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Abstract

In this paper, we study existence and uniqueness of solutions for a new systems of nonlinear coupled boundary value
problem of the ABC fractional differential equation. By applying the Banach’s fixed point theorem and Krasnoselskii’s fixed
point theorem, the existence of solutions is obtained. Further, the provided problem Ulam-Hyers (UH) and generalized Ulam-
Hyers (SUX) stability are both investigated. The result obtained in this work are well illustrated with the aid of examples.
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1. Introduction

Fractional calculus is widely used in research and industry to represent complex processes [5, 11, 24,
27,31, 33, 35, 36]. Academics are exploring unique fractional derivatives (FDs) with singular or nonsin-
gular kernels to model real-world scenarios across scientific and engineering disciplines. New fractional
operators have shown to be highly successful tools for professionals and academics due to their contri-
butions to physical phenomena and real-world applications. Prior to 2015, all fractional derivatives were
represented as solitary kernels. It is difficult to simulate physical occurrences that contain singularities.

In 2015, Caputo and Fabrizio [20] identified a new I in the exponential kernel. Losada and Nieto
discussed the properties of this unique kind in [34]. In [15], Atangana and Baleanu (AB) investigated
Mittag-Leffler kernels to create a novel and intriguing FD. Abdeljawad expanded the type investigated
by AB in [1], resulting in related sequencing integral operators spanning from (0,1) to more random
orders. In addition, he investigated the existence and uniqueness theorems for the Riemann-type (ABR)
and Caputo-type (ABC) FDs, additionally higher-order initial value issues. The distinct types of new
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operators was explored by Abdeljawad and Baleanu [2, 3]. We propose reading articles [8, 16, 32] for
theoretical research on AB fractional differential equations (FDEs).

Baleanu et al. [18] solved four fractional integro differential equations (FJD¢Es), with numerical solu-
tions reported in [12-14, 22] under appropriate conditions. Under some situations, the solution set for
the second FIDE appears to be unlimited in length. The Caputo-Fabrizio fractional derivative [23] was
utilized by Aydogan et al. [17] to create the CFD and DCEF, two new high-order derivatives. They looked
into two high-order FIDEs” solutions.

Guoa et al. [25, 26] used semigroups and Monch fixed-point techniques to study the Hyers-Ulam
(HU) stability of FDEs in fractional and inclination are used in nonlocal contexts. Researchers have
studied the U stability of solutions for IDEs with starting or boundary conditions in many publications
[6,7,9,10, 28, 29].

Abdo et al. [4] studied ABC-type pantograph FDEs with nonlocal circumstances. The following
systems of coupled nonlinear Atangana Baleanu type fractional differential equations were explored by
Hammad et al. [30] as follows:

ABRDé }m) = g(m, d(n), k(m)), e lpd,dec (23],
Am@f’ k(m) = g(m, k(n),¥(m)), m€ [p,0],8 € (2,3],
3 )—osw)z AB 68X, X € (p,0),
K(p) =0, k(0) =45 JC K(X), X € (p,0),
ABEDE B(n) = g7, d(m), k(n)), m € [p, 8], C € (1,2],
“‘”3%“ K(m) = g(m, k(m),d(m)), me [p,0,¢ € (1,2,
dp) = 0,9() =A% IS H(N), W € (p,0),
k() = 0,k(¢) ABJC K(X), X € (p,0),

where Agm@}ﬁ(ﬂ) and ABGD;’)+§(7’[) show the ABR and ABC fractional derivatives of order 6 € (2,3]
and ¢ € (1,2], correspondingly, 0 < ( < 1and g: [p,{] x R x R — R are continuous.

Motivated by the prior results, in this paper, we prove the existence and uniqueness theorems for new
systems of nonlinear coupled boundary value problem (BVP) of the ABC fractional differential equation
defined as

ABRDL H(m) = g1(m, d(m), B(rm), (), m € [p, 4,8 € (2,3],

A‘BRDI‘2)+K(7T) = go(m, 8(m), k(m), k(rm)), mwe [p,€,0 € (2,3], (1.1)
¥p) =0,9(l) = od(X), X € (p,0),

K(p) =0, k(l) = Ak(Xq), ¥q € (p,0),

ABEDE 9(m) = g1 (7, (n), (), k(m), m € [, 8], C € (2,3],

ABEDC () = galm, B(m), (), k(rm)), 7 € [p,0),C € (2,3, )
¥p) =0,9(l) = od(X), X € (p,0),

K(p) =0, k(l) = Ak(Xq), ¥q € (p,0),

where ABS{@?ﬁ and Aﬁe®;+ represent the ABR and ABC fractional derivatives of order & € (2,3],
7, N, Nq,0,A € (p,¢) and C € (1, 2], respectively, and g1, 92 : [, €] x R x R x R — R are nonlinear continu-
ous.

2. Preliminaries

Assume that €(J,R) is the space of all continuous functions 9 : § — R given by [[9|| = max{|®(7)| : 7 €
d}, where J = [, {]. Clearly, (C(d,R), [l.|l) is a Banach space.
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Definition 2.1 ([15]). Let us consider & € (0,1]. Assume a function ¥ the left-sided ABC and ABR
fractional derivatives of order & defined as

APEDE. D (m) bl0) ré (5(7t—x)5)19’(x)dx, > g,

T1-5), *\s—1
ABRC _¢(5)dr o 5\
Dpsd(m) = T~ pés s X)) YA, > g,

repectively, where ¢(9) refer in the normalizing function, such that $(0) =1 = ¢(1) and 85 shows the
Mittag-Leffler function, defined as:

© .
¥
= —, R .
d5(9) ;—0”1“6), e(d) >0,09eC

Furthermore, the analogous fractional integral of AB is given as

PPN T SURE S G
959000 = 520+ gy | 0" b

Lemma 2.2 ([2]). Let us assume & € (0,1]. If the ABC fractional derivatives occurs, we obtain

AT ABEDE D () = 9(m) — ().

