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Abstract
The main objective of this work is to investigate a novel class of polynomials, called the ∆h-Sheffer polynomials and to ex-

plore their various properties. The generating function, explicit representations, quasi-monomiality, and certain novel identities
involving ∆h-Sheffer polynomials are obtained. Also, the ∆h-Sheffer polynomials are explored via determinant representation.
Further, the ∆h Gould-Hopper-Sheffer polynomials are introduced with the help of ∆h-Sheffer and ∆h Gould-Hopper polyno-
mials. Certain fascinating results, such as the generating function, determinant form, multiplicative, and derivative operators
and many more results for these hybrid form of the ∆h-Sheffer polynomials are also obtained. Certain examples are considered
as the special cases of ∆h Gould-Hopper-Sheffer polynomials.
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1. Introduction

One significant category within polynomial sequences is the Sheffer polynomial sequences, as high-
lighted in [12]. The exploration of Sheffer polynomials has been extensive, not only because they emerge
in various mathematical domains but also due to their relevance in applied sciences. Over the sev-
eral decades, there has been increasing interest in these sequences and their diverse representations, as
demonstrated in works like [4, 5]. Leveraging these findings, a determinant-based approach has been
proposed in [15].

The Sheffer polynomials sn(q),n ∈ N0 are defined through the generating function provided in [12]
as follows:

A(ξ) exp(qH(ξ)) =

∞∑
n=0

sn(q)
ξn

n!
, (1.1)
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where A(ξ) and H(ξ) are power series, satisfying the conditions:

A(ξ) =

∞∑
n=0

an
ξn

n!
, a0 6= 0, and H(ξ) =

∞∑
n=0

ĥn
ξn

n!
, ĥ0 6= 0.

In recent times, various versions of special functions and polynomials and their properties have been
explored by researchers using diverse techniques, as seen in works such as [7, 8, 10, 11, 16–20]. Presently,
the ∆h version of special polynomials has garnered considerable attention due to its distinctive prop-
erties and practical applicability in engineering and mathematics. Numerous authors have endeavored
to present and delineate various characteristics of ∆h special polynomials, as evidenced in works like
[2, 9, 13, 21]. The significance of ∆h-special polynomials extends beyond their combinatorial and mathe-
matical features to their applications in various other areas of mathematics.

The forward difference operator ∆h for any function g : I ⊂ R→ R is defined in [6] as:

∆h[g](q) = g(q+ h) − g(q), h ∈ R+,

which for any given order i ∈N can be expressed as follows:

∆ih[g](q) = ∆h
(
∆i−1
h [g](q)

)
=

i∑
l=0

(−1)i−l
(
i

l

)
g(q+ lh).

Also, ∆0
h = I and ∆1

h = ∆h, with I representing the identity operator.
A new form of the Appell polynomials, called ∆h-Appell polynomials Qn(q;h) is constructed by

Costabile and Longo [2] and their numerous properties are proposed. These ∆h-Appell polynomials
Qn(q;h) have been extensively studied for their significant applications not only in various mathematical
domains but also in physics and statistics. For specific values of parameter q, ∆h Appell sequences reduce
to familiar sequences, as discussed in [2, 13]. These special cases prove valuable in applications requiring
the use of well-known sequences and polynomials and the systematic derivation provided by ∆h Appell
sequences facilitates their acquisition. The ∆h Appell polynomials Qn(q;h) are provided in [2] by the
following relation: ∞∑

n=0

Qn(q;h)
ξn

n!
= δ(ξ)(1 + hξ)

q
h , (1.2)

where

δ(ξ) =

∞∑
n=0

δn,h
ξn

n!
, δ0,h 6= 0.

The ∆h-Appell polynomials Qn(q;h) exhibit the following relation, as stated in [2]:

∆h[Qn](q;h) = nhQn−1(q;h), n ∈N.

Remark 1.1. As h→ 0, expression (1.2) converges to the well-known Appell polynomials [1].

In 1941, Steffenson [14] introduced the notion of monomiality, which was refined by Dattoli in [3]
and have now become an essential tool in exploring the properties of special polynomials. The study of
special polynomials is significantly influenced by multiplicative operator M̂ and derivative operators D̂,
which acts on the polynomial set {bn(q)}n∈N as:

bn+1(q) = M̂{bn(q)}, (1.3)

nbn−1(q) = D̂{bn(q)}. (1.4)

The collection of polynomials {bn(q)}n∈N with respect to the operators given in relations (1.3) and (1.4)
is termed a quasi-monomial. These polynomials satisfy the following differential equation:

M̂D̂{bn(q)} = nbn(q), (1.5)
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which indicates that the quasi-monomials act as eigenfunctions of operator M̂D̂, with an eigenvalue of n.
This article aims to investigate ∆h Sheffer polynomials and their related hybrid forms. The structure

of remaining manuscript is outlined as follows. Section 2 introduces ∆h Sheffer polynomials and explores
some of their distinct features. In Section 3, the quasi-monomial characteristics and determinant form for
∆h Sheffer polynomials are proposed. Section 4 is dedicated to the construction of ∆h Gould-Hopper-
Sheffer polynomials, where their properties are examined. Additionally, specific members of ∆h Gould-
Hopper-Sheffer polynomial family are scrutinized.

