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Abstract

In this paper, we define the state-dependent pantograph functional equation and study the existence and uniqueness of its
solution and prove some data dependence theorems, then we investigate the existence of the solution of a constrained problem
of the state-dependent pantograph functional equation constrained by its conjugate equation. Moreover, we demonstrate the
continuous dependence of the solution. We also examine the Hyres-Ulam stability of our problem.
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1. Introduction

Constrained problems are of great significance in accurately representing real-world scenarios mathe-
matically, as they can be converted into models in mathematics, see [6, 19]. The management of control
variables or constraints is necessary because of unexpected factors that consistently disrupt biological sys-
tems in the actual world, which can result in changes in biological characteristics such as survival rates.
Determining if an ecosystem is resistant to these unpredictable and disruptive occurrences is important
in ecology. In the context of constraints, we refer to these disruptive events as control variables. Extensive
research has been conducted on the investigation of differential equations with constraints. One specific
category of such equations involves constraints within a bounded interval, see [1, 7, 12, 17] and while
another category involves constraints on an unbounded interval, see [8].

Differential equations with deviating arguments constitute a significant and well-known subfield of
nonlinear analysis, finding applications in various fields. Equations with deviating arguments typically
have a deviation that depends solely on time. However, self-referential or state-dependent equations arise
when the deviation of the arguments depends on both the state variable x and the time variable t, which
is crucial in theory and practice [3, 5, 10, 11, 18].
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The Ulam stability problem investigates the effects of tiny disturbances on the solutions to a functional
equation. It specifically inquires as to whether functional equation approximation solutions are nearly
exact. Many recent papers concerts with the study of the Ulam stability problem, see for example [21-23].
Specialists are interested in differential equations with state-dependent delays as they frequently originate
from application models, such as the classical electrodynamics two-body problem. These equations have
many applications, particularly in problems involving memories, such as hereditary phenomena (see
[2, 14, 16, 20]). Differential equations with delays come in various forms. The differential equation

d&(t)

G P EWE0Y),

where y € (0,1) is called " pantograph differential equations " which is a fundamental mathematical
model in the field of a delay differential equation, pantograph differential equation form of equation that
belongs to the proportional delay differential equations category. The significance of these equations is
due to their capacity to simulate various economic, chemical and chemistry, biology, medicine, infectious
diseases, pharmacological, and physiological kinetics, see [4, 15, 24].

In [9], the authors define the pantograph functional equation

&(t) = F(t&(t), &(vt), t€[0,T], vy € (0,1),

and they study the existence of its solution in C[0, T] and L;[0, T]. Here we investigate the existence of a
unique solution to the constrained problem of the state-dependent pantograph functional equation

E(t) = F1(t, &(t), E(vin(t))), t € [0, T], v1 € (0,1). (1.1)

Constrained by it’s conjugate

n(t) = Fa(tn(t),n(y2£(t))), t€[0,T], v2 € (0,1), (1.2)

where F; :[0,T] x[0,T] x [0,T] — [0,T], i = 1,2 are continuous. Furthermore, we will demonstrate that
the solution & € C[0, T] is continuously dependent on the functions F; and y;. Also the continuous
dependence of & onn and 1 on & will be studied. Moreover, the Hyres-Ulam stability of the problem will
be established. Firstly, we begin with the state-dependent pantograph equation

&(t) = F (L &(t), E(vE(t)), te[0,T], v (0,1), (1.3)

where f : [0, T] x [0, T] x [0, T] — [0, T] is a continuous. The existence of the unique solution of (1.3) will
be studied. Additionally, we will show that the solution &(t) continuously depends on both the function
[ and the parameter y. Furthermore, we will establish the Hyres-Ulam stability of the problem.

2. Solution of (1.3)

Consider the class of continuous functions defined on [0, T] denoted by C[0, T] with the norm

|lEllc = sup [&(t)].

te[0,T]

Consider the following assumptions
(i F :10,TI x[0,T] x [0, T] — [0, T] is continuous and there exist positive constants K;, K, such that

IF(t,x,u) —F (s,y,v)| < Kyt —s[+ Ko([x =yl + u—]);
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(ii) the next algebraic equation has a real positive root L € (0,1),
KoyL? + (Ko — 1)L +K; = 0.
Define the subset Q1 of C[0, T], through
Qu={&€ C:[&(t) —&(s)[ < Lit—s|, Vt,s €[0,Tl},
and the operator G by

GE(t) = F (t,&(1), E(vE(L))).
It is evident that the subset Q1 of C[0, T] is bounded, closed, convex, and nonempty. For & € Qr, we have

&£(t) = £(0) < Lit—0] = [&(t)] < [£(0)] + LIt < [€(0)| +LT.