Definition 2.3 ([1]). The relation between the ABC and ABR fractional derivatives is described as

ABED o) =% D8 9(m) PLo(ess (5 (r-x)°). @)

Remark 2.4 ([30]). If we take A®J g+19(7'[) throughout the whole equation (2.1) and by Lemma 2.2, we have
ABIS ABRDY H(m) = 9(m).

Lemma 2.5 ([15]). Let 9 >0, **®3%, : €(J,R) — €(J,R) is bounded.

Definition 2.6 ([1]). Assume that & € (n,n+ 1] and 9 be such that %) € 31(p,(). We takenn =& —k,Vn €
(0,1], and it is defined as

(AEEDG D) (m) = (MPEDL () and  (AFHDELD) () = (AFFDYL ) ().
Further, the AB fractinal integral is described as
(1?95, 9) () = (35,195, 9) (n).

Theorem 2.7 ([21]). If Q be a closed subspace of a Banach space X and M : Q — Q be a contraction mapping, then
M has a unique fixed point in Q.

Theorem 2.8 ([19, Krasnoselskii’s fixed point theorem]). Let B be a nonempty closed convex subset of a Banach
space (X, |[.|]). Suppose that P and Q map B into X such that

(A1) PY+ 9k € B whenever 9,k € B;
(A2) P is a contraction mapping;

(A3) Qs a continuous and compact.

Then there exists z € B such that z = Pz + Qz.
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Lemma 2.9 ([1]). In g define a ¥(m) and & € (n,n+ 1], for all n € IN, the following conditions are hold:

(i) (1PRDL,9)(m) = d(m);

.. ABR _ (k) .
(i) (A28, 77FD8 9)(m) = 9(m) — L1y T (m—p);

(iii) (4235, PCD3 9)(m) = 0(m) — X1 L) (m— )1,
Lemma 2.10 ([30]). Let us assume that & € (n,n+1]. Then forn=1,2,3,....,n—1, AMQD?# (m—p)" =0.
Lemma 2.11 ([1]). Consider that ¢ € (2,3] and g € C(J,R). The equation defined as
ABEDLD(m) = g(m), me lp,0,9(p) = 1,3(0) = g2,
has a solution

B(m) = 1+ pa(m— )+ 151 6(m) = o1 + pa(m— ) + T4+ (HPT0 g(m), (6-2) =m e (0,1],

where
Jg+9(m) C g(ﬂ)er)(n)r(n) L(n )" al(x)dx
_ 3-8 2 S L
“ 62" G M2 L(” X)” " g0dx,
and

AP35 D) =B (AP glr0) = o | (X)X e | (r 0% gl

d(6—-2) J, d—2)r o
Lemma 2.12 ([1]). Consider that ¢ € (2,3] and g € C(J,R). The equation defined as
ABEDS H(m) = g(m), 7 € [p, U, ¥(p) = 91,9(0) = g2,
has a solution
3(m) = o1+ pa(m— ) +77 33 (),
where
ABgS g(m) = (b(zé__@l) J:g(x)dx + ST s E(n—x)“g(x)dx. (22)

Lemma 2.13. Assume that § € (2,3], q = o(X —p) — ({ — ) # 0and g1, g2 € C(J x R3,R). If the coupled (9, k)
satisfies the following fractional integral equations, then the functions 9 and « constitute a solution to the coupled
ABR problem (1.1) as follows:

o) = (“33,41(6,19(@),9(%), €(0) — B3, gy (X, D(X), D(rX), mm)
AB q6
+ jp+91 (7'[,19(7'[),19(1’7'[), K(T[))/ (23)
() = (”q"” (Mﬂg+gz(e,8(e), (), k(7)) — MBS, (X, B(X), k(X), K(rx))>

L AB Jg+gz(ﬂ,8(ﬂ)/ k(71), k(rm)).
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or

(g 2-5 ("
o) = T B (0 | 000, 900), k()

It S AP ) ( ) s

TR0 L,(" X)° 8106 903, 90, k)X — o o5
o0—1 X 51

el Jp (m—x)°""g1(x, 9(x), 9(rx), K(x))dx)>

0—1

2-5
$(6—1)r'(3)

"o
_ _ ¢
clm) = B (220 |t 000 i), Kl
&

qa \$o—

5—1 ¢ 51 L 2%
T ey ) 0 3 00 ), KA (5

5—1
$6-1(o)
2-9%

B5=T) ), 2000, K00, KN +

J g1(x, 9 (x), 9(rx), k(x))dx + J (t—%)° g1 (%, 9(x), ¥(rx), k(x))dx
® ®

X
J (n—x)f’1gz(x,19(x),K(x),K(rx))dx)>
®
6—1

+
* P61 ()

7T
|| =% 120000, k60, K0
®
Proof. Let 9 be a solution of equation (2.3). Then, by Lemma 2.11, we obtain
d(m) = g1+ g2 (m— ) + 7% g1 (7, 9(m0), B (rm), k(). (24)
By condition ¥(gp) = 0, we have p; = 0. Therefore, the equation (2.4) may be represented as

() = pa(m—p) + +g1(70, (70), ¥(rm), k(7).

AB 5
To

It follows from the condition 9({) = od(X), we get
£20(X — ) + 078 g1 (K, 9(X), 9(rX), k(R)) = 2 (£ — ) +% 70, g1(€,9(0), 9(rt), k(0)).