2. ∆h Sheffer polynomials

This section starts by presenting generating function of the ∆h Sheffer sequences. Inspired by the
research conducted by Costabile and Longo [2], we introduce a novel set of polynomials termed ∆h
Sheffer polynomials, denoted as ∆hSn(q;h). The introduction of ∆h Sheffer polynomials builds upon the
groundwork laid by previous studies, and their generating expression is a key focus in this exploration.
These polynomials exhibit a generating expression that is characterized by a specific form:

δ(ξ)(1 + hH(ξ))
q
h =

∞∑
n=0

∆hSn(q;h)
ξn

n!
, (2.1)

where

δ(ξ) =

∞∑
n=0

δn,h
ξn

n!
, H(ξ) =

∞∑
n=1

γn,h
ξn

n!
, δ0,h, γ1,h 6= 0. (2.2)

Taking δ(ξ) = 1 in equation (2.1), ∆h Sheffer polynomials ∆hSn(q;h) give the ∆h associated Sheffer
polynomials ∆hHn(q;h), defined as

(1 + hH(ξ))
q
h =

∞∑
n=0

∆hHn(q;h)
ξn

n!
. (2.3)

For q = 0, equation (2.1) gives

δ(ξ)(1 + hH(ξ))
0
h =

∞∑
n=0

∆hSn(0;h)
ξn

n!
=

∞∑
n=0

∆hSn(h)
ξn

n!
. (2.4)

Remark 2.1. For H(ξ) = ξ, expression (2.1) gives generating relation of the ∆h Appell polynomials
Qn(q;h).

Remark 2.2. Taking the limit h −→ 0 in relation (2.1), we get the Sheffer polynomials sn(q), defined in
equation (1.1).

Following this, the explicit series representation for ∆h Sheffer polynomials ∆hSn(q;h) is deduced.
The outcome takes the form of a specific result that provides a detailed expression for these polynomials.
Unraveling the explicit series representation is essential as it offers a clearer understanding of the math-
ematical structure and behavior of the ∆h Sheffer polynomials. This result serves as a valuable tool for
further analysis and applications involving these specific polynomials.

Theorem 2.3. For the ∆h Sheffer polynomials ∆hSn(q;h), the following explicit representation holds:

∆hSn(q;h) =
n∑
s=0

(
n

s

)
δs,h ∆hHn−s(q;h). (2.5)
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Proof. Inserting expressions (2.2) and (2.3) in the l.h.s. of relation (2.1), it follows that
∞∑
s=0

δs,h
ξs

s!

∞∑
n=0

∆hHn(q;h)
ξn

n!
=

∞∑
n=0

∆hSn(q;h)
ξn

n!
,

which on applying the C.P. rule and on comparing coefficients of identical powers of ξ, yields assertion
(2.5).

Theorem 2.4. For ∆h Sheffer polynomials ∆hSn(q;h), the following summation formula holds:

∆hSn(p+ q;h) =
n∑
s=0

(
n

s

)
∆hSs(q;h)∆hHn−s(p;h). (2.6)

Proof. Replacing q by p+ q in equation (2.1), it follows that

δ(ξ)(1 + hH(ξ))
p+q
h =

∞∑
n=0

∆hSn(p+ q;h)
ξn

n!
,

which on using relations (2.1) and (2.3) in l.h.s and on comparing the coefficients of identical powers of ξ,
assertion (2.6) is proved.

Corollary 2.5. The ∆h Sheffer polynomials ∆hSn(q;h) satisfy the following identity:

∆hSn(mq;h) =
n∑
s=0

(
n

s

)
∆hSs(q;h)∆hHn−s((m− 1)q;h),

which is obtained on letting p = (m− 1)q in relation (2.6).

Theorem 2.6. For the ∆h Sheffer polynomials ∆hSn(q;h), the following identity holds:

∆hSn(q;h) =
n∑
s=0

(
n

s

)
∆hSs(h)∆hHn−s(q;h). (2.7)

Proof. Inserting expressions (2.4) and (2.3) in l.h.s. of equation (2.1), and after some simplifications and
then on comparing the coefficients of similar powers of ξ, assertion (2.7) is proved.