Theorem 2.1. Assume that (i)-(ii) are valid. If (2Ky + KyLy) < 1, then the equation (1.3) has a unique solution
& e Clo, Tl

Proof. Let & € Qr, t1,t2 € [0, T], t1 < tp, then

IGE(t2) — GE(t)] = |F (t2, E(t2), E(VE(t2))) — F (11, &(t1), E(vE(t1)))]
= Kilta — 1| + Kal&(t2) — &(t1)[ + Kol E(vE(t2)) + E(vE(t1)))
< Kylta — taf + KoLlta — tq| + KoLyl (t2) — &(t1)]
< Kilto — ta] + KoLito — t1] + Ko L2yt — 1]
< (Ky + KoL+ KoL)ty — t1] < Ltz — 4,

then
G: QL — QL-
Now, let &, & € Qr, then

IGE(t) — GE(L)] = IF (t, &(1), E(vE(L) — F (L, E(1), E(vE
< Kol&(t) — E(1)] + Kal&(vE(L)) — E(vé
< Kol&(t) — E(t)] + Ko E(vE(L) — (
< Kol&(t) — E(t)]+ Ko E(vE(L) — (vé(

< Kol& — &|| 4+ KoLly&(t) — v&(1) 4 Kyl [ — &

< Kofl&— &l + KaLy|[& — &l + Ka[[E = &

< 2Ka||& — &l + KaLy|[E — E]-

Hence ) )
|GE — GE|| < (2Ka + KoLy)||E— ]|

O

Then G is a contraction mapping and by the Banach fixed point Theorem [13], G has a unique fixed
point. Consequently, the equation (1.3) has a unique solution & € C[0, T].

2.1. Hyres-Ulam stability

Definition 2.2 ([8, 12]). Let the solution & € C[0, T] of the equation (1.3) exists, then the equation (1.3) is
Hyers-Ulam stable if Ve > 0, 3 6(e) > 0 such that for any é-approximate solution &5 € C of (1.3) satisfies

|E,s (t) - F(t/ &s (t)/ E»s ('Yas (t)))| < 6/
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then ||E — & < e.
Theorem 2.3. If the hypothesis of Theorem 2.1 are met, then the equation (1.3) is Hyers-Ulam stable.

Proof. Let

1Es(t) — F (1, &s (1), &s(vEs (L)) <9,
then

1E(t) = Es(t)] = |F (t, &(1), E(YE(T))) — Es(1)]
=|F(t,&s(t), &s(VEs (1)) — Es(t) + F (1, &s(t), Es(VEs () — F (1, &(1), E(YE()))]
=& (t) = F (t, &s(b), Es(V(Es (AN HIF (1, Es(t), Es(vEs (1)) — F (t, &E(L), E(VE(L)))]
<O+|F(t&(1), E(VE(L))) — F (t, &s(t), &s(vEs (1))
<O+ KolE(t) — Es ()] + Kal&s (vEs(t)) — E(VE(L))]
<8+ Kof|& — &s| + Kal&s (VEs (1)) — E(vEs (b)) + E(vEs () — E(YE(L))]
<8+ Kof|& — &5 + Kal&s (vEs (1)) — E(vEs (1)) + KalE(vEs (1)) — E(YE(L))]
<8+ Kall& — &s| + Kal|& — &s| + KaLyl&(t) — &s(t)]
<8+ 2Ka||E — &gl + KoLy||& — &,

and (1 — (2K + KyLy))||& — &s]| < 6. Hence

1
1—(2Ka +KoLly)'

1€ — & <

2.2. Continuous dependence

Definition 2.4. The solution & € C[0, T] of (1.3) depends continuously on the function / and the parameter
v if Ve > 0, 36 > 0 such that

max{|f —F [y =y} <8 = [|E-&[ <e¢,

where

() =F (1, &7 (1), £ (v" (E7(1))). (2.1)

Theorem 2.5. If the conditions of Theorem 2.1 are met, then the solution & € C[0, T] of (1.3) depends continuously
on the function F and the parameter vy.

Proof. Considering the two solutions & and &* of (1.3) and (2.1) respectively, we obtain

E(t) =& (D) = |F (t, &(1), E(v(E()))) — F (L, £7(t), £ (v (£" (1))

IF(t, &), E(VE)) — F (, E (Y& (1)) + F (£, &7 (1), £ (Y E (1)) — F 7 (L, £7(1), EF (v7 &7 (1))
P (t, &(8), vE(D) — F (6, £7°(1), & (Y & (O + IF (L, £7 (1), E (Y7 €7 (1))

Frt &), £ (v e (1))

< Kol&(t) — £5 (D) + kol E(vE(L)) — E"(YTE" (1)) 48

< Kol[& = 7| + Kal&(vE(L)) — E(vTE (1) + E(Y"E7 (1)) — E7 (Y E (1)) + &

< Ko[& — &7 + Kal&(vE(t)) E (O +kle(v e (1) — EX (Y E (1)) + 8

<

—&v”
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< Koll€ = &7 + KoLy (t) =y " E" ()| + Ko |E = £7]| + 8
S Kol|& = &7 + KoLy &(t) = vE* (1) +yE* (1) =y &7 (1) + K[| E = £7[[ + 0
<Kol = &7 + KoLy &(t) — v&" (H)| + KoLy &" (1) — y* &7 (1) + K[ — 7| + 8
< Kol &= &7 + KoLy [|& = £7[| + KoLl E¥[[ly —v*[ + Ka[|& = £7[| + 8
< Kol &= &7 + KoLy[|& = £7[| + KoL|E7[[6 + Ko [|E = £7[| + 8
< (2K2 + KoLy)[[€ = €7 + (1 + Ko L[[£7[])o.
Thus
(1— (2Kz 4+ KoLy))[[& — £ < (1 + KoL || €S,
e (1 + Kol £
* 2
e8I TG e~
then the solution & € C[0, T] depends continuously on / and v. O