Consequently,

B 1
Co(R—p)—(t—p)

From (2.4), we have

02 (“:ngl(e,ﬁ(e),s(rm, <(0)) — 0™ BI5 . g1 (X, 9(X), D(rX), K(x))).

B(m) = (”;"” (“ag+gl(e,a(e),a(re), K(0)) — AP0 gy (X, 9(X), D(r), mm)

+AP 95 g1 (7, 9(m), 9 (rm), (7)), (2.5)

which implies that

_(n—p)( 2-5 [
o) = T B0 | 000, 900), k()

s—1 [ 51
T e -Dre) L(ﬁ—x) g1(x, 9(x), ¥(rx), k(x))dx — o(

0—1

N
TS0 J (m—x)° a1 (%, D(x), 9(rx), K(x))dx>>
&
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o—-1

I St S (AT
B8 TS | (0 3160960, 20, K

2-5 (™
BEoT ), B0, K00+

Similarly, we can prove that

c(m) = (“J;+gz(e,8(e), (0), K(r0)) — M3, (%, 9(X), K(X), K(rx)))

+AB J?frgZ(ﬂ/ 8(71)/ K(ﬂ)/ K(TT[)), (26)

which implies that

(- 25 [
€l = T2 (G552 | o 200, ), st
5—1 (Y s B < 2-5
5 E D) | 0" el 900, 60, kX Ay
b | (0 el 900, k00 c(rel)ix )
o6 1) J, R
2—3%

$(6—-1)

| 3200 80¢), k00, KX + s | (=0 el 000, ki), k()
1Y 1Y

.ABthDé

Conversely, suppose that ¥ satisfies equation (2.5). Applying o+ On equation (2.5) and assisting

Lemma?2.9 and Lemma 2.10, we have
7'(_
ABXDY . H(m) =APR DY (q’p) <A332+gl (6,9(0),9(r0), k() — BT g1(X, D(X), D(rX), K(x)))
+ABRDS ABGE g1 (1, 9(r), O(rm), k() = ga (7,9 (r0), (rm), k(7).

In the same way, we have
AER8 () =A% Y, B (495540, 0(0), K(0) K170) = K255 2[5, B(), k() k() )

+APRDS AP gy, 8(m), k(m0), k(r7)) = ga (70, B(70), k(70), k().

As T — p,in (2.5) and (2.6), then 3(yp) = 0 = k(g). Next,

aﬁ(x)z‘y(x;p)(fmj& 1(6,9(0),9(r0), x(0))
MBI gy (%, 9(X ) 1 oABS gy (X, 9(X), (1), (X))
_ (1+“q’")> (A395+91(€ 9(0), 9(r0), k(1))
— P30, g1 (X, 9(X ) ) + P8, g1 (X, 9(X), H(rX), k(X))
_-p) (ABJ;‘; 1(€,9(0), 9(7), K(0))
q
— A8 (8,903, 003, K(30)) ) + 35,00, 900), (1)) = D(0).

Similarly, we can prove that Ak(X;) = k({). O
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3. Main results

We are prepared to discuss our key findings. Using Lemma 2.13, we define an operator R : €(J, R) x

R, k) () = (R (9, k)(70), Ra (D, k) (7)), (3.1)

where

o . 4
R4 (9, k) () = : ) ( (bz ° ) j 8106, 90, 8(r), k() )x

o (3.2)

+ o5 | 0% 0 900,800, Kl
&

o o 4
(0,89 (m) = P (25 [t 0000 k00,

_ ¢
4 “J (rt— x)5 23 D), k), k()

0 (3.3)
i )J (=305 g2, 90, K, K(rxndx))

2-5 (™
+ g2(x, 9(x), x(x), k(rx))dx
T
BT | 0% 0 91, K, ki) .
So the existence of solution for system (1.1) is equivalent to the existence of the fixed point for the operator

R defined by (3.1)-(3.3). We are discussing the existence and uniqueness of solutions for the coupled ABR
type fractional derivatives (1.1).

Theorem 3.1. Suppose that gy, go are given nonlinear continuous functions such that

(B1) V9,9,k,& € C(J,R) and 7 € §, there exists ki, ko > 0 such that

and
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(B2) If U+ W < 1and

where

U:k1<ql(ﬂ_p)—|—q2>, W:k2<q1(7rq_p)+q2)/
2

q
B —d B o—1 NS sy 2— B
= 3¢9+ gm0~ n-elf) —o{ g <o
5—1
b rml)((n—x)é—(n—mé)),
2-5 15
=1 e e T

Then the coupled ABR type fractional derivatives (1.1) has a unique solution.

Proof. Assume a closed ball B, such as By = {0 € C(J,R) : [|6]| < v} with radius v > Fjﬁ,

2
U = (ql(ﬂq_ ) +QZ>h1, W = <ql(ﬂq_ o) +q2>h2,

and h; = sup,_4191(7,0,0,0)|, hy = sup, 4 1g2(7,0,0,0)|. For each 9,k € €(J,R), using (B1) and (B2), we
have

g1 (70,9(7), ¥(rm), k(70))]|
< lg1 (75, 9(m), B(rm), k(7)) — g1 (7, 0,0,0)[ + |g1 (75, 0, 0, 0)]
k1 kl

k
< €(2|B(7r)| + k(7)) + lg1(7,0,0,0)] < 3(3\/) +hi = 51\/+h1,
)

