem a variety of transfer function
have been used, such as ridge basis function, radial basis function (RBF) and others. In [18] the authors
used RBF for solving the non-linear Schrodinger problem. Hoda and Nagla [41] used a multilayer ANN
technique to address mixed BVPs. Mai-Duy and Tran-Cong in [39] introduced ANN with a radial basis
function of type multi quadric for solving ODEs and elliptic PDEs. Jianye et al. in [5] employed ANN
with RBF to solve elliptical PDEs. Parisi et al. in [36] used a different strategy to tackle a steady-state heat
transport problem.

This article is organized as follows. In Section 2, definition and preliminaries of the ANNs have been
introduced. Mathematical model of steady state problem based on confined aquifers is introduced in
Section 3. Design efficient ANN for solving SSPDE and illustrated through example and implementation
with discussions of the results are presented in Section 4. Global, local minimizer, strong local minimizer,
and convergence of the results are presented in Section 5. Finally, the conclusions are presents in Section
6.

2. Artificial neural networks

Artificial neural networks (ANNs) is a structure of parallel processing for distributing information in
the form of connected layers consisting of a set of nodes called neurons (also called processing elements)
is the basic processor in ANNs, along with directed line segments between them called links (also are
called connections) [10]. All nodes can take any number of arrival connections and can have any number
of coming-out connections, but the signs must be the same [37]. In effect, all nodes have a one coming-out
connection that can branch out to form multiple output connections, each of which carries the same sign.
Each node possesses a transfer (activation) function which can use input signs, and which produces the
node’s output sign. Generally, ANNs have been generalizations of mathematical models of the human
brain, based on the processing of information that occurs at many connection nodes; signs are passed
between nodes over connection links which have an associated weight; each node applies a transfer
function to its weighted input net to determine its sign of output.
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The treatment of given data held by income these data as weighted input vector x, as form WT
j x to

enter in hidden layers. In suggested design every hidden neurons has the same activation function σ,
but that bias bj. So the output of jth hidden neuron in hidden layer is σ(WT

j x+ bj) and again weighted
by-product with νj then entered to output layer as the form:

g(x) =

k∑
j=1

νjσ(W
T
j x+ bj),

where g(x) represents the output of the NN. Note that, sigma must be choosing sigmoidal transfer
functions, so herein we choose suitable effective sigmoidal σ defined as [1]:

σ(ni) =
eni − 1
eni + 1

.

Therefore, the equation of input-output ANN process is: Ŷ = φ(xTWT + bT )νT , where W ∈ Rn×r is
adjustable input weights; ν ∈ R1×n is adjustable output weights and b ∈ Rn×1 is biased.

The architecture of interconnections ANN can be classified as different types of ANNs sometimes
depending on feeding the data such as feed forward neural network (FFNN): organized of nodes are in
the form of layers and arrival input from the previous layer then feed their output to the next layer, in
a strictly the data goes from the input node to the output node as feed-forward way, i.e., forward loops.
Feedback neural network (FBNN): All possible connections are allowed between layers and neurons. The
data transfer in the network as back loops [6]. Herein we choose FFNN.

3. Steady state confined aquifers

A flow is considered to be steady when the conditions at any point in the fluid do not change with
time, i.e., ∂h/∂t = 0 and also the properties do not change with time.

In this section we discussed flow in a completely confined aquifer where no recharge occurs. Most con-
fined aquifers, however, are not totally isolated from sources of vertical recharge. For example, aquitards
(confining layers) above or below the aquifer may leak water into the confined aquifer under favorable hy-
draulic gradient conditions. So, the general three-dimensional groundwater flow equation to calculating
hydraulic head for confined flow with vertical leakage in radial coordinates is:

∂/∂x(Tx∂h/∂x) + ∂/∂y(Ty∂h/∂y) + ∂/∂z(Tz∂h/∂z) +Q+ l(h1 − h) = S∂h/∂t,

where, l is leakage factor (L2/T) and h1 initial hydraulic head. There are several special cases for the
above equation depending on status of wells, region, and soil. In the confined aquifer with source, we
didn’t have leakage flow, therefore, l = 0 and the equation becomes:

∂/∂x(Tx∂h/∂x) + ∂/∂y(Ty∂h/∂y) + ∂/∂z(Tz∂h/∂z) +Q(x,y, z, t) = S∂h/∂t

When a fully penetrating well pumps a confined aquifer the influence of the pumping extends radially
outwards from the well with time, and the pumped water is withdrawn entirely from the storage within
the aquifer. In theory, because the pumped water must come from a reduction of storage within the
aquifer, only unsteady-state flow can exist. In practice, however, the flow to the well is considered to be
in a steady state if the change in drawdown has become negligibly small with time. In this article, the
equation of flow will be study and solve with the assumptions and conditions underlying such as:

• the aquifer is confined;

• the aquifer has a seemingly infinite areal extent;



A. A. Thirthar, L. N. M. Tawfiq, K. Shah, T. Abdeljawad, J. Math. Computer Sci., 36 (2025), 84–98 87

• the aquifer is homogeneous, anisotropic, and of uniform thickness over the area influenced by the
test;

• prior to pumping, the piezometric surface is horizontal (or nearly so) over the area that will be
influenced by the test;

• the aquifer is pumped at a constant discharge rate;

• the well penetrates the entire thickness of the aquifer and thus receives water by horizontal flow.

