J. Math. Computer Sci., 37 (2025), 287-296
Online: ISSN 2008-949X

Journal of Mathematics and Computer Science

ics ang -,
(O

at
o
O /;9

X

%,
3\&'

yourna/ )

ouods ¥

Pusiicanons
Journal Homepage: www.isr-publications.com/jmcs

New type of inequalities involving differentiable h- | & checkforupgates
convexity with applications

Ohud Bulayhan Almutairi
Department of Mathematics, University of Hafr Al-Batin, Hafr Al-Batin, 31991, Saudi Arabia.

Abstract

In this article, we explore the type of integral inequalities using Holder inequality together with the class of h-convexity.
Also, we present some trapezoid-type inequalities for the class of mappings whose second derivative in absolute value at certain
power is h-convex. The applications to special means of some results obtained are equally discussed. In some selected cases,
several previous results were generalized.
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1. Introduction

Theory of inequalities plays a vital role in many disciplines including applied mathematics, informa-
tion theory, and control theory. Different inequalities exist in the literature, such as Lyapunov, Hardy,
and Minkowski. One can consult the following references for further understanding of inequalities
[1, 4, 6, 17, 22], some of which have been widely studied like those of Holder’s type. Due to its wide
range of applications, Holder inequality is considered as the most important tool in both pure and ap-
plied sciences. The inequality has been reported to solve many problems in social and natural sciences.
Thus, the Holder inequality for integrals is given as follows.

Theorem 1.1 ([11]). Suppose that p~'+q~' = 1 and p > 1. If 4 and O are real functions on [z, 1] and |X|P and
I 9 are integrable functions on [z, 1], then

N T 1/p /v 1/q
[ mmomian < <j |u(n)|Pdn) <J Iim(n)lqdn)

z z z

with equality if and only if H|4(n)[P = E[9(n)|9 almost everywhere for some constants H and E.

One other version of Holders inequality is the power mean integral inequality whose applications can
also be seen in different branches of mathematical analysis. This inequality is given as follows.
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Theorem 1.2. Suppose that q > 1. If the real functions i and 9 defined on [z, ] and |U|, |U[|9N]9 are integrable
on [z,71], then

b T 1—% T q
J ()M (n)ldn < (J Iil(n)ldn> (J |u(m|sm(n)|qdn> . (1.1)

z z z
Using the Holder’s inequality, many scientists generalized and refined different interesting results
through the theory of convexity. This theory (also widely studied) has impact on many real-world prob-
lems ranging from medicine to engineering. Convexities have equally been reported to have solved prob-
lems with constrained control as well as those dealing with estimation. Now we present the definition of
classical convexity as follows.

Definition 1.3. A function 4: V C R — R is said to be convex on interval V if
Ulyz+ (1 —v)r) < vil(z) + (1 —y)U(r)

forallz,re€ Vandy € [0,1].

Connected with inequalities, convexities have recently undergone through rapid developments due
to their wide range of applications in both science and engineering. Approximate solutions of many
mathematical problems (whose analytical results could not be easily found) can be determined through
the applications of inequalities. A well known inequality for convexity exists in the literature is the
Hermite-Hadamard type and is given as follows.

Theorem 1.4. Let 4 : V C R — R be a convex function on V and z,v € V withz <,

w(557) < L [ sman < HETH) (12

Interesting result related to (1.2) was thoroughly studied by Dragomir and Agarwal [8] via differen-
tiable convexity as follows.

Theorem 1.5. Suppose that $ : V° C R — R is a differentiable mapping on V°,z,v € V°, with z < r. If || is

convex on |z, 1], then

(r—2z) (I (2)| + &' (7)) (1.3)

holds.

Inequalities (1.2) and (1.3) have been reported in many studies through different types of convexities,
one of such examples is the work of Sarkaya et al. [16] which generalized the inequalities of Hadamard
type via h-convexity, which is defined as follows.

Definition 1.6 ([18]). Suppose that h: ] — R is a positive mapping, h # 0, if
Ulyz+ (1=v)r) <h(y)eh(z) + h(1 —v)HU(r) (1.4)

for all z,v € V, vy € [0,1], then we called i : V — R h-convex function, or 4l is belonging to the class
SX(h, V), if it is non negative.