< |92(7T/19(7T)1 K(T[)/ K(1"7T)) - 92(7'[, O/ 0/ 0)| + |92(7T/ 0/ 0/ 0)|

< %2 (0(r0)1 + 21l + Ipa(,0,0,001 < 2 (3v) 10y = v 41y
- . £
9,01 < T (2 [ a0 9000, 300, )
o1 Jg(rr—x)é—ﬂgl(x 90, 9(m), k00 ldx
S Do) I, AX) D),
o220 jxml(x 9(x), (rx), k(x))ldx
p-1 ), B D),
P et Jx(n—x)f’ g1 (x, 9, 9(rx) K(x))ux))
S5 Dre) I, AU,
2.5 (T 1 (s
o0 1)L) lg1 (%, 9(x),d(rx) '<(><))It7l><+q)(25 Do) L(ﬂ X)° g1 (x, O (x), O(rx), x(x))ldx
(7t — o) 2-5% kq
< P2t
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5—1  ((i—X)P  (m—p)\ k
¢(6—1)r(6)< 5 s >(2V+h”>>

_|_

2-5 ky (m—9)°\ ki
+m(“_m(2”m ¢( )r( ( ; >(2V+hl)
_(7'[_53) 2—9% B 6)_ < _§ -

51 ((n-XP (n- p)f"’ k1
+¢(5—1)r(5)< 5 ))) zv”‘1

2-5 5—1 9)°\\ Kk
* (da(zs—n(”_"” IO ( 5 )>(2V+h”

mT— kq k1
_ | q")ql( Vi) + qa( by + hy)

k — U
— 21<q1(7[qp) +q2>y+ <q1(7[q p) —|—q2>h1 = EV‘FUl,

which implies that

U
IR1 (D, )|l < V+U1

m o) 2-5 |
o, 9 < EE (2 | el 9000, 30, )

§—1 t -
+¢@1W@J;W—U lg2 (%, ¥(x), ¥(rx), k(x))ldx
5

2s )
Moo L 1920 9(x), 8(rx), k() ldx
o0—1

W
5—1
c|>(6F(6)J (=X |92(X/19(X)n9(1’x),K(x))ldx>>
n| 6—1

+
1) 0
4 HJ a2 (x, 9(x), ¥(rx), k)X + ———— Jﬂ(ﬂ—x)élwz(){,ﬁ(x) B(rx), k(x))ldx
-1, oA ’ ¢ —-1)I(8) J, /
)

$(d

(m—p)( 2 k2
< (W 1((’»—&>)(2V+h2)

5 —
6 — )r

5 —_
= ( 65’) )3vet) )+ o ) v
o

o= )r
5—
o= )mé

8
) 2\/—1-1’12)

_(n o) ( 2 5-1  [(m—05 (m—gp)®
- ((6 TR 8’)+¢(5_1)r(5)( G >

q
2—5% 5—1 (m—NX)®  (m—p)°® ko
”( -1 )(x—p)+¢(5_l)r(5)< 5 >>>(2V+h2)
) 5—1 (m—p)°® k>
+(¢(6 1)(“_"””¢(6—1)r(6)(_ 5 )>(V+h2)

_ (m—p) (k

ko
V-i-hz)-l-qz( V-i—hz)
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k — — W
= 27_((11(7;&)) +q2>v+ <C11(7[q&)) +q2>h2 = ?V+W1,

which implies that [|Ra (D, k)| < %v + Wi. Now,

U W
IR, <) = 1R (3, Il + [R2 (B, W)l < 5v+Ur + 5v+ Wi < v

Hence, ||R(9, )|| < v and so RB+, C B.. For each 9,9, k, &k € C(J,R), we derive that
|R1 (8, k) (1) — R1 (I, &) (70)]

_ i 4
_ '(n ®) <¢2 5 | J 91(x,9(x),9(rx), k(x))dx
&

q (6—1
5—1 ¢ 61
B E D) | 0" 900,900, ki
2-5 (X
o ga= ), 0090090, K00
6 -1 X 51
T | (0" e 300,90, k(i) )
+ 220 [ e 900,900, KX+ i |0 ), ), )
d)(é_l) pgl X, vIX),vrX), KiX))ax cb(é—l)l’(é) 0 X g1\X, X rX), KIX))ax
o o 4
BN (0 |l 00, 800, R0
&
I S AP I S _(2—5N_-_
BT | 0" 300,300, Rix — o iy | e 00,30, R
_ X
F et | 0% B0, Bl k()i )
&
=2 e 900,900, XX~ i |0 B0, ), KO0
(I)(6 1) zpgl X, vX rX), KIX))ax cl)(é—l)l“(é) 0 X g1\, X)), vrX), KiX))ax
o _ ¢
T (T | b 900,200, K60) ~ a1 B0, B0, K i
®
B ¢
S5 | 0% o B0x), D00 i) — g x,80), Blr), Rl
&
_ X
~o( i | 19100801800, k() — a1 x, 80, Blrx), Rl
&
_ X
bt | 0 el 800,800, k() — 1, B, B0, R0 ke ) )
&
+ o | 19166900, 900, K0x)) — 010 860, B(rx), K
&
+¢wiﬂkﬁj(n—m&ﬂmmﬁuLMmLwmm—mmﬂuLMmLﬂmwm,
&
R0, ) () — 1 (3, R) )
(m—p)( 2-0 §— p5 2-5
< (" (e g (s -) =gt

5-1 ((n-X) m 9)’ 15 ((n—p)’
+¢w—nw&< 5 5 >>>+¢m T “+¢w—nw&< 5 ))
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(=) 2-5 5—1 I < 2-5
(T (G o e (- 0° — (e 9 — o o 5 )

s ; 28 1-5 ;
sy (91~ (500 ) + gy 9+ o)

@000 - 3601+ 10 — k0D = (L= 4 ) 5 20060~ 8001+ o - )N,

= (211 (x) — B0 + 11k (x) — k(X))

= (1900 — 360 + k() — RGO

Similarly, we can prove that

10, ) ~ a8, R < (L5 4 g ) 21000 - 36001 + 1) — RO

Hence,

IR, k) () = R, &) ()| < N|R1 (9, k) (1) — 7|+ [[R2 (9, ) (71) — Ra (B, &) (1)

3, &)(
<(q1 m—p ) )( > 1900 =300+ k() — RGN
_ ((ql(ﬂq@)) ra) (24 3>||( )= (3R],

Since ((W) +q ) <k] + %) < 1, then R is a contraction mapping. According to Theorem 2.7, R

has a unique fixed point. O

Theorem 3.2. Assume that (B1)-(B2) hold. If the following conditions hold, then system (1.1) has at least one
solution on (—oo, £].