3. Solution of constrained problem (1.1)-(1.2)

Consider the Banach space X = C[0, T] x C[0, T] with the norm |[|(u, v)|x = |[u||c + ||v||c, with

lullc = sup hu(t)l.
t€[0,T]

Consider the following hypothesis:
(i) Fi:00,TI x[0,T] x [0, T] — [0, T] are continuous and there exist positive constants K;, K, such that

IFilt,x,u) = Fi(s,y,v)| < Kift = s+ Ka([x =yl +u—v]), i=1,2

(ii) the algebraic equation KyyL? + (K, — 1)L +K; = 0 has a positive solution L € (0,1), where y =
max{y1,y2}.

Define the subset S; of C[0, T] as
St ={U=(&n) € X:|g(t) —&(s)| < LIt —s|, m(t) —n(s)| < Llt—s|, Vt,s € [0, T]},
and the operator F by F(&,m) = (F 11, F 2&), where

Fin(t) = F1(t &(), Elvin(t))),  F2&(t) = Fa(t,n(t),n(y2&(1))).

Lemma 3.1. Let X = CI[0, T] x C[0, T] be a Banach space, then Sy is convex and compact in the Banach space

XA 1D-
Proof. Let U = (§,m) €S, U=(E,7) €S, t€[0,T],

Now

[BE(t) + (1 —8)&(t) — 8&(s) + (1 — 8)&(s)| < BlE(t) — &(s)] + (1 —)IE(t) — E(s)]
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<OLt—s|+ (1 —98)Llt—s| < Ljt—s|.
Similarly,
lon(t) 4+ (1 —8)f(t) — 8&(s) + (1 —8)&(s)| < Lt —s|.

Then
(8(&m) + (1—3)(&,7))(t) € St.
&(t

So S1 is convex. From definition of S; we deduce that §
St, U is equi-continuous, and

),m(t) are equi-continuous, then V U = (&,m) €

[Ullx = ll&llc + Imllc < LT +I[&(0)[+ LT+ M(0)],

then VU = (&,m) € St, U is uniformly bounded. Using the Arzella-Ascoli theorem we deduce that Sy is
compact. 0

Theorem 3.2. Let the assumptions (i)-(ii) be met. If (2K, + KoLy) < 1, then the constrained problem (1.1)-(1.2)
has a unique solution (&,m) € X.

Proof. Let U = (§,m) € SL and ty,t2 € [0, T], t1 < tp such that [t; —t1| < 5, we have

[Fim(t2) —Fim(t)] = IF1(t2, &(t2), E(yan(t2))) — Fa(ty, &(t1), E(van(ta)))]
< Kiltz — 1] + Kol&(t2) — &(t1)[ + Kal&(vin(t2)) — E(yin(t1))]
< Kyltz =ty + KoLlta — t1] + KoLy |y ((t2)) —n(t1)]
< Kilta — ta] + KoLlto — ta] + Ko L2y [to — 4]
< (Ky + KoL + KoLyt — t1] < Ltz — t4].

Similarly,

[F2&(t2) — F2&(t1)| < [Falta,n(t2),nlv2&(t2))) — F2(ty,n(t1), n(y2&(t1)))
< (Ky + KoL + KoLy, [ty — t1] < Lt — t4].

Then FU = (F 11, F 2&) € Si and this prove that F : Si — Si. Now, let U = (§,m) € X, V = (,1) € X, then

F(((-.T]) = (Fln/FZEv)/ F(z;ﬁ) = (FlﬁIFZE)I

and
[Fin(t) — FA(t)] = [F1(t &), E(vam(t))) — Fa(t, &(t), E(vaf(t)))]

< Kol&(t) — E(t)[ 4 Kal&(yin(t)) — E(yam(t))]
< Kol&(t) — E(t) 4+ Kal&(yim (1)) — E(vami(t)) + E(vaf(t)) + E(vafi(t))]
< Kol&(t) — E(1)] + Kal&(yan(t)) — &y ()] + [E(vaTi(t)) + E(vaf(t))]
< Kpl|& — & + KaLhyim(t) —yan(t)| + Ka|[& — &]]
< Kpl|& —&|| + KoLy [In — 7| + K| |& = &
< 2Ky ||& — &l + KoLy [n —1il|,

and

[Fin = FiAll < 2K [[& = &) + KoLy n —All.
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Similarly, we can prove that

|F2& — F2&]| < 2K|n —1i|| + KaLy2[|E — &

Hence

HF(EIT])_F(E/ﬁ)HX = ||(Fln/F2a)_(F1ﬁ/FZE)HX
= IF1(n— F17, F2& — F28&)||x
=|Fm—Fafllc+1Fn—F28|c

2Ky + KoLy) (|E =&l + [In —1il)
(2Ky + KoLy) (||1E — 5|| +|m—=1l)

<
<
<
< (2K + KoLy)[[(&,m) — (£ —7)]].