Reserving inequality (1.4), we say that il is h-concave, i.e., {{ € SV(h, V). Certainly, if h(A) = A, all non
negative convex functions are belonging to SX(h, V). Meanwhile, all non negative concave functions are
belonging to SV(h, V). When h(y) = %, SX(h,V) = Q(V), if h(y) = 1, then SX(h,V) D P(V). Also, for
h(y) = v*, with s € (0,1), SX(h, V) 2 K2. For more recent studies involving h-convex functions, one can
consult the following references [5, 9-11, 15, 21]. We now present Sarkaya et al. result (mentioned above)
as follows.
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Theorem 1.7 ([16]). Let U € SX(h,V),z,vr € Vwithz < rand U € L1[z,7]. Then

1 z+T 1 (" 1
Zh(;)ﬂ( 5 ) ST L Um)dn < [8h(z) + U(r)] L h(y)dy. (1.5)

Numerous studies grabbing the attention of many researchers exist in the literature to improve and ex-
tend inequalities (1.2), (1.3), and (1.5). See references for quantum integrals [2], generalized fractional inte-
grals [12], strongly log-convexity [7], (h,m)-convexity[13], modified (h,m)-convexity [3], (h,s,m)-convexity
[14].

Using a new identity presented in the following lemma, Iscan et al. [9] have recently established new
generalized inequalities for convexity.

Lemma 1.8. Let 4 : V° C R — R be a differentiable function on V°, where z,v € V°, with z < r. If s’ € L[z, 7],
then,

K—1 .
(8,2, 7) Z%( [u <k p]l”pT) +u<(k_p_1)§+(p+1)r>] risz”)‘m
P=0 (1.6)
pmp , [ (k—pl)z+pr (k—p—1)z+(p+1)r
PR Uo(l—zv)u (YEEEET 1y z Jav.

holds.
Yildiz et al. [19] established a new inequalities for s-convexity through identity (1.6).

Theorem 1.9. Let 8L : V C R — R be a differentiable function on V°, where z,v € V°, with z < r. If |9 is
s-convex on [z, 7] for some fixed q > 1, then the following inequality
q} T

(k—p)z+pr) |
! —
(=)
In [20], the authors presented the following integral identity including the second-order derivative of
il to establish some new generalization of (1.2) for exponential type convexity.

1 1
T—2z P 1 q
Q
elth z,m) Z 22 <p+l> <s+1> [

+ |

<(kp1)z

+(p+1)r
)

1,1
holds, where > + q= 1.

Lemma 1.10 ([20]). Let & : V° C R — R be a continuously differentiable function on V°, where z,v € V°, with
z<rand k € N. If " € Lz, 1], then the following holds,

Q (8, [2,7]) i [(]w>+ﬂ<(k_p_”§“p+mﬂ—rizrﬂ(“)d”

1 _ —p—
J (1—v)ﬂ"(v(k plztpr g k=p 1)§+(p+1)r)dyl_

(1.7)

k

Motivated by the above references, we present new generalized inequalities through the class of h-
convexity and Holder’s inequality. We obtain some refinements of trapezoid type inequalities for twice-
differentiable mappings whose derivatives in absolute value are h-convex. Some special cases for obtain-
ing new and previous results were discussed in this study as well. Some applications to special means
were thoroughly studied. Furthermore, the other parts of this study are organized as follows. Section 2
presents new inequalities via h-convexity for differentiable mappings. Applications to special means are
discussed in Section 3. Section 4 concludes the findings of this studies.
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2. Main results

In this section, we establish a new inequalities for differentiable mappings belonging to the space
SX(h, V). Thus, we present results involving first-order derivative as follows.

Theorem 2 1. Let h: = C R — Rand 4 : [z,v] — R be positive functions with 0 < z < r and h9 € 14[0,1],
e Lylz, r]. If W] is an h-convex mapping on [z, 7], then the following equality

N [ ,(((k—p)z+pr\ |9
Sl (3) " (Jon-zm e (TgEer)

<(k—p—1)z—|—(p+1)r> qd )q}
N

O (U, z, 1)

M

dy

u/

1
+J 1-2ylh(1—v) z
0

holds, wherep > 1and p~! +q~ 1 = 1.

Proof. Let q > 1. Using identity (1.6) and the power-mean inequality, we get

(v

From the h-convexity of [t'|9, we have

1
T—Z

1—1
‘ u,<(1<—p)z+pr> g

1
j 12y (hm
0

TRy u,((k—i—l)i—l—(p+1)r> q> dy]q

k=1 1 -G /1 _

=Y S (L |1—2v|dv> (L 1-2ylh(y) u’(“‘ P ay
p=0

1
+| m-2vihia )
0

211 A
=pZ T [(2> (L 1= 2vh(y). |4

((k—p—l)z (p+1)r

(k—p—1)z+ (p+1)r
!
u( :

u/

1
+| n-2vhia ) &
0

From Theorem 2.1, we present the following corollaries for h(y) =y and h(y
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Corollary 2.2. In Theorem 2.1, we apply h(y) =y to get

<(k—p)z+ pr) q
z

1Qk (W, z,7 Z <

p=

which has been proved by Iscan et al. in [9].