The standard equation that governs steady state confined aquifer is [7, 20]:

Tx
∂2h

∂x2 + Ty
∂2h

∂y2 + Tz
∂2h

∂z2 = S
∂h

∂t
, (3.1)

where S is storage coefficient, Ti is transitivity in the i-direction L2

T , (i may be x,y, or z). Since the flow is
horizontal in aquifers, assumption (3.1) becomes:

Tx
∂2h

∂x2 + Ty
∂2h

∂y2 = S
∂h

∂t
. (3.2)

For polar coordinate suppose that:

r =
√
x2 + y2, r

′
=

√
Tyx2 + Txy2

T
, T =

√
TxTy. (3.3)

Then

∂r
′

∂x
=
Tyx

Tr
′ ,

∂r
′

∂y
=
Txy

Tr
′ ,

∂2r
′

∂x2 =
TTyr

′2
− T 2

yx
2

T 2r
′3 ,

∂2r
′

∂y2 =
TTxr

′2
− T 2

xy
2

T 2r
′3 .

To get

Tx
∂2h

∂x2 = Tx

 ∂h
∂r
′
∂2r

′

∂x2 +
∂2h

∂2r
′2

(
∂r
′

∂x

)2
 = Tx

[
∂h

∂r
′

TTyr
′2
− T 2

yx
2

T 2r
′3 +

∂2h

∂r
′2

(
Tyx

Tr
′

)2
]

.

So,

Tx
∂2

∂x2 =
T

r
′
∂h

∂r
′ −

Tyx
2

r
′3
∂h

∂r
′ +

Tyx
2

r
′2
∂2h

∂r
′2 , Ty

∂2

∂y2 =
T

r
′
∂h

∂r
′ −

Txy
2

r
′3
∂h

∂r
′ +

Txy
2

r
′2
∂2h

∂r
′2 .

Here

Tx
∂2

∂x2 + Ty
∂2

∂y2 =
T

r
′
∂h

∂r
′ −

Tyx
2

r
′3
∂h

∂r
′ +

Tyx
2

r
′2
∂2h

∂r
′2 +

T

r
′
∂h

∂r
′ −

Txy
2

r
′3
∂h

∂r
′ +

Txy
2

r
′2
∂2h

∂r
′2 ,

i.e.,

Tx
∂2

∂x2 + Ty
∂2

∂y2 = T

[
1
r
′
∂h

∂r
′ +

∂2h

∂r
′2

]
. (3.4)

Now, substituting (3.4) in (3.2): [
1
r
′
∂h

∂r
′ +

∂2h

∂r
′2

]
=
S

T

∂h

∂t
. (3.5)
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Then (3.5) governs the radial flow with homogeneous confined aquifer. Now by the polar coordinates
x = r cos(θ) and y = r sin(θ), where θ is the angle between the positive x-axis and the vector, then (3.3)
can be written in polar coordinates as

r
′
= r

√
Ty cos2(θ) + Tx sin2(θ)

T
.

Let Tθ =

√
Ty cos2(θ)+Tx sin2(θ)

T , then

r
′
= rTθ, (3.6)

in the steady state case, ∂h/∂t = 0. So, Eq. (3.5) becomes 1
r
′
∂h
∂r
′ +

∂2h

∂r
′2 = 0. This can be rewritten as

1
r
′
∂
∂r
′

(
r
′ ∂h
∂r
′

)
= 0. Integrate both sides of this equation to get:

r
′ ∂h

∂r
′ = C1.

From Darcy’s law:

Q

2πTr
=
∂h

∂r
,

where Tr is the transmissivities in the direction r and defined in [12] as

Tr =
TyTx

Ty cos2(θ) + Tx sin2(θ)
.

From Eq. (3.6) ∂r
′

∂r = Tθ and r = r
′

Tθ
, so

Q

2πTr
= r

′ ∂h

∂r
′ = C1

and

∂h =
Q

2πTr
∂r
′

r
′ . (3.7)

Integrating both sides of Eq. (3.7) gives

h =
Q

2πTr
ln r

′
+C2 (3.8)

Consequently, from Eqs. (3.6) and (3.8), one can get

h =
Q

2πTr
ln(rTθ) +C2, r > 0. (3.9)

If rv is the radius of the well and its hydraulic head at a distance from the center of the well and in all
directions is equal to hv, then hv = Q/(2πTrv) ln(rvTθv) + C2 and so on h − hv = Q/(2πTr)[ln(rTθ) −
ln(rvTθ)] = Q/(2πTr) ln(r/rv) that is the result

h = hv +
Q

2πTr
ln (

r

rv
r).
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Depending on boundary conditions, we can get another estimate to the constant C2 from, which specifies
h0 = h at R = r, where R is the largest radius of effect, then

h0 =
Q

2πTr
ln

R
√
Ty cos2(θ0) + Tx sin2(θ0)

T

+C2.

After choosing the same direction, the above equation takes the following form

C2 = h0 −
Q

2πTr
ln

R
√
Ty cos2(θ0) + Tx sin2(θ0)

T

.