2Ka||& — &]| + KaLya|n — Al + 2Ka|n — A + KoLy2 [ £ = &

Since (2K; 4+ K;Ly) < 1, then [ is a contraction mapping and by the Banach fixed point Theorem [13],
[ has a unique solution, consequently the constrained problem (1.1)-(1.2) has a unique solution (&,1) €

X.
Corollary 3.3. If we put & =n and y1 = Y2, then we deduce Theorem 2.1.

3.1. Hyres-Ulam stability

O

Definition 3.4 ([7, 8]). Let the solution (&,n) € X of (1.1)-(1.2) exists, then the problem (1.1)-(1.2) is Hyers-
Ulam stable if Ve > 0, 356(e) > 0 such that for any d-approximate solution (&s,ms) € X of (1.1)-(1.2)

satisfies

max{|&s (t) — F1(t, & (1), Es(vi(ns ()], Ms(t) — F2(tns(t),ns (vE (D)} <3,

implies
(&) — (Es,ms)x <e.

Theorem 3.5. Assume that the assumptions of Theorem 3.2 be valid, then the problem (1.1)-(1.2) is Hyers-Ulam

stable.
Proof. Let
max{|&s (t) — F1(t, &s(t), Es(vims(B))], Ms(t) — Fa(t,ns(t),ms(v2Es(E))}F <5,
then
1E(t) = Es ()] = [F1(t, E(1), E(yin(t))) — &s (L)
=|F1(t, &(t), E(yin(t))) — F1(t, &s(t), Es(vims (1)) + F1(t, &s(t), Es(vims (1)) —
<IF1(t &(1), E(van(t))) — Fa(t, &s(t), &s(vams(
<Pt &), Eyim(t))) — Fa(t, &s(t), Es(vims (B))[ + 8
< Kolg(t) — Es (D) + Kal&(vins () — Es(yin(t))| + 8
< Kol|& — &5l + Kal&(vims () — Es(vims(t)
< Kl[& = sl 4+ Kal&(yims (1) — &s (yams (1)) + Kal&s (vims (t) —
< Kol — &5 + Kaf[& — &s || + KoLyins (t) —m(t)[ + 8
< 2Ka||E — &s| + Kalya[n —ms | + 8,
and

(1—2Kp)[|& — & < &+ KoLyi|n —ns||.

)+ &s(yims(t)) — E(ymm (L)) + 0
E(ym(t))+d

Es(t)]
O+ IF1(t & (1), & (yms (1)) —

&s(t)]
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Hence 5 oL
2 Yl

_ < — .

Similarly,
) KzLYz
_ < .
=l < T3 + g lE— &l 62
By addition of (3.1) and (3.2), we obtain
25 KLy, KLy,
_ _ < _ _
(HE» 68”"‘”“ ns||)\l_2K+1 || ﬂs||+1_2KHE (Z—.s”
25 KzLy
<
\1—2K2+1 HEv E»s||+||n Tls”
and K, L 26
Y
1-— 2 oKk
Hence
(e — |+ In—nsll) < 20 =

sETIMTAIS 7701, + Koly)

Then

(&) — (Es,ms)lIx = [[(E—&s), M—ms)Ix = [(E=E&s)llc + [(n—ns)|lc < e

Corollary 3.6. If we put & =n and y1 =y, then we deduce Theorem 2.3.

3.2. Continuous dependence

Definition 3.7. The solution (&,1) € X of (1.1)-(1.2) depends continuously on the functions /i and vy; if
Ve >0, 35 > 0 such that

max{lF i —Fil, vi—vill<d = [[(En)—(E&n%)[x <e,

where

£°(t) = FT(L £°(1), £ (vi(n™ (1)), n™(t) = F2(t,n™(t),n" (v2(£°(1)))).
Theorem 3.8. Let the assumptions of Theorem 3.2 be met, then (&,m) € X depends continuously on [ i and v.

Proof. Let (&,m) and (£*,m*) be two solutions of the problem (1.1)-(1.2), then

IE(t) = EX (1) = [F1(t, &(t), &y (1)) — F (L, EX (1), £ (vin™ (1))

=[F1(t &), Elvim (1)) — Fo(t, (1), £ (vin™ (1)) + F1(t, €7 (1), £" (yin™ (1))
—F1(t &5 (1), £ (vin™ (1)l

<Pt &), Elym (1)) — £ (8 £ (1), £ (vin™ (W) + 1F1(t, 7 (1), £ (vin™ (1))
—FI(t 8 (1), £ (vin™ (1))l

< Kol&(t) — £ (V) + KolE(ym(t)) — EX(vin (W) +|F — F 7

< Kol|& = &7 + Kal&(yam(t)) — E(vin™ (1)) + E(vin™ (1)) — £ (vin™ () + O

< Kol|& = &7 + Kal&(yam(t) — E(vin ™ (D)) + K2l&(yin™ (8)) — £ (vin" (t))| + &

< Kol|& = &7 + KoLy (t) —yin™ ()| + Ko [E = EF[| + 8
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2l|& — &7 + KoLlym(t) —yimm™(t) +ym™(t) —yin™ (1) + K[ = & + &

2| & = &[] + KoLy (t) — vy ™ (t)] + KaLlym™ (t) —yin™ ()| + Ko | — £ + 6
2|& = EF|| + KoLy —n™|| + KoL ™ [[ly1 — vil + Kol [ — EF|| + &

