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Abstract

In this paper, we introduce the new kind of a-type additive functional equation and investigate the Hyers-Ulam stability of
a-type additive functional equations within the Banach spaces using the direct method. This approach provides a straightforward
and efficient way to establish the stability of functional equations without relying on more complex or indirect techniques. We
begin by defining the specific a-type additive functional equation under consideration and outlining the conditions required for
its stability. Through rigorous mathematical analysis, we demonstrate that under certain constraints, the functional equation
exhibits Hyers-Ulam stability.
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1. Introduction

The stability analysis of functional equations has achieved widespread recognition in the recent eight
decades. During in 1940, the Mathematical Colloquium of the University of Wisconsin, Ulam [34] covered
several difficult and mainly unsolved subjects. Stability analysis is one of these and serves as the basis for
a novel kind of study. For the first time, functional equation stability was demonstrated by Hyers in 1941
[16].

The most simple approach is a direct method offered by Hyers that yields the stability of additive
function. This strategy’s most significant and effective tool is for analyzing the stability of various types
of functional equations. Since the Hyers theorem’s publication, numerous research have been written in
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relation to different generalizations of Ulam’s problem and the Hyers theorem (see [7]). Aoki [4] im-
proved the Hyers theorem for roughly linear transformations in Banach spaces in 1950 by lowering the
requirement for the Cauchy difference for the addition of powers of norms. For the “sum” the Hyers-
Ulam-Aoki-Rassias theorem was proved by Rassias [28] and Maligranda [26]. Rassias [29] replaced the
sum with the norm powers product. The Ulam-Gavruta-Rassias stability is the stability discussed by
[6, 14, 19, 27, 33] in their theorem. The theorem was established in 1994 by Gavruta [13], which used
the control function and generalized all of the previous findings. This property of the functional equa-
tion is called the generalized Hyers-Ulam-Rassias stability. Over the past 35 years, a number of authors
have conducted extensive studies on the Hyers-Ulam-Rassias stability of different functional equations
(see [3, 11, 15, 31, 32]). Hyers-Ulam stability is a central theme in the study of functional equations.
Abdollahpour et al. [1, 2] have made significant contributions to this area and they examined the Hyers-
Ulam stability of hypergeometric differential equations. Earlier, they studied the Hyers-Ulam stability of
associated Laguerre differential equations within a subclass of analytic functions, further enriching the
literature. Aczel [3] provides a foundational understanding of functional equations, offering a broad and
deep exploration of the subject. Similarly, Bourgin’s [5] work on classes of transformations is seminal,
discussing various transformations and their properties. Baias et al. [7] explored set-valued solutions of
Popoviciu’s functional equation. Their study addresses the existence and properties of these solutions,
providing a comprehensive analysis of this specific functional equation type. Czerwik [8, 9] has made
notable contributions, particularly in the stability of quadratic mappings and general functional equa-
tions. His books and papers discuss functional equations and inequalities in multiple variables, providing
insights into their stability and applications. Elqorachi et al. [10] studied the generalized Hyers-Ulam sta-
bility of trigonometric functional equations, adding to the understanding of stability in specific functional
forms. Gajda’s [12] work on the stability of additive mappings also contributes to this area by examining
the conditions under which additive functions remain stable. Hyers et al. [17, 18] have authored exten-
sive works on the stability of functional equations, including ”Stability of Functional Equations in Several
Variables” and papers on approximate homomorphisms. Jung [20-23] studies on Hyers-Ulam-Rassias
stability offers a detailed analysis of stability in nonlinear functional equations, while his other works
address specific functional equations and their stability properties. Kannappan’s [24] functional equa-
tions and inequalities discusses various applications, providing a practical perspective on the theoretical
concepts. Rassias [25] and Sahoo [30] have also contributed significantly with their works on functional
inequalities and introductory texts on functional equations, respectively .

A rapidly growing field of mathematics with a wide range of applications, functional equations are
being used more and more to address problems in the fields of mathematical analysis, biology, combi-
natorics, statistics, information theory, and physical sciences. The symmetry types of functions used to
solve an equation or inequality can be evaluated to find lowest quality solutions. Conceptually speaking,
knowledge of the symmetry characteristics of important mappings, including special polynomials and
hypergeometric mappings, may lead to intriguing results. Additionally, symmetry types for different
types of operators related to the notion of quantum calculus can be examined.