(C1) If((ql%m> —|—q2> (kl) < 1, where

B - 1 s 2 -
0= 56—t~ * = (n- 0~ (v=01) —o{ g <o
51
TG -1 r(5+1)((”_x)6_(”_")6)>’
25 5 ;
L= o)) O T ey Y

Proof. Define the operator R : €(J,R) x €(d,R) — €C(J,IR). We split R = P + Q such that, for all ® € g,
Y,k € €(J,R),

o o [4
P10, ) () = 7 “( 220 [ ot 000,902, ke
q ¢ 9
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+$
¢ —-1)r(3)

B X
~o( s | 800900, ), K
&

£
J (0% a1, 9(x), 8, k) )
&
; Hr(n—x)“gl(x 9(),9(rx) K(X))dx)>
S —1() U, D), ),

o o [4
9a(0,1)(70 = T (T2 [, 00,90, k00

£
P j (rt— %)% 250, D), (), Kx) )
L

_5 (T
% (0, )] = L 82, 9(x), B(rx), K(x))dx +

By the proof of the Theorem 3.1, we derive that

o0—1

R St S A
B8 DTS | (09200960, 90, k()

U \%
IR, Il = [R1 (B, )+ 1R (9, )| < Sv+ Ui+ 5 v+ Wi <v.

Therefore, P(9, k) + Q(9, k) € By, we also prove that P and Q map B, into B, C €(J,R) and Q is uniformly
bounded. Now, we prove that P is a contraction mapping. For this, for all m € J, 9, k € €(J,R),

P, ) (1) — P, &) ()]
2

— _ 4
&

5—1 51 2-5 (¥
NN dp(ﬂ X)7 a1 (% 9(x) ﬁ(rx),K(x))dx—(f(d)(é_l) L 91(x, 9(x), 9(rx), k(x))dx
5—1 r X 51 2 lud
oG _DT0) , (t—x) gl(x,ﬁ(x),ﬁ(rx),K(x))dx» M) . 91(x, 9 (x), 9(rx), k(x))dx
I 51 _(n—p)( 28 (Y s
G W(Tr X)” a1 (x 9(x), ¥(rx), k(x))dx p o6 _1) Lm(x V(x), 0(rx), k(x))dx
b 5000 860, D) R(x))dx—ﬁ( 20 ngl(x 3(x), 3rx), R(x))dx
G —1)T(3) Jp dd—1) Jy ’
_ X
+ i | 0" i 80,800, k()i )
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(m—p)( 2-5 [ S () 2
< ( 36T L g1 (%, 9(0x), ¥(rx), k(X)) — 91 (x, D(x), D(rx), R(x))ldx

5—1 P - ) )
+ S0 L(ﬂ )7 g (D (x), B (rx), k(X)) — g1 (x, ¥(x), ¥ (rx), R(x))ldx
2-5 (¥ -

~o( 55 L 191 (%, 9(x), 8(r), k() — a1 (6 9), D), Rx) I

7, o 30, 00
+¢(6_1)r(5)L (r—x)°" g1 (x, B (x), 9(rx), k(x)) — g1 (x, ¥(x), ¥(rx), R(x))ldx

28 (T o i
+ P6-1) L lg1 (x, 9(x), 9(rx), k(x)) — g1(x, O (x), D(rx), R(x))ldx

o—1

(0

R Tt S KA N _ 3o & _
o1 L(ﬂ X)7 g1 (6 9 (x), 9 (rx), k(X)) — g1 (x, ¥ (x), ¥(rx), R(x))ldx
< ((ﬂ—p)( 2-3 (- )+ —1 ((ﬂ—ﬂ)é_(ﬂ—p)zS)

q $(6—-1) ¢ —-1)r(3) 5 5

25 §—1 (m—X)®  (m—p)°
_G<¢(6—1)(N_p)+¢(6—1)F(6)( 5 s >>>

2—-9 1—96 (7’(—(9)6
+¢(6—1)(“_p)+¢(6—1)r(6)< ))

k61(2|19(x) — D001+ k(%) — k(X))

(n—9)( 2-5 5—1 s ey [ 2-8
_< q <d>(6—1)“ O+ se—mrern (T Y e G(Cb(é—l)(x o)

5—1 5 s 2.8 5 5
M S VA )>>+¢(6—1)(”_&’)+¢(5_1)r(5+1)(”‘&’) )

2900~ 8001+ i)~ k600 = ( (7= 4 ) £ 2ot) ~ 360 + i) — kGl

which implies that

1P(D, k) (1) — P, &) ()| < <(ql(ﬁq_ p)> + qz> b (21D () =0 + llk(x) — k(D

= (2722 +.q0) S 1960 — 3001+ i) — =6

3
_ <<ql(”q—8’)> +q2) "31|(s, k) — (8, ”)|.

qi(mt—g)