Then Eq. (3.9) becomes

h0 − h =
Q

2πTr

ln

R
√
Ty cos2(θ0) + Tx sin2(θ0)

T

− ln

r
√
Ty cos2(θ0) + Tx sin2(θ0)

T


=

Q

2πTr

[
ln
(
R

r

)]
,

where h0–h, is the drawdown sr.

4. Design efficient ANN

The authors suggest suitable design consist three fully interconnection layers, input layer consist three
neurons, but hidden layer consist seven neurons of type (tanhsig.) ridge transfer function but the output
layer consist two neurons of type (linsig.) transfer function (see 1). The suggested ANN is trained
by the back propagation rule based on unconstrained optimization herein we chose the Levenberg-
Marquardt (LM) training algorithm which has the following update rule of the weights wk+1 = wk −
(JT J+ µI)−1JkE(wk), where I is the identity matrix; µ is coefficient always chosen positive; J is the Ja-
cobean matrix, which consists 1st derivatives of the ANN errors (energy functions or objective functions)
with respect to the weights and biases.

Figure 1: Suggested design of ANN.

Let the system of the pumping test and pumping rate Q = 10000(πm3)/s,hv = 10m, rv = 1m, the
distance 1000m on all direction and the transmissivity studying in three case as follows

a) Tx = 5πm2/6s, Ty = πm2/2s;
b) Tx = πm2/2s, Ty = 5πm2/6s;
c) Tx = 5πm2/6s, Ty = 5πm2/6s.
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(a) The hydraulic head with Tx = 150, Ty = 90.

(b) The hydraulic head with Tx = 90, Ty = 150.

(c) The hydraulic head with Tx = 150, Ty = 150.

Figure 2: The effect of transmissivity on the hydraulic head by ANN.

Figure 3: Contour maps.
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Figure 4: Comparison between training, testing and validation results for ANN.

Figure 5: Performance of suggested design.

By training suggested ANN, we get the results in Fig. 2 and observe the effect of transmissivity on the
hydraulic head by the effect on the cone. In Fig. 2a, since Tx > Ty, main axes of the ellipses are parallel
to the x-axis, while in Fig. 2b, Tx < Ty. So, the main axes of the ellipses are parallel to the y-axis, but
in Fig. 2c the conics are circles, because of Tx = Ty, the effect of the anisotropic aquifer on the flow by
the contour maps as in Fig. 3. Fig. 4 illustrates a comparison between the results of training, testing and
validation for suggested design. Fig. 5 illustrates the performance of suggested design.

5. Global minimizer

A weight of the network w∗ is said to be a global minimizer if f(w∗) 6 f(w),∀w, where w ∈ Rn. Note,
the essential assumption is that the global minimizer can be difficult to prove, because our knowledge of
f is only local, so we will show a local minimizer at the least.

5.1. Local minimizer

A weight of the network w∗ is said to be a local minimizer if the following condition is satisfied: there
exist a neighborhood N, f(w∗) 6 f(w), ∀w ∈ N, such that

∥∥∥w−w∗
∥∥∥ < ε,∀ε > 0.

5.2. Strong local minimizer

A weight of the network w∗ is called strong local minimizer if there is a neighborhood N of w∗ and
f(w∗) < f(w), ∀w ∈ N with w 6= w∗, such that 0 <

∥∥∥w−w∗
∥∥∥ < ε. Note that, for the neural network

choose the weights w∗ such that satisfies strong local minimizer condition.
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5.3. Local convergence of the NLM method
The convergence of NLM is present in this section; firstly we suppose the following hypothesis.

Hypothesis 1:

(a)
∥∥∥ E(w)

∥∥∥ is smooth (continuously differentiable), and the Jacobian of weights J(w) is satisfies Lipschitz
condition about some neighborhood of w∗ ∈ W∗, i.e., there exist +ve constants L1 and b1 < 1 such
that ∥∥∥J(w1) − J(w2)

∥∥∥ 6 L1

∥∥∥w1 −w2

∥∥∥, ∀w1,w2 ∈ N(w∗,b1) = w|
∥∥∥w∗ −w∥∥∥ 6 b1.

(b) A local error bound
∥∥∥ E(w)

∥∥∥ on N(w∗,b1), i.e., there is a constant c1 > 0 such that∥∥∥E(w)∥∥∥ > c1dist(w,w∗), ∀w ∈ N(w∗,b1). (5.1)

Note that, by Hypothesis 1 (a), we get:∥∥∥E(w1) − E(w2) − J(w2)(w1 −w2)
∥∥∥ 6 L1

∥∥∥w1 −w2

∥∥∥2
,∀w1,w2 ∈ N(w∗,b1)

and, there is a constant L2 > 0 such that:∥∥∥E(w1) − E(w2)
∥∥∥ 6 L2

∥∥∥w1 −w2

∥∥∥, ∀w1,w2 ∈ N(w∗,b1).

For simplification, we use Ek = E(wk) and Jk = J(wk).

Hypothesis 2: we choose µk =
∥∥∥Ek∥∥∥δ∀k, where δ ∈ [1, 2].

In [13], Yamashita and Fukushima proved the convergence is quadratic of the LM method when

choosing µk =
∥∥∥Ek∥∥∥2

, based on the properties of an unconstrained optimization. Herein, first we prove the

NLM method has super linear convergence if we choose µk =
∥∥∥Ek∥∥∥δ, then, depending on the properties

of singular value decomposition (SVD) of the Jacobian matrix, we get the quadratic convergence. In the
next, we denote w̄k the vector in W∗ that satisfies∥∥∥wk − w̄k∥∥∥ = dist(wk,W∗).