The Cauchy functional equation

Wxa +Ya) = 1lxa) + 1(ya) (1.1)

for all xq,ya € R was determined by Cauchy. Linear functions are the solutions to this additive Cauchy
functional equation. In this paper, we introduce the solution and stability of the new kind of functional
equation of the form

2 3 4 5 6 2 3 4 5 6
ulaxa, +a"xa, + @’xay + a*xq, + @'Xa5 + a"Xq,) + H(—aXq, +a7Xq, + @7Xqy + a*Xq, + @7Xa5 + a"Xq,)

3xas + a*xq, + a®xa5 + abxq,)

5

+ laxg, — a*xqy + a®xqy + a*xq, + a¥xag + a®%q,) + plaxg, + a*xq, —a

+ laxq, + a*xqy + a¥xa; — a*xq, + a¥xag + a%%a,) + laxa, + a*xa, + X, + atxa, — a*xas + a®xa,)
+ulaxq, + azxa2 + (13xa3 + a4xa4 + a5xa5 — a6xa6)

=5 (1(axa,) + la*a;) + i(ePxay) + wlaxa,) + (a7 as) + 1la®xq,))
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for all Xq,,Xa,, Xas, Xa,, Xas, Xa, € X, Where a is positive integer with a # 0 in Banach space using direct
method and its application.

2. General solution of the functional equation (1.1)
This section examines the general solution of the functional equation (1.1) in a real vector space.

Lemma 2.1. If w:x —  is an odd mapping satisfies the functional equation

Wxa +Ya) = mlxa) + 1(ya), (2.1)

forall xq,ya € X, if and only if w:x — \p satisfies the functional equation

2 3 4 5
nlaxq, + azxa2 + a3xa3 + a4xa4 + ana5 + a6xa6) + p(—axq, +aXxq, + @"Xq; + A*Xq, + a7Xq;

+ a6xa6) + plaxq, — a2xa2 + (13’xa3 + a4xa4 + a5xa5 + a6xa6) + plaxq, + azxa2 — a37ca3 + a4xa4

+ X ag + a®%q,) + plaxa, + a*xa, + a®xq; — a*xq, + a®xa; + a®xq,) + plaxa, + a*xa, + xq;  (2.2)

+ a4xa4 — a5x(15 + a6xa6) + plaxq, + azxa2 + a3xa3 + (14xa4 + a5xa5 — a6xa6)

= 5 (1(axa,) + 1(a%xa,) + 1(@Pxas) + laxa,) + 1(@Pxay) + 1(a®Xa,)) |

forall Xq,,Xa,,Xas, Xays Xass Xag € X-
Proof. Let x =y = 01in (2.1), we obtain p(0) = 0. Replacing (xq,Ya) by (Xa,Xa) and (xq,2xq) in (2.1), we
get 1(2xq) = 2p(xq) and pu(3xq) = 3p(xq), for all x4 € X. In general

i(bxq) = bu(xq), for any positive integer a. (2.3)
It is easy to verify from (2.3) that,

n(b*xq) =b*u(xq) and p(bxq) = bu(xq),

for all xq € x. Replacing (xq,Ya) by (axq,, azxa2 + c13xc13 + a4x,;l4 + a5xa5 + a6xa6) in (2.1), we obtain

plaxq, + 02xa2 + a3x(13 + a4xa4 + a5xa5 + a6xa6)

2 3 4 5 6 (2'4)
= H(axal) + H(Cl Xaz) + H(a X(l3) + }‘L(a X(14) + '*L(a X(ls) + H(Cl Xa6)l

VXays Xays Xazs Xay Xass Xag € X- Applying (xq,Ya) by (—aZXQZ, aXq, + a3xa3 + cL4xa4 + a5xa5 + a6xa6) in
(2.1), we obtain
plaxq, — azxa2 + a3xa3 + (14xa4 + a5xa5 + a6xa6)

= wlaxa,) + m(—a*xq,) + mla®xa,) + pla*xq,) + pla’xa;) + 1la®xq,),

3

VXay, Xays Xass Xay, Xas, Xag € X- Iterating (xa,Ya) by (—a®xa,, axa, + a®xa, + a*xq, + a®xq; + a®%q,) in (2.1),

we get
nlaxq, + azxa2 — a‘?jxa3 + a4xa4 + a5xa5 + a6xa6)
— uaxa,) + 1(@%Xa;) + H(—a¥Xay) + Rla*xa,) + 1(a%xas) + 1axa,),
YXay, Xays Xass Xag Xas Xag € X- Switching (xq,Ya) by (—a*xq,, axa, + a®Xq, + a®xq; + @ a5 + a®xq,) in
(2.1), we obtain
nlaxq, + azxa2 + (13xa3 — (14xa4 + a5xa5 + a6xa6)