2ll& = £ || + KoLy |n — || + KoL |n™[|8 + Ko [|E — £ + &

2Kz [[& — &[] + KoLy1|[n —n"|| + (1 + KoL|n* )8

<K
<K
<K
<K
<

Thus
(1—=2K)[|E = &"|| < KoLyq|n—n"|| + (1 + K2L|n™|[)d

and

KzLYl I

2K,

1+ KyL|n*

5. (3.3)
Also

m(t) =™ (V)] = [F20t,n(t),n(y2&(1)) = F5 (0" (1), n" (v2£7 (1))

= [F2(t,n(t),nv2&(1)) — Fa(t,n™ (t),n" (v2&" (1)) + F2(t,n" (t),n" (v2£7 (1))

—F3(t,m"(t),n" (v2&7 (1))l

< P2t m(t),v2&(1)) — Fa(t, ™ (1), n" (v2 & (1)) + [F2(t, " (1), n" (v2E7 (1))
—F3(tm" (1), (v2&7 (1))l
Kam(t) =n* (t)[ + Ko (v2&(1)) =" (v2 " (1)) + 8
Ka|n—n H+Kzlﬂ(vzi( )) — (Yzi (1) +n(y2&8" (1) =" (v2&" (£))[+ 0
Kaln = + Kam(v2&(t)) —n(v2 & () + Kam(v2£°(£)) =™ (v2 £  (£))1 + 8
Kao[n =" + KaLhy2&(t) =y £° (1) + Ko|m — || + 8
Ko|n —n"[| + KoLhy2&(t) —v2&" (1) +v2&" (1) = v2 & (1) [+ K[n —n*[| + &
Ka|n —n™|| + KaoLhy2&(t) —v2&" (1) + KoLiy2 £ (1) — v £° (V)| + Ka|m —m ™[] + 8
Kao[n—n"[| + KoLval|§ = £7[[ + KoL[[£"|[lv2 — val 4+ Ka]n —n ™| + &
Kao[n—n"[| 4+ KaLva[|§ — 7| + KoL[[£[6 + Ka[n —n || + &
2Kz |n — || + KoLy2|[& — £7|| 4+ (1 + KoL[[£7]))8

3 3

NN NN NN N IN N

thus
(1—=2Ka)[n —n"[| < KoLy2[[& — &7[| + (1 + KoL ||E7]))8

and

th’z (1+KoL[[E"])
|l < * 5. 4
I =n"ll < 7= HE g+ 12K, (3.4)
By addition of (3.3) and (3.4), we obtain
KaLys KaLyz 1+ KoL || (14 KoL[[£"]])
O R R R B L B R
KoLy 2+ KoL([[E7 ]|+ IIn* )
< o k o k 5’
172K2(H£ E+Im—n"ID)+ 125,
and faly 2+ KaL([|&"]| + [In* )
— 5.
1= 5UE =&l +In—=n"D) < 12K,
Hence

2+ KoL(J[E7 ]|+ IIn* D

5=e.
1— (2Ks + KoLy) ¢

(& =&+ In—n"[]) <
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Then

&) = (& )lIx = [I(E—=&), n—n )lx = IE=E)llc +In—n)llc <e

Corollary 3.9. If we put & =n and y1 =y, then we deduce Theorem 2.5.
Definition 3.10. The solution & € C[0, T] of (1.1) depends continuously on n if Ve > 0, 35 > 0 such that

m—m*<d = ||E-&[ <e,

where
£5(t) = Fa(t, £°(1), £ (yin™ (1)), n*(t) = Fa(t,n™(t),n" (v2£7(1))).
Theorem 3.11. Assume that the assumptions of Theorem 3.2 be valid, then & € C[0, T] depends continuously on .

Proof. Let & and &* be two solutions of (1.1), then

1E(t) — £ () = [F1(t, &(1), E(ym (1)) — F1(t, £° (1), E" (van™ (1))

Kal&(t) — £ (1) + Ka|E(yin(t)) — £ (vim™ (1))l

Ko||& — & + Kal&(yin(t)) — E(yin ™ (1) + E(yi™ () — £ (v ™ (1))
Kol & = &7 || 4+ Kal&(ym(t)) — E(yan™ (1) + KIE(yin ™ (1)) — £" (yim™ (1))
Koll& — & + KoLy (t) =™ (t)] + Kol &(yim ™ (1)) — £" (yimm ™ (1))
Kal|& — &[] + KaLy1d 4+ Ky ||& — £F[| < 2Kp||E — £¥| + KaLy19,

N

NN CIN N

thus
(1—2Kp)[[& — &7[] < KaLy1,

then
K> LYl

le =&l < 5 o=

O
Definition 3.12. The solution n € C[0, T] of (1.2) depends continuously on ¢ if Ve > 0, 35 > 0 such that
E-&1<d=|n—m'[ <e
where
() =F1(t (1), & (vin" (1)), (1) = F2(t,n™(t),n"(v2&"(1))).
Theorem 3.13. Let the assumptions of Theorem 3.2 be satisfied, then n € C[0, T] depends continuously on &,
Proof. Letnn and n* be two solutions of (1.2), then

m(t) —n*(t)] = F2(t,n(t),n(y2&(t)) — F2(t,n" (1), n"y2(&" (1))