Corollary 2.3. We set h(y) =y* in Theorem 2.1 to have the following

al=

o, 1 s
Ot 2Tl < ;) K222 4 (23(5—1—1)(3 +2) + (s—i—l)(s—l—Z))
,((k—g)z+er L ((k—e—1Dz+ (e +1)r\ |9
[ (B )| e (B

which has been established by Yildiz et al. in [19].

q

We now present a new generalized inequality for first-order derivative by applying the Holder in-
equality.

Theorem 2 4. Leth:= C R — Rand i : [z,7] = R be positive functions with 0 < z < b and h9 € 14[0,1],
e Lylz, r]. If ] is an h-convex mapping on [z, t], then the following inequality

() ([ (e (e

L ((k—p—1)z+ (p+1)r\ |9 :
w (et o) )

|Qk i,l zZ,7T Z

(2.1)
+h(1—7)

holds, where q—* +p~! = 1.

Proof. Suppose that p > 1. Applying Lemma 1.8 and the Hoélder inequality, we have

k—1 [/~
— k— k—p—1 1

Otz < Y oF <J (1—2v)u'<t("]1”‘”+(1—w( A )r>’dv>]

0

P L

1
k-1 1 B
T—Z
< I1—2y|Pdy
2k? (Jo

(k—p)z+ pb
/
u <Yk

+(1-v)

Since |¢'|9 is h-convex, then we observe that

1 J— J— J—
L o <y(k p])<z—|—pr+(1_y)(k p 1)i+(p—i—1)r>‘dy
1 _ q —n—
gj <h(v) u’((k p])<Z+ pr> Ry u,<(k p UEHOH)T)D av.
0
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Therefore, we deduce

etz <Y L [ (E 1 —2v|pdv> " Jol (nv)

,((k=p)z+pr) [T
w (B0

((k—p—1z+({A+1D)r\ ]9 1
—i—h(l—y)il( - > )dy)]
klr 5 (L L (((k=p)z+pr)\ |9
S | () (], (e (B=52227)

(k—p—1)z+
/
Y il( o

(p+ 1)T> q

Jan)'| :

Remark 2.5. Setting h(y) = y* in Theorem 2.4, we have Theorem 6 in [19].
Remark 2.6. As special cases of Theorem 2.1 and Theorem 2.4, one can get more interesting inequalities.
For example, choosing h(y) = % and h(y) = 1, we get inequalities for Godunova-Levin functions and p

convexity, respectively.

Meanwhile, for twice-differentiable h-convexity, we begin by presenting the following theorem.

Theorem 2.7. Let h: = C R — R and 4 : V — R be a continuously differentiable function on V°,z,v € V° with
z<r,and W' € Llz,v]. If || is an h-convex function on [z, 1], then the following inequality

n [ (k—p)z+pr
w (FE5)

+(p+ 1)r>

1
JO (y=¥*)h(v)dy

k—1 (T . 2)2
Q <
| (uk/ zZ, T)| ‘;) 2k3

(k—p—1)z
/!
T lu ( :

1
JO (y=¥)h(1-v)dy

holds.

Proof. From identity (1.7) and h-convexity of |{l”|, we get

— 1 _ 0 —
1 (8, I2,7) Z Uolv—vzl u”(v(k PELRT 4 (1 -y ”lf“p“)r)’dv]

p=0
k— 1
J' "Y v ‘{ L[N(( p])<z+pr>’

p:O

h(l—7v) NG <(k_p_1)§+(p+l)r>‘}d}/
_kil (r_Z)Z ﬂ” (k—p)z—I—pr ! A2 h( )d
_;) o <k )L(v v*) h(y)dy

P 1
+ L(”((k > 1){:+(p+1)r> JO (y=v*)h(1—v) dv]. O

Theorem 2.8. Let h: = C R — Rand L : I — R be a continuously differentiable function on V°,z,v € V° with
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z<r,and Y € Llz,v]. If || is an h-convex function on [z, 1], then the following inequality

k—1 (T—Z)Z )
O (L, 2,7)] ) Br(p+1,p+1)
p=0

23
Y
x{u” <(kp])<”p"> Lh(v)dw u"<“< p 1)i+(p+1)1‘> Joh(l—Y)dY} :

holds, where [3% (p+1,p+1) is beta function.