Since 7 + q2> %1 < 1, hence P is a contraction mapping. Next, we prove that Q is equicontinu-

ous. For this, for all 11, m € J, 9,k € C(J, R) with 11 < 71,
1Q1(9, k) (712) — Q1(D, k) (711

2—-86 (™ 6—1 2 51
< ‘ML gl(X,S(X),S(rX),K(X))dx+J (12 =)™ g1 (%, ¥ (x), ¥(rx), (x))dx

SE—1I() ),
2-5 (™ 6—1 ™ 51
- L 31,900, 7], KO0 — s L (1 —X)° g1 (90, 9(%), K(x))dx‘
2-5 (™ 6—1 ™ 5—1
< ‘cb(é—l) Jm 91(x, ¥(x), ¥(rx), k(x))dx + O] Ll (1 —x)° g1 (X, ¥(x), ¥(rx), K(x))dx'
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k
(712—7'[1)?1\/4-}11 +

1-8 (m—m)® (k
2

s $(5—1) NG R V+h1> — 0as m — m.

Similarly, we can prove that

HQZ(SI K)(TEZ) - QZ(S, K)(7‘[1)||B3
2-3 ko 1-2 (y —11)® (ko
< d)(é—l)(ﬁz_m)iv—I—hz—’—d)(é—l)l“(é) 5 <2v+h2> — 0as m — .

From above inequalities, we know that Q is equicontinuous. So Q is relatively compact. Hence, by the
Arzela-Ascoli theorem, then Q is compact. From Theorem 2.8, there is at least one solution (9*,k*) €
By. O

We are discussing the existence and uniqueness of solutions for the coupled ABC type fractional
derivatives (1.2).

Lemma 3.3. Let us assume & € (2,3], q = o(N—p)— (L —p) # 0, and g1, 9 € C(J x R, R). If the coupled
(9, k) satisfies the following fractional integral equations, then the functions 9 and k constitute a solution to the
coupled ABR problem (1.1) as follows:

o) = 2 (495541 (4,0(0), 8(70),K(0)) - 235, 1 5,000, 81730, k(x)

+AP 9% g1 (7, (), 9 (rm), k(m),

(3.4)
c(m) = (A%g+gz(e,e(e), (0), K(r0)) — MB35, (K, D(X), k(X), K(rx)))
+4P 98, ga(m, 9(m), k(70), k(rm)).
or
o o 4
o) = (B0 | a0 900, 90, ki)
Rt Je(: 15141 (x,8(x), 9(1%), K(x))d —o( 2= Jx (%, 90,0, k()
d)(é—].)r(&) 0 X g1 X, vIX),v(rx), Kix X ¢(6 1) 0 g1 X, viX rX), KX X
_ X
s | 0" b 800,800, k()i )
®
2.5 [~ 5-1 (" -
1) L 91(x, 9(x), ¥(rx), k(x))dx + P61 (o) L (r—x)"""g1(x, 9(x), ¥(rx), k(x))dx,
o o 4
clm) = "B (220 | sl 000, k60, i)
LY
5—1 (Y s B ( 2-5 (¥
BB | 0" 900, K00, kix A ey | a0 900, k60, ki x
_ X
s | 0" el 800, k60, el )
®
2.5 [~ 5—1 (" -
T | 32009, KO, KX+ s | (=30 sl 060, k(). k(0
® ®
Proof. Letd and «k be the solution of (1.2). Lemmas 2.12 and 2.13 will be helpful to get the solution to (1.2)
given as (3.4), where 457 ?3+ g1(7) is defined in (2.2). O]

Theorem 3.4. Suppose that gy, go are given nonlinear continuous functions such that
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(D1) V9,9,k,& € C(J,R) and 7 € J, there exists ki, ky > 0 such that

and
1927, 9(), k(1) K(r7), ) — g2, (1), R (1), R(rm))| < 2

(D2) if Ugpe + Wabe < 1 and

where

Uabc = kl <C13(7Tq_{§3) + q4>/ Wabc = k2 (%(qu—lp) + q4>/
2

%= 557 8+ e (7 O~ (- o))
2.5 51 5 5
— o e (R =)+ e (7 — () )),
25 1-5 5
qs = ¢(6—1)(ﬂ p)+¢(5—1)r(5+1)(”_p) :

Then the coupled ABC type fractional derivatives (1.2) have a unique solution.

Proof. By the same method of Theorem 3.1, one can prove the above Theorem. O

4. Stability results

This section deals with the establishing results about UH and generalized GUX stabilities for consid-
ered coupled ABR-type fractional differential equation 1.1 and ABC-type fractional differential equation
1.2. To achieve our desired result, consider the following inequalities for e > 0:

\AMDZ+8(7T) — g1 (7, B(m), B(rm), k(7)) < €, IABRD;L K(7t) — g2 (7t, D(7r), k(7), k(rm))| < €. (4.1)
Let us introduce the definition as follows.

Definition 4.1. The coupled ABR-type fractional differential equations (1.1) are UJ{ stable, if there exists
a real number S > 0 so that for each € > 0 and for 9,k € C(J,R) of (4.1), there is a unique solution
Y,k € €(J,R) of the suggested problem (1.1) so that [9(7t) — 9(7)| + |k(7t) — k()| < Se. Also, the coupled
ABR-type fractional differential equations (1.1) are SUH stable, then the function ¥ : R — R* with
Y(0) = 0 is such that [¥(7t) — 3(m)| + |k(71) — &(7)| < Ye.