Theorem 5.1. Under the conditions of Hypothesis 1 and 2, if the initial weightw0 is chosen close toW∗ sufficiently,
then wk+1 = wk + ρk converges to the solution w̄ super linearly.

Proof. Suppose r = min{ b1
2(1+11c2)

, 1

2c
2
δ
3

}, first we show that if w0 ∈ N(w∗, r), then wk ∈ N(w∗, b1
2 ), ∀k. By

using induction and since [wk+1 = wk + ρk] , we have∥∥∥w1 −w
∗
∥∥∥ =

∥∥∥w0 + ρ0 −w
∗
∥∥∥ 6

∥∥∥ρ0

∥∥∥+ ∥∥∥w0 −w
∗
∥∥∥.

The search direction ρk can be chosen such that∥∥∥ρk∥∥∥ = c2dist(wk,W∗), (5.2)

where a constant c2 > 0. From (5.2) we have∥∥∥w1 −w
∗
∥∥∥ 6

∥∥∥w0 −w
∗
∥∥∥+ c2

∥∥∥w0 − w̄0

∥∥∥.
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Since
[
w0 ∈ N(w∗, r)→

∥∥∥w0 −w
∗
∥∥∥ 6 r

]
, then we get∥∥∥w1 −w

∗
∥∥∥ 6 (c2 + 1)r 6

b1

2
,

which means w1 ∈ N(w∗, (b1)/2). Suppose wi ∈ N(w∗,b1, 2), ∀i = 2, . . . ,k, Then we have∥∥∥wi − w̄i∥∥∥ 6 c3

∥∥∥wi−1 − w̄i−1

∥∥∥ 2+δ
2

...

6 c
( 2+δ

2 )i−1
3

∥∥∥w0 −w
∗
∥∥∥( 2+δ

2 )i

6 c
2
δ((

2+δ
2 )i−1)

3

∥∥∥w0 −w
∗
∥∥∥( 2+δ

2 )i

6 r

(
1
2

)( 2+δ
2 )i−1

= 2r
(

1
2

)( 2+δ
2 )i

6 2r
(

1
2

)( 3
2 )
i

, since δ ∈ [1, 2].

Hence, from the definition of r we have∥∥∥wk+1 −w
∗
∥∥∥ =

∥∥∥wk+1 −wk +wk −w
∗
∥∥∥

6
∥∥∥wk+1 −wk

∥∥∥+ ∥∥∥wk −w∗∥∥∥
=
∥∥∥ρk∥∥∥+ ∥∥∥wk −wk−1 +wk−1 −w

∗
∥∥∥

6
∥∥∥ρk∥∥∥+ ∥∥∥wk −wk−1

∥∥∥+ ∥∥∥wk−1 −w
∗
∥∥∥

=
∥∥∥ρk∥∥∥+ ∥∥∥ρk−1

∥∥∥+ ∥∥∥wk−1 −wk−2 +wk−2 −w
∗
∥∥∥

6
∥∥∥ρk∥∥∥+ ∥∥∥ρk−1

∥∥∥+ ∥∥∥wk−1 −wk−2

∥∥∥+ ∥∥∥wk−2 −w
∗
∥∥∥

=
∥∥∥ρk∥∥∥+ ∥∥∥ρk−1

∥∥∥+ ∥∥∥ρk−2

∥∥∥+ ∥∥∥wk−2 −w
∗
∥∥∥

6
∥∥∥ρk∥∥∥+ ∥∥∥ρk−1

∥∥∥+ ∥∥∥ρk−2

∥∥∥+ · · ·+ ∥∥∥ρk−(k−1)

∥∥∥+ ∥∥∥wk−(k−1) −w
∗
∥∥∥

6
∥∥∥ρk∥∥∥+ ∥∥∥ρk−1

∥∥∥+ ∥∥∥ρk−2

∥∥∥+ · · ·+ ∥∥∥ρ1

∥∥∥+ ∥∥∥w1 −w
∗
∥∥∥.

Hence, ∥∥∥wk+1 −w
∗
∥∥∥ 6

∥∥∥w1 −w
∗
∥∥∥+ k∑

i=1

∥∥∥ρi∥∥∥
6 (1 + c2)r+ c2

k∑
i=1

∥∥∥wi − w̄i∥∥∥
6 (1 + c2)r+ 2rc2

k∑
i=1

(
1
2
)(

3
2 )
i

6 (1 + c2)r+ 2rc2

(
4 +

k∑
i=1

(
1
2
)(

3
2 )
i

)

6 (1 + 9c2)r+ 2rc2

∞∑
i=1

(
1
2
)i 6 (1 + 11c2)r 6

b1

2
,

so, wk+1 ∈ N(w∗, b1
2 . Therefore, if w0 is chosen close to W∗ sufficiently, then all wk are in.
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Theorem 5.2. Under the conditions of Hypothesis 1 and 2, if the sequence wk is generated by the NLM method
with w0 close to w∗ sufficiently, then wk converges to the solution quadratically.