Kam(t) =™ (t)[+ Kam(v2&(t)) —n* (v2&7 (1))

Ka|n —n*|| + Kam(v2&(t) =n(v2E" (1)) +n(v28" (1)) =™ (v2£7 (1))
Ka|n —n* || + Kam(y2&(t) —n(y28" (1) + Ko (v2£7 (1)) =™ (v2£" (1))
Ka|n —n"|| + KoLyl &(t) — £* ()] + Ko (y2£" (1) =" (v2&7 (1)]

Ka|[n =[] + KaLy2d + Ka|n =[] < 2Ka|n —n"|| + KaLy298,

N

INCINCININ

thus
(1—2K2)|[n —n"|| < KyLy»9,
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then
KaLyz

1,0~ ©

m—n"| <

4. Examples

Example 4.1. Consider the problem

£(1) = gt + 1o (E(t) + £(085(1),

where y = 0.8, K1 = %, Ky, = %. Thus we have

(1—%k1) £ /(1 —Kz)? — 4K Koy
2Ky

L=

=0.02225 < 1,

and 2K; + KoLy = 0.20178 < 1. It is evident that the conditions of Theorem 2.1 are satisfied. Therefore,
the equation (1.3) has a unique solution & € C[0, T].

Example 4.2. Consider the problem

£(1) = gt+ (60 £03n(1), n(t) = g+ 2 (n(t) +n(0.6E(1), @)

where v = max{y1,v>2} = 0.3, and K; = max{%, %} = % and K, = max{%, %} = %. Thus we have

(1—%1) £ /(1 —Kyp)? — 4K Koy
2Kay

L=

=0.145 <1,

and 2K; + KoLy = 0.3406 < 1. It is evident that the conditions of Theorem 3.2 are satisfied. Hence there
exist unique solution & € C[0, T] of the problem (4.1).

5. Conclusion

In this study, we defined the state-dependent pantograph functional equation (1.3), and we examined
the existence of a unique solution of (1.3). Furthermore, we proved the problem’s Hyers-Ulam stability.
We demonstrated that the unique solution of (1.3) is continuously dependent on the function /, and
v. Then we studied a constrained problem of the state-dependent pantograph functional equation (1.1)
constrained by its conjegate equation (1.2). Moreover, we analyzed the sufficient criteria for the solution’s
existence and uniqueness. We studied The Hyres-Ulam stability of the problem. Furthermore, we proved
the continuous dependence of the solution on the function F; and y; and the continuous dependence of
& onn and n on £ are studied. Finally, we introduced some examples to illustrate our results.

References

[1] S. M. Al-Issa, A. M. A. El-Sayed, H. H. G. Hashem, An outlook on hybrid fractional modelling of a heat controller with
multi-valued feedback control, Fractal Fract., 7 (2023), 19 pages. 1

[2] P.K. Anh, N. T. T. Lan, N. M. Tuan, Solutions to systems of partial differential equations with weighted self-reference and
heredity, Electron. ]. Differ. Equ., 2012 (2012), 14 pages. 1

[3] J. Banas, I. J. Cabrera, On existence and asymptotic behaviour of solutions of a functional integral equation, Nonlinear
Anal., 66 (2007), 2246-2254. 1

[4] L. Bogachev, G. Derfel, S. Molchanov, J. Ochendon, On bounded solutions of the balanced generalized pantograph
equation, In: Topics in stochastic analysis and nonparametric estimation, Springer, New York, 145 (2008), 29-49. 1


https://doi.org/10.3390/fractalfract7100759
https://doi.org/10.3390/fractalfract7100759
https://www.emis.de/journals/EJDE/2012/117/anh.pdf
https://www.emis.de/journals/EJDE/2012/117/anh.pdf
https://doi.org/10.1016/j.na.2006.03.015
https://doi.org/10.1016/j.na.2006.03.015
https://doi.org/10.1007/978-0-387-75111-5_3
https://doi.org/10.1007/978-0-387-75111-5_3

A. M. A. El-Sayed, E. M. Al-Barg, H. R. Ebead, ]. Math. Computer Sci., 37 (2025), 94-105 105

5]
[6]

(13]
(14]
(15]
[16]
(17]

(18]
(19]

[20]
[21]
(22]
(23]

[24]

A. Buicd, Existence and continuous dependence of solutions of some functional differential equations, Seminar on Fixed
Point Theory, 3 (1995), 1-14. 1

M. De la Sen, S. Alonso-Quesada, Control issues for the Beverton-Holt equation in ecology by locally monitoring the
environment carrying capacity: Non-adaptive and adaptive cases, Appl. Math. Comput., 215 (2009), 2616-2633. 1

A. M. A. El-Sayed, M. A. H. Alrashdi, On a functional integral equation with constraint existence of solution and
continuous dependence, Int. J. Differ. Equ., 18 (2019), 37-48. 1, 3.4

A. M. A. El-Sayed, M. M. S. Ba-Ali, E. M. A. Hamdallah, An Investigation of a Nonlinear Delay Functional Equation
with a Quadratic Functional Integral Constraint, Mathematics, 11 (2023), 24 pages. 1,2.2,3.4