= plaxa,) + pla*xq,) + pla’xa,) + u—a*xq,) + pla’xa;) + 1la®xq,),
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- 5 2 3 4 6 :
VXa;r Xy Xazr Xay Xass Xag € X- Replacing (xq,Ya) by (—a Xy, aXq, + a%Xq, + a7Xq; + a*xq, + a%Xq,) in

(2.1), we have

2 3 4 5 6
paxq, +a Xa, + @7Xq; + 0 Xq, — Q'Xqs + A Xq,)

= plaxa,) + m(a*xq,) + 1@ xa,) + 1la*xq,) + m(—axas) + 1la®xq,),

6

: 2 3 4 5
VXay, Xays Xazr Xays Xas, Xag € X Interchanging (xq,Ya) by (—a°xq,, aXq, + @7Xq, + 07X q, + 0*Xq, + @7Xq;)

in (2.1), we arrive
plaxq, + azxa2 + a3xa3 + a4xa4 + a5xa5 — a6xa6)
= plaxq,) + nla*xq,) + pla’xa,) + nla*xa,) + pla®xq;) + n(—a’xq,),

VXay, Xay Xass Xayr Xas  Xag € X- Applying (xq,Ya) by (—axq,, azx(12 +ad Xaz + at Xq, + a® Xas + a(’xaﬁ) in
(2.1), we obtain

n(—axq, + azxa2 + a3xa3 + a4xa4 + a5xa5 + aéxaﬁ) (2.5)

= p(—axq,) + r(a®Xq,) + 1(a®Xa;) + Bla*xq,) + (@’ Xa;) + 1(a®)q,),

VX ay, Xays Xazs Xays Xas, Xag € X- Adding (2.4) to (2.5), we obtain

m(axa, + a®xa, + a®xa; + a*xq, + axq; + a%q,) + m—axa, + a*xa, + a®xq, + atxq, + axq,

+ a6xa6) +plaxq, — azxa2 + (13xa3 + a4xa4 + a5xa5 + a6xa6) + plaxq, + (12Xaz — a3xa3 + c14x(14

5 6 2 3 4 5 6 2 3
+ a’Xq; + a"Xq,) + Hlaxq, + a°Xq, + @"Xaq; — A" Xq, + Q7Xas + A"Xq,) + H(AXq, + A Xa, + X g,

4 5 6 2 3 4 5 6
+a*xq, — @'Xqs + a"Xq,) + plaxq, + a“Xq, + A7Xq, + A Xq, + @7X gy — A"Xq,)

(2.6)
= 7u(axa,) + 7i(@xa;) + 7(axay) + 7u(atxa,) + 7i(@®xas) + 71(a%ag) + i(—axa,) + 1(—a®xa,)
+ 1(—axay) + R(—a*xa,) + (—aPxas) + n(—a®xa,),

VX ay, Xays Xass Xays Xas, Xas € X- Using the oddness of 1, and re-modifying (2.6) we arrive at our desired re-
sult (2.2). Conversely, substituting (xa,, Xa,, Xas, Xay, Xass Xag) By (xq,0,0,0,0,0,0), (0,%4,0,0,0,0),...,(0,0,0,
0,0,xq), respectively in (2.6), we obtain

1(2xq) = 2u(xa) and p(3xq) = 3ulxa), (2.7)

for all xq € x. One can easily verify from (2.7) that

1
u(x—“) — Zu(xaq), n=1,2,34,5,6, (2.8)
n n

for all x4 € x. Substituting (Xa,, Xa,, Xas3, Xay, Xas, Xag) bY (%, 97“,0, 0,0, 0) in (2.6) and using oddness of n
and (2.8), we arrive at our result. O

Remark 2.2. If u:x — P is an odd mapping that satisfies the functional equation
m(xa +Ya) = m(xa) + 1(ya)
for all xq,ya € X, if and only if p: x — 1 satisfies the functional equation
plaxq, + azxa2 + a3xa3 + a4x(14 + a5xa5) + p(—axq, + azx(12 + a3xa3 + a4xa4 + a5x05)

+ wlaxqe, — a®xa, + axq, + a*xq, + a®xa;) + mlaxa, + a®xa, — a®xa; + axq, + a’xq;)

+ plaxq, + aZX(12 + a3xa3 — a4xa4 + a5xa5) +ulaxq, + c12xCLZ + a‘q’xa3 + a4x(JL4 — a5xa5)
= 5 (laxa) + p(aPxay) + p(ePxay) + platxa,) + p(exas))
for all Xq,,Xa,, Xas, Xay, Xas € X-

Proof. The proof is similar to that of the Lemma 2.1. O
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3. Stability results of (1.1): direct method

This section, we use the direct technique to discuss the Hyers-Ulam stability of the functional equation
(1.1).