3. Monomiality principle and determinant form

In this context, we verify and establish the quasi-monomial properties inherent in the ∆h Sheffer poly-
nomials ∆hSn(q;h). The subsequent results offer proof and confirmation of these quasi-monomial char-
acteristics. Understanding and confirming these properties are crucial as they contribute to the broader
comprehension of the algebraic and operational aspects of ∆h Sheffer polynomials ∆hSn(q;h). The valida-
tion of quasi-monomial properties adds depth to the mathematical analysis and enhances the applicability
of these polynomials in various mathematical contexts.

Theorem 3.1. For ∆h Sheffer polynomials ∆hSn(q;h), the following multiplicative and derivative operators are
obtained:

∆hSn+1(q;h) = ˆM∆h{∆hSn(q;h)} =

(
δ ′
(
H−1

(
q∆h
h

))
δ
(
H−1

(
q∆h
h

)) + q
H ′
(
H−1

(
q∆h
h

))
1 + hH

(
H−1

(
q∆h
h

))
)
∆hSn(q;h) (3.1)

and

∆hSn−1(q;h) = ˆD∆h{∆hSn(q;h)} = H−1(q∆h
h

)
{∆hSn(q;h)}, (3.2)

respectively.
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Proof. Using finite difference operator ∆h in expression (2.1) yields

q∆h

[
δ(ξ)(1 + hH(ξ))

q
h

]
=
[
δ(ξ)(1 + hH(ξ))

q+h
h − δ(ξ)(1 + hH(ξ))

q
h

]
,

q∆h

[
δ(ξ)(1 + hH(ξ))

q
h

]
= hH(ξ)

[
δ(ξ)(1 + hH(ξ))

q
h

]
,

or

q∆h[∆hSn(q;h)] = hH(ξ)[∆hSn(q;h)],

or
q∆h

h
[∆hSn(q;h)] = H(ξ)[∆hSn(q;h)]. (3.3)

Differentiating expression (2.1) w.r.t. ξ, it follows that

∆hSn+1(q;h) = ˆM∆h{∆hSn(q;h)} =

(
δ ′(ξ)

δ(ξ)
+ q

H ′(ξ)

1 + hH(ξ)

)
{∆hSn(q;h)},

which on using identity (3.3) and in view of expressions (1.3) yields assertion (3.1). Further, in view of
operator expression (1.4), expression (3.3) leads to the assertion (3.2).

Corollary 3.2. The ∆h Sheffer polynomials ∆hSn(q;h) satisfy the following differential equation:

(
δ ′
(
H−1

(
q∆h
h

))
δ
(
H−1

(
q∆h
h

)) H−1(q∆h
h

)
+ q

H ′
(
H−1

(
q∆h
h

))
1 + hH

(
H−1

(
q∆h
h

))H−1(q∆h
h

)
−n

)
∆hSn(q;h) = 0. (3.4)

Proof. Using relations (3.1) and (3.2) in equation (1.5), assertion (3.4) is proved.

Theorem 3.3. The ∆h Sheffer polynomials ∆hSn(q;h) are defined by the following determinant form:

∆hSn(q;h) =
(−1)n

(ζ0,h)
n+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 ∆hH1(q;h) ∆hH2(q;h) · · · ∆hHn−1(q;h) ∆hHn(q;h)

ζ0,h ζ1,h ζ2,h · · · ζn−1,h ζn,h

0 ζ0,h
(2

1

)
ζ1,h · · ·

(
n−1

1

)
ζn−2,h

(
n
1

)
ζn−1,h

0 0 ζ0,h · · ·
(
n−1

2

)
ζn−3,h

(
n
2

)
ζn−2,h

...
...

...
...

...
...

0 0 0 · · · ζ0,h
(
n
n−1

)
ζ1,h

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

where the coefficients ζn,h ∈ C are explicitly given by

ζn,h = −
1
δ0,h

(
n∑
k=1

(
n

k

)
δk,hζn−k,h

)
, n = 1, 2, . . . . (3.5)

Proof. Multiplying both sides of equation (2.1) by δ̂(ξ) = 1
δ(ξ) =

∞∑
n=0

ζn,h
ξn

n! , it follows that

∞∑
n=0

∆hHn(q;h)
ξn

n!
=

∞∑
n=0

∞∑
m=0

ζm,h
ξm

m! ∆h
Sn(q;h)

ξn

n!
,
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which in view of Cauchy product rule yields

∆hHn(q;h) =
n∑
m=0

(
n

m

)
ζm,h∆hSn−m(q;h).