A.M. A. El-Sayed, M. M. S. Ba-Ali, E. M. Hamdallah, On the pantograph functional equation, Electron. J. Math. Anal.
Appl., 12 (2024), 1-12. 1

A.M. A. El-Sayed, H. R. Ebead, Existence of positive solutions for a state-dependent hybrid functional differential equation,
IAENG Int. J. Appl. Math., 50 (2020), 1-7. 1

A. El-Sayed, E. Hamdallah, H. Ebead, On a nonlocal boundary value problem of a state-dependent differential equation,
Mathematics, 9 (2021), 1-12. 1

A. M. A. El-Sayed, A. A. A. Alhamali, E. M. A. Hamdallah, H. R. Ebead, Qualitative Aspects of a Fractional-
Order Integro-Differential Equation with a Quadratic Functional Integro-Differential Constraint, Fractal Fact,. 7 (2023),
16 pages. 1,2.2

A. N. Kolmogorov, S. V. Fomin, Elements of the theory of functions and functional analysis. Vol. 1. Metric and normed
spaces, Graylock Press, Rochester, NY, (1957). 2, 3

J.-C. Letelier, T. Kuboyama, H. Yasuda, M.-L. Cardenas, A. Cornish-Bowden, A self-referential equation, x(x) = x,
obtained by using the theory of (m; ) systems: Overview and applications, Algebraic Biol., 2005 (2005), 115-126. 1

D. Li, C. Zhang, Long time numerical behaviors of fractional pantograph equations, Math. Comput. Simul., 172 (2020),
244-257. 1

M. Miranda, Jr., E. Pascali, On a type of evolution of self-referred and hereditary phenomena, Aequationes Math., 71
(2006), 253-268. 1

P. Nasertayoob, Solvability and asymptotic stability of a class of nonlinear functional-integral equation with feedback
control, Commun. Nonlinear Anal., 5 (2018), 19-27. 1

A. Pelczar, On some iterative-differential equations. I, Zeszyty Nauk. Uniw. Jagiellon. Prace Mat., 12 (1968), 53-56. 1
S. Rezapour, S. Etemad, R. P. Agarwal, K. Nonlaopon, On a Lyapunov-Type Inequality for Control of a y-Model
Thermostat and the Existence of Its Solutions, Mathematics, 10 (2022), 11 pages. 1

N. M. Tuan, L. T. Nguyen, On solutions of a system of hereditary and self-referred partial-differential equations, Numer.
Algorithms, 55 (2010), 101-113. 1

O. Tung, C. Tung, Ulam stabilities of nonlinear iterative integro-differential equations, Rev. R. Acad. Cienc. Exactas Fis.
Nat. Ser. A Mat. RACSAM, 117 (2023), 18 pages. 1

O. Tung, C. Tung, On Ulam stabilities of iterative Fredholm and Volterra integral equations with multiple time-varying
delays, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. RACSAM, 118 (2024), 20 pages.

O. Tung, C. Tung, G. Petrusel, J.-C. Yao, On the Ulam stabilities of nonlinear integral equations and integro-differential
equations, Math. Methods Appl. Sci., 47 (2024), 4014-4028. 1

S. K. Vanani, J. S. Hafshejani, F. Soleymani, M. Khan, On the numerical solution of generalized pantograph equation,
World Appl. Sci. J., 13 (2011), 2531-2535. 1