Proof. By the SVD of Jk, the step at the current iterates is

ρk = −(JTkJk + µkI)
−1JTkEk,

when Jk = UkΣkV
T
k , then we have

ρk = −
[
(UkΣkV

T
k )
T (UkΣkV

T
k ) + µkI

]−1
(UkΣkV

T
k )Ek

= −
[
VkΣ

T
k UTkUk ΣkV

T
k + µkI

]−1
(VkΣ

T
kU

T
k)Ek, {U orthogonal, i.e., U−1

k = UTk}

= −(VkΣ
2
kV
T
k + µkI)

−1(VkΣkU
T
k)Ek, {since ΣTk = Σk is diagonal matrix}

= −
[
VkΣ

2
kV
T
k + µkI(VkV

T
k )
]−1

(VkΣkU(k)
T )Ek, {V orthogonal, i.e., V−1

k = VTk }

= −Vk
(
Σ2
k + µkI

)−1 (
VTkVk

)
ΣkU

T
kEk.

Hence

ρk = −Vk(Σ
2
k + µkI)

−1ΣkU
T
kEk.

Now when Jk = U1Σ1V
T
1 +U2Σ2V

T
2 , so, we have

ρk = −V1(Σ
2
1 + µkI)

−1Σ1U
T
1 Ek − V2(Σ

2
2 + µkI)

−1Σ2U
T
2 Ek.

Now we need to show ∥∥∥(wk+1 −w
∗)
∥∥∥ = o

(∥∥∥wk −w∗∥∥∥2
)

.

According to the Taylor expansion, E(wk) can be written as

E(wk+1) = E(wk) + E
′
(wk)(wk+1 −wk) + o(w

2
k) = Ek + Jkρk,

since wk+1 = wk + ρk. Now we have

Ek + Jkρk = Ek + (U1Σ1V
T
1 +U2Σ2V

T
2 ) −

[
V1(Σ

2
1 + µkI)

−1Σ1U
T
1 Ek − Vk(Σ

2
2 + µkI)

−1Σ2U
T
2 E2

]
= Ek −

[
U1Σ1(V

T
1 V1)(Σ

2
1 + µkI)

−1Σ1U
T
1 Ek

]
−
[
U1Σ1(V

T
1 V2)(Σ

2
2 + µkI)

−1Σ2U
T
2 Ek

]
−
[
U2Σ2(V

T
2 V1)(Σ

2
1 + µkI)

−1Σ1U
T
1 Ek

]
−
[
U2Σ2(V

T
2 V2)(Σ

2
2 + µkI)

−1Σ2U
T
2 Ek

]
= Ek −U1Σ1(Σ

2
1 + µkI)

−1Σ1U
T
1 Ek −U2Σ2(Σ

2
2 + µkI)

−1Σ2U
T
2 Ek.

Since V is orthogonal, i.e., V−1
k = VTk and VTkVi = 0,∀k 6= i, so, by the SVD we get

Ek + Jkρk = µkU1(Σ
2
1 + µkI)

−1UT1 Ek + µkU2(Σ
2
2 + µkI)

−1UT2 Ek +U3U
T
3 Ek.

Since wk converges to w∗ super-linearly, without loss of generality, we suppose that

L1

∥∥∥wk −w∗∥∥∥ < σ∗r
2

, ∀k sufficiently large. (5.3)

Then we get∥∥∥(Σ2
1 + µkI)

−1
∥∥∥ 6

∥∥∥Σ−2
1

∥∥∥,
∥∥∥Σ− Σ∗1

∥∥∥ 6 L1

∥∥∥wk −w∗∥∥∥,∥∥∥Σ1

∥∥∥+ ∥∥∥Σ∗1∥∥∥ 6 L1

∥∥∥wk −w∗∥∥∥,
∥∥∥Σ1

∥∥∥ 6 L1

∥∥∥wk −w∗∥∥∥− ∥∥∥Σ∗1∥∥∥,
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∥∥∥Σ1

∥∥∥2
6 (
∥∥∥Σ∗1∥∥∥− LΣ1

∥∥∥wk −w∗∥∥∥)2.

Therefore ∥∥∥Σ1

∥∥∥−2
6

1

(σ∗r − L1

∥∥∥wk −w∗∥∥∥)2
. (5.4)

From (5.3) we obtain ∥∥∥Σ1

∥∥∥−2
<

1(
σ∗r −

σ∗r
2

)2 =
4
σ∗

2
r

.

And

Σ2
2 + µkI > µk (Σ2

2 + µkI)
−1 6 µ−1

k .

Then ∥∥∥(Σ2
2 + µkI)

−1
∥∥∥ 6 µk−1 . (5.5)

By above two inequalities (5.4) and (5.5), we have∥∥∥Ek + Jkρk∥∥∥ 6 µkU1
4
σ∗

2
r

UT1 Ek + µkU2µ
−1
k U

T
2 Ek +U3U

T
3 Ek 6

(
4
σ∗

2
r

L1+δ
2 + 2L1

)∥∥∥wk −w∗∥∥∥2
, δ ∈ [1, 2].