Theorem 3.1. Let oc: X® — [0, 00) be a function and j € {—1,1} such that

oc(Zk]xal, 2k3xa2, Zk]xa3, Zk’xa4, 2k]xa5, Zk’xaé)
2Kj

converges in R and

Kj Kj Kj Kj Kj kj
lim a(29%q,,29% qy,29% a5, 2 9% ay, 29 % a5, 29X q,)
k—o0 ij

=0,
forall Xaq,,Xa,, Xas, Xay, Xas, Xag € X- Let pq 1 X — P be an odd function satisfying the inequality

”DHa (X(lll Xaz/ X(l3IX(14I X(15/ Xaé) H < (X(XCL]/X(IZIX(I31 XQ4IX‘(151X(16)I (31)

forall Xq,,Xa,, Xas, Xa, Xas, Xag € X-Then there exists a unique additive mapping A : x — \p, which satisfies (1.1)

and
o0

a(2%9%4,0,0,0,0,0)
Z 2Kkj 4

(3.2)

»-IMH

HHa(Xa)
k:;]

for all xq € X. The mapping A(xq) is defined by A(xq) = limy_o0 & Ha(29xa) , for all xq € X.

2Kj

Proof. Assume that j = 1. Replacing(Xq,, Xa,, Xas, Xa,, Xas, Xag) PY (x,0,0,0,0,0) in (3.1) and using oddness
of ng, we get

121 (2Xa) —4pa(xa)]| < a(xq,0,0,0,0,0), (3.3)
for all x4 € x. It follows from (3.3) that
2x o
HM - Ha(xa) X Z(Xa/ O/ O/ 0/ O/ O)/ (34)

for all xq € x. Applying x4 by 2x4 in (3.4) and dividing by 2, we obtain

H Ha(4xq) . Ha(2xq)
2
for all x4 € x. It follows from (3.4) and (3.5) that

‘ x

3 (2%4,0,0,0,0,0), (3.5)

4 1
| Halia) < 4{x(xa,0,0,0,0,0) + Z(2x4,0,0,0,0,0)}

— HalXa)

for all xq € x. Generalizing, we have

zx © x(2"x ,00000 1 « «(2%%4,0,0,0,0,0
‘ ta(Xa) — Ha a) ‘ Z a ) < : Z ( a o ), (3.6)
k=0 k=0
Ha(zkxa) . 1
for all xq € X. In order to prove convergence of the sequence o [ replacing x4 by 2'xq and

dividing by 2!, we obtain

Ha (zkzlxa)
2k

H Ha(2'%a)  pa(2Mixq)

1
- Rt =t fra2txa) -

|
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_ 1y #(2%6,0,0,0,0,0) _ 1> «(2+1%4,0,0,0,0,0)
=4 2k+1 =4 2k+1
k=0 k=0

—0 as 1 — oo,

k
for all x4 € x4. Hence the sequence {%} is a Cauchy sequence. Since \ is complete, there exists

a mapping A : x — P such that A(xq) = limx_e %ﬁxﬂ), Vxq € X. Letting k — oo in (3.6), we see

that (3.2) holds for all x, € x. To prove that A satisfies (1.1), replacing (Xa,,Xa,, Xas, Xa,s Xass Xas) DY
(29%q,,29%a,, 299% a5, 2% q,, 2% a5, 299% 4, ) and dividing 2% in (3.1), we obtain

1 j ' Kj Kj Kj Kj
27‘|Dlla(2k)xa1/2klxa2;2 )Xa3/2 ]Xa412 )Xa5/2 ]Xa(,)”

kj kj kj kj kj kj
g 2 ]Xallz ]Xa212 ]Xa3/2 ]Xa4/2 ]Xa5/2 ]Xag)/

2x
for all xa,,Xay, Xas, Xa,r Xas, Xas € X- Letting k — oo in the above inequality and using the definition of
A(xq), we see that

DA(Xalz Xays XazrXays Xa5rxa6) =0.