https://www.researchgate.net/profile/Adriana-Buica/publication/283998278_Existence_and_continuous_dependence_of_solutions_of_some_functional-differential_equations/links/594ac158a6fdcc89090cc31e/Existence-and-continuous-dependence-of-solutions-of-some-functional-differential-equations.pdf?_tp=eyJjb250ZXh0Ijp7ImZpcnN0UGFnZSI6InB1YmxpY2F0aW9uIiwicGFnZSI6InB1YmxpY2F0aW9uIn19
https://www.researchgate.net/profile/Adriana-Buica/publication/283998278_Existence_and_continuous_dependence_of_solutions_of_some_functional-differential_equations/links/594ac158a6fdcc89090cc31e/Existence-and-continuous-dependence-of-solutions-of-some-functional-differential-equations.pdf?_tp=eyJjb250ZXh0Ijp7ImZpcnN0UGFnZSI6InB1YmxpY2F0aW9uIiwicGFnZSI6InB1YmxpY2F0aW9uIn19
https://doi.org/10.1016/j.amc.2009.09.003
https://doi.org/10.1016/j.amc.2009.09.003
https://d1wqtxts1xzle7.cloudfront.net/114565645/212-libre.pdf?1715762485=&response-content-disposition=inline%3B+filename%3DOn_a_Functional_Integral_Equation_with_C.pdf&Expires=1723092678&Signature=TtOw6FaDo7PExj5wohR5ClLaMELCD-3A7k4elkkfC7KVjFcVlexsS01WASRHIW5RXNQjmY0W4FcoDnYgOAFHPB8WsxElE7Hab2mEgnmtRPsLQzFWiHqX0vw9QtXnZFOtmEMCM51BPSnmk-l5K3fygT8Y6tlQ4FTjyFAK1MrHu5CGl2h0-2mSceLoTvD7GjmxK69LGlVspFhkKDx897urSipVuF8t~E3zl25kSde~7EtEOf5tM2g4K5am-bRBKWVoAfBkwgBwt743~Ws~fgAOJ-cChL8KqjhY7ukr5Bxw59-FWB30Uq6PxyYSz~T~9Oj5dmQmWaakn51filAYWfQAYg__&Key-Pair-Id=APKAJLOHF5GGSLRBV4ZA
https://d1wqtxts1xzle7.cloudfront.net/114565645/212-libre.pdf?1715762485=&response-content-disposition=inline%3B+filename%3DOn_a_Functional_Integral_Equation_with_C.pdf&Expires=1723092678&Signature=TtOw6FaDo7PExj5wohR5ClLaMELCD-3A7k4elkkfC7KVjFcVlexsS01WASRHIW5RXNQjmY0W4FcoDnYgOAFHPB8WsxElE7Hab2mEgnmtRPsLQzFWiHqX0vw9QtXnZFOtmEMCM51BPSnmk-l5K3fygT8Y6tlQ4FTjyFAK1MrHu5CGl2h0-2mSceLoTvD7GjmxK69LGlVspFhkKDx897urSipVuF8t~E3zl25kSde~7EtEOf5tM2g4K5am-bRBKWVoAfBkwgBwt743~Ws~fgAOJ-cChL8KqjhY7ukr5Bxw59-FWB30Uq6PxyYSz~T~9Oj5dmQmWaakn51filAYWfQAYg__&Key-Pair-Id=APKAJLOHF5GGSLRBV4ZA
https://doi.org/10.3390/math11214475
https://doi.org/10.3390/math11214475
https://doi.org/10.21608/ejmaa.2024.249812.1094
https://doi.org/10.21608/ejmaa.2024.249812.1094
https://search.proquest.com/openview/607e9e07d77b9fe6149d8aece0d23014/1?pq-origsite=gscholar&cbl=2049591&casa_token=FGHT2wX6jYAAAAAA:yg4aPv_5b8nOS48plpMWe-ixHjJOKxgyRwM3nJuv2RYaJba5KtTCIY74wZkZoiL491W3rlV16g
https://search.proquest.com/openview/607e9e07d77b9fe6149d8aece0d23014/1?pq-origsite=gscholar&cbl=2049591&casa_token=FGHT2wX6jYAAAAAA:yg4aPv_5b8nOS48plpMWe-ixHjJOKxgyRwM3nJuv2RYaJba5KtTCIY74wZkZoiL491W3rlV16g
https://doi.org/10.3390/math9212800
https://doi.org/10.3390/math9212800
https://doi.org/10.3390/fractalfract7120835
https://doi.org/10.3390/fractalfract7120835
https://doi.org/10.3390/fractalfract7120835
https://books.google.com/books?hl=en&lr=&id=oyJnbg6aTDIC&oi=fnd&pg=PP13&dq=Elements+of+the+theory+of+functions+and+functional+analysis+AN+Kolmogorov,+SV+Fomin&ots=DPdDq6ZqZB&sig=WzW6FkTpejlUa1lFos0xYIJ-i0E
https://books.google.com/books?hl=en&lr=&id=oyJnbg6aTDIC&oi=fnd&pg=PP13&dq=Elements+of+the+theory+of+functions+and+functional+analysis+AN+Kolmogorov,+SV+Fomin&ots=DPdDq6ZqZB&sig=WzW6FkTpejlUa1lFos0xYIJ-i0E
https://www.academia.edu/download/41766829/algeibraicbiology2005.pdf
https://www.academia.edu/download/41766829/algeibraicbiology2005.pdf
https://doi.org/10.1016/j.matcom.2019.12.004
https://doi.org/10.1016/j.matcom.2019.12.004
https://doi.org/10.1007/s00010-005-2821-7
https://doi.org/10.1007/s00010-005-2821-7
https://www.cna-journal.com/article_89404_e59d36c95cafd16f5c36a528209f5253.pdf
https://www.cna-journal.com/article_89404_e59d36c95cafd16f5c36a528209f5253.pdf
https://scholar.google.com/scholar?q=On+some+iterative+differential+equations+I+Pelczar&hl=en&as_sdt=0%2C5&as_ylo=1968&as_yhi=1968
https://www.mdpi.com/2227-7390/10/21/4023/pdf?version=1667879490
https://www.mdpi.com/2227-7390/10/21/4023/pdf?version=1667879490
https://doi.org/10.1007/s11075-009-9360-6
https://doi.org/10.1007/s11075-009-9360-6
https://doi.org/10.1007/s13398-023-01450-6
https://doi.org/10.1007/s13398-023-01450-6
https://doi.org/10.1007/s13398-024-01579-y
https://doi.org/10.1007/s13398-024-01579-y
https://doi.org/10.1002/mma.9800
https://doi.org/10.1002/mma.9800
http://www.idosi.org/wasj/wasj13(12)/19.pdf
http://www.idosi.org/wasj/wasj13(12)/19.pdf

	Introduction
	Solution of (1.3)
	Hyres-Ulam stability
	Continuous dependence

	Solution of constrained problem (1.1)-(1.2)
	Hyres-Ulam stability
	Continuous dependence

	Examples
	Conclusion