This result with help that Uk is orthogonal, i.e., U−1
k = UTk . Let c4 = 4

σ∗2r
L1+δ

2 + 2L1, then we get∥∥∥Ek + Jkρk∥∥∥ 6 c4

∥∥∥wk −w∗∥∥∥2
. (5.6)

From (5.1) we get

c1dist(wk+1,W∗) 6
∥∥∥E(wk+1)

∥∥∥ =
∥∥∥E(wk + ρk)∥∥∥.

From Taylor series we have

c1dist(wk+1,W∗) 6
∥∥∥Ek + Jkρk∥∥∥+ L1

∥∥∥ρk∥∥∥2
.

From (5.6) we get

c1dist(wk+1,W∗) 6 c4

∥∥∥wk −w∗∥∥∥2
+ c2

2L1

∥∥∥wk −w∗∥∥∥2
6 (c4 + c

2
2L1)

∥∥∥wk −w∗∥∥∥2
.

That is
∥∥∥ρk+1

∥∥∥ = o(
∥∥∥ρk∥∥∥2

), which implies that {wk} converges quadratically to w∗, namely,
∥∥∥(wk+1 −

w∗)
∥∥∥ = o(

∥∥∥wk −w∗∥∥∥2
).

Remark 5.3. From the above theorem, if the parameter of Levenberg-Marquardt is chosen as µk =
∥∥∥Ek∥∥∥δ

with δ ∈ [1, 2], then under the condition of local error bound we have

µk+1

µ2
k

=

∥∥∥Ek+1

∥∥∥δ∥∥∥Ek∥∥∥2δ 6 o


∥∥∥wk+1 − w̄k+1

∥∥∥δ∥∥∥wk − w̄k∥∥∥2δ

 = o


∥∥∥ρk+1

∥∥∥δ∥∥∥ρk∥∥∥2δ

 = o


∥∥∥ρk∥∥∥2δ

∥∥∥ρk∥∥∥2δ

 = o(1).

Hence, µk+1 6 µ2
k, which implies the parameter {µk} and {

∥∥∥Ek∥∥∥} converges quadratically to zero as the
sequence {wk} converges quadratically to the solution of the nonlinear equations.
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6. Conclusions

In this article, the effective parallel processing technique based on ANN and the novel effective training
algorithm based on modified NLM have been implemented to solve nonlinear SSPDE involving initial
value problems. The nonlinear problems are reduced to nonlinear algebraic system of equations solved
with Mathematica @12. The novel approximate solutions were obtained and proved accurate and reliable,
even within a few polynomial orders. Moreover, the Mse for the proposed ANN were calculated. The
results show that the proposed design has higher accuracy and less error. It is also observed that the
Mse results of the proposed ANN decrease vastly compared to the ADM. Therefore, the proposed novel
MLMTA have better accuracy than the usual LM. The main conclusion from the results is that the ANN-
based one hidden layer with 5 nodes has slightly better accuracy than the other methods for solving
the WLE. Moreover, the ANN based on the one hidden layer is more accurate than the ANN with two
hidden layer in solving the SSPDE. In addition, the ANN based on the modified BFGS training algorithm
is slightly more accurate than the usual LM in solving the SSPDE. Furthermore, the suggested design
has sampling time is 0.5 seconds with/without noise and disturbances. The average computation time
for the parallel and serial implementations are approximately 31.5259 and 4.4117 seconds, respectively at
each identification. Note that none of the serial and parallel implementation meets the sampling time of
0.5 seconds for the suggested design. Thus, the parallel implementation of the combined identification
and control strategies on real-time embedded multiprocessor systems, such as field programmable gate
arrays, is recommended. So that the proposed algorithm can be used much with the sampling time.

In future the authors can be design other types of ANNs or use other architectural for ANNs. Also
can be used other training algorithms to solve SSPDEs or any problems in the polar coordinates.
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[25] A. Meyveci, İ. Karacan, H. Durmus, U. Çaligülü, Artificial neural network (ANN) approach to hardness prediction of
aged aluminium 2024 and 6063 alloys, Mater. Test., 54 (2012), 36–40. 1

[26] H. A. Mohamad, B. A. J. Sharba, Existence of Nonoscillatory Solutions of First Order Non-Linear Neutral Differential
Equations, J. Phys. Conf. Ser., 1234 (2019), 1–8. 1

[27] B. Mondal, A. A. Thirthar, N. Sk, M. A. Alqudah, T. Abdeljawad, Complex dynamics in a two species system with
Crowley-Martin response function: role of cooperation, additional food and seasonal perturbations, Math. Comput. Simu-
lation, 221 (2024), 415–434. 1

[28] R. K. Naji, A. A. Thirthar, Stability and bifurcation of an SIS epidemic model with saturated incidence rate and treatment
function, Iran. J. Math. Sci. Inform., 15 (2020), 129–146. 1

[29] R. Pakhira, B. Mondal, A. A. Thirthar, M. A. Alqudah, T. Abdeljawad, Developing a fuzzy logic-based carbon emission
cost-incorporated inventory model with memory effects, Ain Shams Eng. J., 15 (2024), 14 pages. 1

[30] H. Salih, L. Tawfiq Solution of Modified Equal Width Equation Using Quartic Trigonometric-Spline Method, J. Phys.:
Conf. Ser., 1664 (2020), 1–9. 1

[31] H. Salih, L. N. M. Tawfiq, Z. R. Yahya, S. M. Zin, Solving Modified Regularized Long Wave Equation Using Collocation
Method, J. Phys.: Conf. Ser., 1003 (2018), 1–9. 1