Remark 4.2. The functions 9, k € €(J,R) are a solution to equation (4.1) if continuous functions U,V : J — R
can be identified depending on ¥ and k, correspondingly, such that

(51) U(m) < 5 and V(7)) < 5, for all T € J;
(82) APRDL H(m) = g1 (7, d(m), B(rm), k() + U(n), 7 € J;

(83) APRDY, k(m) = ga(m, B(m), k(70), k(7)) + V(m0), 7w € J.
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Lemma 4.3. If § and & are a solution to equation (4.1) and & and & satisfy the below conditions:

—5
9) 1 d)(& B | 910900, i), k)i
5— m B
(86— )r 5) L ,A(x), B(rx), k(x))dx| < ;(m p p)q1 +qz),
() o ng ,k())dx
ool " e((n—p)
G5 —1)r(3) L(TE X)° a2 (x (), ()IK(T’X))dX|<2( p CI1+q2>,
where
— _ [4 _ ¢
e (ﬂq . S5 | 9100900, 900, KX+ s | (0% 900, D), ki)
» ®
2-5_(® 5—1 X 5—1
and

(?7?)

Proof. In the light of Theorem 3.1 and Remark 4.2, we have

(m—p)( 2-0
q (d>(6—1
P
(6 —=1)T(d)

X
j (8106, 9(x), 9, k(x)) + U(x)dx
1Y

}m) =

£
) j (8106, 80, 3(n), K00)) + U dx
1Y

¢
J (t—x)° (g1 (x, 9(x),9(rx), x(x)) + U(x))dx
®

which implies that

§—1
G(d—1)T'(d)
t 2§

y e et S PSS _ ( )
(Gt | w0+ g i [ b — o (G5 [ 00

Bl 2 %J 1900, 9(rx), k(X)) J_ =207 0 060,810, K0
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X 2—-8 (7 6—1
)01 _— PTG
L) (t—x) IU(x)Idx)> T eh—1) L) UGl + $(6—1)r(s)

(=0 — (— p)?) 25
5 _“<¢(6—1)(x_&’)

+L
O
e(m—yp)/ 2—0 _ 5—1
ST <¢(6—1)“ O -1
51 ((n—X)°— (n—p)®) e(1-3)
+¢5 )r(é) 5 >>+2¢(6—1)(”_&’”2¢(6—1)r(5)
5 — 2-5

(e~ 0 — (i~ 9)®) — “<¢(5_1)“‘ )
)

o+
5 5 el (2-9) (1-3) 5
(e —X)° = (m— ) )>>+2< (o) + g5 P )

J (m— )5 U)X
®o

(m—p)°
5

Similarly, one can prove that

2—-5%6 (™
IK(m) =¥+ oy | aebe 9K, k), k()
S LR e ((n—p)
+WL(W—X) 92(X,19(X),K(X),K(VX))dX|<2( ; q1+q2>_

Theorem 4.4. Let condition (B1) holds. Then the coupled ABR-type fractional differential equations (1.1) is UK
stable if the following hypothesis holds:

2-5 1-5 Nk ks
(da(é—l)(“_"’”d>(6—1)r(6+1)(”_"’) )<3+3> <t

Proof. Let us assume that € > 0 and 9,k € €(J,R) are functions satisfying (4.1). Let 9,k € €(J,R) be a
unique solution to the following coupled system:

ABRDS §(re) = g1 (7, 9(r0), 9(rm), k(7)) 7€ p, 0,5 € (2,3,
ABRDS < (rt) = o, 9 (1), k(1) k(r7)), 7€ [9,0,5 € (2,3, W
B(p) = 8() = 0,9(0) = B(0) = 0D(X), X € (g,0), |
c(p) = R(p) = 0,k(t) = k() = Ak(X1), X € (1,0).
From Lemma 2.13, we have
- 2-5 (™ 5—1 [ s
) =1+ 5 r s | ane 000,00, k00N g g | (0" 100,900, 0
and
() = +Hr (0 9(x), K(), k() +_r(n— 151 g 50,950, K, k(r))d
— T2 (1)(6—1) pgz X, UIX), KX, rX X d)(é—l)r(é) 0 X 92X, viX), K{X), rx X-

From our assumptions in (4.2), we have ¥
we obtain

[9(7r) — D ()]

=V, and ¥, = ¥,. Hence, by Theorem 3.1 and Lemma 4.3,
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= i) ¥ - o E 1300, 3], KO0V — 5 E(n—x)é—lgl (x, 3(x), 8(rx), RO
< ;(“T; ®) g+ q2> + q;(zé_—én E 1910, D(x), (rx), k(x)) — g1 (3, D(x), D(rx), R(x))lebx
N Wé_—l)lrm J:(n_x)sl|gl (%903, 9(rx), k(x)) — 81 (% D(x), B(rx), K(x))ldx
e —11)_r?6 TR p){)kel(zw(“) ~ el =R
(m— 1-9

®) 2-9 1 5 _
@) + (o T 9+ s s (T ©°) 5 09m) — B+ l) - i)

€
<
("

Similarly, we can prove that

o 25 (T
k() = R()] = k() ¥ — o L, 820 (%), R(x), R(rx))dx

S ek W
O —1)r(8)

e (n—g) 2—-56 (™ ~ _
< 2( Q+ qz) + P61 L lg2 (X, 9(x), k(x), k(rx)) — g2(x, 9(x), R(x), R(rx))ldx

(t—x)% g2 (x, (x), R(x), R(rx))dx|

P L S| | (7=0° e D00, K00 k1)) = g2l 300, R R(rx)

MY ) — (19(7) = d(m)| + 2|k (7) — R(m)])

GE—1)r(E6+1) ) (6+1

S . p)5k2(|s< )~ 30 + 2lk(m) — k(7))

1-5 5\ k2 i
+<¢ (m— @)+m(ﬂ—@) >3(|‘9(7T)—19(7T)|

(

+||<(7T) —&(m)])

Therefore,

(o

(1) =S| + llx(7) — R(m)ll < e((";mql +q2> 4 (@2—_51(7[_@)
1-5 s\ [k ks ) ]
T ST )(3 )Uf’( ) = ()l + Il () — k(7).