This equality gives rise to a system of m-equations, which involves unknowns ∆hSn(q;h) and n ranges
from 0 to infinity. Solving this system is facilitated by employing Cramer’s rule, leveraging the fact that the
denominator corresponds to the determinant of a lower triangular matrix with a determinant of (δ0,h)

n+1.
By transposing the numerator and interchanging ith row with the (i+ 1)th position for i = 1, 2, . . . ,n− 1,
we get the desired result. This process of solving the system of equations is instrumental in determining
the values of ∆hSn(q;h) and is crucial for a comprehensive understanding of the behavior and properties
of these specific polynomials.

4. ∆h Gould-Hopper-Sheffer polynomials

Incorporating ∆h Sheffer polynomials ∆hSn(q;h) with ∆h Gould-Hopper polynomials ∆hGn(p,q;h),
∆h Gould-Hopper-Sheffer polynomials, denoted by ∆hGSn(p,q;h) is constructed. The ∆h Gould-Hopper
polynomials ∆hGn(p,q;h), as recalled from [9], is expressed as follows:

(1 + hξ)
p
h (1 + hξ2)

q
h =

∞∑
n=0

∆hGn(p,q;h)
ξn

n!
. (4.1)

With the help of relations (2.1) and (4.1), we get the following generating equation for ∆h Gould-Hopper-
Sheffer polynomials ∆hGSn(p,q;h):

δ(ξ)(1 + hH(ξ))
p
h (1 + h(H(ξ))2)

q
h =

∞∑
n=0

∆hGSn(p,q;h)
ξn

n!
, (4.2)

where setting q = 0 reduces it to the ∆h Sheffer polynomials ∆hSn(q;h), as given in equation (2.1).
Taking δ(ξ) = 1 in relations (4.2), the following generating function for ∆h Gould-Hopper-associated

Sheffer polynomials ∆hGHn(p,q;h) is obtained:

(1 + hH(ξ))
p
h (1 + h(H(ξ))2)

q
h =

∞∑
n=0

∆hGHn(p,q;h)
ξn

n!
,

which on taking q = 0 becomes the ∆h associated Sheffer polynomials ∆hHn(q;h), given in equation
(2.3).

Theorem 4.1. The ∆h Gould-Hopper-Sheffer polynomials ∆hGSn(p,q;h) are defined by the following determinant
form:

∆hGSn(p,q;h) =
(−1)n

(ζ0,h)
n+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 ∆hGH1(p,q;h) ∆hGH2(p,q;h) · · · ∆hGHn(p,q;h)

ζ0,h ζ1,h ζ2,h · · · ζn,h

0 ζ0,h
(2

1

)
ζ1,h · · ·

(
n
1

)
ζn−1,h

0 0 ζ0,h · · ·
(
n
2

)
ζn−2,h

...
...

...
...

...
0 0 0 · · ·

(
n
n−1

)
ζ1,h

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

(4.3)

where n = 1, 2, . . . and the coefficients ζn,h ∈ C are same as defined in equation (3.5).
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Remark 4.2. Inconsideration of H(ξ) = ξ, equation (4.2) gives the generating equation and equation (4.3)
gives the determinant expression for ∆h Gould-Hopper-Appell polynomials An(p,q;h), given in [9].

Theorem 4.3. The ∆h Gould-Hopper-Sheffer polynomials ∆hGSn(p,q;h) satisfy the following multiplicative and
derivative operators:

∆hGSn+1(p,q;h) = ˆM∆h{∆hGSn(p,q;h)} =

(
δ ′
(
H−1

(
q∆h
h

))
δ
(
H−1

(
q∆h
h

)) + p
H ′
(
H−1

(
q∆h
h

))
1 + hH

(
H−1

(
q∆h
h

))
+ q

2H ′
(
H−1

(
q∆h
h

))
H ′
(
H−1

(
q∆h
h

))
1 + h

(
H
(
H−1

(
q∆h
h

)))2

)
∆hGSn(p,q;h)

and

∆hGSn−1(p,q;h) = ˆD∆h{∆hGSn(p,q;h)} = H−1(p∆h
h

)
{∆hGSn(p,q;h)},

respectively.