[32] B. A. J. Sharba, A. F. Jaddoa, On the Existence and Oscillatory Solutions of Multiple Delay Differential Equation, Iraqi J.
Sci., 64 (2023), 878–892. 1

[33] N. Sk, B. Mondal, A. A. Thirthar, M. A. Alqudah, T. Abdeljawad, Bistability and tristability in a deterministic
prey–predator model: Transitions and emergent patterns in its stochastic counterpart, Chaos Solitons Fractals, 176 (2023),
14 pages. 1

[34] L. N. M. Tawfiq, K. M. M. Al-Abrahemee, Design Neural Network to Solve Singular Perturbation Problems, J. Appl.
Comput. Math., 3 (2014), 5 pages. 1

[35] L. N. M. Tawfiq, M. H. Ali, Efficient Design of Neural Networks for Solving Third Order Partial Differential Equations,
J. Phys.: Conf. Ser., 1530 (2020), 1–7. 1

[36] L. N. M. Tawfiq, H. Altaie, Recent Modification of Homotopy Perturbation Method for Solving System of Third Order
PDEs, J. Phys.: Conf. Ser., 1530 (2020), 1–7. 1

[37] L. N. M. Tawfiq, N. A. Hussein, Exact Solution for Systems of Nonlinear (2+1)D-Differential Equations, Iraqi J. Sci., 63
(2022), 4388–4396. 2

[38] L. N. M. Tawfiq, A. Q. Ibrahim Abed, Efficient Method for Solving Fourth Order PDEs, J. Phys.: Conf. Ser., 1818
(2021), 1–10. 1

[39] L. N. M. Tawfiq, Z. H. Kareem, Efficient Modification of the Decomposition Method for Solving a System of PDEs, Iraqi
J. Sci., 62 (2021), 3061–3070. 1

[40] L. N. M. Tawfiq, A. H. Khamas, New coupled method for solving Burger’s equation, J. Phys.: Conf. Ser., 1530 (2020),

https://iopscience.iop.org/article/10.1088/1742-6596/1818/1/012182/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1818/1/012182/meta
https://dx.doi.org/10.21123/bsj.2022.6541
https://dx.doi.org/10.21123/bsj.2022.6541
https://doi.org/10.1063/5.0093671
https://doi.org/10.1063/5.0093671
https://www.iasj.net/iasj/download/9c869d75977363b0
https://www.iasj.net/iasj/download/9c869d75977363b0
https://iopscience.iop.org/article/10.1088/1742-6596/1664/1/012127/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1664/1/012127/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1664/1/012127/meta
https://doi.org/10.28951/bjb.v41i3.609
https://doi.org/10.28951/bjb.v41i3.609
https://doi.org/10.3390/math11020406
https://doi.org/10.3390/math11020406
https://iopscience.iop.org/article/10.1088/1742-6596/1530/1/012068/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1530/1/012068/meta
http://dx.doi.org/10.47974/JIM-1235
http://dx.doi.org/10.47974/JIM-1235
https://doi.org/10.20944/preprints201808.0088.v1
https://doi.org/10.20944/preprints201808.0088.v1
https://doi.org/10.1016/j.aej.2023.02.045
https://doi.org/10.1016/j.aej.2023.02.045
https://doi.org/10.3390/math11081913
https://doi.org/10.3390/math11081913
https://doi.org/10.1016/j.rico.2023.100199
https://doi.org/10.1016/j.rico.2023.100199
https://doi.org/10.1109/72.712178
https://doi.org/10.1109/72.712178
https://doi.org/10.3139/120.110290
https://doi.org/10.3139/120.110290
https://iopscience.iop.org/article/10.1088/1742-6596/1234/1/012106/pdf
https://iopscience.iop.org/article/10.1088/1742-6596/1234/1/012106/pdf
https://doi.org/10.1016/j.matcom.2024.03.015
https://doi.org/10.1016/j.matcom.2024.03.015
https://doi.org/10.1016/j.matcom.2024.03.015
http://ijmsi.ir/article-1-1146-en.html
http://ijmsi.ir/article-1-1146-en.html
https://doi.org/10.1016/j.asej.2024.102746
https://doi.org/10.1016/j.asej.2024.102746
https://iopscience.iop.org/article/10.1088/1742-6596/1664/1/012033/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1664/1/012033/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1003/1/012062/pdf
https://iopscience.iop.org/article/10.1088/1742-6596/1003/1/012062/pdf
https://www.iasj.net/iasj/download/876d60deebdab444
https://www.iasj.net/iasj/download/876d60deebdab444
https://doi.org/10.1016/j.chaos.2023.114073
https://doi.org/10.1016/j.chaos.2023.114073
https://doi.org/10.1016/j.chaos.2023.114073
http://dx.doi.org/10.4172/2168-9679.1000160
http://dx.doi.org/10.4172/2168-9679.1000160
https://iopscience.iop.org/article/10.1088/1742-6596/1530/1/012067/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1530/1/012067/meta
https://search.proquest.com/openview/4a505b58b945dfbd99f7c84b0f3f4519/1?pq-origsite=gscholar&cbl=4998668
https://search.proquest.com/openview/4a505b58b945dfbd99f7c84b0f3f4519/1?pq-origsite=gscholar&cbl=4998668
https://www.iasj.net/iasj/download/9a7583041b0a7c5d
https://www.iasj.net/iasj/download/9a7583041b0a7c5d
https://iopscience.iop.org/article/10.1088/1742-6596/1818/1/012166/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1818/1/012166/meta
https://www.iasj.net/iasj/download/2616aebb6adc9569
https://www.iasj.net/iasj/download/2616aebb6adc9569
https://iopscience.iop.org/article/10.1088/1742-6596/1530/1/012069/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1530/1/012069/meta