Proof. From Lemma 1.10 and Holder’s integral inequality, we get

IRV S|
(r2k3Z) Uo =7 dy]

)2 1 P
< (r2k§) {L h/_yzv’ dy} (2.3)

(k—p)z+pr
12
u (Yk

ﬂ/ /

+(1—v)

< (k—p)z+pr (k—p—l)z—i—(p—i—l)r)
YT

k

|—

+(1—v)

Applying h-convexity on inequality (2.3), we get

Q (e, z, 1) 3 {E vp(l—v)pdv}p {E [h (v)

n [ (k—p)z+pr q
w (F=5)

1

q}dy}q

NG <(k_ plz+ pT>

1 g
—|—(p+1)r) Joh(l—y)dy} . O

Theorem 2.9. Let h:= C R — Rand 4 : V — R be a continuously differentiable function on V°,z,v € V° with
z<r,and W' € Llz,v]. If || is an h-convex function on [z, 1], then the following inequality holds,

n [ (k—plz+opr a
w (F5)

+h(1—vy) W

<(k—p—1)z—i—

(p+1)r
k

T
L

(r—2z)?
2Kk3

B'I’(P+11P+1){

k)
Il
o

+ |y

(k—p—1)z
("

Ot z7) Zr—z ()H(

+ (p+1)r) q

1
L (y=v*) hiy)dy

(k—p—1)z
L[N
i ( :

1
q

0

Jl (y=v)h(1-v) dY)

Proof. Using Lemma 1.10, identity (1.1), and the property of the h-convexity of |LI” |9, we obtain

1
J ly —v?|
0

2
T—Z
Qe zni<y

NG <’Y (k—p)z+pr

o +(1—v)

K dy

(k—p—l)z+(p—|—1)r>‘
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= (r—2)? ! 2 "
<) oa {th—v\dv}
p=
1 N o a Y
X{J ‘y—yz‘ ilu< (k p])(z+pr+(1y)(k o 1)£+(p+1)r> dy}
0
K—1 -4
(r—27 | ! 2 I 2 v (k=p)z+pr)|
<p:0 53 {JO (v—v)dv} {L(v—v)[h(v)il <k>
k—1 1—1
oy =2 (N (] ((k=p)ztpr [ [ 2
P ;) (u( ) | = hmay
_ q ¢l G
+u”<(k p 1)z+(p+1)r) J(y_YZ)h(l_y)dy> .

3. Applications to special means

In this section, some special means can be applied to our results presented in Section 2. Let z,r € R,
1. the arithmetic mean is defined by A = A(z, 1) := 5, z,1v > (;

2 7

2. the harmonic mean is defined by H = H(z, 1) := szr,z,r > 0;

3. the logarithmic mean is defined by L = L(z,1) := { a,T_Z ?f =T z,r>0.;
Int—Inz’ if z 7& T

4. the p-logarithmic mean is defined as
ifz=r,

z,
Lp = Lp (Z,T) = { |: PPl ptl
(

1
P .
m} ’ IfZ#T,

p € R\{-1,0},z,r > 0.

Proposition 3.1. Let z,r € R,0< z <1, and m € IN,m > 2. Then,

1 (k—p)z+pr\™ [(k—p—1)
S ()

k

z+ (p—i—l)r)m) LM

k—1 1 (m—1)q
(r—z)m _ (k—p)z+pr
<X i [(J 1-2viyiay) (=2 EEeT)

1
q 0

0

holds, for all q > 1.

! —0— (m-1)q\ 14
+<J'1—2ﬂhu_vkw><“‘ o 1Z+%p+1h> )}

Proof. The proof of this proposition follows from (2.1) in Theorem 2.1 with U(n) =n™,n € [z,1],m €

N, m > 2.

Proposition 3.2. Let z,v € R,0 < z <1, and m € IN,m > 2. Then, the following

k—1

p=0

(k—p—Dz+@+&h)m>_Lm&ﬂ)

1 (k—p)z+pr\™
() (R

O
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k—1 1 1 (m—1)q
(r—z)m 1 P (k—p)z+pr
s = 22 ek <P+1> [(L hmdy) ( k >

1 o (m—1)q 74
+<J h(1—v)dv> <(k b Ui“"“”) ]
0

Proof. The proof of this proposition follows from (2.1) in Theorem 2.4 with 4(n) =n™,n € [z,1],m €
N, m > 2. O

holds, for all q > 1.

Proposition 3.3. Let z,r € R,0< z < r,andy € N,y > 3. Then,

<( p])<z+pr>y/((k—p—l)i+(p+1)r>y>Lz(Z/T)

k—l —22 [ _ v—2
e U (Y—YZ)h(Y)dY<(k p])(HpT)
0
+J

k—p—1z+(p+1)r\" 2
(vl —y)ay (2= HER L) ]
Proof. The proof of this proposition follows from Theorem 2.7 with {(n) =nY,n e [z,7,n e N,n > 3. O

W\P—‘

Z

nl\/]

[hey

o

holds.

4. Conclusion

Important results are often reported through inequalities and convexities, two of which are correlated.
Thus, h-convexity and Holder’s inequality (plying important rules in optimization theory) are used here
to establish new integral inequalities. This study generalizes inequalities applicable to the class of h-
convexity of first and second order derivatives. Certain applications of our results are equality reported
in this study. The findings of this study could generalize interesting and new results for inequalities
through variant types of convexities.
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