Next, we give the certain identities satisfied by the ∆h Gould-Hopper-Sheffer polynomials
∆hGSn(p,q;h):

∆hGSn(p,q;h) =
n∑
s=0

(
n

s

)
δs,h∆hGHn−s(p,q;h),

∆hGSn(p,q;h) =
n∑
s=0

(
n

s

)
∆hHs(p;h)∆hGHn−s(0,q;h),

∆hGSn(p1 + p2,q1;h) =
n∑
s=0

(
n

s

)
∆hGSs(p1,q1;h)∆hHn−s(p2;h),

∆hGSn(p1,q1 + q2;h) =
n∑
s=0

(
n

s

)
∆hGSs(p1,q1;h)∆hGHn−s(0,q2;h),

∆hGSn(p1 + p2,q1 + q2;h) =
n∑
s=0

(
n

s

)
∆hGSs(p1,q1;h)∆hGHn−s(p2,q2;h).

For certain choices of δ(ξ) and H(ξ), different members belonging to ∆h Gould-Hopper-Sheffer polynomi-
als ∆hGSn(p,q;h) are obtained. Some members of ∆h Gould-Hopper-Sheffer polynomials ∆hGSn(p,q;h)
are considered to give the application of the above results.

Taking δ(ξ) = (1 − hξ2)
1
h and H(ξ) = 2ξ, ∆h Sheffer polynomials reduce to ∆h Hermite polynomi-

als and therefore ∆h Gould-Hopper-Sheffer polynomials ∆hGSn(p,q;h) become the ∆h Gould-Hopper-
Hermite polynomials ∆hGRn(p,q;h) and given by the following generating relation:

(1 − hξ2)
1
h (1 + 2hξ)

p
h (1 + 4hξ2)

q
h =

∞∑
n=0

∆hGRn(p,q;h)
ξn

n!
.

Next, on taking δ(ξ) = (1 − hξr)
1
h and H(ξ) = νξ, ∆h Sheffer polynomials reduce to generalized ∆h

Hermite polynomials and therefore ∆h Gould-Hopper-Sheffer polynomials ∆hGSn(p,q;h) become the
generalized ∆h Gould-Hopper-Hermite polynomials ∆hGRn,r,ν(p,q;h) and given by the following gen-
erating relation:

(1 − hξr)
1
h (1 + νhξ)

p
h (1 + hν2ξ2)

q
h =

∞∑
n=0

∆hGRn,r,ν(p,q;h)
ξn

n!
.
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Also, for δ(ξ) = (1 + hξ)
β
h and H(ξ) = 1 − eξ, ∆h Sheffer polynomials reduce to ∆h Acturial polynomi-

als and therefore ∆h Gould-Hopper-Sheffer polynomials ∆hGSn(p,q;h) become the ∆h Gould-Hopper-
Acturial polynomials ∆hGA

(β)
n (p,q;h) and given by the following relation:

(1 + hξ)
β
h (1 + h(1 − eξ))

p
h (1 + h(1 − eξ)

2
)
q
h =

∞∑
n=0

∆hGA
(β)
n (p,q;h)

ξn

n!
.

Further, for δ(ξ) = (1 − hξ)
1
h and H(ξ) = ln(1 + ξ

a), ∆h Sheffer polynomials reduce to the ∆h Poisson-
Charlier polynomials and therefore ∆h Gould-Hopper-Sheffer polynomials ∆hGSn(p,q;h) become the ∆h
Gould-Hopper-Acturial polynomials ∆hGCn(p,q;h;a) and given by the following generating relation:

(1 − hξ)
1
h

(
1 + h ln

(
1 +

ξ

a

))p
h
(

1 + 2h ln
(

1 +
ξ

a

))q
h

=

∞∑
n=0

∆hGCn(p,q;h;a)
ξn

n!
.

Posing a problem

Establishing the determinant form, quasi-monomial properties, explicit representation, and some other
novel identities for the members of ∆h Gould-Hopper-Sheffer polynomials ∆hGSn(p,q;h), introduced in
Section 4.

5. Conclusion

In this research work, we have investigated ∆h Sheffer polynomials and delve into their distinctive
attributes. Section 3 of the paper focuses on unveiling specific features of these polynomials, including
the establishment of quasi-monomial characteristics and a determinant form. The significance of determi-
nants transcends their traditional association with matrices, finding independent applications in diverse
areas such as solving problems related to reflection-less transmission of electromagnetic waves through
dielectrics. Additionally, Section 3 reveals several intriguing identities associated with the ∆h Sheffer
polynomials, contributing to a deeper understanding of their mathematical properties. A hybrid form,
namely the ∆h Gould-Hopper-Sheffer polynomials ∆hGSn(p,q;h) is constructed and their properties are
explored. Furthermore, a few members of ∆h Gould-Hopper-Sheffer polynomials family ∆hGSn(p,q;h)
are observed and their generating functions are found. Further, integral representations, recurrence re-
lations, numerical investigation of zeros, and other properties of ∆h Sheffer polynomials can also be a
problem for future investigations.
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