Consequently,

[[9(7t) =B (m)l + [k () — k(7| < =

where




G. Janardhanan, G. Mani, D. Santina, N. Mlaiki, J]. Math. Computer Sci., 37 (2025), 297-318 315

Let us consider Y(e) = Se. Thus Y(0) = 0, then the coupled ABR-type fractional differential equations
(1.1) are GUX stable. O

Theorem 4.5. Let condition (B1) hold. Then the coupled ABC-type fractional differential equations (1.2) are UH
stable if the following hypothesis holds:

2—-3 1—56 s ki ko
(cb(é—l)(“_p”¢(6—1)r(6+1)(”_“’) ><3+3> <t

Proof. From Theorem 4.4 we can derive the proof of the theorem as

19 (1) =D ()l + [[x(7) — k()| < S™e,

where

((ﬂq@}q3+q4>
S* =

1_<¢%551( —9)+ e (T @)><k1+3>

Let us consider Y(e) = S*e. Thus Y(0) = 0, then the coupled ABC-type fractional differential equation
(1.2) are GUJH stable. O

Example 4.1. For 6 € (2,3], consider the following system:

ABRDLOY(71) = exp -|— sin[9] — 35 sinfk|, T € g,
ABRDZ (r) = expm & cos |8| §cos|kl, me g, (4.3)
9(0) 1) = 0.89(0.8),

(
k(1) =0.7«(0.7).

Here, d=10,1],0=26€ (2,3, 9§=0,{=1,0=N=08¢€ (0,1),A=N; =0.7 € (0,1),

1 1
+ —sin ¥ — — sin ||

91(x, 90x), ¥(rx), k(x)) = exp™ 6 12

and

1 1 1
+ — cos 9| — = cos ||

92(x, 9(x), k(x), k(rx)) = op? T 18 9

If we consider € J and 9, k, 9, R € R, we can find that

lg1 (x, 9(x), 9(rx), k(x)) — 91 (x, D(x), drx), k(x))| = 113(2l19 — 9+ [k —Kl)

and

Al

1920 9(%), , k(x), k(rx)) — g2(x, D (X), R(x), R(rx)) = %8“19 — B+ 2lk — &I).

Therefore, condition (B1) is fulfilled with k; = % and k, = % Thus, all of Theorem 3.1’s assumptions hold.
Thus, on [0, 1], there exists a unique solution to the coupled ABR fractional problem (4.3). Additionally,
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for every € = max{ej, €2} and each 9, k € €(J, R) satisfying

ABRDS D(7) — g (, 9(m), D(rm), k(M) < = and  [AERDE, k(n)

; — (7,90, k(70), k(r70))| <

there are a solution 9, k € €(J,R) of the coupled ABR fractional problem (4.3) with

7

N m

19 (7) =S (m)ll + lIk(7) — R(m)|| < Se

where S can be easily calculated from

S pu—

> 0.
2—5 1—5 k k>
1= <¢(5 7 (M= 0) + g=nren (T 9)° )( 1+3>

Thus, all the axioms of Theorem 4.4 are executed. Hence, (4.3) of the coupled ABR fractional problem is
UK stable.

Example 4.2. For § € (2, 3], consider the following system:

) =
ABRDZS () —

ABRDIEY( exp + & sin[d| — 2 Lsin|k|, me g,
expzﬂ 18 cos [¥] — 9 coslk|, me g, (4.4)
9(0) =0, 9(1) = 0.89(0.8),

(

k(0) k(1) =0.7x(0.7).
Here, J=10,1],6 =28¢ (2,3],9=0,{=1,0=X=08¢€ (0,1),A=X; =07 € (0,1)
1
01(x, 9(x), ¥(rx), k(x)) = o tg sin [9] — I sin [k|
and

1 1 1
g2(x, 9(x), k(x), k(rx)) = T + 1g cos 1o — g cos k[

If we consider 7t € J and 9, k, 9, kR € R, we can find that

g1, D (x), 9(rx), k(x)) — g1 (x, D(x), B(rx), k(X)) = %(%9 — 3+ [k — &)
and

lg2(x, 9(x), , k(x), k(rx)) — g2(x, 9(x), k(x), k(rx))| = %(Iﬁ —d +2lk —&l).

Therefore, condition (B1) is fulfilled with k; = % and k, = 1.

5- Hence, all assumptions of Theorem 3.4.
Thus the coupled ABC fractional problem (4.4) has a unique solution on [0,1]. Additionally, for every
€ = max{eq, €2} and each 9, k € €(J, R) satisfying

[APEDS D7) — g1 (7, 9(m), B(rm), k()| < g and [*PCDY . k(m) — ga(m, B(m), k() k(r70))| <

there are a solution 9, k € €(J,R) of the coupled ABEC fractional problem (4.4) with

7

N ™

[19(7t) =B ()l + [k (7) — k(7| < S”e
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where S* can be easily calculated from

S* =
25 1-5 k| k
1- <¢(51) (M—9)+ e (T~ 19)6) (31 + 32)

As a result, Theorem 4.5 satisfies all of its conditions. Hence, (4.4) of the coupled ABC fractional problem
is UH stable.

> 0.

5. Conclusion

This work investigated the coupled BVP of ABC and ABR fractional differential equations, a topic that
has not yet been studied by any scholars. We established existence and uniqueness of solutions for the
given problem using the Banach fixed point theorem and Krasnoselskii’s fixed point theorem. Moreover,
UJH and generalized GUH stability are both investigated.
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