Hence A satisfies (1.1) for all Xq,,Xa,, Xas, Xa,, Xas, Xae € X- 10 show that A is unique, let B(x4) be another
additive mapping satisfying (1.1) and (3.2), then

A(xa) = Blxa)l < ol AL e) ~ Ha(2xa)l + a(2xa) ~ B2'x0) |

<1“>Mﬂﬁkmaaaam

S CLERT —0 as 1 — oo,

k=0

for all xq € x. Hence A is unique. Now, switching x4 by ( %) in (3.3), we get

quauﬂ)—4ua(%?)us;a(%gxxoxxao), 3.7)

for all x4 € x. It follows from (3.7) that

|

for all x4 € x. The rest of the proof is similar to that of j = 1. Hence for j = —1 also the theorem is
true. O

Xa

ua(xa)—Zua(%ﬂM < %oc( X

QQQQ@,

cx(ZkJxal,ZkJxaz,Zkaa3,2kaa4,2kaa5 )

Remark 3.2. Letj € {—1,1}and « : x> — [0, c0) be a function such that Y o %

converges in R and
Kj Kj kj Kj Kj
1. 0('(2 ]X'allz ]Xazlz ]Xa3/2 ]Xa4/2 ]Xa5)
im o
k—o00 2K

-0,
for all Xq,,Xa,, Xa3, Xay, Xas € X- Let pq : X — P be an odd function satisfying the inequality
||D H»a (XCL]/ Xazl Xagl X(l4/ X(ls) H < O((Xalz Xazx Xa3/ Xa4/ xa5 )/

for all Xq,,Xa,, Xas, Xa,, Xas € X- There exists a unique additive mapping A : x — 1, which satisfies (1.1)
and

1 & «(2¥x,,0,0,0,0
Hua(xa) _A(Xa)H < 1 Z ( (;k] )/
e
Ha(2ija

for all xq € x. The mapping A(xq) is defined by A(xq) = limx_, ), for all x4 € x.

2K



P. Karthick, et al., J. Math. Computer Sci., 36 (2025), 229-236 235

Corollary 3.3. Let A, s > 0 are real numbers and an odd function wq : X —  satisfying the inequality

A,
Allxar I® + Ixan I* + [xas [1* A+ [xagI* + [xas1* + [xag[*), s # 1,
Mlxay[I* 4 [Ixanl® + [Ixasl1® + Ixasll® + [Ixas||® + [Ixaq1*)

+(||Xa1H6S/ ||Xaz||6s/ HXG3H6S/ ||Xa4||6sr Hxa5”6sz ||XQ6H6S))}/ s # %,

HD}‘L(I (X(I]/Xazlxasr Xa4/Xa5/X(16) || <

forall Xq,,Xay, Xas, Xayr Xas, Xag € X- Then there exists unique additive function A : x — \p such that

A

7
Allxall®
Hlfta(xa) _A(Xa)” < 2\27a25|’
Allxall®
2|2—26s|”

forall xq € X.

Remark 3.4. Let A, s > 0 are real numbers and an odd function 4 : x — P satisfying the inequality

A,

Alxar I® 4 xanlI® + lxasll® + Ixa, I +lxasll®), s #1,

Mlixar[I* 4 [Ixanl[* 4 [Ixas|[* 4 [Ixayl|® +[xas]*)
a7 1%aa 7% 1%as 7% l1xag 17 [1xas [P0} s # 3,

||Dp'(1(X0.1/Xa2/ Xa3/ Xa4/ x(15) ” <

for all xq,,Xa,, Xa;3,Xay, Xas € X- Then there exists unique additive function A : x — 1 such that

||Ha(xa)_A(Xa)” < 2]12—2s]”

for all xq € X.

4. Conclusion

In this study, we have explored the Hyers-Ulam stability of a-type additive functional equations in
Banach spaces using the direct method. By establishing specific conditions under which the stability
holds, we have demonstrated that these functional equations exhibit a robust form of stability. This sta-
bility is significant as it ensures that small deviations in the initial conditions of the functional equation
do not lead to large discrepancies in the solutions, making the functional equation practically applicable
in various mathematical and applied contexts. Our findings contribute to the broader understanding of
functional equations in Banach spaces, offering a clear framework for analyzing their stability. The direct
method employed here provides a straightforward and efficient approach, potentially serving as a useful
tool for further research in this area. Future work could extend these results to more complex functional
equations and explore the implications of Hyers-Ulam stability in different types of Banach spaces. Over-
all, this study reaffirms the importance of stability analysis in the study of functional equations and its
role in ensuring the reliability and consistency of mathematical models.
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