A. A. Thirthar, L. N. M. Tawfiq, K. Shah, T. Abdeljawad, J. Math. Computer Sci., 36 (2025), 84–98 98

1–13. 1
[41] L. N. M. Tawfiq, A. H. Khamas, Determine the Effect Hookah Smoking on Health with Different Types of Tobacco by

using Parallel Processing Technique, J. Phys.: Conf. Ser., 1818 (2021), 1–8. 1
[42] L. N. M. Tawfiq, A. H. Khamas, New Approach for Calculate Exponential Integral Function, Iraqi J. Sci., 64 (2023),

4034–4042. 1
[43] L. N. M. Tawfiq, O. M. Salih, Design neural network based upon decomposition approach for solving reaction diffusion

equation, J. Phys.: Conf. Ser., 1234 (2019), 1–7. 1
[44] L. N. M. Tawfiq, M. N. M. Tawfiq, The effect of number of training samples for artificial neural network, Ibn AL-Haitham

J. Pure Appl. Sci. 23 (2010), 1–7. 1
[45] A. A. Thirthar, A mathematical modelling of a plant-herbivore community with additional effects of food on the environment,

Iraqi J. Sci., 64 (2023), 3551–3566. 1
[46] A. A. Thirthar, S. Jawad, S. J. Majeed, K. S. Nisar, Impact of wind flow and global warming in the dynamics of prey-

predator model, Results Control Optim., 15 (2024), 15 pages. 1
[47] A. A. Thirthar, R. K. Naji, The dynamics of an SIS epidemic model with two delays, J. Adv. Res. Dyn. Control Syst., 10

(2018), 1917–1933. 1
[48] A. A. Thirthar, N. Sk, B. Mondal, M. A. Alqudah, T. Abdeljawad, Utilizing memory effects to enhance resilience in

disease-driven prey-predator systems under the influence of global warming, J. Appl. Math. Comput., 69 (2023), 4617–
4643. 1

[49] A.-M. Wazwaz, A. Gorguis, Exact solutions for heat-like and wave-like equations with variable coefficients, Appl. Math.
Comput., 149 (2004), 15–29. 1

[50] F. Yin, J. Song, X. Cao, A General Iteration Formula of VIM for Fractional Heat- and Wave-Like Equations, J. Appl.
Math., 2013 (2013), 9 pages. 1

https://iopscience.iop.org/article/10.1088/1742-6596/1530/1/012069/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1530/1/012069/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1818/1/012175/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1818/1/012175/meta
https://www.iasj.net/iasj/download/83a7ea02b44dbc17
https://www.iasj.net/iasj/download/83a7ea02b44dbc17
https://iopscience.iop.org/article/10.1088/1742-6596/1234/1/012104/meta
https://iopscience.iop.org/article/10.1088/1742-6596/1234/1/012104/meta
https://scholar.archive.org/work/a3ghpr4vsfab7nctaaigq4cqji/access/wayback/https://jih.uobaghdad.edu.iq/index.php/j/article/download/919/786
https://scholar.archive.org/work/a3ghpr4vsfab7nctaaigq4cqji/access/wayback/https://jih.uobaghdad.edu.iq/index.php/j/article/download/919/786
https://www.iasj.net/iasj/download/3ca0fdb0b30f5d31
https://www.iasj.net/iasj/download/3ca0fdb0b30f5d31
https://doi.org/10.1016/j.rico.2024.100424
https://doi.org/10.1016/j.rico.2024.100424
https://www.researchgate.net/profile/Ashraf-Adnan-Thirthar/publication/328723344_The_Dynamics_of_an_SIS_Epidemic_Model_with_two_Delays/links/5caf92ac4585156cd79159c1/The-Dynamics-of-an-SIS-Epidemic-Model-with-two-Delays.pdf
https://www.researchgate.net/profile/Ashraf-Adnan-Thirthar/publication/328723344_The_Dynamics_of_an_SIS_Epidemic_Model_with_two_Delays/links/5caf92ac4585156cd79159c1/The-Dynamics-of-an-SIS-Epidemic-Model-with-two-Delays.pdf
https://doi.org/10.1007/s12190-023-01936-x
https://doi.org/10.1007/s12190-023-01936-x
https://doi.org/10.1007/s12190-023-01936-x
https://doi.org/10.1016/S0096-3003(02)00946-3
https://doi.org/10.1016/S0096-3003(02)00946-3
https://doi.org/10.1155/2013/428079
https://doi.org/10.1155/2013/428079

	Introduction
	Artificial neural networks
	Steady state confined aquifers
	Design efficient ANN
	Global minimizer
	Local minimizer
	Strong local minimizer
	Local convergence of the NLM method

	Conclusions

